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Essential m-dissipativity for Possibly
Degenerate Generators
of Infinite-dimensional Diffusion Processes
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Abstract. First essential m-dissipativity of an infinite-dimensional
Ornstein-Uhlenbeck operator N, perturbed by the gradient of a
potential, on a domain FCy° of finitely based, smooth and bounded
functions, is shown. Our considerations allow unbounded diffusion
operators as coefficients. We derive corresponding second order regular-
ity estimates for solutions f of the Kolmogorov equation af — N f = g,
a € (0,00), generalizing some results of Da Prato and Lunardi. Second,
we prove essential m-dissipativity for generators (Lo, FC3°) of infinite-
dimensional degenerate diffusion processes. We emphasize that the es-
sential m-dissipativity of (Ls, FC5°) is useful to apply general resolvent
methods developed by Beznea, Boboc and Réckner, in order to con-
struct martingale/weak solutions to infinite-dimensional non-linear de-
generate stochastic differential equations. Furthermore, the essential m-
dissipativity of (La, FC5°) and (N, FC5°), as well as the regularity esti-
mates are essential to apply the general abstract Hilbert space hypoco-
ercivity method from Dolbeault, Mouhot, Schmeiser and Grothaus, Stil-
genbauer, respectively, to the corresponding diffusions.
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1. Introduction

The classical Langevin dynamics (compare [23, Chapter 8.1])

dX, = Y,dt
1.1
dY; = (=Y, — D®(X,))dt + vV2dW,, (L)

describes the evolution of the positions X; = (Xt(l), ...,Xt(")) € (RH™ and
velocities Y; = (Y;(l), oy Yt(")) € (R%)" of n particles in dimension d, where
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(Wi)i>0 is a standard Brownian Motion in (R%)"™. Le. the velocity of the
particles is subjected to friction and a stochastic perturbation. The n-particle
potential ® : (RY)" — R, with gradient D®, affects the motion of the particles
and can be used to model their interactions.

The equation has been studied under various aspects. In order to show
exponential convergence to equilibrium of such type of non-coercive evolu-
tion equations, Cedric Villani developed the concepts of hypocoercivity, see
[25]. Abstract hypocoercivity concepts for quantitative descriptions of conver-
gence rates are introduced in [13]. These are translated to the corresponding
stochastic equations, taking domain issues into account, in [15]. In [16] these
concepts have been further generalized to the case where only a weak Poincaré
inequality is needed. In this case one obtains (sub-)exponential convergence
rates. Ergodicity and rate of convergence to equilibrium of the Langevin dy-
namics with singular potentials are elaborated e.g. in [3] and [17]. Recently,
the dynamics and its hypocoercivity behavior is studied on abstract smooth
manifolds, see [20]. The latter articles cited above have in common that they
study the associated Kolmogorov backward operator. Applying It6’s formula,
the Kolmogorov backward operator associated to (1.1), also called Langevin
operator, applied to f € C5°(R? x R?) (w.l.o.g n = 1) is given by

Lo f = Aof —(x,Daf) — (D®, Do f) + (y, D1 ).

Here, C5°(R% x R?) denotes the space of compactly supported smooth (infin-
itely often differentiable) functions from R? x R? to R, x and y the projection
to the spatial and the velocity component, respectively, (-,-) the euclidean
inner product, Ay, Ds the Laplacian and the gradient in the velocity compo-
nent and D; the gradient in the spatial component. The key observation is the
essential m-dissipativity of (Lg, C5°(R? x R?)) defined in L?(R? x R4, u® R),
where

p® = (277)_%6_@(1)_%7’2)\”1 ® A%

We want to emphasize the degenerate structure of the Langevin equation,
i.e. the noise only appears in the velocity component. The degeneracy of
the equation corresponds to the fact that the Laplacian in the definition of
(Le, Cg°(RY x R?)) is degenerate, i.e. only acts in the velocity component. As
the antisymmetric part of (Lg, C5° (R x RY)) in L2(RY x R4, u® R) contains
first order differential operators in the spatial component and the symmet-
ric part only differential operators in the velocity component, the operator
(Ls, C3°(RY x RY)) is non-sectorial.

In this article we address an infinite-dimensional generalization of the
Langevin operator above. In order to do that let (U, (-, )y) and (V,(,-)v) be
two real separable Hilbert spaces. Consider the real separable Hilbert space
W =U x V with inner product (-,-)w defined by

((u1,v1), (ug,v2))w = (ur,u2)v + (v1,v2)v, (u1,v1), (u2,v2) € W.

Denote by B(U) and B(V) the Borel o-algebra on U and V', on which we con-
sider centered non-degenerate infinite-dimensional Gaussian measures pq and
12, respectively. The measures are uniquely determined by their covariance
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operators Q1 € L(U) and Q2 € L(V'). Furthermore, we consider bounded lin-
ear operators K19 € L(U; V), K91 € L(V;U) and a symmetric bounded linear
operator Koy € L(V). For a given measurable potential ® : U — (—o0, 00|,

which is bounded from below, we set pp = ée‘q’, where cg = fU e“I’d,ul and

consider the measure uf = pguy on (U, B(U)). On (W, B(W)) we introduce
the product measure

p® = pt @ pa.
The infinite-dimensional Langevin operator (L, FCp®) is defined by
FC¥ 3 fr Lof =Sof — Asf € L*(u®),
where for f € FCp°, Se f and Ag f are given by

S f =tr[K22D3f] — (v,Q5 ' K2 Do f )y,
Aof =(u, Q7 K1 Do f)y + (D®(u), Ka1 Do f)u — (v, Q3 " K12D1 f)v.

Above, FCp° is a space of finitely based, smooth and bounded functions, see
Definition 2.3 and 4.1, below. Furthermore, v and v denotes the projections
of W to U and V, respectively. One of the major challenges in this article is to
show essential m-dissipativity of the infinite-dimensional Langevin operator
in L2(u®).

We also address essential m-dissipativity and regularity estimates in
L?(u$) for infinite-dimensional Ornstein-Uhlenbeck operators, perturbed by
the gradient of a potential ®. Indeed we fix a possible unbounded linear
operator (C, D(C)) in U and introduce the operator (N, FCg°) in L?(uf)
defined by

FC® 3 f e Nf =tt[CD*f] — (v, Q7 'CDf)u — (D®,CDf)y € L*(u7).

In [7], [2] and [8] similar operators and corresponding regularity estimates
are studied, but the results are restricted to bounded diffusion operators
(C,D(C)) as coefficients.

The essential m-dissipativity of (N, FC®) in L?(u$) is useful in various
applications. E.g. to study stochastic quantization problems as in [8, Section
4] and to solve stochastic reaction diffusion equations as in [7, Section 5].
In addition, essential m-dissipativity and related regularity estimates of such
operators, will be essential for our planed application of the general abstract
hypocoercivity method from [15] to our infinite-dimensional setting. For this
application it is needed to allow unbounded diffusion operators (C, D(C')) as
coeflicients in the definition of the perturbed Ornstein-Uhlenbeck operator
(N, FC).

The organization of this article is as follows. First, we fix notions and de-
fine several important spaces. Then properties of infinite-dimensional Gauss-
ian measures are elaborated, especially the relation between finite and infinite-
dimensional Gaussian measures in Lemma 2.1 and the integration by parts
formula from Corollary 2.11 are focused. In Theorem 2.9 we use the integra-
tion by parts formula to describe Sobolev spaces w.r.t. infinite-dimensional
Gaussian measures.
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Sect. 3 introduces necessary conditions on (C,D(C)) (compare Hy-
pothesis 3.1) to obtain essential m-dissipativity of an Ornstein-Uhlenbeck
operator with diffusion operator (C,D(C)) as coefficient. In Theorem 3.6
we perturb this Ornstein-Uhlenbeck operator by the gradient of a potential
® : U — (—o0,00], which is in W2(U, 1, R) and bounded from below. If
D® is strictly bounded by ﬁ, where \; is the biggest eigenvalue of @)1, we

obtain essential m-dissipativity of (N, FCg°) in L?(u$). Note that the restric-
tion to such potentials is due to the possible unboundedness of (C, D(C)). In
the second part of this section we imitate the strategy used in [7] to derive an
infinite-dimensional second order regularity estimate for f € FCp° in terms
ofg=af —Nf, a € (0,0).

In Sect. 4, we deal with the essential m-dissipativity of (Ls, FCp®) in
L?(u®). First, we consider the case where the potential ® = 0. We decompose
our infinite-dimensional Langevin operator into countable finite-dimensional
ones, to use arguments for finite-dimensional Langevin operators as described
in [21] and [6]. We derive first order regularity estimates needed to add per-
turbations in terms of ®. I.e. we consider potentials ® as in Theorem 4.11
and use the Neumann-Series theorem to obtain essential m-dissipativity of
(Le, FC;®) in L?(u®). During the whole section we assume Hypothesis 4.3,
which is the key to the decomposition described above.

Applications of the results, we derived in Sect. 3 and Sect. 4, are dis-
cussed in the last section. We propose an infinite-dimensional non-linear
degenerate stochastic differential equation, see (5.1). With the results we
achieved in this article and the resolvent methods from [1] we plan to solve
it. Moreover, we elaborate, how the essential m-dissipativity of (N, FCp*)
can be used to show hypocoercivity of the semigroup (7});>0 generated by
the closure of (L, FCp°) and how hypocoercivity of (T});>o is related to the
long time behavior of the process solving (5.1). The main results obtained in
this article are summarized in the following list:

e We prove essential m-dissipativity of perturbed Ornstein-Uhlenbeck op-
erators (N, FC°) in L?(u). We allow possible unbounded diffusions
(C,D(C)) as coeflicients, see Theorem 3.6. There Hypothesis 3.1 is as-
sumed and perturbations by the gradient of a potential ®, which is
bounded from below and in W12(U, 1, R), are considered. In addition,
an appropriate bound for the gradient of @, i.e. [|[D®||00(,,) < ﬁ,
where A is the biggest eigenvalue of Q1 (see Theorem 3.6), is needed.

e Considering potentials ® € W12(U, uy,R), which are convex, bounded
from below and lower semicontinuous as in Hypothesis 3.9, we provide
second order regularity estimate for f € FCp° in terms of g = af =N f,
a € (0,00). Indeed by Theorem 3.11 it holds

/ l(CD 1)) + |Qr *CDf |3 dud < 4 / Py,
U U

where (C, D(C)) is the possible unbounded diffusion coefficient in the
definition of (N, FC°).
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e Essential m-dissipativity of the infinite-dimensional Langevin operator
(Le, FC®) in L*(u®) is shown in Theorem 4.11. We consider poten-
tials ® in W12(U, uy1,R), which are bounded from below, with bounded
gradient and assume Hypothesis 4.3 and 4.10.

2. Notations and Preliminaries

Let U and V' be two real separable Hilbert spaces with inner products (-, )y
and (-, )y, respectively. The induced norms are denoted by ||-||v and |||y .
The set of all linear bounded operators from U to U and from U to V are
denoted by L£(U) and L(U;V). The adjoint of an operator J € L(U;V) is
denoted by J*. By LT (U) we shall denote the subset of £(U) consisting of
all nonnegative symmetric operators. The subset of operators in LT (U) of
trace class is denoted by £ (U) and the set of Hilbert-Schmidt operators by
Lo(U).

Suppose we have J € L1(U). If J is injective it is reasonable to talk
about the inverse of J : U — J(U), which will be denoted by J~!. Due to
[22, Proposition 4.4.8.] there exists a unique operator .J2 € £ (U) such that
(J2)2 = J. If J=! exists, so does (J2)~!, in this case we denote (J2)~1 by
Jz. By B(U) we denote the Borel o-algebra, i.e. the o-algebra generated by
the open sets in (U, (+,-)y). The euclidean inner product and induced norm
is denoted by (-, ) and ||, respectively.

For a given measure space (€2, A4, m) and a Banach space Y we denote
by LP(£2,m,Y), p € [0, 00| the Hilbert space of equivalence classes of A-B(Y)
measurable and p-integrable functions. The corresponding norm is denoted
by ||-lr(@,m,v)- If p = 2, the norm is induced by an inner product denoted
by (-,-)r2(Qm,v)- In case (€2, A) is clear from the context and Y = R" for
some n € N, we also write L?(m) instead of L?(Q, m,R"). By A", n € N, we
denote the Lebesgue measure on (R™, B(R™)).

On the measurable space (U, B(U)) we consider an infinite-dimensional
non-degenerate Gaussian measure 1 with covariance operator Q; € L] (U).
Since the measure is non-degenerate the operator () is injective and therefore
positive ((Qiu,u)y > 0 for all u € U). For the definition and construction of
these measures we refer to the first chapter of [10].

In the next lemma we discuss the important relation between finite
and infinite-dimensional Gaussian measures. A proof can be found in [10,
Corollary 1.19].

Lemma 2.1. Given n € N and elements ly,...,1, € U. The image measure puf
of w1 under the map

U>sur— ((lhu)U, ...(ln,u)U) e R"

is the centered Gaussian measure on (R™, B(R™)) with covariance matriz
Qi = (i, )v)ij=1,...n-

If Iy, ..., 1, is an orthonormal system of eigenvectors of Q1 with corre-
sponding eigenvalues A1, ..., A, the covariance matriz Q1 of ui is given by
the diagonal matriz diag(A1, ..., Apn).
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During this article we have to perform explicit calculations of integrals
with respect to Gaussian measures including monomials of order 2 and 4,
therefore the following lemma is useful. To proof it, apply Lemma 2.1 and
Isserlis formula from [18].

Lemma 2.2. Forlq,ls,1l3,l4 € U it holds

/U(uall)U(uaZQ)Udﬂl(U) = (Qlll,lg)U and

/U (1t 1 ) (1 ) (s L) o, L g (1)
= (Q1l1,12)u(Q1l3,la)u + (Q1l1,13)v(Q1l2, la)r + (Q1l1, 1) v (Q1l2, 13)v.

To cover more general situations we consider a measurable potential
® : U +— (—o0,00], which is bounded from below. During the paper we
will assume more or less restrictive assumptions on the potential. As in the
introduction we set pp = ée‘q’, where co = [; e ®dpy. On (U, B(U)) we
consider the measure p$ defined by

uy = papir.
I.e. a measures having a density with respect to the infinite-dimensional
Gaussian measure p1. We fix an orthonormal basis By = (d;);en of U.

Definition 2.3. For n € N, set B}} = span{dy, ..., dy }. The orthogonal projec-
tion from U to By} is denoted by P,, and the corresponding coordinate map
by P,, i.e. we have for all u € U

n

Po(u) = (u,di)yd; and  Py(u) = ((u,d1)v, .., (u,dn)v).

i=1
Let C;°(R™) be the space of all bounded smooth (infinitely often differen-
tiable) real-valued functions on R™. The space of finitely based smooth and
bounded functions on U, is defined by

FCP(Bu) ={Usur ¢(Pn(u)) e R[meN, p e Cy*(R™)}.
The subset of functions only depending on n-directions is defined correspond-
ingly by

FC®(Bu,n) ={U 3 ur— o(Py(u)) € R | ¢ € CF(R")}.

For later use we define

Ly, (U, R) ={U 3 ur f(P,(u) €R| f € L*(R", uf, R)},

where uf is the image measure of p; under P,. Equipping LQBU (U, 11, R)
with the inner product from L?(U, u1,R) we obtain another Hilbert space.

A very useful density result, proved in [7, Lemma 2.2], is stated in the
next lemma.

Lemma 2.4. The function spaces FCp°(By) and FCy°(By,n) are dense in
L*(U, 1, R) and LQBU (U, 11, R), respectively.
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Remark 2.5. Given a Frechét differentiable function f : U — R. For v € U
we denote by Df(u) € U the gradient of f in w. Analogously for a two
times Frechét differentiable function f : U — R, we identify D?f(u) € L(U)
with the second order Frechét derivative in u € U. For i,j € N we denote
by 0;f(u) = (D f(u),d;)u the partial derivative in the direction of d; and by
05 f(u) = (D? f(u)d;,d;)u the second order partial derivative in the direction
of d; and d;.

We continue this section with the important integration by parts formula
for infinite-dimensional Gaussian measures, with and without densities. We
assume that By = (d;);en is an orthonormal basis of eigenvectors of ()1 with
corresponding eigenvalues (A;);en C (0,00). W.lo.g. we assume that (\;)ien
is decreasing to zero.

Since @ is injective, the inverse Q' of Q1 : U — Q,(U) exists. Obvi-
ously it holds

Qr'd; = L4, ien,
Ai
and therefore it is reasonable to define the operator Q;% on |J,cn B deter-
mined by

1
VA
Theorem 2.6. For f,g € FC;°(By) and i € N, it holds the integration by

parts formula

/c’)ifgdm = 7/ fOigdpy +/(u,Q*1di)Ufgdu1- (2.1)
U U U

QO %d; = ——d;, ieN.

Proof. Apply Lemma 2.1, use the standard integration by parts formula and
use Lemma 2.1 again. For a more detailed proof see [10, Lemma 10.1].

Fix a possible unbounded linear operator (C, D(C)) on U fulfilling the
following hypothesis.

Hypothesis 2.7. 1. (C,D(C)) is symmetric.
2. There is a strictly increasing sequence (my)gen C N such that for each
n € N with n < my, it holds

B C D(C) C(Bp)C BP-.

Remark 2.8. Note that for given n € N and f = ¢(P,(-)) € FC°(By) one
has Df = Y1 | 8;0(P,(-))d; € Byy. Hence the hypothesis above ensure that

1

expressions like CDf, Q, >CDf or Q;'CDf are well-defined.

Theorem 2.9. Assume that Hypothesis 2.7 hold. The operators
D: FC*(By) — LA(U, 1, U)
CD : FC®(By) — L*(U, 1, U)
Q1 CD: FC¥(By) — LU, 11, U)
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(CD,CD?) : FC*(By) — L*(U, 1, U) x L*(U, pu1, Lo2(U))
are closable in L*(U, 1, R).

Proof. As the proof of closability for the first three operators are essen-
tially the same, we restrict ourself to the third and the last. Let (f,)nen C
FCg°(By) converge to 0 in L*(U, 1, R) and be such that Q;%CDfn — F
in L2(U, u1,U) as n — oo. For m € N, there is some my € N such that
By} C B{*. By symmetry and the invariance properties of (C, D(C')) and
the fact that (d;);en is an orthonormal basis of eigenvectors of @1 it holds

(@1 2CDfudu)y = S Q1 2Cd1yd)udhfu = S Q) 2Cly,dyn) O
1=1 =1

For an arbitrary g € FCg°(By) we obtain by the integration by parts formula

/ (Q;éODfnv dm)Ugd,Ul
U

mg N
== > @ Cludn)y [ £(09 - (.G )
I=1 v
Observe that g and 919 — (u, Q; *d;)rg are in L?(U, u, R) and therefore

/ (F, dm)Ugd/.Ll =0.
U

By the density of FC;°(By) in L*(U, u1,R) we conclude (F,d,,)y = 0 for
all m € N, hence finally F' = 0. To show that the fourth operator is clos-
able we proceed similarly. Indeed, let (f,,)nen C FC5°(By) converge to 0 in
L?(U, u1,R) and be such that CDf, — F in L?*(U,u1,U) and CD*f,, — A
in L2(U, 1, L2(U)), as n — co. As above F' = 0. Now for [,m € N we find a
corresponding my, with [, m < my such that

mg

(CD? fody,dim)y =Y (Cdy, di)yyi fo-

i=1
Hence for arbitrary g € FCp;°(By), we obtain by the integration by parts
formula

J (€D i ogdm =S (Cavdd [ oufgdn
U i=1

— —Z Cd,, d; / 0i fn(O1g — (u, Q7' d)vg)du

_/U(dl;CDfn)U(alg — (u, Q7 ) g)dps.

Arguing as in the first part we observe (Ad;,d,,)y = 0 in L?(U, u1,R), im-
plying A =0 in L2(U, 1, L2(U)).

By Theorem 2.9 it is reasonable to define W12(U, 1, R), Wé’Q(U, w1, R),
wh?, (U, p1,R) and Wé’Q(U,ul,R) as the domain of the closures of D,
c

1
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_1
CD, Q,*CD and (CD,CD?) in L*(U, uu1,R), respectively. We still denote
the closures of the differential operators from the theorem above by D, CD,

Q;%CD and (C'D,CD?). By [10, Proposition 10.6] every bounded function
f : U — R with bounded Frechét derivative is in W12(U, u1,R) and the
classical gradient of f coincides with Df in L?(U, u1, R).

Remark 2.10. Adapting the proof of [11, Lemma 9.2.5] one can show that the
integration by parts formula from Theorem 2.6 also holds in the case that
f?g € W1’2(U7H17R)~

Invoking the remark above the following integration by parts formula
for the measure uf is valid.

Corollary 2.11. Assume the potential ® : U — (—o00,00] is bounded from
below and in Wh2(U, pu1,R). For f,g € FC°(By) and i € N, it holds the
integration by parts formula

/ 0, fodu® = - / foigdu? + / (1, Q1) fodu® + / 0,0 fgdyu?.
U U U U

3. Perturbed Ornstein-Uhlenbeck Operators and
Corresponding Regularity Estimates

This section is devoted to an infinite-dimensional Ornstein-Uhlenbeck oper-
ator, perturbed by the gradient of the potential ®. As already mentioned in
the introduction, such operators naturally occur during the application of the
abstract Hilbert space hypocoercivity method. Also an infinite-dimensional
regularity estimate is derived in the second part of this section. The proof
of such estimates is motivated by the results from [7], where Giuseppe Da
Prato and Alessandra Lunardi investigated Sobolev regularity for a class of
second order elliptic partial differential equations in infinite-dimensions. As
before 1 is a centered non-degenerate Gaussian measure on the real sep-
arable Hilbert space U with covariance operator Q; € L] (U). We fix an
orthonormal basis of eigenvectors By = (d;)ien of Q1. W.lo.g. the corre-
sponding sequence of eigenvalues (\;);cn decreases to zero. We start with the

operator (No, FC°(By)), defined in L*(U, u1,R) by
FC®(Bu) 3 f = Nof = t[CD*f] = (u,Q'CDf)u € L*(U, 1, R),

where we assume that (C, D(C)) is a possible unbounded linear operator on
U. Since we allow such unbounded diffusions as coefficients, we cannot use
general results from [7] or [11, Section 10]. Assuming Hypothesis 3.1 below,
ensures that the expressions tr[C'D?f] and Q7 'CDf are reasonable.

At this point we have to mention that the operator Ny is well-defined in
the sense that two representatives of the same equivalence class yield the same
output. To see this, note that the measure p; has full topological support,
i.e. the smallest closed measurable set with full measure is U. The proof of
this statement can be found in [24], it relies on the fact that we assumed that
the Hilbert space U is separable.

During this section we permanently assume the following hypothesis.
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Hypothesis 3.1. 1. (C, D(C)) is symmetric and positive.
2. There is a strictly increasing sequence (my)gen C N such that for each
n € N with n < my, it holds

By € D(C) C(Bp) C Bj*.
Forn € N, set n* = mingen{mg|n < my}.

Note that Hypothesis 3.1 adds positivity of (C, D(C)) to Hypothesis 2.7.
This additional assumption is important to achieve essential m-dissipativity
of (No, FCp°(By)), which is proved in the theorem below.

Theorem 3.2. The operator (No, FCp°(By)) is
1. dissipative in L*(U, u1,R), with

(Nof. 9) 12Uy ) = /U —(CDf, Dg)ydu,

for all f,g € FC°(By) and fulfills
2. the dense range condition (Id — No)(FCg°(By)) = L*(U, 1, R),

i.e. is essentially m-dissipative in L*(U, 1, R). The resolvent in a € (0, 00)
of the closure (No, D(Np)) is denoted by R(c, Ny).

Proof. The first item of the statement follows by the integration by parts for-
mula from Theorem 2.6 together with the invariance properties of (C, D(C)).
For the second statement we fix n € N, f = ¢(P,(-)) € FC°(By,n) and
n* € N, according to Hypothesis 3.1. Extending ¢ € Cp°(R™) canonically to
a function ¢ € Of°(R™") we can calculate

No f(u)

= D Dp(Pa(u)(Cdi dj)u = 3 3 (s d;)u(d;, Q1 Cdi)udiip(Pa(w))

= 3 (P () (Cl ) — 3 ()3, Ol i (P ().
ij=1 ij=1 !

Hence if we set

5

Coe = ((Cdiydy)v)ijmy and - Qune = ((Qudi, dj)v)f=y = diag(A, oy Ans),
we obtain

Nof(u) = tr[Cp- D*@(Po- ()] = (Po+ (), Q7 - Crx DG(Py ().
It is therefore natural to consider the operator (No -, Ce°(R™")) defined by
Gy (R™) 3 ¢ = Nop- ¢ = tr[Cp- D*¢] = (-, Q1 1,-Co D) € L*(R™, i, R).

As the matrix C),« is symmetric and positive and —C’n*Qii* has only nega-
tive eigenvalues we can use the argumentation of [21] (compare also Proposi-
tion 4.7 below) to obtain that (Np -, Cg¢(R"™)) is essentially m-dissipative
in L2(R™, 4", R), hence (Id— Ny - )(C°(R™)) is dense in L2(R™, 7", R).
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Givene > 0and h = g(P,- (")) € L}, (U, p1,R). As (Id—No - )(C5*(R™))
is dense in L2(R"™, up", R) we find ¢ € C3°(R™") such that
|(Id — Non~)p — 9|\L2(Rn*,uy*,R) <E.
Using Lemma 2.1 we obtain
I(1d = No)o(Pn(-)) = hlloz,  (w.um
=[(Id = Non )¢ — gll L2n uip~ &) < €
In other words (Id — No)(FCy®(By,n*)) is dense in Ly (U, p1,R). Fi-

nally we use the result above to show that (Id — NO)(]:C’I?%(BU)) is dense
in L?(U, i1, R). Indeed let e > 0 and take an element h € L2(U, ui,R).
By Lemma 2.4 we find n € N, w.lo.g. n = n*, and g € FC;°(By,n*) C

LQBU"’* (U, 1, R) such that

Do ™

1h = gllz2p ) <

~—

As (Id — No)(FCy*(By,n*)) = Ly, (U, p1,R) we find f € FCOp*(By,n*)

such that
€
ItZd = No)f = gllr2(um) < 5-

Hence the triangle inequality yields
|(Id = No)f — hllL2w . r) <e-

Invoking the famous Lumer-Phillips theorem we obtain that the operator
(No, FC°(By)) is essentially m-dissipative in L*(U, u1, R). O

Before we go ahead and perturb (No, FCg°(By)) we need an L?(u1)
regularity estimate for the first and second order derivatives of a function
[ € FC°(By) in terms of g € L?(U, uy,R), where

af — Nof =g, (3.1)
for a given « € (0,00).

Theorem 3.3. Suppose we have f € FCp°(By) and g = af — Nof, a €
(0,00), as in Equation (3.1) above. It holds g € W2(U, u1,R) and the iden-
tities
/af2+(CDf,Df)Udu1:/gfdu1
U U
| a(€Ds.Dyu + Qs CDSI + ul(CD* ) = [ (Dg.CD P,
U U

are valid. In particular it holds

/ 10 ODFI2 + ul(CD2 ) = / (Nof)2d.
U U
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Proof. Due to the definition of Ny and the fact that F' is in FCp°(By) it is
easy to see that g is infinitely often differentiable. As Dg is in L?(U, uy,U)
and has at most linear growth (compare equation (3.2)), an approximation
argument shows that g is in WH2(U, uy, R).

To show the first equation, we multiply (3.1) with f and integrate over
U with respect to p1. An application of the integration by parts formula from
Theorem 2.6 results in

/ of? + (CDf.Df)udus = / afdu.
U U

To show the second equation we differentiate (3.1) with respect to the k-th
direction yielding

a0k f — NoOkf + (di, Q7 'CDf)yr = Og (3.2)

Now we multiply the equation above with 9; f (dx, Cd;)y. In order to structure
the arguments we treat the resulting terms separately. If we sum over all in-
dices’s a direct calculation shows that the first and third term on the left hand
side of the equation above is equal to a(CDf, Df)y and (CDf,Q;*CDf)y,
respectively. The right hand side of the equation is then equal to (Dg,CDf)y .
We also get

oo o0

> (@G | ~Nodiforfdu = 3 (@ Caor [ (€DOLS. Do
k=1 U k=1 U
~ [ wlCD? 1P,
U

and therefore the second equation from the statement is shown. Rearranging
the terms of the equation we just derived yields

/ 1Q7 ¥CDFIZ + ta[(CD? £)2)dpus = / (D(~Nof),CDf)udus.
U U

Now it holds

[ (DNop).CDNudm = 3 (@ Cdy [ au(=Nof)orfdu
U k=1 JU

> (dk>Cdl)U/ Nof (O f = (u, Q1 ' dr)udhf)dm
U

ki=1
= / (Nof)?dpa,
U

where we used that Nof € WH2(U, 1, R) and Remark 2.10.
Note that the infinite sums in the calculations above are actually finite
ones. d

Remark 3.4. Given an arbitrary f € FCp°(By). There is some n € N, s.t.
Df € Byj. In particular CDf € By;, by Hypothesis 3.1. Therefore

1 _1
TIHCDfH?] <[lQ,*CDf|- (3.3)
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Hence by the last equality in Theorem 3.3 we achieve

/ LieDsiz + ul(eDp?)dm < / 1Q;*CDFI3 + tel(CDf)2)dpss
U )‘1 U (34)
:Aﬂ%ﬁ%m.

Corollary 3.5. It holds
D(NO) C Wlf% (Uv NlaR> QWEJQ(Ua :u‘laR)
Q2C

and for all f € D(Ny) we have the inequality

/ LIeDfiE + ul(CD? ) dm < / 1Q; *CDFIZ + tel(CD)2)dpss
vh U (3.5)
- /U (Nof)?dps.

Proof. Given f € D(Ny). We find a sequence (fy,)neny C FCp°(By) such that

fn — fand Nof, — Nof in L?(U, u1,R) as n — oco. By (In)equality (3.4)

(fn)nen is a Cauchy-sequence in Wl’fl U, 1, R) N Wé’Q(U, 11, R). Hence
2

Q, °C
fewh? (U u,R) NWZ*(U, py, R) and the (in)equality of the statement
Q,°C
is shown. 0

Using (In)equality (3.5) and Neumann-Series theorem we are able to
deal with perturbations of (Ny, FCp°(By)) as described in the following the-
orem.

Theorem 3.6. Assume that ® is in W12(U, uy,R), bounded from below and
with ||D<I>H%Oc(m) < ﬁ. The operator (N, FCp°(By)) defined by
FC¥(By) > f— Nf =tr[CD?*f] — (u,Q;"CDf)yr
- (D(bv CDf)U S L2(U7 H??R)a
1. fulfills

(Nfo9) 2 e r) Z/U—(CDﬁ Dg)ydput,

for all f,g € FC°(By), in particular is dissipative in L*(U, uf,R).
Furthermore we have
2. the dense range condition (Id — N)(FCg°(By)) = L*(U, ut, R).
In particular (N, FCg°(By)) is essentially m-dissipative in L>(U, u$,R). The
resolvent in o € (0,00) of the closure (N, D(N)) is denoted by R(c, N).

Proof. The first item of the statement follows by the integration by parts
formula from Corollary 2.11 together with the invariance properties of the
involved operators. For f € L?(U, u1,R) set

Tf=—(D® CDR(1,No)f)u.
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Since D(Ng) C VV12 (U 11, R) € WEA(U, 1, R) the definition above is

reasonable. Using the Cauchy Schwarz inequality, Inequality (3.5) and the
assumption on ® we observe

ITf220) = / (D®, CDR(1, No) )3 dpis

IN

1D / ICDR(L, No) I

<3 ] oROLN)dn

:jl / (f = R(L No) )2 djun < [ f112 )

Therefore the linear operator T : L?(U, 1, R) — L*(U, p1,R) is well-defined
with operator norm less than one. Hence by the Neumann-Series theorem we
obtain that (Id — T)~! exists in £(L?(U, u1,R)). In particular for a given
g € L?(U, 1, R) we find f € L*(U, u1,R) with f — Tf = g in L*(U, u1, R).
Since (No, D(Np)) is m-dissipative, there is h € D(Ny) with (Id — No)h = f.
This yields
If we can show that D(Ny) C D(N) with Nf = Nof — (D®,CDf)y for all
f € D(Ny) the proof is finish by the Lumer-Philipps theorem. Indeed this
implies

FO(By) € LA(U, pn,R) € (Id — N)(D(No)) < (Id— N)(D(N),
i.e. the dense range condition, as FC®(By) is dense in L2(U, u¥,R). So let
f € D(Np) be given. There is a sequence (fn)neN C FC*(By) st. fn— f
and Nof, — Nof in L?(U,u1,R). As py = —e ® is bounded it is easy to
see that f,, — f in L?(U, u¥,R). In view of the assumptions on D® and the
Inequality (3.5) we can estimate

”NOf - (D(I)chf)U - an||i2(/ff)
<2ANo(F = fu) g +2 / (DB, CD(f — fu))%du?
<2 pall =y (IN0(F — Fo) By + DB ) /U ICD(f — £)|Bdyan)

5
§2||P<1>||L°c(u1)1||No(f—fn)||2L2(M)-

Le. Nf, — Nof — (D®,CDf)y in L?>(U,uf,R). Since (N, D(N)) is closed
by construction we obtain D(Ny) C D(N) with Nf = Nof — (D®,CDf)y
for all f € D(Ny) as desired. O

The following lines are devoted to derive a L2(U, u¥,R) regularity esti-
mate for the first and second order derivatives of a function f € FCp°(By)
in terms of g € L?(U, u1, R) related via

af ~Nf=yg, (3.6)
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for some given a € (0, c0).

Theorem 3.7. Assume that ® : U — R is Fréchet differentiable, bounded from
below and DO : U — U is Lipschitz continuous. If f € FC°(Bu), g and
a € (0,00) are as in Equation (3.6) it holds

/ af? + (CDf, Df)ydu® = / gfdu?
U U
/U a(CDF, Df)y + @y FCDFIZ + t[(CD? )% + (D*CDf,CD fdp?

- [ wg.copuat.

In particular we have
[ l@rteDsi + ulCD? 1)+ (D*0CDL.CDMud® = [ (NPt
U U

Proof. The first equation follows by multiplying (3.6) with f, an integration
over U with respect to u$ and an application of the first item in Theorem 3.6.
To show the second equation we differentiate (3.6) with respect to the k-th
direction resulting in
adf — N f + (di, Q7 'CD )y + Z (dis CDf)y03i® = Og.
i=1
Note that the infinite sum in the line above is actually a finite one. Moreover
Ok P exists pi-a.e., since the Lipschitz continuous function 9;® : U — R is
Gateaux differentiable pi-a.e. by [10, Proposition 10.11]. Now we multiply
the equation above with 9, f(dk, Cd;)y. If we sum over all indices’s a direct
calculation shows that the first and third term as well as the right hand side
_1

is equal to «(CDf,Df)u, |Q; 2CDf||} and (Dg,CDf)y, respectively. For
the second term we calculate

Z(dlmcdl)U/ —Nﬁkfalfd/flb
U

kl=1
Z di, Cdy)u /(CDakf»Dalf)Udﬂib:/tr[(CD2f)2]d,u(1b-
=1 U U

Moreover we have

> (di, CDF)uoif(dy, Cd)uOri® = Y (di; CDf)u(di, CDf)y i@
k,li=1 ki=1

= (D*®CDf,CDf)u,

from which we conclude the second equation. As in Theorem 3.3 we can
rearrange the terms of the second equation to get

/U 1Qy ECDFIZ + (€D £)?] + (D*SCDF,CD fdpd

_ /U(D(—Nf),CDf)Udu?
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Note that Ny f, (D®,CDf)y € WH2(U, py,R), by [10, Proposition 10.11] and
[10, Proposition 10.9] as well as 9; fpe € W12(U,u1,R), j € N. Using the
integration by parts formula from Remark 2.10 we therefore get

/U (D(~N),CD f)pdu?

= 3 (Cdidy)u /U (9:(~Nof) + 0:(D®, CDf)u)d; fpudus

ij=1

o0

= Z(Cdz‘vdj)U/UNf(ai(ajfpcb)—(U’Qfldi)zfajfpcb)dm

ij=1
- / (Nf)*dps.
U

Note that the infinite sums in the calculations above are actually finite
ones. 0

Remark 3.8. Suppose we are in the situation of Theorem 3.7. Using the
Cauchy-Schwarz inequality and the first equation in Theorem 3.7 we obtain

/U af? + (CDf, DA udp < gl sz |1l 2t
= |lgll 2 uey | B, N)gll 22y
1 2
< a||9||L2(p‘f)-

Now additionally suppose that ® is a convex function. Hence we can estimate
using the third equation in Theorem 3.7 and the convexity of ®

i trl(CD2F)2) + [|1Qr 2CDFIZdp? < [ (Nf)2du? = [, (af — g)2du?
<2 [y (af)? + ¢*duf <4 [, g*dut. (3.7)

Hypothesis 3.9. The potential ® is in W12(U, u1,R), convex, bounded from
below and lower semicontinuous.

Remark 3.10. For a potential ® fulfilling Hypothesis 3.9 one can introduce
the so called Yoshida approximation ®;, t > 0, defined by
, lu — 2|3
Dy (u) = ;relfU{q)(x) + o }.
One can show that for all ¢ > 0 is the Yoshida approximation ¢, : U —
(—00, 0] is convex and Fréchet differentiable with

1. —oo < infuepy @(z) < Py(u) < O(u) for all u € U,
2. limy_,o @¢(u) = ®(u) for all u € U,

3. [|[D®(u)||u < || DP(u)||y for pi-a.e. u € U and
4. im0 D®;(u) = DP(u) for pi-a.e. u € U.

Furthermore D®; is Lipschitz continuous for all ¢ > 0. A proof of these
statements can be found in [12].
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Theorem 3.11. Suppose ® fulfills Hypothesis 3.9. For f € FCp°(By) and
g=af = Nf, a € (0,00), as in Equation (3.6) we have

1
/ of? + (CDf, Dfjudu® < 1 / Fdu?,
U a Ju

_1
[ uler? s+ Qb ensipaunt <1 [ faut.
U U
Proof. Let (®4)¢~0 be the Yoshida approximation of ®. For all ¢ > 0, define
gt by
af —tr[CD*f] + (-, Q7' CDf)y — (D@, CDf)y = g:.
By Remark 3.8 we obtain

1
/(OZf2 +(CDf,Df)v)pa,dur < E/ 97 pao,dpa,
U U

/ (tel(CD2 )] + Q1 *CDF|3 ) pw,dpn < 4 / g pw,dn.
U U

By Remark 3.10, pp, = —e~ % is bounded by a constant 6 € (0,00) in-

C@t
dependent of ¢. In particular (tr[(CD?f)?] + ||Q1_%CDfH2U)pq>t and (af? +
_1
(CDf,Df)u)pae, are bounded by (tr[(CD?f)?]+Q, 2CDf||?)0 and (o f?+
(CDf,Df)y)0, respectively. Since the expressions converge pointwisely to
1
(tr[(CD*f)*] + |Q, *CDf|f)pe and (af? + (CDf,Df)u)pe we know that
the left hand sides of the inequalities above converge to [, (tr[(CD?f)?] +

||Ql_%CDf||%])d,u‘11> and [, af?+ (CDf,Df)ydu?, respectively. It also holds
I/Ug?pqn ~ *pedu| < \/Ugf(pcm = pa)dp| + I/U(gt2 — 9*)padyu]

= | [ 620w, = po)dm] + ol = ol

Note that g7 can be bounded independent of ¢ by an p;-integrable function,
hence the first term in the above inequality goes to zero as t goes to zero by
another application of the dominated convergence theorem. The second term
also tends to zero. Indeed the Cauchy-Schwarz inequality and the definitions
of g and g; yields

/U (9—g¢)2dut = /U (D® — D®;,CDf)Fdus

< /U |D® — D&, |3 |CDf |3 du?.

Invoking the third and the fourth item of Remark 3.10 and another appli-
cation of the dominated convergence theorem yields that g; converges to g
in L2(U, u$,R) as t goes to zero. In particular the corresponding norms in
L2(U, u},R) converge. All together this finishes the proof. O

Note that the regularity estimate we derived in Theorem 3.11 relies on
Hypothesis 3.9, i.e. not necessarily demanding the restriction ||D®||2 o (u1) <

ﬁ, we needed to show Theorem 3.6.
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4. The Infinite-dimensional Langevin Operator

The essential m-dissipativity of finite-dimensional Langevin operators have
been extensively studied in [4] and [5] for singular potentials and even in a
manifold setting in [20]. In this section we want to extend these result to
an infinite-dimensional setting, where as in the above references the non-
sectorality of Le causes difficulties.

As described in the introduction, we fix two real separable Hilbert
spaces (U, (-,-)v) and (V; (-, -)y) and consider the real separable Hilbert space
(W, (-, )w) defined by W = U x V and

((u1,v1), (ug,v2))w = (ur,u2)v + (v1,v2)v, (u1,v1), (u2,v2) € W.

By w1 and ps we denote two centered non-degenerate Gaussian measures on
(U,B(U)) and (V,B(V)), respectively. The corresponding covariance opera-
tors are denoted by Q; € £ (U) and Q2 € L (V). We also fix two orthonor-
mal basis By = (d;);en and By = (e;)ien of eigenvectors with corresponding
eigenvalues ()\;);eny and (v;);en of Q1 and Q2, respectively. W.l.o.g. we as-
sume that (\;)ieny and (v;);en are decreasing to zero. Furthermore we set
Bw = (By, By ).

As in Definition 2.3 one can consider the orthogonal projections to B
and By, n € N. To avoid an overload of notation we omit to indicate if we
project to Bf; and By} as it is clear from the context.

On (W,B(W)) we consider the product measure p = p; ® ps. Using
the separability of U and V, [19, Lemma 1.2] it holds B(W) = B({U) ®
B(V). Applying [10, Theorem 1.12] one can check that p is a non-degenerate
centered Gaussian measure with centered non-degenerate covariance operator
Q € LT (W) defined by

W 3 (u,v) — Qu,v) = (Qru, Q2v) € W.

Definition 4.1. In L?(u) we denote by FC°(Byy) the space of finitely based
smooth and bounded functions on W defined by

FCy*(Bw)
={W 3 (u,v) = @(Pn(u), Pn()) e R|meN, p € Cy°(R™ x R™)}

and correspondingly the space of finitely based smooth and bounded functions
on W only dependent on the first n directions by

FC°(Bw,n) ={W 3 (u,v) — @(Pp(u), P,(v)) € R| ¢ € C;°(R" x R™)}.

Concerning derivatives of sufficient smooth functions f : W — R recall
the explanation in Remark 2.5. We set Dy f = > %, (Df,(d;,0))wd; € U
and Dof = Y2 (Df,(0,e;))we; € V as well as 9;1f = (D1f,d;)y and
Oiof = (Daf,e;)v. In particular we have

Df =Y (Df,(di,0)w(di,0) + Y _(Df,(0,€))w (0, ;) = (D1 f, Daf).

i=1 i=1
Analogously we define D? f, D3 f as well as 9;;1f and 0;;2f.
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For given n € N, recall the image measures p} and p5 from Lemma 2.1
w.r.t. By and By, respectively and set pu” = pu} @ p on (R” x R", B(R™) ®
B(R™)).

Remark 4.2. Arguing as in Lemma 2.4 one can show that FCy°(Byw ) is dense
in L2(u).

Moreover we fix operators K15 € L(U; V), Koy € L(V;U) and Ky €
Lt (U). Last but not least we consider a measurable potential ® : U —
(—00, 00] which is bounded from below and recall the measures uf and u®.
During the whole section we will assume the following hypothesis.

Hypothesis 4.3. 1. Ky is symmetric and positive.
2. K{y = Ko1 and Ko is injective.
3. There is a strictly increasing sequence (my)ren C N such that for each
n € N with n < my, it holds

KQQ(B"’}) C Bg}k, Klz(Bg) - B$k and KZl(Be') C BZ%

4. ® € WU, i1, R).
Forn € N, set n* = mingen{mg|n < my}.

We will realize in Remark 4.6, that the invariance properties of Kio,
K51 and Kss included in the hypothesis above, ensures that the infinite di-
mensional Langevin operator (Lg, FC5°(By)), defined below, has a useful
decomposability property.

Definition 4.4. We define (Lg, FC°(Byw)) in L?(u®) by
FO¥(Bw) > f = Laf = Sef — Asf € L*(n®),
where for f € FC°(Bw), Sof and Ag f are given by

Se f =tr[K22D3 ] — (v,Q5 ' KaaDaf)v,
Asf =(u, Q7 ' Ko Daf )y + (D®(u), Ka1 Do f)v — (v, Q3 ' K12D1 f)v-

The designation of S¢ and Ag is not accidental, as we see show in the next
lemma, that (Sg, FC°(Bw)) is symmetric and (Ag, FCp°(Bw)) antisym-
metric.

Remember that FC°(Byy) is dense in L?(u®) by Remark 4.2 and the
fact that ® is bounded from below. For f € FCp°(Byw), expressions like
Q;lKgngf, Q;lKgngf and Ql_lKnggf are reasonable due to Hypothe-
sis 4.3, compare also Remark 2.8.

Using the integration by parts formula from Corollary 2.11 together with
the invariance properties of Ky, K91 and Ki5 one can derive the following
lemma.

Lemma 4.5. It holds

(1) (Se, FC®(Bw)) is symmetric and dissipative in L*(u®).
(2) (Ae, FC°(Bw)) is antisymmetric in L*(u®).
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(3) 1 € FC®(Bw) with Ll = 0 and in particular u® is invariant for
(Lo, FCP°(Bw)) in the sense that

/ Lofdu® =0 for all f € FC°(Bw).
w

(4) (La, FCp°(Bw)) is dissipative in L?(u®) and for all f,g € FC(Bw)
it holds

- / Lo fgdu®
w

=/ (Do f, K22 Dog)v — (D1 f, Ko1Dag)u + (Daf, K12D1g)vdu®.
w

By [14, Proposition 3.14] densely defined dissipative operators are clos-
able. Since (L, FC5°(Bw)), (So, FC°(Bw)) and (A, FC°(Byw)) are densely
defined dissipative operators in L?(u®), it is reasonable to denote their clo-
sures by (Le,D(Ls)), (Se,D(Ss)) and (As, D(Ag)). The overall goal is
to show essential m-dissipativity of (Lg, FCy°(Bw)), i.e. m-dissipativity of
(Lo, D(La)) in L2(u®).

The idea is to start with & = 0, and use a similar argumentation as
in the previous section to conclude essential m-dissipativity for ® as in The-
orem 4.11. If ® = 0, the infinite-dimensional measure y® reduces to the
infinite-dimensional centered non-degenerate Gaussian measure p with co-
variance operator Q.

Remark 4.6. Given n € N with corresponding n* provided by Hypothesis 4.3.
Set

Kog - = ((K22€i,€j)v)?j*:17 Kigp = ((K12di,6j)v);}*:1,
Kot = Kiype, Qune = (Qudi,dj)v)i—y, Qo = ((Qaei,e5)v)iy.

and consider the matrices

P (0 0 Qa0
2z 0 Ko~ " 0 Q2

0 K21 n
K, = ' .
<—K12 n — Ko n>
We have for f = ¢(P,(:), Pu(:)) € FC°(Bw) and (u,v) € W
Lf(u,v) = tr[KQZn*DzSZ(Zn*)] + (K Q;L*lzn*vDSZ’(zn*»,

where z,- = (Pp-(u), Po-(v)) and ¢ € C°(R™ x R™) is the canonical ex-
tension of ¢ € Cp°(R™ x R™). Hence, it is reasonable to consider the operator
(L=, C2(R™ x R™)) defined for ¢ € C°(R™ x R™) and z € R* x R™
by

Lyp(2) = tr[Kazn0 D*@(2)] + (K- Qpi 2, DG(2)).

Invoking the assumptions from Hypothesis 4.3 the following proposition
shows that the operator (L, Cg°(R™ x R™")) is essentially m-dissipative in
L?(p""). The idea of the proof is inspired by the consideration in [21] and



IEOT Essential m-dissipativity for Possibly Degenerate Page 21 of 29 28

[6]. By Cp(R™" x R™") we denote the space of bounded continuous functions
from R” x R™ to R.

Proposition 4.7. For all n € N, the operator (Ly», CEQ(R"* x R™)) is essen-
tially m-dissipative in L?(p™").

Proof. Note that the Markov semigroup (S;);>0 associated to L,- can be
represented for all ¢ € (0,00), applied to ¢ € Cy(R™ x R™), evaluated at
zeR" xR" as
1 _ - . .
Sip(z) = — / e @O (o tKar Qs AN @ AT ) (w),
R xR

Ct

where for ¢ € (0, 00)

¢ = (4m)" (det Q(¢))/2 and Q(t) = / Kt @t [y e et @n Kir AN (s),
[0,1)
is a symmetric and nonnegative matrix. Using the first and the second item
of Hypothesis 4.3, in particular the positivity of Kso and the injectivity of
K> it is easy to see that the matrix

1
(~% Ko.Q-iR} )_ (0 0 0 Kot QoK )
22,n* n n* 22,n* 3 —1 2
0 K22,n* 0 *K22,H*Q2,n*K22,n*
has full rank. Hence the so called Kalman rank condition is satisfied and
therefore by [26] det Q(t) > 0. In particular the representation of (S;)¢>o

is reasonable. As det Q(¢t) > 0, we know by the arguments from [9, Sec-
tion 11.3.1] that the existence of an invariant measure v for (S);>o i.e.

Sipdy = pdu,
Rn* xRn™ Rn* xRn™*

for every t € [0,00) and ¢ € Cp(R™ x R™) is equivalent to the existence of
a nonnegative symmetric matrix P s.t.

(PQ K. 2,2) + (Kogpe2,2) =0 forall z€ R® x R™ .
As the equality above is satisfied for P = Q,,~ the existence of the invariant
measure is justified. Moreover by [9, Section 11.3.3] the invariant measure is
unique and given by pu™ .

The invariance of the measure " allows us to extend (S);>o to a
strongly continuous contraction semigroup in L?(u" ). Using [21, Lemma
2.1], we can show that the generator of the strongly continuous contraction
semigroup (St)¢>0 is given by Ly«¢ for all ¢ € C;)X’(R"* x R™") and that
C°(R™ x R™) is a core for the generator of (S;);>o in L?(u""), i.e. the
assertion is shown. O

Theorem 4.8. The operator (L, FCg°(Bw)) defined by
FC(B) > f+ Lf =tr[Ky2 D3 f] — (v,Q3 " Ko Do f)v
— (u, Q7 K1 Do f)u + (v, Q3 ' K1a D1 )y € L (p),

is essentially m-dissipative in L*(p) with m-dissipative closure (L, D(L)). The
resolvent in « € (0,00), of (L, D(L)) is denoted by R(«, L).
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Proof. Since by Lemma 4.5 we already know that (L, FCp*° (BW)) is dissi-
pative it is left to show that (Id — L)(FC;°(Bw)) is dense in L?(p). Let
e > 0and h € L?(u) be given. Remark 4.2 provides g = ¥(P,(-), P.(+)) €
FCP(Bw,n) C L?(u) such that
€
I = s < -
Let ¢ € C°(R™ x R™") be the canonical extension of ¢ € C°(R" x R™).
Since (Id — Ly+)(Cg° (R™ x R™")) is dense in L?(u™"), by Proposition 4.7,
we find a ¢ € Cg°(R" x R™") such that
~ €
I(Zd = L+ ) = ¥l L2 une) < 5
Set f = @(Pu+(-), Py=(-)) and use the triangle inequality together with
Lemma 2.1 to observe

I(Id = L) f = hll2uy < |(Td = L) f = gllz2uy + [0 = gll L2

7 e g
= 1(d = L )p = Dl 2uny + 1h = glloagn < 5+ 5 =¢

0

Before we proof the main result of this section, we discuss regularity es-
timates similar to the ones from Remark 3.8. In contrast to the estimates in
Sect. 3 we don’t have to deal with unbounded diffusion operators (C, D(C'))
as coefficients, but the degenerate structure of (L, FCp°(Byw)) is more chal-
lenging. Indeed, we are only able to derive first order regularity results.

Proposition 4.9. For f € D(L) and o € (0,00), set g = af — Lf. Then the
following equation hold

1
[ o+ 1maDus = [ foan
w w

In particular

1 1
[ WEhDaflpanss [ £+ @ipap and (4.1)
w w
3 2 1 2
K3 Ds flldp < T [ 9du. (4.2)
w @ Jw

Proof. Assume f € FCy°(Bw) and g = af — Lf. Now Multiply g = af — Lf
with f, integrate over W w.r.t. u and use Lemma 4.5 item (iv) to obtain the
first identity. Rearranging the terms we obtain

[ 1hDap = [ fo-apau= [ fa—apin=- [ srsan
<3 /Wf2+(Lf) .

Moreover by completing the square we have

1
/ | K3, szllvdu——/wozf2 fgdu<r g*dp.
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Since FCp°(Bw) is dense in the (L, D(L)) graph norm the (in)equalities
above are also valid for f € D(L). Note that for f € D(L) the expression
KsD5 f is understood in the sense of Theorem 2.9, compare also Corol-
lary 3.5. 0

Having the regularity estimates at hand we need one last hypothesis
to derive our final essential m-dissipativity result. The hypothesis includes
condition on the potential ® and a coercivity assumption on Ko in terms of
the operator Ki5Ko;.

Hypothesis 4.10. 1. There is a constant cx € (0,00) such that
(K12K910,0)y < e (Kagu,v)y  for allv V.

2. The potential ® is bounded from below and D® is bounded.
Note that the second item implies that pe = ée“b s bounded.
Theorem 4.11. Suppose Hypothesis 4.10 is valid, then D(L) C D(Lg) with
Lof=Lf—(D® KaD:2f)y, f€D(L),
and the infinite-dimensional Langevin operator (Lo, FCy°(Bw)) is essen-
tially m-dissipative in L*(u?®).

Proof. Using Proposition 4.9 and the first item from Hypothesis 4.10 it holds
for all f € FCy°(Bw)

/(K21D2f,K21D2f)Ud/~t§/ cx(Ko2Dof, Do f)vdpu
w w

cx
< > /W 2+ (Lf)*dp.

Since FCp°(Bw ) is dense D(L) w.r.t. the (L, D(L)) graph norm the estimate
above also holds for f € D(L). Again, note that for f € D(L) the expressions
Koo Do f and Koy Do f are understood in the sense of Theorem 2.9, compare
also Corollary 3.5.

Let (fn)nen C FCg°(Bw) be a sequence converging to f € D(L) wit
respect to the (L, D(L)) graph norm. Since ® is bounded from below it is easy
to check that (f,)nen converges to f in L2(u®). Moreover we can estimate

/ (Lo fn — Lf + (D®, K21 Ds f)y)?dp®
w
S 2/ (Lfn - Lf)Qd,U:q) + 2/ (D(I)7K21D2(fn - f))QUd:uq)
W w
< 2ol (| (L = L
w

NPy [ (= 1P+ (L~ 1O,

Hence the sequence (Lf,)nen converges to Lf — (D®, Koy Do f )y in L2(u®).
As (Lg,D(Lg)) is closed we get D(L) C D(Lg) and for all f € D(L)

Lof=Lf— (D®,Ko1Dsf)y.
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By Lemma 4.5 item (iv) we already know that (L, FC°(Byy)) is dissipative.
In view of the Lumer-Phillips theorem we are left to show the dense range
condition. For f € L?(u) and o > 0 set

Taf = —(DCI), KngQR(O[, L)f)U

We calculate using the Cauchy-Schwarz inequality, the assumption on @,
Hypothesis 4.10 and Inequality (4.2)

/ (Tof)2dp = / (D®, Koy DyR(cv, L) f)%dn
w w

< DOy / (K DyR(a, L) f. Koy DyR(o, L) fudp
w

<D0y [ ex(KesDaR(a,L)f, DaRla 1)
w

2 K 2
<D B [ P
Hence the operator T, : L?(u) — L?(u) is well-defined. Moreover, if
CK
||DCI)||%°°(M1)E <1,

we can apply Neumann-Series theorem to get (Id — T,)~t € L(L*(n)). In
particular, for such «, for all g € L?(u) we find f € L?(u) with f —Tof =g
in L?(p). Furthermore there is h € D(L) with (o — L)h = f. Therefore,

(0[ — Lq;.)h = (0[ — L)h + (D(I),KleQh)U == f + (Dq), K21D2R(Q,L)f)U
=f-Tuf=g

This yields L?(u) C (o — Lg)(D(L)). Since L?(u1) is dense in L?(u®) and
D(L) € D(Lg) the dense range condition is shown and the proof is finished. [

5. Examples and Outlook

In this section we have a look at certain examples, where the results we
derived above are applicable. We consider the following situation, which is
inspired by the one in [7, Section 5].

Let U=V = L?((0,1),\,R), W = U x V and K3, Ko7, Ko such that
they fulfill the properties in Hypothesis 4.3 and 4.10(e.g. K12 = Ko = Kos =
Id). Moreover, let (—A, D(A)) be the negative Dirichlet Laplacian, i.e.

D(A) = Wy *((0,1), \, R) n W22((0,1), \,R) C L*((0,1),\,R),
—Azx = —2".

On (U, B(U)) and (V, B(V)) we consider two centered non-degenerate infinite-
dimensional Gaussian measures p; and pus with covariance operators

Q1 =Qx=—-A"":L?((0,1),\,R) — D(A),
respectively. Recall the definition of the measures pf and p® and denote by

By = By = (dp)ken = (ex)ren = (V2sin(km))ren the orthonormal basis
of L?((0,1),\,R) diagonalizing Q; and Qo with corresponding eigenvalues
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(Ak)ken = (Uk)ken = (7252 )ren. Additionally we fix a continuous differen-
tiable (convex) function ¢ : R — R, which is bounded from below. Assume
that there are constants Cq,Cy € [0,00), p1 € [2,00) and ps € [1,00) such
that

lp(t)] < C1(1+ [t), teR,
|¢/(t)] < Co(1 +|t[P2), teR.

I.e. ¢ and its derivative have at most polynomial growth. For such ¢ we
consider potentials ® : L2((0,1), A\, R) — (—o00, oc] defined by

() = Jioy o udx ue LP((0,1),\R)
o0 u §§ Lpl((o’ 1)’ /\,R)

Remark 5.1. Note that potentials as defined above are lower semicontin-
uous by Fatou’s lemma, bounded from below and in LP(U, u1,R) for all
p € [1,00). If ¢ is convex the same holds true for ®. Using [7, Proposi-
tion 5.2] we know that ® is bounded from below, lower semicontinuous and
in Wh2(U, u1,R) with D®(u) = ¢ o u for a.e. u € L?((0,1),\,R) (namely,
for all u € L?2((0,1), \,R)).

Choose a continuous differentiable (convex) ¢, which is bounded from
below with at most polynomial growth. Further assume that the derivative
of ¢ is bounded. Now define the potential ® in terms of ¢. In Hypothesis 4.3
and 4.10 all items are valid, were by construction and Remark 5.1 we have

[D®|| 2~ (0y) = supl¢’(t)] < oo.
teR

Therefore Theorem 4.11 is applicable and we obtain essential m-dissipativity
in L*(L?((0,1),\,R) x L2((0,1), \,R), u®,R) of (Lo, FC°(Bw)), where for
f € FCg(Bw) we have

Lo f =tr[Ko D3 f] + (v, K22ADs f) 12(x)
+ (u, K01 ADy f) p2(ny — (¢" 0w, Ko1 Do f ) 26y — (v, K12AD1 f) 2.

This is the starting point to construct a martingale and even a weak solution
to the non-linear infinite-dimensional stochastic differential equation given
by

dU; = =Ky AVidt

dV, = (K22 AV, 4+ K12 AU, — K129 (Uy))dt + v/ 2K20d W,

In the equation above (W;);>0 is a cylindrical Brownian motion on (V, B(V)).
A heuristically application of the It6-formula suggest that this stochastic dif-
ferential equation corresponds to (Le, D(Lg)). In order to make this corre-
spondence rigorous and to construct weak solutions we want to apply general
resolvent methods described in [1].

Le. we plan to construct a p®-standard right process (see [1, Appen-
dix B.])

(5.1)

X = (0 F, (Fo)iz0, (U, Vi)e>0, (0) >0, (P wew),
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providing a martingale and even a weak solution, with infinite lifetime IP -
a.e. and 7-continuous paths, IP,«-a.e.. Here 7 denotes the weak topology on
the Hilbert space W and P« the probability measure on (€2, ) defined for
AeF by

P,o(A) = /W PY(A)du®(w) A€ F.

Moreover, the transition semigroup corresponding to the process X and the
strongly continuous semigroup (7});>0 generated by (L, D(Lg)) coincide in
L?(u®). Using this correspondence we like to study the long-time behavior
of the Process X via the long-time behavior of the semigroup (7});>0. L.e. we
plan to apply the abstract Hilbert space hypocoercivity method from [15], to
show exponential convergence to equilibrium of the semigroup.

As announced in the introduction the results derived in Sect. 3 are
naturally needed while applying the abstract Hilbert space hypocoerciv-
ity method. A rigorous application in our infinite-dimensional setting goes
beyond the aim of this article. At this point we illustrate the rough idea
and explain how to achieve such an exponential convergence result and how
Ornstein-Uhlenbeck operators perturbed by the gradient of a potential with
unbounded diffusions (C, D(C')) as coefficients appear during the application
process. As in the article [13], of Dolbeault, Mouhot and Schmeiser we define
the modified entropy functional H. : L?(u®) — R, ¢ € [0,1) by

BT = S gy + <(BS, oy, f € L)

The bounded linear operator B, specified below is chosen such that H. defines
a norm which is equivalent to the norm |[|-|| ;2(,+, compare [15]. To construct
B, define Ps : L?(u®) — L*(u?®) by

Psf = /V fdps,

where the integration is understood w.r.t. the second variable. Using that pu®
is a probability measure one can check that the map P : L*(u®) — L?*(u?®)
given as

Pf:PSf_(fa l)LZ(p‘I’)v f€L2(ﬂ¢.),
is an orthogonal projection with
Pf € LQ(/’[’;I)) and HPfHLz(/L‘lI’) = ||Pf||L2(uq’)a f € LQ(/’L@)7

where we canonically embed L?(uf) into L?(u®). Now the bounded linear
operator B on L?(u®) is defined as the unique extension of (B, D((AgP)*))
to a continuous linear operator on L?(u®) where

B = (Id+ (AsP)*AsP) (A P)* on D((AsP)*).
Here (A¢ P, D(AgP)) is the linear operator Ag P with domain
D(AeP) = {f € L*(u") | Pf € D(As)}.
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and ((AgP)*, D((AgP)*)) denotes its adjoint on L?(u®). Note that by the
Neumann-Series theorem, the operator

Id+ (AsP)*AgP : D((AeP)*AsP) — L*(n®)

with domain D((A@P)*A@P) e {f € D(A@P) ‘ A@Pf € D((A@P)*)} is
bijective and admits a bounded inverse. Hence B is indeed well-defined on
D((AgP)*). For the fact that B extends to a bounded linear operator on
L?(u®), see [22, Theo. 5.1.9]. Now one can calculate

d
aHs [th]

= (L@th, th)LQ(an) + €(BL¢th, th)Lz(/ﬂ’) + E(Bth, L‘I’th)LQ(/ﬂ)) .
Define the possible unbounded operator (C, D(C)) in U by
C=KnQy,' K with D(C)={ucU|Kiue DQ;")}.

One can show that for all f € FC°(By ), the operator (PA% P, FCg°(Bw))
is given by the formula

PALPf =tr[CD*Psf] — (u,Qy 'CDPsf)y — (D®(u),CDPs f)y.

The essential m-dissipativity of (PA2P, FC°(By)) in L?(u®) and corre-
sponding regularity estimates, which are applicable in view of Theorem 3.6
and Theorem 3.11 derived in Sect. 3, are fundamental to show [15, Corol-
lary 2.13] and [15, Proposition 2.15], i.e. to derive

d

%H‘s [th] S —/{Ha [th]a

for an appropriate chosen ¢ € [0,1) and a positive constant £ € (0, 00),
compare [15, Theorem 2.18]. Applying Gronwall’s lemma yields the desired

exponential convergence to equilibrium.
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