
Integr. Equ. Oper. Theory (2022) 94:12

https://doi.org/10.1007/s00020-022-02692-6

Published online March 25, 2022
c© The Author(s) 2022, corrected publication 2022

Integral Equations
and Operator Theory

Projective Limit Techniques for the Infinite
Dimensional Moment Problem

Maria Infusino , Salma Kuhlmann, Tobias Kuna and
Patrick Michalski

Abstract. We deal with the following general version of the classical mo-
ment problem: when can a linear functional on a unital commutative
real algebra A be represented as an integral with respect to a Radon
measure on the character space X(A) of A equipped with the Borel
σ-algebra generated by the weak topology? We approach this problem
by constructing X(A) as a projective limit of the character spaces of
all finitely generated unital subalgebras of A. Using some fundamental
results for measures on projective limits of measurable spaces, we deter-
mine a criterion for the existence of an integral representation of a linear
functional on A with respect to a measure on the cylinder σ-algebra on
X(A) (resp. a Radon measure on the Borel σ-algebra on X(A)) provided
that for any finitely generated unital subalgebra of A the corresponding
moment problem is solvable. We also investigate how to localize the sup-
port of representing measures for linear functionals on A. These results
allow us to establish infinite dimensional analogues of the classical Riesz-
Haviland and Nussbaum theorems as well as a representation theorem
for linear functionals non-negative on a “partially Archimedean” qua-
dratic module of A. Our results in particular apply to the case when A
is the algebra of polynomials in infinitely many variables or the symmet-
ric tensor algebra of a real infinite dimensional vector space, providing a
unified setting which enables comparisons between some recent results
for these instances of the moment problem.
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Introduction

The main question of this paper is the following general version of the classical
(full) moment problem:
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Problem (M).
Let A be a unital commutative real algebra and let Σ be a σ-algebra on the
character space X(A) of A. Given K ∈ Σ and a linear functional L : A → R

with L(1) = 1, does there exist a measure ν defined on Σ and supported in K,
i.e., ν(X(A)\K) = 0, such that L(a) =

∫
X(A)

α(a)dν(α) for all a ∈ A?
If such a measure ν does exist, we say that ν is a K-representing measure

on Σ for L and that L is represented by ν on K. In the following we assume
that X(A) is non-empty and endow it with the weakest topology τX(A) such
that for all a ∈ A the function â : X(A) → R defined by â(α) := α(a) is
continuous. Note that the topology τX(A) coincides with the topology induced
on X(A) by the embedding X(A) → R

A, α �→ (α(a))a∈A, where R
A is

equipped with the product topology. Hence, (X(A), τX(A)) is Hausdorff and
it is metrizable if and only if A is countably generated. Here, however, we
do not assume that A is countably generated. We denote by BX(A) the Borel
σ-algebra on (X(A), τX(A)).

Problem (M) for A = R[X1, . . . , Xd] =: R[X], d ∈ N, Σ = BX(A) and ν
being a Radon measure coincides with the classical d-dimensional K-moment
problem. Indeed, using that the identity is the unique R—algebra homomor-
phism from R to R, it can be easily proved that any R—algebra homomor-
phism from R[X] to R corresponds to a point evaluation p �→ p(α) with
α ∈ R

d and so that there exists a topological isomorphism R
d → X(R[X])

(see, e.g., [38, Proposition 5.4.5]).
Problem (M) is general enough to cover several infinite dimensional in-

stances of the moment problem already considered in the literature, e.g.,
when A is not finitely generated or when the representing measures are sup-
ported in an infinite dimensional vector space. For example, the case when A
is the algebra of polynomials in infinitely many variables was considered in
[1,21]. In particular, Problem (M) is considered in [21] for the family of con-
structibly Borel sets and for constructibly Radon measures, while in [48] for
the family of cylinder sets and (in our terminology, see Remark 1.12-(ii)) for
cylindrical quasi-measures. In fact, both families of sets generate the same
σ-algebra (see Proposition 2.4), which is in general smaller than the Borel
σ-algebra. Constructibly Radon measures and cylindrical quasi-measures will
play a key role in this article as well.

There has been also a lot of activity about Problem (M) for topological
algebras and representing Radon measures (see, e.g., [5,18–20,22,27,32,36,
45]). For example, several works have been devoted to the study of Prob-
lem (M) for A being the symmetric algebra S(V ) of a locally convex space
V (not necessarily finite dimensional) and Σ = BX(A) (see, e.g., [3, Chapter 5,
Section 2], [4,8,17,25,26,28,30,31], [46, Section 12.5], [48]). However, in this
article we do not consider any topology on our algebras when studying Prob-
lem (M) and, as for the classical case, our final purpose is to find necessary
and sufficient conditions for the existence of K-representing Radon measures
on X(A), i.e., locally finite and inner regular measures on BX(A).

Our strategy is to construct X(A) as a projective limit of the family of
Borel measurable spaces consisting of all (X(S),BX(S)) for S ∈ I, where I



IEOT Projective Limit Techniques Page 3 of 44 12

is the collection of all finitely generated unital subalgebras of A (Theo-
rem 2.2). This construction provides another measurable structure on X(A),
namely the cylinder σ-algebra ΣI , which is in general smaller than BX(A). In
Theorem 3.9-(i) we investigate under which conditions a linear functional
L : A → R has an X(A)-representing measure on ΣI whenever L �S has an
X(S)-representing Radon measure on BX(S) for all S ∈ I. The condition in
Theorem 3.9-(i) expresses that the support of the representing measure is
described in terms of those characters in X(S) which can be extended to all
of A. Under natural assumptions on A, see Remark 3.12-(i), no condition is re-
quired. We also show a more general version of this result in Theorem 3.10-(i),
which deals with the support of the representing measures. Under the same
conditions as in Theorem 3.10-(i), in Corollary 3.11-(i) we are able to reduce
the solvability of Problem (M) for Σ = ΣI and K ⊆ X(A) closed to the solv-
ability of a whole family of classical KQ∩S-moment problems, where Q is a
quadratic module in A such that K = {α ∈ X(A) : α(a) ≥ 0,∀a ∈ Q} = KQ

and S ∈ I (classical because each S ∈ I is finitely generated; however, Q ∩ S
may be a not finitely generated quadratic module). Hence, exploiting the
classical (finite dimensional) moment theory we get existence criteria for rep-
resenting measures on ΣI .

The problem of extending measures defined on the cylinder σ-algebra
corresponding to a projective limit of measurable spaces to a Borel measure
was already considered in the general theory of projective limits (see ref-
erences in Sect. 1). In particular, in 1956 Prokhorov gave a necessary and
sufficient condition (similar to tightness) for extending a measure defined on
a cylinder σ-algebra (corresponding to a projective limit of Borel measur-
able spaces associated to Hausdorff topological spaces) to a Radon measure.
In Theorem 3.9-(ii) we establish that a linear functional L : A → R has an
X(A)-representing Radon measure on BX(A) if and only if there exists an X(S)-
representing Radon measure for L�S on BX(S) for all S ∈ I and the collection
of these representing measures satisfies the Prokhorov condition (3.4). Note
that we do not require the X(S)-representing Radon measure on BX(S) to be
unique (see Lemma 3.3). In Theorem 3.10-(ii) we deal with the support of the
representing measures. From Theorems 3.9, 3.10 and Corollary 3.11 we obtain
infinite dimensional analogues of Riesz-Haviland’s theorem (Theorem 3.14)
and Nussbaum’s theorem (Theorem 3.18). Concerning the localization of the
support, we provide an alternative proof of the solution to Problem (M)
for Archimedean quadratic modules (Theorem 3.23) and we extend to this
general setting [36, Theorem 3.2] and [31, Theorem 5.1] about representing
Radon measures for linear functionals which are non-negative on a quadratic
module and satisfy a Carleman type condition (Theorem 3.17). We actu-
ally determine sufficient conditions for the existence of representing Radon
measures for a larger class of linear functionals joining the conditions in The-
orem 3.17 and the ones in Theorem 3.23, namely, for linear functionals non-
negative on a “partially Archimedean” quadratic module (Theorem 3.25).

Our main Theorem 3.10 allows us to systematically derive these infi-
nite dimensional results from the corresponding finite dimensional ones. The
projective limit approach provides a unified setting which enables to marshal
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several recent results (e.g., in [1,21,48]) about infinite dimensional instances
of Problem (M).

Let us shortly describe the organization of this paper. The core material
is contained in Sects. 2 and 3, whereas in Sect. 1 we collect some essential re-
sults about projective limits (see, e.g., [10,49,50]). In particular, the proofs in
Sect. 1 can be skipped by a reader already familiar with these subtle and com-
plex techniques. In Sect. 1.1, we study some properties of a projective limit
of a projective system of measurable spaces, define the associated cylinder
algebra and cylindrical quasi-measures. Section 1.2 is dedicated to the so-
called Prokhorov condition, which will play a fundamental role throughout
the whole paper. In Sect. 1.3 we deal with the problem of extending cylindri-
cal quasi-measures to actual measures on the cylinder σ-algebra (Lemma 1.20
and Theorem 1.22). In Sect. 1.4 we discuss the extension to Radon measures
on the Borel σ-algebra on the projective limit space (Theorem 1.27 and Corol-
lary 1.29). In Sect. 2.1, we show how to construct the character space X(A) of
a unital commutative real algebra A as projective limit of the projective sys-
tem {(X(S),BX(S)), πS , I}, where X(S),BX(S), πS , I are the ones defined above
(Theorem 2.2). In Sect. 2.2, we analyze the relation between the cylinder
σ-algebra ΣI given by this construction and the σ-algebra of constructibly
Borel sets introduced in [21] (Proposition 2.4). Section 3 is devoted to the
main results on Problem (M) obtained through our projective limit approach
(which have been already described above). Note that projective limit tech-
niques have been previously used to study sparse polynomials, also in relation
to the moment problem [34,35].

Summing up, the projective limit approach seems to be a promising
method in the investigation of Problem (M), because it provides a direct
bridge to a spectrum of tools and results coming from two very rich theories:
on the one hand, the theory of the classical moment problem and, on the
other one, the theory of projective limits. In [29] we apply this method to
Problem (M) for topological algebras and in future work we intend to use
it to investigate truncated versions of Problem (M). Indeed, we are strongly
convinced that this method can bring further advances on Problem (M) also
in this case, opening the way to new applications in other fields.

1. Preliminaries

We collect below the notions and results from the theory of projective limits
needed for our purposes, mainly following [49,50] (see also [7,10,13,43]). Note
that the proofs in this section can be skipped by a reader already familiar with
this intricate theory.

1.1. Cylindrical Quasi-Measures

Let (I,≤) be a directed partially ordered set and let {(Xi,Σi), πi,j , I} be a
projective system of measurable spaces (Xi,Σi) with maps πi,j : Xj → Xi

defined for all i ≤ j in I. Recall that this means that πi,j is measurable for
all i ≤ j in I and that πi,j ◦ πj,k = πi,k for all i ≤ j ≤ k (see Fig. 1). As a
convention, for all i ∈ I, we set πi,i to be the identity on Xi.
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Figure 1. Compatibility condition among the maps in the
projective system {(Xi,Σi), πi,j , I} (here i ≤ j ≤ k in I)

Definition 1.1. (Projective limit of measurable spaces) A projective limit of
the projective system {(Xi,Σi), πi,j , I} is a measurable space (XI ,ΣI) to-
gether with a family of maps πi : XI → Xi for i ∈ I such that: πi,j ◦ πj = πi

for all i ≤ j in I, ΣI is the smallest σ-algebra w.r.t. which all πi’s are measur-
able, and the following universal property holds. For any measurable space
(Y,ΣY ) and any family of measurable maps fi : Y → Xi defined for all i ∈ I
and such that fi = πi,j ◦ fj for all i ≤ j, there exists a unique measurable
map f : Y → XI such that πi ◦ f = fi for all i ∈ I, i.e., the diagram in
Fig. 2 commutes. Moreover, {(XI ,ΣI), πi, I} is unique up to isomorphisms,
i.e., given any other projective limit {(X̃I , Σ̃I), π̃i, I} of the same projective
system there exists a unique bijective map between (X̃I , Σ̃I) and (XI ,ΣI)
such that the map and its inverse are both measurable.

A projective limit of a projective system of measurable spaces always ex-
ists. Indeed, if we take XI :=

{
(xi)i∈I ∈

∏
i∈I Xi : xi = πi,j(xj),∀ i ≤ j in I

}
,

ΣI to be the restriction of the product σ-algebra to XI and, for any i ∈ I
we define πi : XI → Xi to be the restriction to XI of the canonical pro-
jection

∏
j∈I Xj → Xi, then it is easy to show that {(XI ,ΣI), πi, I} fulfills

Definition 1.1.

Remark 1.2. We can analogously define a projective system of topological
spaces and its projective limit by replacing measurability with continuity
in the previous definitions. Therefore, the results in the remainder of this
subsection also hold for projective limits of topological spaces.

Figure 2. Universal property of a projective limit
{(XI ,ΣI), πi, I} (here i ≤ j in I)
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It is often more convenient to take the projective limit over a cofinal
subset of the index set in a given projective system. This does not change
the projective limit as shown in the following proposition (which is a version
of [11, III., § 7.2, Proposition 3] for measurable spaces).

Proposition 1.3. Let {(XI ,ΣI), πi, I} be the projective limit of the projective
system {(Xi,Σi), πi,j , I} and let J be a cofinal subset of I, i.e., for every
i ∈ I, there exists some j ∈ J such that j ≥ i. Then {(XI ,ΣI), πi, J} is the
projective limit of the projective system {(Xi,Σi), πi,j , J}.

Proof. Since J ⊆ I, clearly ΣJ ⊆ ΣI . The converse inclusion follows by the
cofinality of J in I and the compatibility of the πi’s. To show the universal
property of {(XI ,ΣI), πi, J}, for each j ∈ J , we consider a measurable map
fj : Y → Xj such that fj = πj,k ◦ fk whenever j ≤ k in J . By the cofinality
of J in I, for each i ∈ I there is some j ∈ J such that πi = πi,j◦πj and so defin-
ing fi := πi,j ◦ fj we can deduce the universal property of {(XI ,ΣI), πi, J}
from the one of {(XI ,ΣI), πi, I}. �

The following definitions are well-known. Below we sightly adapt the
terminology of [49, Part I, Chapter I, § 10, Part II, Chapter II, § 1] to our
purposes.

Definition 1.4. Let {(Xi,Σi), πi,j , I} be a projective system of measurable
spaces and {(XI ,ΣI), πi, I} its projective limit.
(a) A cylinder set in XI is a set of the form π−1

i (E) for some i ∈ I and E ∈
Σi. In other words, π−1

i (E) belongs to the σ-algebra π−1
i (Σi) generated

by πi.
(b) The collection CI of all the cylinders sets in XI forms an algebra, which

is usually called the cylinder algebra on XI . In general, CI is not a
σ-algebra.

(c) We call cylinder σ-algebra on XI the smallest σ-algebra containing all
the cylinders sets in XI , which clearly coincides with ΣI .

We introduce a two-stage construction of the projective limit {(XI ,ΣI),
πi, I} of a projective system PI := {(Xi,Σi), πi,j , I} of measurable spaces,
which will be particularly useful when I does not contain a countable cofinal
subset (see Proposition 1.8, Lemma 2.3 and Sect. 3.1.2). This alternative con-
struction can be obtained by adapting [11, III., Exercises for § 7, 1. (p. 251)]
to projective limits of measurable spaces. As this construction will be used
later on, we provide all its steps and a diagram (see Fig. 3) to facilitate the
reading and fix the notation. Consider

Λ := {λ ⊆ I : λ contains a countable directed subset cofinal in λ}
partially ordered by inclusion. Note that I contains a countable cofinal subset
if and only if Λ has a maximal element.

Proposition 1.5. For J ⊆ I countable, there exists λ ∈ Λ such that J ⊆ λ.

Proof. Let J = (in)n∈N and l1 := i1. As I is directed, there exists l2 ∈ I such
that i2 ≤ l2 and l1 ≤ l2. Proceeding in this way, we get (ln)n∈N ⊆ I such that
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Figure 3. Two-stage construction of (XI ,ΣI) (here λ ⊆ κ
in Λ and i ≤ j in λ)

in ≤ ln and ln−1 ≤ ln for all n ≥ 2. This shows that (ln)n∈N is a countable
directed cofinal subset of λ := J ∪ (ln)n∈N ⊆ I. Hence, λ ∈ Λ and J ⊆ λ. �

Proposition 1.6. If (λn)n∈N ⊆ Λ, then there exists λ ∈ Λ such that λn ⊆ λ
for all n ∈ N. In particular, Λ is directed.

Proof. For each n ∈ N, let θn be a countable cofinal subset of λn. As
⋃

n∈N
θn

is a countable subset of I, by Proposition 1.5 there exists θ ∈ Λ such that⋃
n∈N

θn ⊆ θ. Then λ :=
⋃

n∈N
λn ∪ θ ⊆ I belongs to Λ and clearly contains

each λn. �

For any λ ∈ Λ, let {(Xλ,Σλ), πλ
i , λ} denote the projective limit of the

projective system Pλ := {(Xi,Σi), πi,j , λ}. For any λ ⊆ κ in Λ and all i ≤ j
in λ, we have

πκ
i = πi,j ◦ πκ

j

and so by the universal property of the projective limit {(Xλ,Σλ), πλ
i , λ}

of Pλ, there exists a unique measurable map

πλ,κ : Xκ → Xλ such that πλ
i ◦ πλ,κ = πκ

i for all i ∈ λ. (1.1)

Using the uniqueness of this map, we easily get the following proposition.

Proposition 1.7. The family PΛ := {(Xλ,Σλ), πλ,κ,Λ} is a projective system
of measurable spaces.

For any λ ∈ Λ and all i ≤ j in λ, we have πi = πi,j ◦ πj and so by the
universal property of the projective limit {(Xλ,Σλ), πλ

i , λ} of Pλ, there exists
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a unique measurable map

πλ : XI → Xλ such that πλ
i ◦ πλ = πi for all i ∈ λ. (1.2)

Proposition 1.8. {(XI ,ΣI), πλ,Λ} is the projective limit of PΛ.

This result shows that the two-stage construction, in which for each
λ ∈ Λ we take a projective limit {(Xλ,Σλ), πλ

i , λ} of the projective system
{(Xi,Σi), πi,j , λ} and then again take a projective limit of the projective
limits {(Xλ,Σλ), πλ,κ,Λ} obtained in the first stage, leads to the same space
as directly taking a projective limit of the projective system {(Xi,Σi), πi,j , I}.

Proof of Proposition 1.8. Denote by ΣΛ the cylinder σ-algebra on XI w.r.t.
PΛ, i.e., the smallest σ-algebra on XI such that πλ is measurable for all λ ∈ Λ.
We first prove that ΣΛ = ΣI . As πλ : (XI ,ΣI) → (Xλ,Σλ) is measurable for
all λ ∈ Λ, we clearly have ΣΛ ⊆ ΣI . Conversely, for each i ∈ I there exists
λ ∈ Λ such that i ∈ λ and so for any Ei ∈ Σi we have

π−1
i (Ei) = (πλ)−1((πλ

i )−1(Ei)) ∈ (πλ)−1(Σλ) ⊆ ΣΛ.

Hence, ΣI ⊆ ΣΛ since ΣI is generated by sets of the form π−1
i (Ei) for some

i ∈ I and Ei ∈ Σi.
It remains to show that the universal property holds for {(XI ,ΣI), πλ,

Λ}. Let (Y,ΣY ) be a measurable space and for any λ ∈ Λ let fλ : Y → Xλ be
a measurable map such that fλ = πλ,κ ◦fκ for all λ ⊆ κ in Λ. Let i ∈ I. Then
there is λ ∈ Λ such that i ∈ λ and the map fi : Y → Xi given by fi := πλ

i ◦fλ

is well-defined and measurable. The universal property of the projective limit
{(XI ,ΣI), πi, I} of PI yields that there exists a unique measurable map

f : Y → XI such that πi ◦ f = fi for all i ∈ I. (1.3)

For any λ ∈ Λ the universal property of the projective limit {(Xλ,Bλ), πλ
i , λ}

of Pλ implies that there exists a unique measurable map

h : Y → Xλ such that πλ
i ◦ h = fi for all i ∈ λ. (1.4)

Since for all i ∈ λ, we have that

πλ
i ◦ fλ = fi = πλ

i ◦ h and πλ
i ◦ (πλ ◦ f) = πi ◦ f = fi = πλ

i ◦ h,

the uniqueness of h in (1.4) yields fλ = h = πλ ◦ f .
The uniqueness of f in (1.3) allows to easily show that f is the unique

map from Y to XI such that fλ = πλ ◦ f holds for all λ ∈ Λ. �

Remark 1.9. By Proposition 1.3, Proposition 1.8 also holds if Λ is replaced
with a cofinal subset of Λ.

Proposition 1.10. The relation CI ⊆ ΣI = ΣΛ = CΛ holds, where CΛ denotes
the cylinder algebra on XI w.r.t. the projective system PΛ. Note that the
inclusion is strict in general.

Proof. To show that ΣΛ = CΛ, it is enough to prove that the algebra CΛ is
in fact a σ-algebra as CΛ generates ΣΛ. For each n ∈ N, let λn ∈ Λ and
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En ∈ Σλn
. Then Proposition 1.6 ensures there exists κ ∈ Λ such that λn ⊆ κ

for all n ∈ N. Hence,
⋃

n∈N

(πλn)−1(En) =
⋃

n∈N

(πκ)−1((πλn,κ)−1(En))

= (πκ)−1

(
⋃

n∈N

(πλn,κ)−1(En)

)

∈ CΛ,

since
⋃

n∈N
(πλn,κ)−1(En) ∈ Σκ. �

Definition 1.11. Let P := {(Xi,Σi), πi,j , I} be a projective system of mea-
surable spaces and {(XI ,ΣI), πi, I} its projective limit.
(a) An exact projective system of measures on P is a family {μi : i ∈ I}

such that each μi is a measure on Σi as well as πi,j#μj = μi for all
i ≤ j in I, where πi,j#μj denotes the pushforward of μj w.r.t. πi,j , i.e.,
πi,j#μj(Ei) = μj(π−1

i,j (Ei)) for all Ei ∈ Σi.
(b) An exact projective system {μi : i ∈ I} of measures on P is called thick

if for each i ∈ I the set πi(XI) is thick w.r.t. μi, i.e. μi(M) = 0 for all
M ∈ Σi such that πi(XI) ∩ M = ∅.

(c) A cylindrical quasi-measure μ w.r.t. P is a set function μ on CI such
that πi#μ is a measure on Σi for all i ∈ I.

Remark 1.12.
(i) If for all i ∈ I the map πi : XI → Xi is surjective, then any exact

projective system of measures on P is thick.
(ii) Cylindrical quasi-measures are not measures, since they are finitely ad-

ditive set functions which are not necessarily σ-additive for countable
disjoint unions of sets in CI belonging to CI . In other words, a cylindrical
quasi-measure is in general not even a pre-measure. Note that cylindri-
cal quasi-measures are often addressed as cylinder measures (see, e.g.,
[16,48,49]).

Lemma 1.13. Let P := {(Xi,Σi), πi,j , I} be a projective system of measur-
able spaces. There is a one-to-one correspondence between cylindrical quasi-
measures μ and thick exact projective systems {μi : i ∈ I} of measures
w.r.t. P, given by μ(π−1

i (Ei)) = μi(Ei) for all i ∈ I and all Ei ∈ Σi. We
call μ the cylindrical quasi-measure corresponding to {μi : i ∈ I}.

Proof. Let μ be a cylindrical quasi-measure w.r.t. P. Then {πi#μ : i ∈ I} is
an exact projective system of measures on P since πi,j#(πj#μ) = πi#μ for
all i ≤ j in I. Further, for any i ∈ I and any Ei ∈ Σi with Ei∩πi(XI) = ∅, we
have π−1

i (Ei) = ∅. Thus, πi#μ(Ei) = μ(∅) = πi#μ(∅) = 0, i.e., {πi#μ : i ∈ I}
is thick.

Conversely, let {μi : i ∈ I} be a thick exact projective system of mea-
sures on P, the map μ : CI → R given by μ(π−1

i (Ei)) := μi(Ei) for all i ∈ I
and Ei ∈ Σi is well-defined. Indeed, let i, j ∈ I and Ei ∈ Σi, Ej ∈ Σj be such
that π−1

i (Ei) = π−1
j (Ej). Since I is directed, there exists k ∈ I such that

i ≤ k and j ≤ k and so π−1
k (π−1

i,k (Ei)) = π−1
k (π−1

j,k (Ej)). This implies that
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π−1
i,k (Ei)∩πk(XI) = π−1

j,k (Ej)∩πk(XI), i.e., (π−1
i,k (Ei)
π−1

j,k (Ej))∩πk(XI) = ∅.
Thus, we get that μk(π−1

i,k (Ei)) = μk(π−1
j,k (Ej)) as πk(XI) is thick w.r.t. μk.

The exactness of the system {μi : i ∈ I} then yields that

μi(Ei) = μk(π−1
i,k (Ei)) = μk(π−1

j,k (Ej)) = μj(Ej).

By definition, μ satisfies πi#μ = μi for all i ∈ I. �

In the following, we will discuss when cylindrical quasi-measures can be
extended to measures on ΣI . For this purpose, we will restrict our attention
to projective systems of measurable spaces associated to projective systems
of topological spaces.

1.2. Prokhorov’s Condition

Let (I,≤) be a directed partially ordered set and T := {(Xi, τi), πi,j , I} a
projective system of Hausdorff topological spaces. Denote by {(XI , τI), πi, I}
a projective limit of T . Then (XI , τI) is Hausdorff and we can either equip
it with the Borel σ-algebra BI w.r.t. τI or with the cylinder σ-algebra ΣI

obtained by taking the projective limit of the projective system PT :=
{(Xi,Bi), πi,j , I}, where Bi is the Borel σ-algebra on Xi w.r.t. τi.
Note that ΣI ⊆ BI .

Proposition 1.14. If I contains a countable cofinal subset J , then ΣI = BI .

Proof. Since BI is generated by τI , it suffices to show τI ⊆ ΣI . Let U ∈ τI .
As the open cylinder sets form a basis of τI , for each i ∈ I there exists Ui ∈ τi

such that U =
⋃

i∈I π−1
i (Ui). As J is cofinal in I, we have I =

⋃
j∈J{i ∈ I :

i ≤ j}. Therefore,

U =
⋃

i∈I

π−1
i (Ui) =

⋃

j∈J

⋃

{i∈I:i≤j}
π−1

j (π−1
i,j (Ui)) =

⋃

j∈J

π−1
j

⎛

⎝
⋃

{i∈I:i≤j}
π−1

i,j (Ui)

⎞

⎠

and so U is a countable union of sets in ΣI as
⋃

{i∈I:i≤j} π−1
i,j (Ui) ∈ τj for

each j ∈ J . Hence, U ∈ ΣI . �

To introduce Prokhorov’s condition (see [43]), we recall that a Radon
measure on an arbitrary Hausdorff topological space (X, τ) is a measure μ
defined on the Borel σ-algebra Bτ on X w.r.t. τ such that μ is locally finite
(i.e., every point in X has a neighborhood of finite measure) and μ is inner
regular w.r.t. compact subsets of X (i.e., for any M ∈ Bτ , μ(M) = sup{μ(K) :
K ⊆ M compact}).

Definition 1.15. An exact projective system of Radon probability measures
w.r.t. T (or on PT ) is an exact projective system {μi : i ∈ I} of measures
on PT such that μi is Radon measure on Bi and μi(Xi) = 1 for all i ∈ I.

We say that an exact projective system {μi : i ∈ I} of Radon probability
measures w.r.t. T fulfills Prokhorov’s condition if the following holds

∀ε > 0 ∃ Cε ⊂ XI compact s.t. ∀i ∈ I : μi(πi(Cε)) ≥ 1 − ε. (1.5)
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Remark 1.16. Any exact projective system {μi : i ∈ I} of Radon probability
measures fulfilling Prokhorov’s condition (1.5) is thick. Indeed, for i ∈ I
and M ∈ Σi with M ∩ πi(XI) = ∅, we have that for every ε > 0 also
M ∩ πi(Cε) = ∅ holds and so μi(M) ≤ 1 − μi(πi(Cε)) ≤ ε, which implies in
turn that μi(M) = 0.

In the following we provide sufficient conditions for Prokhorov’s condi-
tion (1.5) to be fulfilled. To this purpose, let us show a preparatory lemma
(which is essentially [9, I., § 9.6, Proposition 8]).

Lemma 1.17. For i ∈ I, let Ki ⊆ Xi be compact such that πi,j(Kj) ⊆ Ki for
all j ∈ I with j ≥ i. Then K :=

⋂
i∈I π−1

i (Ki) is compact and, for each i ∈ I,
πi(K) =

⋂
j≥i πi,j(Kj).

Proof. By assumption {(Ki, τi ∩ Ki), πi,j �Ki
, I} is a projective system of

compact spaces and its projective limit (seen as a subset of
∏

i∈I Ki ⊆
∏

i∈I Xi) is identified with
⋂

i∈I π−1
i (Ki). Then the conclusion follows from

[9, I., § 9.6, Proposition 8]. �
Proposition 1.18. An exact projective system {μi : i ∈ I} of Radon probability
measures w.r.t. T fulfills Prokhorov’s condition (1.5) if and only if for any
ε > 0 and each i ∈ I there exists Ki ⊆ Xi compact such that μi(Ki) ≥ 1 − ε
and πi,j(Kj) ⊆ Ki for all j ∈ I with j ≥ i.

Proof. Let ε > 0. Suppose that there exists Cε ⊆ XI compact such that
μi(πi(Cε)) ≥ 1 − ε for all i ∈ I. Then setting Ki := πi(Cε) yields the conclu-
sion.

Conversely, suppose that for each i ∈ I there exists Ki ⊆ Xi compact
such that μi(Ki) ≥ 1 − ε and πi,j(Kj) ⊆ Ki for all j ∈ I with j ≥ i. Then
Lemma 1.17 guarantees that K :=

⋂
i∈I π−1

i (Ki) is compact.
Fix i ∈ I. By the inner regularity of μi w.r.t. compact subsets of Xi,

there exists C ⊆ Xi\πi(K) compact such that μi(Xi\πi(K)) ≤ μi(C) + ε.
Using again Lemma 1.17, we obtain that

⋃
j∈I,j≥i (Xi\πi,j(Kj)) is an open

cover of C. Hence, using that C is compact and that I is directed, we get
that there exists k ∈ I such that k ≥ i and C ⊆ Xi\πi,k(Kk). This implies
that

μi(πi(K))≥μi(πi,k(Kk))−ε=μk(π−1
i,k (πi,k(Kk)))−ε≥μk(Kk)−ε≥1−2ε,

which proves that (1.5) holds with C2ε = K. �
A sketch of the proof of Proposition 1.19 below can be found in [49,

Corollary, p. 81] (cf. [10, IX., § 4.3, Theorem 2]), but we include here the
details for the convenience of the reader as this result is the backbone of the
next section.

Proposition 1.19. If I contains a countable cofinal subset, then any exact
projective system of Radon probability measures {μi : i ∈ I} w.r.t. T fulfills
Prokhorov’s condition (1.5).

Proof. Let us first consider the case when I = N. Since μ1 is inner regu-
lar w.r.t. compact subsets of X1, there exists K1 ⊂ X1 compact such that
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μ1(K1) ≥ 1 − ε
2 . As π−1

1,2(K1) ∈ B2, using the inner regularity of μ2 w.r.t.
compact subsets of X2, we can choose K2 ⊂ π−1

1,2(K1) compact such that
μ2(K2) ≥ μ2(π−1

1,2(K1)) − ε
22 = μ1(K1) − ε

22 . Hence, we can inductively con-
struct a sequence (Kn)n∈N such that for each n ∈ N: Kn ⊂ Xn is compact,
Kn ⊆ π−1

n−1,n(Kn−1) and

μn+1(Kn+1) ≥ μn(Kn) − ε

2n+1
.

By iterating, we get that for all n ∈ N

μn(Kn) ≥ 1 − ε
n∑

k=1

2−k ≥ 1 − ε. (1.6)

Fixed m ∈ N, the sequence (πm,n(Kn))n∈N is a decreasing sequence of
compact subsets of Xm, as for all n ≥ m we get

πm,n+1(Kn+1) ⊆ πm,n+1(π−1
n,n+1(Kn)) ⊆ πm,n(Kn).

Then, Lemma 1.17 guarantees that Cε :=
⋂

n∈N
π−1

n (Kn) ⊂ XI is compact
and

πm(Cε) =
⋂

n≥m

πm,n(Kn). (1.7)

Combining (1.7) with the continuity of μm, we get that lim
n→∞

μm(πm,n(Kn)) =

μm(πm(Cε)). This together with the fact that for any n ≥ m

μm(πm,n(Kn)) = μn(π−1
m,n(πm,n(Kn))) ≥ μn(Kn)

(1.6)

≥ 1 − ε

implies that μm(πm(Cε)) ≥ 1 − ε. Hence, (1.5) holds for I = N.
Consider a countable cofinal subset J of I. Then XI = XJ as topological

spaces (see Proposition 1.3 and Remark 1.2) and the result easily follows. �

1.3. Extension to the Cylinder σ-Algebra ΣI

The problem of extending cylindrical quasi-measures to actual measures has
been extensively studied since Kolmogorov’s result [33] (see, e.g., [7,15,41]).
In this subsection we gather in Theorem 1.22 the most important result
needed for our purposes. We follow the exposition in
[50, Theorems 8.2 and 9.3]. We will first consider the case of a projective
system of Hausdorff topological spaces whose index set contains a countable
cofinal subset and then proceed with the general case.

Lemma 1.20. Let (I,≤) be a directed partially ordered set, T := {(Xi, τi), πi,j ,
I} a projective system of Hausdorff topological spaces, and {(XI , τI), πi, I}
its projective limit. If I contains a countable cofinal subset, then any exact
projective system {μi : i ∈ I} of Radon probability measures w.r.t. T is
thick and the corresponding cylindrical quasi-measure uniquely extends to a
probability measure on BI .

Proof. Let {μi : i ∈ I} be an exact projective system of Radon probability
measures w.r.t. T . By combining Proposition 1.19 with Remark 1.16, we
easily get that {μi : i ∈ I} is thick. Let μ be the corresponding cylindrical
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quasi-measure, which is defined by μ(π−1
i (Ei)) := μi(Ei) for all i ∈ I and all

Ei ∈ BI and is finite since μ(XI) = μ(π−1
i (Xi)) = μi(Xi) = 1. Showing the

σ-additivity of μ is equivalent to show that any decreasing sequence (Ẽn)n∈N

in CI with infn∈N μ(Ẽn) > 0 satisfies
⋂

n∈N
Ẽn �= ∅.

Let 0 < ε < infn∈N μ(Ẽn). For any n ∈ N, there exists in ∈ I and
En ∈ Bin such that Ẽn = π−1

in
(En). Since I is directed, we can always assume

that (in)n∈N is increasing. Then, by the inner regularity of μin w.r.t. compact
subsets of Xin , there exists Kn ⊂ En compact such that μin(Kn) > ε and
μin(Kn) > μin(En) − ε

4n . For each n ∈ N, consider the closed set K̃n :=
π−1

in
(Kn) and note that

K̃j ∩ K̃n = K̃n\(Ẽj\K̃j), ∀j ≤ n. (1.8)

Then, for any n ∈ N, we get that

K̃n\
n−1⋃

j=1

(Ẽj\K̃j) =
n−1⋂

j=1

(
K̃n\(Ẽj\K̃j)

)
(1.8)
=

n−1⋂

j=1

(
K̃j ∩ K̃n

)
=

n⋂

j=1

K̃j .

Considering now the closed cylinder set K̃ ′
n :=

⋂n
j=1 K̃j ∈ CI and setting

Fn :=
⋂n

j=1 π−1
ij ,in

(Kj) ∈ Xin yields the following

K̃ ′
n =

n⋂

j=1

π−1
ij

(Kj) = π−1
in

⎛

⎝
n⋂

j=1

π−1
ij ,in

(Kj)

⎞

⎠ = π−1
in

(Fn).

This implies K̃ ′
n ⊆ π−1

in
(πin(K̃ ′

n)) = π−1
in

(πin(π−1
in

(Fn))) ⊆ π−1
in

(Fn) = K̃ ′
n

and so K̃ ′
n = π−1

in
(πin(K̃ ′

n)). We obtain

μ(K̃ ′
n) = μ

⎛

⎝K̃n\
n−1⋃

j=1

(Ẽj\K̃j)

⎞

⎠ ≥ μ(K̃n) − μ

⎛

⎝
n−1⋃

j=1

(Ẽj\K̃j)

⎞

⎠

≥ μ(K̃n) −
n−1∑

j=1

(
μ(Ẽj) − μ(K̃j)

)

= μ(π−1
in

(Kn)) −
n−1∑

j=1

(
μ(π−1

ij
(Ej)) − μ(π−1

ij
(Kj))

)

= μin(Kn) −
n−1∑

j=1

(
μij (Ej) − μij (Kj)

)

> ε −
n−1∑

j=1

ε

4j
> ε −

∞∑

j=1

ε

4j
=

2
3
ε >

1
2
ε

and so

μin(πin(K̃ ′
n)) = μ(π−1

in
(πin(K̃ ′

n))) = μ(K̃ ′
n) >

1
2
ε. (1.9)

As I contains a countable cofinal subset, by Proposition 1.19, there exists a
compact subset C of XI such that μin(πin(C)) > 1 − 1

2ε for all n ∈ N. This
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together with (1.9) implies that πin(K̃ ′
n) ∩ πin(C) �= ∅. Hence, there exist

x ∈ K̃ ′
n and y ∈ C such that πin(x) = πin(y) and so y ∈ π−1

in
(πin(K̃ ′

n)) = K̃ ′
n,

i.e., y ∈ K̃ ′
n ∩ C. As for each n ∈ N the set K̃ ′

n ∩ C is a non-empty compact
subset of XI and (K̃ ′

n+1 ∩ C) ⊂ (K̃ ′
n ∩ C), we have that

∅ �=
⋂

n∈N

(
K̃ ′

n ∩ C
)

⊆
⋂

n∈N

K̃ ′
n ⊆

⋂

n∈N

Ẽn,

which yields
⋂

n∈N
Ẽn �= ∅. Therefore, μ is a finite pre-measure on CI and

so, by [2, Theorem 5.6], uniquely extends to ΣI . Moreover, ΣI = BI by
Proposition 1.14. �

In the general case, when the index set I does not contain a countable
cofinal subset, we are going to combine the two-stage construction of (XI ,ΣI)
introduced earlier (see Proposition 1.8) with Lemma 1.20.

Remark 1.21. Consider

Λ := {λ ⊆ I : λ contains a countable directed subset cofinal in λ}

ordered by inclusion. For λ ∈ Λ, let {(Xλ,Σλ), πλ
i , λ} denote the projective

limit of the projective system {(Xi,Σi), πi,j , λ}. Also, for any λ ⊆ κ in Λ
consider the map πλ,κ defined in (1.1). Then {(Xλ,Bλ), πλ,κ,Λ} is a projec-
tive system of measurable spaces by Proposition 1.7 (recall that Σλ = Bλ by
Proposition 1.14). Furthermore, given an exact projective system {μi : i ∈ I}
of Radon probability measures w.r.t. {(Xi,Σi), πi,j , I}, we get:

(i) For any λ ∈ Λ, the exact projective system {μi : i ∈ λ} is thick and the
corresponding cylindrical quasi-measure uniquely extends to a proba-
bility measure μλ on (Xλ,Bλ).

(ii) The family {μλ : λ ∈ Λ} is an exact projective system of probability
measures w.r.t. {(Xλ,Bλ), πλ,κ,Λ}.

Indeed, (i) simply follows by Lemma 1.20 as λ contains a countable cofinal
subset. To prove (ii), let us observe that for all λ ⊆ κ in Λ we have

πλ,κ
#μκ((πλ

i )−1(Ei)) = μκ((πλ,κ)−1((πλ
i )−1(Ei))) = μκ((πκ

i )−1(Ei)) = μi(Ei),

for all i ∈ λ and all Ei ∈ Bi. This shows that πλ,κ
#μκ is an extension of the

cylindrical quasi-measure corresponding to {μi : i ∈ λ} and so must coincide
with μλ by the uniqueness of μλ.

Theorem 1.22. Let (I,≤) be a directed partially ordered set, T := {(Xi, τi),
πi,j , I} a projective system of Hausdorff topological spaces, {(XI , τI), πi, I}
its projective limit and {μi : i ∈ I} an exact projective system of Radon prob-
ability measures w.r.t. T . For any λ ∈ Λ, as in Remark 1.21-(i), let μλ be the
probability measure on Bλ extending the cylindrical quasi-measure associated
with {μi : i ∈ λ}.

Then there exists a unique probability measure ν on the cylinder σ-
algebra ΣI on XI such that πi#ν = μi for all i ∈ I if and only if the exact
projective system {μλ : λ ∈ Λ} of Remark 1.21-(ii) is thick.
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Proof. Suppose that the exact projective system {μλ : λ ∈ Λ} is also thick.
Then the cylindrical quasi-measure μΛ corresponding to {μλ : λ ∈ Λ} is well-
defined on CΛ by Lemma 1.13, and CΛ = ΣΛ = ΣI by Proposition 1.10. We
claim that μΛ is actually itself a probability measure extending the cylindrical
quasi-measure μI corresponding to {μi : i ∈ I} on CI . Indeed, for i ∈ I, λ ∈ Λ
such that i ∈ λ and Ei ∈ Bi, we have

μΛ(π−1
i (Ei)) = μλ((πλ

i )−1(Ei)) = μi(Ei) = μI(π−1
i (Ei)).

Hence, μΛ �CI
= μI . In particular, XI = π−1

i (Xi) ∈ CI (for any i ∈ I) and so,
μΛ(XI) = μI(π−1

i (Xi)) = μi(Xi) = 1.
Let us show that μΛ is σ-additive. For any (λn)n∈N ⊆ Λ, there is κ ∈ Λ

such that λn ⊆ κ for all n ∈ N by Proposition 1.6. For any n ∈ N, let
En ∈ Bλn

be such that {(πλn)−1(En) : n ∈ N} consists of pairwise disjoint
cylinder sets in CΛ. Then

μΛ

(
⋃

n∈N

(πλn)−1(En)

)

= μΛ

(

(πκ)−1

(
⋃

n∈N

(πλn,κ)−1(En)

))

= μκ

(
⋃

n∈N

Fn

)

,

where for convenience we set Fn := (πλn,κ)−1(En). For any m �= n in N, we
have

∅ = (πλm)−1(Em) ∩ (πλn)−1(En) = (πκ)−1(Fm ∩ Fn)

and hence, μκ(Fm ∩ Fn) = μΛ((πκ)−1(Fm ∩ Fn)) = μΛ(∅) = 0. For a fixed
n ∈ N, define Gn :=

⋃
m 	=n(Fm ∩ Fn) ∈ Bκ. Then μκ(Gn) = 0 as Gn is a

countable union of null sets and so μκ

(⋃
n∈N

Fn

)
= μκ

(⋃
n∈N

(Fn\Gn)
)
. By

construction, for any m �= n in N we have (Fm\Gm) ∩ (Fn\Gn) = ∅. Thus,

μκ

(
⋃

n∈N

(Fn\Gn)

)

=
∑

n∈N

μκ(Fn\Gn) =
∑

n∈N

μκ(Fn) = μΛ((πλn)−1(En)),

which combined with the previous steps yields the σ-additivity of μΛ. Hence,
μΛ is a probability measure on ΣΛ = ΣI . The uniqueness of μΛ follows from
[2, Theorem 5.4] as μΛ is finite and CI is an ∩-stable family generating ΣI .

Conversely, suppose there exists a unique probability measure ν on the
cylinder σ-algebra ΣI = CΛ on XI such that πi#ν = μi for all i ∈ I. Let
λ ∈ Λ. Then πλ

i #(πλ
#ν) = πi#ν = μi for all i ∈ λ, which shows that πλ

#ν is
an extension of the cylindrical quasi-measure corresponding to {μi : i ∈ λ}.
Thus, πλ

#ν = μλ by the uniqueness of μλ, i.e., ν is the cylindrical quasi-
measure on CΛ corresponding to {μλ : λ ∈ Λ}, and so {μλ : λ ∈ Λ} is thick
by Lemma 1.13. �

Using Remark 1.12-(i) we can easily derive the following corollary.

Corollary 1.23. Let (I,≤) be a directed partially ordered set, T := {(Xi, τi),
πi,j , I} a projective system of Hausdorff topological spaces, {(XI , τI), πi, I}
its projective limit and {μi : i ∈ I} an exact projective system of Radon
probability measures w.r.t. T . Assume that for each λ ∈ Λ the map πλ is
surjective (see (1.2) and Remark 1.21).

Then there exists a unique probability measure ν defined on the cylinder
σ-algebra ΣI on XI such that πi#ν = μi for all i ∈ I.
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Remark 1.24.
(i) If in Theorem 1.22 each μi with i ∈ I is supported in a closed subset

K(i) of Xi, then μ(π−1
i (K(i))) = μi(K(i)) = 1 and hence, μ is sup-

ported in each π−1
i (K(i)). In particular, the measure μ is supported in⋂

i∈J π−1
i (K(i)) for each countable subset J of I.

(ii) If K(i) = πi(K) for some K ⊆ XI such that

K = (πλ)−1(E) for some λ ∈ Λ and E ⊆ Xλ closed, (1.10)

then there exists a countable J ⊆ I such that K =
⋂

i∈J π−1
i (πi(K))

and so μ is supported in K by (i). Note that (1.10) holds in the following
two cases:
(a) K = (πλ)−1(F ) with λ ∈ Λ, F ⊆ Xλ and πλ open,
(b) K = (πλ)−1(F ) with λ ∈ Λ, F ⊆ Xλ and πλ closed,

since taking E := F in (a) and E := πλ(K) in (b) yields K = (πλ)−1(E).

1.4. Extension to Radon Measures

In this subsection we are going to give a detailed proof of a result due to
Prokhorov, Theorem 1.27, which provides a necessary and sufficient condi-
tion to extend cylindrical quasi-measures to Radon measures (see [43], [10,
IX., § 4.2, Theorem 1], [49, Part I, Chapter I, § 10, Theorem 21]). Before doing
so, let us introduce some notation and an extension theorem by Choksi [13,
Theorem 1], which is fundamental in the proof of Prokhorov’s theorem.

Definition 1.25. Let μ be a measure on a σ-ring R on a set X and F ⊆ R.
(a) μ is inner regular w.r.t. F if μ(M) = sup{μ(U) : U ∈ F , U ⊆ M} for

any M ∈ R.
(b) μ is outer regular w.r.t. F if μ(M) = inf{μ(U) : U ∈ F ,M ⊆ U} for

any M ∈ R.

We restate the Choksi result in a form which is less general than the
original one in [13, Theorem 1] but sufficient for our purposes.

Theorem 1.26. Let X be a Hausdorff topological space. Denote by F a collec-
tion of compact subsets of X which contains the empty set and is closed under
finite unions and countable intersections. Let μ be a finite, non-negative and
real-valued set function on F such that
(a) μ is monotone,
(b) μ is finitely additive and sub-additive,
(c) If K1,K2 ∈ F with K1 ⊆ K2, then for any ε > 0 there exists K3 ∈ F

such that K3 ⊂ K2\K1 and μ(K1) + μ(K3) ≥ μ(K2) − ε.
Then μ can be uniquely extended to a finite measure on the σ-ring S(F)
generated by F , which is inner regular w.r.t. F .

The following is the main theorem about extending cylindrical quasi-
measures to Radon measures on the Borel σ-algebra.

Theorem 1.27. Let (I,≤) be a directed partially ordered set, T := {(Xi, τi),
πi,j , I} a projective system of Hausdorff topological spaces, {(XI , τI), πi, I}



IEOT Projective Limit Techniques Page 17 of 44 12

its projective limit and {μi : i ∈ I} an exact projective system of Radon
probability measures w.r.t. T . Then there exists a unique Radon probability
measure ν on XI such that πi#ν = μi for all i ∈ I if and only if Prokhorov’s
condition (1.5) holds.

Remark 1.28. If in Theorem 1.27 each μi with i ∈ I is supported in a closed
subset K(i) of Xi, then ν(π−1

i (K(i))) = μi(K(i)) = 1 and hence, the Radon
probability measure ν is supported in

⋂
i∈I π−1

i (K(i)) by [49, Part I, Chap-
ter I, 6.(a)].

Note that since Prokhorov’s condition (1.5) holds when I contains a
countable cofinal subset (see Proposition 1.19), we immediately have the
following corollary of Theorem 1.27.

Corollary 1.29. Let (I,≤) be a directed partially ordered set, T := {(Xi, τi),
πi,j , I} a projective system of Hausdorff topological spaces, {(XI , τI), πi, I}
its projective limit and {μi : i ∈ I} an exact projective system of Radon
probability measures w.r.t. T . If I contains a countable cofinal subset, then
there exists a unique Radon probability measure ν on XI such that πi#ν = μi

for all i ∈ I.

We now present the proof of Theorem 1.27 by illustrating the most
important steps and postponing some parts to lemmas, so to not interrupt
the main proof scheme.

Proof of Theorem 1.27. We show only the sufficiency of (1.5) for the exis-
tence and the uniqueness of a Radon probability measure extending μ, as the
converse direction is easy.

Suppose that (1.5) holds. By Remark 1.16, {μi : i ∈ I} is thick. Denote
by μ the cylindrical quasi-measure corresponding to {μi : i ∈ I} and by μ∗

the outer measure associated to μ. Let ε > 0. Then there is Cε ⊆ XI compact
such that μi(πi(Cε)) ≥ 1− ε for all i ∈ I. Now for any U ∈ CI open and such
that Cε ⊆ U , we have that U = π−1

i (Ui) for some i ∈ I and Ui ∈ Bi, so we
have μ(U) = μi(Ui) ≥ μi(πi(Cε)) ≥ 1−ε. This yields μ∗(Cε) ≥ 1−ε since μ∗

is outer regular w.r.t. open sets in CI (cf. Lemma 1.30).
We show in Lemma 1.31 that Theorem 1.26 can be applied to μ∗ re-

stricted to the family K of all compact subsets of (XI , τI), which yields the ex-
istence of an inner regular measure η which extends μ∗ �K to the σ-ring S(K)
generated by K.

Let us consider the function

ν(B) := sup{η(B ∩ K) : K ∈ K}, ∀B ∈ BI .

Lemma 1.32 ensures that ν is a finite Radon measure on BI . We need to show
that πi#ν = μi for all i ∈ I, i.e., μ(A) = ν(A) for all A ∈ CI , which entails
that ν extends μ to BI .

Let A ∈ CI and ε > 0. Using Lemma 1.30, we get by (1.12) that there
exists C ∈ CI closed such that C ⊆ A and μ(A) ≤ μ(C)+ε and by (1.11) that
there exists U ∈ CI open such that C ∩ Cε ⊆ U and μ(U) ≤ μ∗(C ∩ Cε) + ε.
Note that Cε = (C ∩ Cε) ∪ ((XI\C) ∩ Cε) ⊆ U ∪ (XI\C) and so

1 − ε ≤ μ∗(Cε) ≤ μ(U ∪ (XI\C)) ≤ μ(U) + μ(XI\C) ≤ μ(U) + 1 − μ(C),
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which implies μ(C) ≤ μ(U) + ε. Hence, we have

μ(A) ≤ μ(C) + ε ≤ μ(U) + 2ε ≤ μ∗(C ∩ Cε) + 3ε

= η(C ∩ Cε) + 3ε ≤ ν(C) + 3ε ≤ ν(A) + 3ε,

which yields μ(A) ≤ ν(A). Conversely, by the inner regularity of ν w.r.t.
compact sets, for any ε > 0 there exists K ⊆ A compact such that

ν(A) ≤ ν(K) + ε = η(K) + ε = μ∗(K) + ε ≤ μ(A) + ε.

Hence, ν is an extension of μ to BI and in particular, ν(XI) = μ(XI) = 1.
Since CI contains a basis of τI , it is easy to show that such an extension is
unique using that ν is inner regular w.r.t. compact sets. �
Lemma 1.30. Let K be the family of all compact subsets of XI . Then

μ∗(A) = inf{μ(U) : U ∈ CI open, A ⊆ U}, ∀A ∈ K ∪ CI (1.11)

and

μ∗(A) = sup{μ(V ) : V ∈ CI closed, V ⊆ A}, ∀A ∈ CI . (1.12)

Proof. Let A ∈ CI , say A = π−1
i (Ai) for some i ∈ I and Ai ∈ Bi. As μi is

finite and inner regular w.r.t. compact subsets of Xi, it is outer regular w.r.t.
to open sets in Xi. Hence, for any ε > 0, there is some Ui ∈ Bi open such
that Ai ⊆ Ui and μi(Ai) ≥ μi(Ui) − ε. Setting U := π−1

i (Ui) ∈ CI , we get
that U is open, A ⊆ U , and μ∗(A) = μ(A) ≥ μ(U) − ε. Hence, A satisfies
(1.11) since ε was arbitrary.

Now let K ∈ K and ε > 0. Then, by the definition of μ∗, there exists
a sequence (An)n∈N such that An ∈ CI for each n ∈ N, K ⊆

⋃
n∈N

An and
μ∗(K) ≥

∑
n∈N

μ(An)−ε. By the first part of this proof, we have that for any
n ∈ N there is Un ∈ CI open such that An ⊆ Un and μ(An) ≥ μ(Un) − 2−nε.
Then K ⊆

⋃
n∈N

An ⊆
⋃

n∈N
Un and by the compactness of K there exists

N ∈ N such that K ⊆
⋃N

n=1 Un =: U ∈ CI . This yields

μ∗(K) ≥
∑

n∈N

μ(An) − ε ≥
∑

n∈N

μ(Un) − 2ε ≥
N∑

n=1

μ(Un) − 2ε ≥ μ(U) − 2ε,

i.e., K satisfies (1.11) since ε was arbitrary. For any A ∈ CI , by using (1.11)
applied to XI\A ∈ CI and the finiteness of μ, we get (1.12). �
Lemma 1.31. Let K be the family of all compact subsets of XI . The set func-
tion μ∗ �K extends to a finite measure η on the σ-ring S(K) generated by K
and η is inner regular w.r.t. K.

Proof. Recall that μ∗ �K is monotone and sub-additive.
Let K1,K2 ∈ K be disjoint and ε > 0. Then, by (1.11), there exists

U ∈ CI open and containing K1 ∪ K2 such that μ(U) ≤ μ∗(K1 ∪ K2) + ε.
Furthermore, by using that the space (XI , τI) is Hausdorff and CI contains a
basis of τI , we can easily show that there exist U1, U2 ∈ CI disjoint and open
such that K1 ⊆ U1 ⊆ U and K2 ⊆ U2 ⊆ U . Therefore, we get

μ∗(K1) + μ∗(K2) ≤ μ(U1) + μ(U2) = μ(U1 ∪ U2) ≤ μ(U) ≤ μ∗(K1 ∪ K2) + ε

and so the finite additivity of μ∗ �K as ε was arbitrary.
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Let K1,K2 ∈ K such that K1 ⊆ K2 and let ε > 0. By (1.11), there
exists U1 ∈ CI open and containing K1 such that μ(U1) ≤ μ∗(K1) + ε. Then
K3 := K2\U1 is compact as a closed subset of a compact and K3 ⊆ K2\K1.
Hence, by (1.11), there exists U2 ∈ CI open and containing K3 such that
μ(U2) ≤ μ∗(K3)+ε. By construction, K2 ⊆ U1 ∪ (K2\U1) ⊆ U1 ∪U2, so that

μ∗(K2) ≤ μ(U1) + μ(U2) ≤ μ∗(K1) + μ∗(K3) + 2ε.

This shows that μ∗ �K satisfies the assumptions of Theorem 1.26, which yields
the assertion. �
Lemma 1.32. Let K be the family of all compact subsets of XI . The function

ν(B) := sup{η(B ∩ K) : K ∈ K}, ∀B ∈ BI

is a finite measure on BI , which extends η and is inner regular w.r.t. K.

Proof. For any B ∈ BI and any K ∈ K, the set K ∩ B ∈ S(K) since the
Borel σ-algebra is the smallest σ-algebra generated by the collection F of
all closed subsets in (XI , τI) and K ∩ S(F) = S(K ∩ F) (see, e.g., [23,
Theorem E, p. 25]).

Let (Bn)n∈N be a sequence of pairwise disjoint subsets in BI . Then for
all K ∈ K

η

(
⋃

n∈N

Bn ∩ K

)

=
∑

n∈N

η(Bn ∩ K) ≤
∑

n∈N

ν(Bn),

which shows that ν is sub-additive. Let ε > 0 and n ∈ N. Then there exists
Kn ∈ K such that ν(Bn) ≤ η(Bn ∩ Kn) + 2−nε. For any fixed N ∈ N, set
K :=

⋃N
n=1 Kn ∈ K. Then

ν

(
⋃

n∈N

Bn

)

≥ η

((
⋃

n∈N

Bn

)

∩ K

)

≥ η

(
N⋃

n=1

(Bn ∩ Kn)

)

=
N∑

n=1

η(Bn ∩ Kn) ≥
N∑

n=1

(ν(Bn) − 2−nε)

≥
N∑

n=1

ν(Bn) − ε,

which implies ν(
⋃

n∈N
Bn) ≥

∑
n∈N

ν(Bn). Hence, ν is a measure on BI .
Let us now show the inner regularity of ν w.r.t. K. Let B ∈ BI and ε > 0.

Then, by definition of ν, there exists K ∈ K such that ν(B) ≤ η(B ∩ K) + ε.
Since η is inner regular w.r.t. K, there exists K ′ ⊆ B ∩ K compact and such
that η(B ∩ K) ≤ η(K ′) + ε and so

ν(B) ≤ η(B ∩ K) + ε ≤ η(K ′) + 2ε ≤ ν(K ′) + 2ε,

which shows the inner regularity of ν w.r.t. K.
Since by definition ν and η coincide on K and since they are both inner

regular w.r.t. K, we obtain that for any M ∈ S(K) the following holds

ν(M) = sup{ν(K) : K ⊆ M,K ∈ K} = sup{η(K) : K ⊆ M,K ∈ K} = η(M),

i.e., ν extends η to BI . �
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2. Character Space as Projective Limit

In the following all algebras in consideration are assumed to be unital com-
mutative real algebras.

2.1. The Construction

Let A be a unital commutative real algebra and denote by X(A) its character
space, i.e., the set of all (unitary) homomorphisms α : A → R. In the following
we always assume that X(A) is non-empty. The aim of this section is to
identify X(A) as a projective limit of an appropriate projective system of
measurable (resp. topological) spaces. To this purpose let us start with some
fundamental definitions.

For any G ⊆ A, we denote by 〈G〉 the subalgebra of A generated by G.
For any subalgebra S ⊆ A and any a ∈ S, we define âS : X(S) → R by
âS(α) := α(a), where X(S) is the character space of S. When the subalgebra
is clear from the context we just write â instead of âS . For any S, T subalge-
bras of A such that S ⊆ T , we set πS,T : X(T ) → X(S), α �→ α �S to be the
canonical restriction map. Then, for any S, T,R subalgebras of A such that
S ⊆ T ⊆ R, we clearly have

πS,R = πS,T ◦ πT,R (2.1)

and also for all a ∈ S

âT = âS ◦ πS,T . (2.2)

For any subalgebra S ⊆ A, we endow X(S) with the weakest topol-
ogy τX(S) such that all the functions âS with a ∈ S are continuous, i.e., the
family of all sets

{α ∈ X(S) : â(α) > 0}, ∀ a ∈ S

forms a basis of τX(S). Then for any K ⊆ X(S) closed, there exists G ⊆ S such
that

K = {α ∈ X(S) : ĝ(α) ≥ 0 for all g ∈ G}. (2.3)

The topology τX(S) coincides with the topology induced on X(S) by the em-
bedding

X(S) → R
S

α �→ (α(a))a∈S

where RS is equipped with the product topology. Hence, (X(S), τX(S)) is Haus-
dorff. We consider on X(S) the Borel σ-algebra BX(S) w.r.t. τX(S). Then, for any
S, T subalgebras of A with S ⊆ T , the restriction map πS,T : X(T ) → X(S)
is both continuous and measurable. Let us consider the following set

I := {S ⊆ A : S finitely generated subalgebra of A}.

ordered by the inclusion, which makes it into a directed partially ordered set.
For each S ∈ I, we set πS := πS,A. The family {(X(S),BX(S)), πS,T , I}

(resp. {(X(S), τX(S)), πS,T , I}) is a projective system of measurable (resp. topo-
logical) spaces. We denote by ΣI the smallest σ-algebra on X(A) such that
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all the maps πS with S ∈ I are measurable (resp. τI the weakest topology
on X(A) such that all the maps πS with S ∈ I are continuous).

Remark 2.1. Let S ∈ I and let a1, . . . , ad be generators of S with d ∈ N.
Then the homomorphism ϕ : R[X1, . . . , Xd] → S given by ϕ(Xi) := ai for i =
1, . . . , d is surjective, and therefore, S is isomorphic to R[X1, . . . , Xd]/Ker (ϕ).
Since characters on R[X1, . . . , Xd] are in one-to-one correspondence with
points of R

d (see, e.g., [38, Proposition 5.4.5]), the map ψ : Z(Ker (ϕ)) →
X(S) given by ψ(x)(ϕ(p)) := p(x) is a topological isomorphism, where
Z(Ker (ϕ)) = {x ∈ R

d : p(x) = 0 for all p ∈ Ker (ϕ)} ⊆ R
d is equipped with

the topology induced by the euclidean topology. Hence, the space (X(S), τX(S))
is locally compact and Polish.

Theorem 2.2. The measurable space (X(A),ΣI) together with {πS : S ∈ I} is
the projective limit of the projective system {(X(S),BX(S)), πS,T , I} (resp. the
topological space (X(A), τX(A)) is the projective limit of the projective system
{(X(S), τX(S)), πS,T , I}). The σ-algebra ΣI is the smallest σ-algebra on X(A)
making â measurable for all a ∈ A.

Proof. By taking R = A in (2.1), we get πS = πS,T ◦πT for any S, T ∈ I such
that S ⊆ T . Hence, it remains to show that (X(A),ΣI) satisfies the universal
property of the projective limit.

Let (Y,ΣY ) be a measurable space and for any S ∈ I let fS : Y → X(S)
be a measurable map which satisfies fS = πS,T ◦ fT for all T ∈ I such that
S ⊆ T . Define f : Y → X(A), y �→ f(y) by f(y)(a) := f〈a〉(y)(a). Then, using
the compatibility between the maps {fS : S ∈ I}, it is easy to show that f is
the unique measurable map satisfying πS ◦ f = fS for all S ∈ I.

Since for S ∈ I the σ-algebra BX(S) is generated by all âS with a ∈ S, the
observation that for any a ∈ A we have âA = âS ◦πS for all S ∈ I containing a
implies that ΣI coincides with the σ-algebra generated by all âA with a ∈ A.

This proof shows mutatis mutandis that (X(A), τI) together with
{πS , S ∈ I} is the projective limit of the projective system {(X(S), τX(S)),
πS,T , I} and τX(A) = τI . �

2.2. The σ-Algebras

In this subsection we employ the two-stage construction of projective limits
introduced in Sect. 1.1 (see Propositions 1.8 and 1.10) to identify (X(A),ΣI)
as the projective limit of a different projective system over an index set
Λ larger than I (see Lemma 2.3 below). This will allow us to relate the
cylinder σ-algebra to the constructibly Borel σ-algebra introduced in [21] (see
Proposition 2.4 below) and to compare our results on the moment problem
to the corresponding ones in [21] (see Sect. 3).

Lemma 2.3. Consider the set

Λ := {T ⊆ A : T countably generated subalgebra of A} (2.4)

ordered by the inclusion and let ΣΛ be the smallest σ-algebra on X(A) such
that all the πT with T ∈ Λ are measurable. Then {(X(A),ΣI), πT ,Λ} is the
projective limit of the projective system {(X(T ),BX(T)), πT,R,Λ}, where I is
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as above. Moreover,

CI ⊆ ΣI = ΣΛ = CΛ, (2.5)

where the inclusion is strict in general.

Proof. For any T ∈ Λ, define IT := {S ⊆ T : S finitely gen. subalgebra of T}.
Then the map e(T ) := IT defines an embedding of Λ into the set

{λ ⊆ I : λ contains a countable directed subset cofinal in λ}. (2.6)

Indeed, let T be a subalgebra of A generated by (an)n∈N and for each d ∈ N

set Sd := 〈a1, . . . , ad〉 ∈ IT , then (Sd)d∈N is a countable directed subset of IT

cofinal in IT . Clearly, e is order preserving and injective. Moreover, e(Λ) is
cofinal in the set defined in (2.6), because if λ ⊆ I contains a countable
directed subset κ cofinal in λ, then T := 〈S : S ∈ κ〉 is an element of Λ and
e(T ) = IT ⊇ λ. Indeed, by the cofinality of κ in λ, for any R ∈ λ there exists
S ∈ κ such that R ⊆ S but S ⊂ T and so R ∈ IT .

Therefore, by Proposition 1.8 and Remark 1.9, {(XI ,ΣI), πIT , e(Λ)} is
the projective limit of the projective system {(XIT ,ΣIT ), πIT ,IR , e(Λ)}. Now
Theorem 2.2 guarantees that XI = X(A) and also that for any T ∈ Λ we have
XIT = X(T ) and πIT

S = πS,T for all S ∈ IT , which in turn implies ΣIT = ΣT .
This together with Proposition 1.14 gives that ΣIT = BX(T). Therefore, for
any T ⊆ R in Λ, the uniqueness of the map πIT ,IR (cf. (1.1)) ensures that
πIT ,IR = πT,R. Similarly, we obtain that πIT = πT for any T ∈ Λ (cf. (1.2)).
Hence, we can replace e(Λ) with Λ and get that {(X(A),ΣI), πT ,Λ} is the
projective limit of {(X(T ),BX(T)), πT,R,Λ}.

The relation (2.5) directly follows by Proposition 1.10 using that Λ is
embedded in the set in (2.6). �

Let us recall that in [21, Section 2] the σ-algebra Bc of constructibly
Borel subsets of X(A) is defined as the σ-algebra generated by all subsets
{α ∈ X(A) : α(a) > 0} with a ∈ A. In [21, Proposition 2.3] the authors pro-
vide a characterization of Bc, which in our setting translates in the following
result.

Proposition 2.4. The σ-algebra Bc of constructibly Borel subsets of X(A) co-
incides with the cylinder σ-algebra ΣΛ for Λ as in (2.4).

We can then rewrite the definition of constructibly Radon measure [21,
Definition 2.4] as follows.

Definition 2.5. A constructibly Radon measure on X(A) is a measure μ on
the cylinder σ-algebra ΣΛ such that πS#μ is a Radon measure on BX(S) for all
S ∈ Λ.

Remark 2.6.
(i) The restriction of any Radon measure on X(A) to ΣΛ is a constructibly

Radon measure, but a constructibly Radon measure is not a Radon
measure in general; neither it is defined on the Borel σ-algebra BX(A)

w.r.t. τX(A) nor it is required to be inner regular. However, it is always a
locally finite measure.
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(ii) If the algebra A is countably generated, then the notions of constructibly
Radon measure and Radon measure coincide. Indeed, by
Proposition 1.14 and (2.5), we get Bc = CΛ = ΣΛ = ΣI = BX(A) (cf.
[21, Proposition 2.2]) and so by Theorem 1.27 any constructibly Radon
measure is a Radon measure.

(iii) Any constructibly Radon measure on X(A) is also a cylindrical quasi-
measure w.r.t. the projective system {(X(S),BX(S)), πS,T ,Λ}.

We now show that the set of finite constructibly Radon measures on
X(A) coincides with the set of finite measure on the cylinder σ-algebra ΣI .

Lemma 2.7. Any finite measure μ on the cylinder σ-algebra ΣI is a finite
constructibly Radon measure on X(A).

Proof. Let μ be a finite measure on the cylinder σ-algebra ΣI . Then μ is
a finite measure on ΣΛ by (2.5). W.l.o.g. let us assume that μ(X(A)) = 1.
Then for any T ∈ Λ we have that πT #μ is a probability measure on BX(T) on
X(T ), since πT : (X(A),ΣΛ) → (X(T ),BX(T)) is measurable by Theorem 2.2.
Hence, for any S ∈ I, we have that πS#μ is a finite Borel measure on the
Polish space X(S) (see Remark 2.1) and so a Radon measure. It remains
to show that πR#μ is Radon for any R ∈ Λ\I. To this purpose, for any
R ∈ Λ\I, set IR := {S ∈ I : S ⊆ R}. Then {(X(R),BX(R)), πS,R, IR} is
the projective limit of the projective system P := {(X(S),BX(S)), πS,T , IR}
and the family {πS#μ : S ∈ IR} is an exact projective system of Radon
probability measures on P since IR ⊂ I and μ(X(A)) = 1. Moreover, for any
S ∈ IR we have πS,R#(πR#μ) = πS#μ. By Proposition 1.19 the assumptions
of Theorem 1.27 are satisfied since IR contains a countable cofinal subset.
Hence, πR#μ is in fact a Radon measure, which completes the proof. �

3. The Projective Limit Approach to the Moment Problem

Let A be a unital commutative real algebra and X(A) its character space
endowed with the topology τX(A). In this section, we deal with Problem (M)
for Σ being the Borel σ-algebra BX(A) on (X(A), τX(A)) and more precisely we
are interested in finding necessary and sufficient conditions for the existence
of a K-representing Radon measure on the Borel σ-algebra BX(A) on X(A).
Our general strategy is to combine the projective limit structure of X(A)
studied in Sect. 2 with the results in Sect. 1.3 to establish a general criterion
for the existence of a K-representing measure on the cylinder σ-algebra ΣI on
X(A) and then the results in Sect. 1.4 to extend such a representing measure
on ΣI to a K-representing Radon measure on BX(A). As in Sect. 2, we set

I := {S ⊆ A : S finitely generated subalgebra of A}, (3.1)

πS,T : X(T ) → X(S) to be the canonical restriction and πS := πS,A for any
S ⊆ T in I. Recall that all algebras in consideration are unital commutative
and real.

We immediately notice that when A is countably generated, say by
(an)n∈N, the index set I in (3.1) contains the countable cofinal subset J :=
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{〈a1, . . . , ad〉 : d ∈ N}. Therefore, our strategy for solving Problem (M) sim-
plifies when A is countably generated and we will analyze this case separately
in Sect. 3.1.1, while in Sect. 3.1.2 we tackle the general case. We start Sect. 3.1
with some general results holding in both cases. In Sects. 3.2, 3.3, 3.4 and 3.5
we will focus on applications of the main results in Sect. 3.1. In Sect. 3.2,
respectively in Sect. 3.3, we will derive a generalized version of the classical
Riesz-Haviland theorem, respectively Nussbaum’s theorem. In Sect. 3.4, we
will both retrieve the solution to Problem (M) for Archimedean quadratic
modules and prove a new representation theorem for linear functionals non-
negative on a “partially Archimedean” quadratic module of A. In Sect. 3.5,
we will retrieve some recent results about applications of localization to the
moment problem.

3.1. Main Results on Problem (M)

Let L be a linear functional on an algebra A. Assume that each restriction L�S

to each finitely generated subalgebra S of A admits a representing measure.
We investigate the question how to build out of them an exact projective
system. Only in the case when L�S admits a unique representing measure
this is straightforward, see Lemma 3.1. Whereas in Lemma 3.3 we show how
to build such an exact projective system even when uniqueness is lacking.

Lemma 3.1. Let A be an algebra, L : A → R linear, L(1) = 1 and I as
in (3.1). For each S ∈ I, let K(S) be a closed subset of X(S) such that
πS,T

(
K(T )

)
⊆ K(S) for any T ∈ I containing S.

If for each S ∈ I there exists a unique K(S)-representing Radon measure
νS for L�S, then {νS : S ∈ I} is an exact projective system.

Proof. For each S ∈ I, we have 1 ∈ S and so L �S (1) = L(1) = 1, which
ensures νS(K(S)) = 1. Moreover, for all S, T ∈ I with S ⊆ T and all a ∈ S
we have that

L�S(a) = L�T (a) =

∫

K(T )
âT (β)dνT (β)

(2.2)
=

∫

K(T )
âS(πS,T (β))dνT (β) =

∫

πS,T (K(T ))

âS(α)dπS,T #νT (α) (3.2)

and

πS,T #νT (K(S)) = νT (π−1
S,T (K(S))) ≥ νT (K(T )) = 1. (3.3)

Hence, πS,T #νT is a K(S)-representing Radon probability for L �S . Then
the uniqueness assumption ensures that νS ≡ πS,T #νT for all S ⊆ T and
so {νS , S ∈ I} is an exact projective system of Radon probabilities on
{(XS ,BXS

), πS,T , I}. �
In general, the representing measure νS need not to be unique and so

the system {μS : S ∈ I} is not necessarily exact. However, we will show in
Lemma 3.3 that it is always possible to find an exact projective system of
representing measures. To this end let us introduce some notations and a
general topological result, namely Proposition 3.2, which can be seen as a
refinement of [47, Theorem 1.19].
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For any S ∈ I, where I is as in (3.1), we set XS := X(S). We endow
the set P(XS) of all Radon probability measures on XS with the vague topol-
ogy ωS , i.e., the coarsest topology on P(XS) such that for all f ∈ Cb(XS) the
map P(XS) → R, μ �→

∫
fdμ is continuous, where Cb(XS) is the set of all

continuous and bounded functions on XS . Since (XS , τXS
) is Polish by Re-

mark 2.1, the topology ωS is metrizable (see, e.g., [6, Theorem 6.8]). For any
K(S) ⊆ XS closed and any LS : S → R linear with LS(1) = 1, we denote by
R(LS ,K(S)) the set of all K(S)-representing Radon measures for LS on BXS

.
The condition LS(1) = 1 ensures that all representing measures for LS are in
fact probability measures, and so R(LS ,K(S)) ⊆ P(XS). Moreover, for any
ε > 0 and any Cε ⊆ X(S) closed, we set

R(LS ,K(S), Cε) := {μ ∈ R(LS ,K(S)) : μ(Cε) ≥ 1 − ε}.

Clearly R(LS ,K(S),K(S)) = R(LS ,K(S)).

Proposition 3.2. For any S ∈ I, ε > 0, and Cε ⊆ X(S) closed, the set
R(LS ,K(S), Cε) is compact in (P(XS), ωS). In particular, R(LS ,K(S)) is
compact in (P(XS), ωS).

Proof. Let us first observe that RS := R(LS ,K(S), Cε) is tight, i.e.,

∀δ > 0, ∃ K compact in (XS , τXS
) s.t. ∀μ ∈ RS , μ(K) ≥ 1 − δ.

Let a1, . . . , ad be generators of S with d ∈ N and set p :=
∑d

i=1 a2
i . Then, for

any m ∈ N, the set Km := {α ∈ XS : p̂(α) ≤ m} is compact w.r.t. τXS
and

for all μ ∈ RS we have

μ (XS\Km) ≤ 1
m

∫

XS

p̂(α)dμ(α) = 1
mLS(p).

Since LS(p) < ∞, this shows that RS is tight. Hence, RS is compact in
(P(XS), ωS) by a well-know theorem due to Prokhorov (see, e.g., [6, Theo-
rems 5.1, 5.2]). The conclusion will follow from the fact that RS is closed
in (P(XS), ωS). To show this, we consider ν ∈ RS and prove that ν is a
K(S)-representing probability measure for LS such that ν(Cε) ≥ 1 − ε. Fix
a ∈ S and δ > 0. Then there exists m ∈ N such that LS(p)LS(a4) ≤ mδ2.
As XS is a closed subset of R

d (cf. Remark 2.1), Km is contained in the
interior of Km+1 in the metric space (XS , τS). Urysohn’s lemma guarantees
that there exists hm ∈ Cb(XS) such that 1Km

≤ hm ≤ 1Km+1 . Since ν ∈ RS ,
there exists (μn)n∈N ⊆ RS converging to ν w.r.t. ωS and so there exists
n ∈ N such that

∣
∣
∫

hmâ2dν −
∫

hmâ2dμn

∣
∣ < δ as hmâ2 ∈ Cb(XS). Moreover,

∣
∣
∫

(1 − hm)â2dμn

∣
∣2 ≤ μn(XS\Km)LS(a4) ≤ δ2. Hence, we obtain

∣
∣
∣
∣

∫
hmâ2dν − LS(a2)

∣
∣
∣
∣ ≤

∣
∣
∣
∣

∫
hmâ2dν −

∫
hmâ2dμn

∣
∣
∣
∣ +

∣
∣
∣
∣

∫
(1 − hm)â2dμn

∣
∣
∣
∣ ≤ 2δ.

As (hmâ2)n∈N is monotone increasing and converging to â2, the previous
inequality and the monotone convergence theorem imply that

∫
â2dν = lim

n→∞

∫
hnâ2dν = LS(a2).
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Then LS(a) =
∫

âdν follows from the identity 4a = (a+1)2 −(a−1)2. Hence,
ν is an XS-representing measure for LS .

As a direct consequence of the Portmanteau theorem [6, Theorem 2.1],
which can be applied because K(S) is closed, we obtain that ν(K(S)) ≥
lim supn→∞ μn(K(S)) = 1. Similarly, ν(Cε) ≥ lim supn→∞ μn(Cε) = 1 − ε
which proves the assertion. �

The following lemma will be crucial in the proof of our main results.

Lemma 3.3. Let A be an algebra, L : A → R linear, L(1) = 1 and I as
in (3.1). For each S ∈ I, let K(S) be a closed subset of X(S) such that
πS,T

(
K(T )

)
⊆ K(S) for any T ∈ I containing S.

(i) If for each S ∈ I there exists νS ∈ R(L�S ,K(S)), then there exists an
exact projective system {μS : S ∈ I} such that each μS ∈ R(L�S ,K(S)).

(ii) If in addition, the family {νS : S ∈ I} fulfills Prokhorov’s condition
(3.4), i.e.,

∀ε > 0 ∃ Cε ⊂ X(A) compact s.t. ∀S ∈ I : νS(πS(Cε)) ≥ 1 − ε, (3.4)

then also the exact projective system {μS : S ∈ I} fulfills Prokhorov’s
condition (3.4).

Proof. (i) For any S ∈ I, we set RS := R(L�S ,K(S)), which is non-empty
by assumption and compact by Proposition 3.2. For any S ⊆ T in I,
the map πS,T # : RT → RS , νT �→ νT ◦ π−1

S,T is well-defined. Indeed, for
any νT ∈ RT and any a ∈ S, (3.2) and (3.3) both hold, ensuring that
πS,T #νT ∈ RS . Furthermore, it is easy to show that πS,T # is continuous
using the definition of the vague topology. Altogether, this shows that
{(RS , ωS ∩RS), πS,T #, I} is a projective system of non-empty compact
topological spaces and so, by [9, I., § 9.6, Proposition 8], its projective
limit R is non-empty and compact. Considering the standard model of
the projective limit in the product space, we identify R as a subset of∏

S∈I RS . Let (μS)S∈I ∈ R. Then {μS : S ∈ I} is an exact projec-
tive system of Radon probability measures on {(XS ,BXS

), πS,T , I}, as
πS,T #μT = μS for all S ⊆ T in I and μS ∈ RS for all S ∈ I.

(ii) By replacing RS with R̃S :=
⋂

ε>0 R(L�S ,K(S), πS(Cε)) in the proof
of (i) above, we easily get that there exists an exact projective sys-
tem {μS : S ∈ I} such that μS ∈ R̃S for all S ∈ I. In particular,
μS(πS(Cε)) ≥ 1 − ε for all S ∈ I and all ε > 0, i.e., {μS : S ∈ I} fulfils
Prokhorov’s condition (3.4). �

Recall that a quadratic module Q in a unital commutative real algebra A
is a subset Q of A such that 1 ∈ Q, Q+Q ⊆ Q and a2Q ⊆ Q for each a ∈ A.
We say that Q is generated by a subset G of A if Q is the smallest quadratic
module in A containing G. For a quadratic module Q in A, we have

KQ = {α ∈ X(A) : â(α) ≥ 0,∀a ∈ Q}. (3.5)

If Q is generated by G, then KQ = {α ∈ X(A) : ĝ(α) ≥ 0,∀g ∈ G}.
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Remark 3.4.
(i) Let K ⊆ X(A) be closed. Then there exists G subset of A such that

K = {α ∈ X(A) : ĝ(α) ≥ 0 for all g ∈ G} (cf. (2.3)) and thus, K = KQ

by (3.5), where Q is the quadratic module in A generated by G. In
particular,

K = KQ =
⋂

S∈I

π−1
S (KQ∩S),

where

KQ∩S := {α ∈ X(S) : â(α) ≥ 0 for all a ∈ Q ∩ S}. (3.6)

Tough S is finitely generated, KQ∩S may be not finitely generated.
(ii) If a quadratic module Q in A is generated by a countable set G, then

KQ =
⋂

S∈J

π−1
S (KQ∩S),

where J = {〈g〉 : g ∈ G} is a countable subset of I.
(iii) A quadratic module Q in A is generated by a countable set G if and

only if KQ = π−1
R (E) ∈ CΛ = ΣI for some R ∈ Λ and E closed in X(R)

(e.g., take R := 〈G〉 ∈ Λ and E := {α ∈ X(R) : ĝ(α) ≥ 0,∀ g ∈ G}).
(iv) When A is countably generated, every closed K ⊆ X(A) can be written

as K = KQ with Q countably generated, since K ∈ BτX(A) = ΣΛ

by (2.5) and so we can apply Remark 3.5-(iii).

3.1.1. A Countably Generated. Let us consider Problem (M) for K = X(A).

Theorem 3.5. Let A be a countably generated algebra, L : A → R linear,
L(1) = 1 and I as in (3.1). Then there exists an X(A)-representing Radon
measure ν for L if and only if for every S ∈ I there exists an X(S)-represen-
ting Radon measure for L�S.

The following more general result Theorem 3.6 also deals with the sup-
port of the representing measure. Theorem 3.5 can be derived from Theo-
rem 3.6 by taking K(S) = X(S) for each S ∈ I.

Theorem 3.6. Let A be a countably generated algebra, L : A → R linear,
L(1) = 1 and I as in (3.1). For any S ∈ I, let K(S) be a closed subset
of X(S) such that πS,T

(
K(T )

)
⊆ K(S) for any T ∈ I containing S.

Then there exists a
(⋂

S∈I π−1
S

(
K(S)

))
-representing Radon measure ν for L if

and only if, for every S ∈ I there exists a K(S)-representing Radon measure
for L�S.

Proof. As observed in Theorem 2.2, {(X(A),ΣI), πS , I} is the projective limit
of the projective system P := {(X(S),BX(S)), πS,T , I}, where BX(S) denotes the
Borel σ-algebra on X(S) w.r.t. τX(S). Suppose that for any S ∈ I there exists
a K(S)-representing Radon measure for L�S . By Lemma 3.3-(i), there exists
an exact projective system {μS : S ∈ I} of Radon probability measures on
P such that μS is a K(S)-representing Radon measure for L�S for all S ∈ I.
Since A is countably generated, we have that I contains a countable cofinal
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subset and so Corollary 1.29 and Remark 1.28 ensure that there exists a
Radon measure ν such that

πS#ν = μS , ∀S ∈ I. (3.7)

and ν is supported in (
⋂

S∈I π−1
S (K(S))). For any a ∈ A, there exists S ∈ I

such that a ∈ S and so

L(a) = L�S (a) =
∫

X(S)

â(β)dμS(β)
(3.7)
=

∫

X(A)

â(πS(β))dν(β)

(2.2)
=

∫

X(A)

â(α)dν(α).

Hence, ν is a (
⋂

S∈I π−1
S (K(S)))-representing Radon measure for L.

Conversely, if there exists a (
⋂

S∈I π−1
S (K(S)))-representing

Radon measure ν for L then for each S ∈ I the measure πS#ν is a K(S)-
representing Radon measure for L �S , since 1 = ν(

⋂
T∈I π−1

T (K(T ))) ≤
μ(π−1

S (K(S))) = πS#ν(K(S)) ≤ 1. �

Corollary 3.7. Let A be a countably generated algebra, L : A → R linear,
L(1) = 1, I as in (3.1), and K ⊆ X(A) closed, i.e., K = KQ for some qua-
dratic module Q in A (cf. Remark 3.4-(i)). Then there exists a K-representing
Radon measure ν for L if and only if for every S ∈ I there exists a KQ∩S-
representing Radon measure for L�S, where KQ∩S is as in (3.6)

Proof. Let us observe that πS,T (KQ∩T ) ⊆ KQ∩S for any S ⊆ T in I and,
by Remark 3.4-(i), we have that K = KQ =

⋂
S∈I π−1

S (KQ∩S). Thus, the
main conclusion follows by applying Theorem 3.6 with K(S) = KQ∩S for
S ∈ I. �

3.1.2. A Not Necessarily Countably Generated. Since in this case the index
set I in (3.1) may not contain a countable cofinal subset, to get Theorem 3.9,
resp. Theorem 3.10, below (the analogue of Theorem 3.5, resp. Theorem 3.6,
in this general case) we will apply Theorems 1.22 and 1.27. To this end,
we need to exploit the two-stage construction of (X(A),ΣI) introduced in
Lemma 2.3. Beside I as in (3.1) we need to consider the set

Λ := {T ⊆ A : T countably generated subalgebra of A} (3.8)

ordered by the inclusion. Recall that {(X(A),ΣI), πT ,Λ} is also the projective
limit of the projective system {(X(T ),BX(T)), πT,R,Λ}.

By combining Lemma 2.3 with Remark 1.21, we easily obtain:

Lemma 3.8. Let {μS : S ∈ I} be an exact projective system of Radon proba-
bility measures w.r.t. {(X(S),BX(S)), πS,T , I}. Let Λ be as in (3.8). Then we
get:

(i) For any T ∈ Λ, there exists a unique Radon probability measure μT on
(X(T ),BX(T)) such that πS,T #μT = μS for all S ∈ I with S ⊆ T .

(ii) The family {μT : T ∈ Λ} is an exact projective system of Radon proba-
bility measures w.r.t. {(X(T ),BX(T)), πT,R,Λ}.
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Since Theorem 3.9 is a special case of Theorem 3.10 (taking K(S) =
X(S) for each S ∈ I), we shall focus on Theorem 3.10. To apply Theorem 1.27
in establishing Theorem 3.10-(ii), we will make use of Lemma 3.3-(ii). How-
ever, to apply Theorem 1.22 in establishing Theorem 3.10-(i), Lemma 3.3-(i)
will not be sufficient. Indeed, Lemma 3.3-(i) ensures the existence of an
exact projective system {νS : S ∈ I} of representing Radon measures for
L �S , but the corresponding exact projective system {νT : T ∈ Λ} given in
Lemma 3.8-(ii) need not be thick (though we are not aware of an example).

Theorem 3.9. Let A be an algebra, L : A → R linear, L(1) = 1 and I as
in (3.1).

(i) There exists an X(A)-representing measure μ for L on the cylinder σ-
algebra ΣI if and only if for each S ∈ I there exists an X(S)-representing
Radon measure μS for L�S such that {μS : S ∈ I} is an exact projective
system and the corresponding exact projective system {μT : T ∈ Λ} is
thick (here Λ is as in (3.8) and μT as in Lemma 3.8).

(ii) There exists an X(A)-representing Radon measure ν for L if and only
if for every S ∈ I there exists an X(S)-representing Radon measure μS

for L�S such that {μS : S ∈ I} fulfills Prokhorov’s condition (3.4).

More generally:

Theorem 3.10. Let A be an algebra, L : A → R linear, L(1) = 1 and I
as in (3.1). For any S ∈ I, let K(S) be a closed subset of X(S) such that
πS,T

(
K(T )

)
⊆ K(S) for any T ∈ I containing S.

(i) There exists an X(A)-representing measure μ for L defined on the cylin-
der σ-algebra ΣI supported in each π−1

S

(
K(S)

)
with S ∈ I if and only

if for every S ∈ I there exists a K(S)-representing Radon measure μS

for L �S such that {μS : S ∈ I} is an exact projective system and the
corresponding exact projective system {μT : T ∈ Λ} is thick (here Λ is
as in (3.8) and μT as in Lemma 3.8).

(ii) There exists a
(⋂

S∈I π−1
S

(
K(S)

))
–representing Radon measure ν for L

if and only if for every S ∈ I there exists a K(S)-representing Radon
measure μS for L �S such that {μS : S ∈ I} fulfills Prokhorov’s condi-
tion (3.4).

Proof. (i) Suppose that for each S ∈ I there exists a K(S)-representing
Radon measure for L �S such that {μS : S ∈ I} is an exact projective
system and the corresponding exact projective system {μT : T ∈ Λ} is
thick. Then Theorem 1.22 ensures that there exists a unique measure μ
on the cylinder σ-algebra ΣI on X(A) such that

πS#μ = μS , ∀S ∈ I. (3.9)

By Remark 1.24, μ is supported in each π−1
S (K(S)) with S ∈ I. For any

a ∈ A, there exists S ∈ I such that a ∈ S and so

L(a) =
∫

X(S)

â(β)dμS(β)
(3.9)
=

∫

X(A)

â(πS(β))dμ(β)
(2.2)
=

∫

X(A)

â(α)dμ(α).
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Conversely, if there exists an X(A)-representing measure μ for L
on the cylinder σ-algebra ΣI supported in each π−1

S

(
K(S)

)
with S ∈ I,

then for every S ∈ I the measure πS#μ is a K(S)-representing Radon
measure for L �S and Theorem 1.22 ensures that the exact projective
system {πT #μ : T ∈ Λ}, which corresponds to {πS#μ : S ∈ I}, is thick.

(ii) Suppose that for each S ∈ I there exists a K(S)-representing Radon
measure for L �S such that {μS : S ∈ I} is an exact projective system
which fulfills (3.4). Then, replacing Theorem 1.22 by Theorem 1.27 and
Remark 1.24 by Remark 1.28 in the proof of (i), we get that there exists
a (

⋂
S∈I π−1

S (K(S)))-representing Radon measure ν for L.
Conversely, if there exists a

(⋂
S∈I π−1

S

(
K(S)

))
–representing Radon

measure ν for L, then for every S ∈ I the measure πS#μ is a K(S)-
representing Radon measure for L �S as

⋂
T∈I π−1

T

(
K(T )

)
⊆ π−1

S (K(S))
and Theorem 1.27 ensures that exact projective system {πS#μ : S ∈ I}
fulfills (3.4). �

Corollary 3.11. Let A be an algebra, L : A → R linear, L(1) = 1, I as
in (3.1), and K ⊆ X(A) closed. Write K = KQ for some quadratic module Q
in A (cf. Remark 3.4-(i)).

(i) There exists an X(A)-representing measure μ for L on the cylinder σ-
algebra ΣI supported on each π−1

S (KQ∩S) with S ∈ I, where KQ∩S is as
in (3.6), if and only if for every S ∈ I there exists a KQ∩S-representing
Radon measure μS for L�S such that {μS : S ∈ I} is an exact projective
system and the corresponding exact projective system {μT : T ∈ Λ} is
thick (here Λ is as in (3.8) and μT as in Lemma 3.8). Moreover, if Q is
countably generated, then μ is a K-representing measure for L on ΣI .

(ii) There exists a K-representing Radon measure ν for L if and only if
for every S ∈ I there exists a KQ∩S-representing Radon measure μS

for L�S such that {μS : S ∈ I} fulfills Prokhrov’s condition (3.4).

Proof. Let us observe that πS,T (KQ∩T ) ⊆ KQ∩S for any S ⊆ T in I and, by
Remark 3.4-(i), we have that K = KQ =

⋂
S∈I π−1

S (KQ∩S). Thus, (i) and (ii)
follow by applying Theorem 3.10 with K(S) = KQ∩S for S ∈ I.

In particular in (i), when Q is countably generated, then by
Remark 3.4-(ii) there exists J ⊆ I countable such that K = KQ =

⋂
S∈J π−1

S

(KQ∩S) and so μ is supported in K by Remark 1.24-(i). �

Remark 3.12.

(i) If we assume that the algebra A is such that for each T ∈ Λ the map
πT is surjective, then the thickness assumption in Theorem 3.10 and
Corollary 3.11 is always verified (cf. Remark 1.12-(i)), e.g., for A =
R[Xi : i ∈ Ω] where Ω is an arbitrary index set.

(ii) If in Theorem 3.10 we also assume the uniqueness of the K(S)-
representing Radon measure for L �S for each S ∈ I, then there ex-
ists at most one X(A)-representing measure μ for L on ΣI supported
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in each π−1
S

(
K(S)

)
with S ∈ I (the same holds for Corollary 3.11 re-

placing K(S) by KQ∩S). Indeed, assume there exists a unique K(S)-
representing Radon measure for L �S for each S ∈ I. If μ′ is another
X(A)-representing measure of L on ΣI supported in each π−1

S

(
K(S)

)

with S ∈ I, then πS#μ′ = πS#μ as both pushforward measures are
K(S)-representing for L�S for all S ∈ I and so μ′ = μ by Theorem 1.22.
Replacing Theorem 1.22 with Theorem 1.27, we can show the unique-
ness of the (

⋂
S∈I π−1

S (K(S)))-representing measure ν for L on BX(A).
(iii) Theorem 3.10 remains true if the existence of a K(S)-representing mea-

sure for L�S is assumed only for all S in a cofinal subset J of I (the same
holds for Corollary 3.11 replacing K(S) by KQ∩S). In fact, by Propo-
sition 1.3, the projective limits of the corresponding projective systems
give rise to the same measurable space (X(A),ΣI). Furthermore, for
S ∈ I there exists T ∈ J such that S ⊆ T and so πS,T (K(T )) ⊆ K(S)

implies π−1
T (K(T )) ⊆ π−1

S (K(S)). Therefore, the representing measure μ

with I replaced by J is supported in each π−1
S (K(S)) with S ∈ I and ν

on
⋂

S∈I π−1
S (K(S)) =

⋂
S∈J π−1

S (K(S)).
(iv) Theorem 3.10 and Corollary 3.11 remain true if we fix a set of generators

G of A and replace I with its cofinal subset J := {〈F 〉 : F ⊆ G finite}.

Theorem 3.10 and Corollary 3.11 build a bridge between the moment
theory in finite and infinite dimensions. Indeed, they allow us to lift many
of the results for the finite dimensional moment problem up to the general
setting of Problem (M).

3.2. Riesz-Haviland Theorem

In this subsection we are going to generalize the classical Riesz-Haviland the-
orem [24,44] for the polynomial algebra to any unital commutative real alge-
bra. To this purpose, we state in Theorem 3.13 a version of the Riesz-Haviland
theorem for finitely generated algebras which is an easy generalization of the
classical result (for a proof see [47, Theorem 1.14]).

Given a unital commutative real algebra A and K ⊆ X(A), we define

PosA(K) := {a ∈ A : âA(α) ≥ 0 for all α ∈ K}.

Theorem 3.13. Let A be a finitely generated algebra, L : A → R linear,
L(1) = 1 and K a closed subset of X(A). If L(PosA(K)) ⊆ [0,∞), then
there exists a K-representing Radon measure for L on BX(A).

As a direct consequence of Theorem 3.10 and Corollary 3.11, we get the
following generalized version of the Riesz-Haviland theorem.

Theorem 3.14. Let A be an algebra, L : A → R linear, L(1) = 1, I as in (3.1),
and K ⊆ X(A) closed, i.e., K = KQ for some quadratic module Q in A (cf.
Remark 3.6-(i)).

If L(PosA(K)) ⊆ [0,∞), then

(i) For each S ∈ I there exists a πS(K)-representing Radon measure μS

for L �S.
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(ii) There exists an X(A)-representing measure μ for L on the cylinder σ-
algebra ΣI supported on each π−1

S (πS(K)) with S ∈ I if and only if
{μS : S ∈ I} is an exact projective system and the corresponding exact
projective system {μT : T ∈ Λ} is thick. Moreover, if Q is countably
generated, then μ is a K-representing measure for L on ΣI .

(iii) There exists a K-representing Radon measure ν for L if and only if
{μS : S ∈ I} fulfills Prokhorov’s condition (3.4).

Proof. Let S ∈ I and suppose L(PosA(K)) ⊆ [0,∞). Since PosS(πS(K)) ⊆
PosA(K)∩S, we have L�S (PosS(πS(K))) ⊆ [0,∞). Hence, by Theorem 3.13,
there exists a πS(K)-representing Radon measure μS for L �S , i.e. (i) holds.
Each μS is also KQ∩S-representing for L�S as πS(KQ) ⊆ KQ∩S , where KQ∩S

is as in (3.6). Then, by applying Corollary 3.11, we get the conclusions (ii)
and (iii).

When A = R[Xi : i ∈ Ω] with Ω arbitrary index set, the map πT is
surjective for any T ∈ Λ. Hence, by combining Remark 3.12-(i), Theorem 3.14
and Lemma 2.7 for A = R[Xi : i ∈ Ω] with Ω arbitrary index set, we retrieve
[21, Theorem 5.1]. If Ω is countable, we similarly derive [1, Theorem 5.1] from
Theorem 3.14. Another special case of Theorem 3.14 is the following result
[38, Theorem 3.2.2].

Theorem 3.15. Let A be an algebra and K ⊆ X(A) closed. Assume there
exists p ∈ A such that p̂ ≥ 0 on K and Kn := {α ∈ K : p̂(α) ≤ n} is
compact for each n ∈ N. Then for each L : A → R linear, L(1) = 1 and
L(PosA(K)) ⊆ [0,∞) there exists a K-representing Radon measure ν for L.

Proof. Define J := {S ∈ I : p ∈ S} ⊆ I, where I is as in (3.1). By Theo-
rem 3.14-(i), for each S ∈ J there exists a πS(K)-representing Radon measure
μS for L �S . As J is cofinal in I, by Theorem 3.14-(iii) and Remark 3.12-(iii),
we just need to show that {μS : S ∈ J} fulfills Prokhorov’s condition (3.4).

Let us first prove that

πS(K) =
⋃

n∈N

πS(Kn) = πS(K), ∀S ∈ J. (3.10)

Let S ∈ J and w.l.o.g. assume that p is one of the generators a1, . . . , ad of S.
Let α ∈ πS(K) and note that the sets

{β ∈ X(S) : |âi(β) − âi(α)| ≤ r for all i = 1, . . . , d}, where 0 < r ≤ 1,

form a basis of neighborhoods of α in (X(S), τX(S)). For any such basic neigh-
borhood U of α there exists some β ∈ πS(K) ∩ U as α ∈ πS(K). Thus,
|p̂(β) − p̂(α)| ≤ 1 and hence, there exists n ∈ N (independent of β) such that
p̂(β) ≤ p̂(α)+1 ≤ n. Since β ∈ πS(K), this shows β ∈ πS(Kn)∩U . As U was
an arbitrary basic neighborhood of α, we conclude α ∈ πS(Kn) = πS(Kn)
and so α ∈

⋃
n∈N

πS(Kn). The other inclusion in (3.10) easily follows from
K =

⋃
n∈N

Kn.
Now let ε > 0 and set S := 〈p〉 ∈ J . Then (3.10) and the continuity

from below of μS imply that limn→∞ μS(πS(Kn)) = μS(πS(K)) = 1 and so
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there exists n ∈ N such that μS(πS(Kn)) ≥ 1 − ε. Moreover, for any T ∈ J
we clearly have S ⊆ T and it is easy to show that

πT (Kn) = π−1
S,T (πS(Kn)) ∩ πT (K). (3.11)

Thus, using (3.10) and μT (πT (K)) = 1, we get

μT (πT (Kn))
(3.11)
= μT (π−1

S,T (πS(Kn)) ∩ πT (K))

= μT (π−1
S,T (πS(Kn)))

= μS(πS(Kn)) ≥ 1 − ε,

which proves that {μT : T ∈ J} fulfills (3.4).
It remains to show (3.11). Clearly, πT (Kn) ⊆ πT (K) and

πT (Kn) ⊆ π−1
S,T (πS,T (πT (Kn))) = π−1

S,T (πS(Kn)).

Conversely, let α ∈ π−1
S,T (πS(Kn)) ∩ πT (K), then there exists β ∈ Kn such

that πS,T (α) = πS(β) and γ ∈ K such that α = πT (γ). Since p ∈ S ⊆ T ,
we get γ(p) = α(p) = β(p) ≤ n. Hence, γ ∈ Kn and so α = πT (γ) ∈
πT (Kn). �

3.3. Nussbaum Theorem

In this subsection we are going to extend the classical Nussbaum theorem
[42, Theorem 10] (see also [47, Theorem 14.19]) to any unital commutative
real algebra. Note that the classical Nussbaum theorem has been recently
generalized to the case of representing Radon measures supported in subsets
of Rd determined by polynomial inequalities (see [36, Theorem 3.2] and [47,
Theorem 14.25] for the case of finitely many polynomial inequalities, and
[31, Theorem 5.1] for the case of arbitrarily many polynomial inequalities).
Therefore, we will apply a quite standard procedure to first generalize this
result from the polynomial algebra in finitely many variables to any finitely
generated algebra.

Theorem 3.16. Let A be finitely generated by a1, . . . , ad ∈ A with d ∈ N,
L : A → R linear and L(1) = 1. If
(a) L(Q) ⊆ [0,∞) for some quadratic module Q in A,
(b) for each i ∈ {1, . . . , d},

∑∞
n=1

1
2n
√

L(a2n
i )

= ∞ holds,

then there exists a unique KQ-representing Radon measure ν for L, where
KQ is as in (3.5).

Proof. Set R[X] := R[X1, . . . , Xd]. By Remark 2.1, the map ϕ : R[X] → A
given by ϕ(Xi) := ai is surjective and the map ψ : Z(Ker (() ϕ)) → X(A)
given by ψ(x)(ϕ(p)) := p(x) is a topological isomorphism. If Q̃ := ϕ−1(Q),
then KQ̃ = ψ−1(KQ), where KQ̃ := {x ∈ Z(Ker (() ϕ)) : q(x) ≥ 0 for all q ∈
Q̃}. The linear functional L̃ := L ◦ ϕ on R[X] satisfies L̃(Q̃) ⊆ [0,∞)
as L(Q) ⊆ [0,∞) by assumption (a). Moreover, (b) ensures that L̃ fulfills
the classical Carleman condition (see [12,14]), i.e.

∑∞
n=1

1
2n
√

L̃(X2n
i )

= ∞, as

L̃(X2n
i ) = L(a2n

i ) for all n ∈ N and all i ∈ {1, . . . , d}. Hence, there exists a
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unique KQ̃-representing Radon measure μ̃ for L̃ on R
d (see [42, Theorem 10]

and [36, Theorem 3.2] or [47, Theorems 14.19 and 14.25] when Q̃ is finitely
generated, while see [31, Theorem 5.1] when Q̃ is not finitely generated). It
is then easy to show that μ := ψ#μ̃ is the unique KQ-representing Radon
measure for L on X(A). �

As a direct consequence of Corollary 3.11 and Theorem 3.16, we get the
following result, which can be seen as a version of the classical Nussbaum
theorem for any unital commutative real algebra.

Theorem 3.17. Let A be generated by G ⊆ A, L : A → R linear, L(1) = 1,
and I as in (3.1). If
(a) L(Q) ⊆ [0,∞) for some quadratic module Q in A,
(b) for each g ∈ G,

∑∞
n=1

1
2n
√

L(g2n)
= ∞ holds,

then
(i) There exists an exact projective system {μS : S ∈ I}, where each μS is

the unique KQ∩S-representing Radon measure μS for L�S and KQ∩S is
as in (3.6).

(ii) There exists a unique X(A)-representing measure μ for L on the cylin-
der σ-algebra ΣI supported on each π−1

S (KQ∩S) with S ∈ I if and
only if the exact projective system {μT : T ∈ Λ} corresponding to
{μS : S ∈ I} is thick. Moreover, if Q is countably generated, then μ
is a KQ-representing measure for L on ΣI .

(iii) There exists a unique KQ-representing Radon measure ν for L if and
only if {μS : S ∈ I} fulfills Prokhorov’s condition (3.4).

Proof. Let F ⊆ G finite and set S := 〈F 〉 ∈ J . Then (a) and (b) respectively
provide that L �S (Q ∩ S) ⊆ [0,∞) and

∑∞
n=1

1
2n
√

L(g2n)
= ∞ holds for each

g ∈ F . Thus, by Theorem 3.16, there exists a unique KQ∩S-representing
Radon measure μS for L�S and so Lemma 3.1 guarantees that {μS : S ∈ I}
is exact, i.e., (i) holds. Since J := {〈F 〉 : F ⊆ G finite}, is cofinal in I,
Remark 3.12-(iv) combined with Corollary 3.11 yield conclusions (ii) and (iii).
�

For the convenience of the reader, we state here a special case of Theo-
rem 3.17 without prescribing a support, i.e., taking Q =

∑
A2.

Theorem 3.18. Let A be generated by G ⊆ A, L : A → R linear, L(1) = 1,
and I as in (3.1). If
(a) L(a2) ≥ 0 for all a ∈ A,
(b) for each g ∈ G,

∑∞
n=1

1
2n
√

L(g2n)
= ∞ holds,

then
(i) There exists an exact projective system {μS : S ∈ I}, where each μS is

the unique X(S)-representing Radon measure μS for L�S.
(ii) There exists a unique X(A)-representing measure μ for L on the cylin-

der σ-algebra ΣI if and only if the exact projective system {μT : T ∈ Λ}
corresponding to {μS : S ∈ I} is thick.
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(iii) There exists a unique X(A)-representing Radon measure ν for L if and
only if {μS : S ∈ I} fulfills Prokhorov’s condition (3.4).

From Theorem 3.18 we can derive the following result [21, Corollary 4.8].

Corollary 3.19. Let R[Xi : i ∈ Ω] be the algebra of real polynomials in the
variables {Xi : i ∈ Ω} with Ω arbitrary index set, L : R[Xi : i ∈ Ω] → R

linear, L(1) = 1. If
(a) L(p2) ≥ 0 for all p ∈ R[Xi : i ∈ Ω],
(b) for all i ∈ Ω, Carleman’s condition

∑∞
n=1

1
2n
√

L(X2n
i )

= ∞ is satisfied,

then there exists a unique R
Ω-representing constructibly Radon measure μ

for L.

Proof. First, we note that the assumptions (a) and (b) in Theorem 3.18
are fulfilled for A = R[Xi : i ∈ Ω]. Moreover, in this case, the map πT is
surjective for any T ∈ Λ and so the thickness assumption in Theorem 3.18-(ii)
is guaranteed (see Remark 3.12-(i)). Therefore, by applying Theorem 3.18-
(i) and Theorem 3.18-(ii), we get that there exists a unique R

Ω-representing
measure μ for L on the cylinder σ-algebra on R

Ω, which is in fact constructibly
Radon by Lemma 2.7.

If Ω is countable, then R[Xi : i ∈ Ω] is a countably generated algebra
and so by Remark 2.6-(ii) the representing measure μ given by Corollary 3.19
is Radon. When Ω is finite, Corollary 3.19 reduces to Nussbaum’s theorem
[42, Theorem 10].

If A = S(V ) is the symmetric algebra of a real vector space V , then
the map πT is surjective for any T ∈ Λ and so we obtain the following
result by applying Theorem 3.14-(ii) under the hypothesis (a) below and
Theorem 3.17-(ii) under the hypothesis (b).

Corollary 3.20. Let S(V ) be the symmetric algebra of a real vector space V ,
L : S(V ) → R linear and L(1) = 1. Assume that either
(a) L(Pos(X(S(V )))) ⊆ [0,∞), or
(b) L(a2) ≥ 0 for all a ∈ S(V ) and

∑∞
n=1

1
2n
√

L(a2n)
= ∞ for all a ∈ V .

Then there exists an X(S(V ))-representing measure μ for L on ΣI .

Remark 3.21. Let us provide an alternative proof of [48, Theorem 16, equa-
tion (21)] by means of Corollary 3.20.

Denote by V ∗ the algebraic dual of V and for any finite dimensional sub-
space F of V let ξF : V ∗ → F ∗ be the restriction map. Then
ψV : (X(S(V )),ΣI) → V ∗, α �→ α �V is bi-measurable when V ∗ is equipped
with the cylinder σ-algebra ΣV ∗ , i.e., the smallest σ-algebra on V ∗ such
that ξF is measurable for all finite dimensional subspaces F of V and when
F ∗ equipped with the Borel σ-algebra BF ∗ . Thus, by Corollary 3.20 we get
that for any a ∈ S(V )

L(a) =
∫

X(S(V ))

âS(V )dμ =
∫

X(S(V ))

âS(V ) ◦ ψ−1
V ◦ ψV dμ =

∫

V ∗
âV dψV #μ,
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where âV := âS(V )◦ψ−1
V . Hence, ψV #μ is a V ∗-representing measure on ΣV ∗ .

In [48, Theorem 16, equation (21)] the author obtains what we here call a
representing cylindrical quasi-measure, namely the measure ψV #μ restricted
to the cylinder algebra {ξ−1

F (E) :Ffinite dim. subspace of V and E ∈ BF ∗}.
Note that [48, Theorem 16, equation (23)] exploits a certain topological

structure on V and so it goes beyond the scope of this paper.

Condition (b) in Theorem 3.17 can be relaxed as shown by the following
result, obtained by adapting the proofs of [39, Corollaries 4.7 and 4.8] to our
general setting. The new condition so obtained is strictly weaker than (b) in
Theorem 3.17 (argue as in [21, Remark 4.7]).

Theorem 3.22. Let A be generated by G ⊆ A, L : A → R linear, L(1) = 1,
and I as in (3.1). If
(a) L(Q) ⊆ [0,∞) for some quadratic module Q in A,
(b) ∀g ∈ G, ∃ (qg,k)k∈N ⊆ A ⊗ C : limk→∞ L

(∣
∣1 − (1 + g2)qg,kqg,k

∣
∣2

)
= 0,

then
(i) There exists an exact projective system {μS : S ∈ I}, where each μS is

the unique X(S)-representing Radon measure μS for L�S.
(ii) There exists a unique X(A)-representing measure μ for L on the cylin-

der σ-algebra ΣI if and only if the exact projective system {μT : T ∈ Λ}
corresponding to {μS : S ∈ I} is thick.

(iii) There exists a unique X(A)-representing Radon measure ν for L if and
only if {μS : S ∈ I} fulfills Prokhorov’s condition (3.4).

Proof. As in the proof of Theorem 3.17, let J := {〈F 〉 : F ⊆ G finite}. Let
F ⊆ G be finite and S := 〈F 〉 ∈ J . Let us verify that three assumptions
of [37, Corollary 3.4] are fulfilled by the algebra S ∈ J , the element p :=∏

g∈F (1 + g2) ∈ S and the quadratic module (Q ∩ S)p := {a ∈ S : p2ma ∈
Q ∩ S for some m ∈ N0} in S.
(1) Using the the definition of p, we have that p − 1 ∈ (Q ∩ S)p.
(2) Since p−

∑
g∈F b2 ∈ Q∩S, [37, Proposition 4.2] guarantees that for any

a ∈ A there exist n, l ∈ N such that lpn − a ∈ (Q ∩ S)p.
(3) Let us show that L �S ((Q ∩ S)p) ⊆ [0,∞). Since for each a ∈ S, g ∈ F

and k ∈ N the following holds by the Cauchy-Schwarz inequality

L(a − (1 + g2)qg,kqg,ka)2 ≤ L(a2)L
(∣
∣1 − (1 + g2)qg,kqg,k

∣
∣2

)
,

we obtain by (b) that

L(a) = lim
k→∞

L((1 + g2)qg,kqg,ka). (3.12)

Now let a ∈ (Q ∩ S)p, i.e., p2ma ∈ Q ∩ S for some m ∈ N0. Then, by
(3.12), for any g ∈ F we get

L
(

p2m

(1+g2)
a
)

= lim
k→∞

L
(
(1 + g2)qg,kqg,k

p2m

(1+g2)
a
)

= lim
k→∞

L
(
qg,kqg,kp2ma

) ≥ 0

as qg,kqg,kp2ma ∈ Q. Iterating this procedure yields L�S (a) = L(a) ≥ 0.
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Thus, by using [37, Corollary 3.4, Remark 3.5] and that KQ∩S = K(Q∩S)p ,
we obtain that there exists a unique KQ∩S-representing Radon measure μS

for L�S . Hence, we can proceed as in the proof of Theorem 3.17 and get the
conclusions. �

Applying Theorem 3.22 to A = R[Xi : i ∈ Ω] with Ω an arbitrary index
set, we retrieve [21, Theorems 4.6 and 5.2].

3.4. The Archimedean Condition

The second parts of Theorem 3.10 and Corollary 3.11 highlight the impor-
tance of the additional assumption (3.4) in getting a representing Radon mea-
sure for the starting functional L. This leads us to the fundamental problem
of understanding under which assumptions on L and A the condition (3.4)
holds. We first demonstrate that the Archimedeanity of the quadratic module
in Theorem 3.17 directly implies that (3.4) holds, by giving an alternative
proof of the solution to Problem (M) for Archimedean quadratic modules in
Theorem 3.23. Our proof is more involved than the ones obtained via the
Archimedean Positivstellensatz [32, Theorem 4] (see [37, Corollary 3.3]) or
via the GNS construction (along the lines of [47, Theorem 12.35]). However,
our proof of Theorem 3.23 is instructive for our new result in Theorem 3.25.

Recall that a quadratic module M of A is Archimedean if for any a ∈ A
there exists N ∈ N such that N ± a ∈ M .

Theorem 3.23. Let A be an algebra, L : A → R linear and L(1) = 1. If
L(Q) ⊆ [0,∞) for some Archimedean quadratic module Q in A, then there
exists a unique KQ-representing Radon measure ν for L, where KQ is as
in (3.5).

Proof. Since Q is Archimedean, for each a ∈ A there exists a non-negative
integer N such that N2 −a2 ∈ Q. Then the non-negativity of L on Q implies
that L(a2n) ≤ N2n for all n ∈ N and so

∑∞
n=1

1
2n
√

L(a2n)
= ∞. Hence, by

Theorem 3.17-(i), there exists an exact projective system {μS : S ∈ I} such
that each μS is a KQ∩S-representing Radon measure μS for L�S .

Let S ∈ I. Since Q is an Archimedean quadratic module of A, we have
that Q ∩ S is an Archimedean quadratic module of S. Hence, KQ∩S is a
compact subset of X(S) (see [38, Theorem 6.1.1]). As μS(KQ∩S) = 1 and
πT,R(KQ∩R) ⊆ KQ∩T for any T,R ∈ I such that S ⊆ T ⊆ R, the family
{μS : S ∈ I} fulfills (3.4) by Proposition 1.18. Theorem 3.17-(iii) ensures
that there exists a unique KQ-representing Radon measure ν for L. �

Theorem 3.23 can be applied to the algebra C := R

[
1

1+X2
i
, Xi

1+X2
i

: i ∈ Ω
]

considered in [21]. Indeed, every quadratic module in C is Archimedean (cf.
[21, Theorem 3.1-(2)]) and so Theorem 3.23 ensures the existence of a KQ-
representing Radon measure for any linear functional on C non-negative on
any quadratic module Q.

The following proposition is of independent interest and can be used to
retrieve [1, Theorem 5.5] from Theorem 3.23 applied to R[Xi : i ∈ Ω] with Ω
countable. Recall that a preordering P in A is a quadratic module in A such
that P · P ⊆ P .
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Proposition 3.24. Let P be a preordering in an algebra A. If for all S ∈ I,
with I as in (3.1), the preordering P ∩S in S is finitely generated and KP∩S

is compact, then P is Archimedean.

Proof. Let S ∈ I. Since S is finitely generated, P ∩ S is Archimedean by
[38, Theorem 6.1.1] (which holds for any finitely generated algebra). Thus,
if a ∈ A, then a ∈ S for some S ∈ I and so there exists N ∈ N such that
N ± a ∈ P ∩ S ⊆ P . �

We will now show that it is possible to relax the assumptions in Theo-
rem 3.23 and so to solve Problem (M) for a larger class of linear functionals
having a not necessarily compactly supported representing measure.

Theorem 3.25. Let A be an algebra, Q a quadratic module in A, L : A → R

linear and L(1) = 1. If L(Q) ⊆ [0,∞) and there exist subalgebras Ga, Gc of A
such that

(a) Ga ∪ Gc generates A as a real algebra,
(b) Q ∩ Ga is Archimedean in Ga,
(c) Gc is countably generated and

∑∞
n=1

1
2n
√

L(g2n)
= ∞ for each g ∈ Gc,

then there exists a unique KQ-representing Radon measure ν for L, where KQ

is as in (3.5).

Proof. By assumption (b) we know that for each g ∈ Ga there exists N ∈ N

such that N2 ± b2 ∈ Q. Then the non-negativity of L on Q implies that
L(g2n) ≤ N2n for all n ∈ N, which implies in turn that

∑∞
n=1

1
2n
√

L(g2n)
= ∞.

The latter together with (c) implies that
∑∞

n=1
1

2n
√

L(g2n)
= ∞ holds for all

g ∈ Ga ∪ Gc. Since Ga ∪ Gc generates A by (a) and L is non-negative on Q,
we can apply Theorem 3.17-(i). This guarantees the existence of an exact
projective system {μS : S ∈ I} such that each μS is a KQ∩S-representing
measure for L�S .

By Remark 3.12-(iv) and Theorem 3.17-(iii), it remains to show that
{μS : S ∈ J} fulfills Prokhorov’s condition (3.4) for

J := {〈F 〉 : F ⊆ Ga ∪ Gc finite},

as Ga ∪ Gc generates A by (a). To this aim, we are going to use the charac-
terization given in Proposition 1.18.

Let ε > 0. By Lemma 3.8-(i), there exists a unique Radon probability
measure μGc such that πS,Gc#μGc = μS for all S ∈ J with S ⊆ Gc. Since
KQ∩Gc =

⋂
S∈J,S⊆Gc

π−1
S,Gc

(KQ∩S) and μGc(π
−1
S,Gc

(KQ∩S)) = μS(KQ∩S) = 1
for all S ∈ J such that S ⊆ Gc, we get μGc(KQ∩Gc) = 1 (see [49, Part I, Chap-
ter I, 6.(a)]). As KQ∩Gc =

⋃
n∈N

K
(Gc)
n , where K

(Gc)
n := {α ∈ X(Gc) : 0 ≤

ĝ(α) ≤ n ∀g ∈ Q ∩ Gc}, the continuity from below of μGc implies that there
exists m ∈ N such that μGc(K

Gc
m ) ≥ 1 − ε. Let T = 〈F 〉 ∈ J . Define

K(T,c)
m := {α ∈ X(T ) : 0 ≤ ĝ(α) ≤ m for all g ∈ Q ∩ (Gc ∩ T )}
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and set R := 〈Gc ∪ T 〉 ∈ Λ. Then we have π−1
Gc,R(K(Gc)

m ) ⊆ π−1
T,R(K(T,c)

m ) and
so

μT (K(T,c)
m ) = μR(π−1

T,R(K(T,c)
m )) ≥ μR(π−1

Gc,R(K(Gc)
m )) = μGc(K

(Gc)
m ) ≥ 1 − ε.

Let us define now

K(T,a) := {α ∈ X(T ) : ĝ(α) ≥ 0 for all g ∈ Q ∩ (Ga ∩ T )}
=

⋂

S∈J,S⊆Ga∩T

π−1
S,T (KQ∩S).

Then μT (K(T,a)) = 1 as the finite measure μT on X(T ) is inner regular and
μT (π−1

S,T (KQ∩S)) = μS(KQ∩S) = 1 for all S ∈ J such that S ⊆ Ga ∩ T .

Taking K(T ) := K
(T,c)
m ∩ K(T,a) we obtain that

μT (K(T )) = μT (K(T,c)
m ∩ K(T,a)) = μT (K(T,c)

m ) ≥ 1 − ε

and that, for all R ∈ J with T ⊆ R,

πT,R(K(R)) ⊆ πT,R(K(R,c)
m ) ∩ πT,R(K(R,a)) ⊆ K(T,c)

m ∩ K(T,a) = K(T ).

Let us finally prove that K(T ) is compact. Let α ∈ K(T ). If g ∈ F ∩ Ga,
then there exists N ∈ N such that N2 − g2 ∈ Q ∩ Ga by (b) and so α(g) ∈
[−N,N ]. If g ∈ F ∩ Gc, then g2 ∈ Q ∩ Gc and so 0 ≤ ĝ2(α) ≤ m ≤ m2, i.e.,
α(g) ∈ [−m,m]. This shows that K(T ) is compact since F generates T and
so X(T ) embeds into R

F . Hence, Proposition 1.18 ensures that {μT : T ∈ J}
fulfills (3.4). �

OpenQuestion 3.26. Does (3.4) imply (ii) in Theorem 3.25?

Theorem 3.25 is a generalization of [21, Theorem 5.4] which we restate
here for the convenience of the reader.

Corollary 3.27. Let R[Xi : i ∈ Ω] be the algebra of real polynomials in the
variables {Xi : i ∈ Ω} with Ω arbitrary index set, Q a quadratic module in
R[Xi : i ∈ Ω], L : R[Xi : i ∈ Ω] → R linear and L(1) = 1. If L(Q) ⊆ [0,∞)
and there exists Ωc ⊆ Ω countable such that
(a) for each i ∈ Ω\Ωc the quadratic module Q ∩ R[Xi] is Archimedean,
(b) for each i ∈ Ωc, Carleman’s condition

∑∞
n=1

1
2n
√

L(X2n
i )

= ∞ is satisfied;

then there exists a unique KQ-representing Radon measure μ for L, where KQ

is as in (3.5).

3.5. Localizations

In this subsection we deal with the approach to Problem (M) through local-
izations introduced in [39,40] and exploited in [21] for A = R[Xi : i ∈ Ω] with
Ω arbitrary index set. In [21, Corollary 4.4] it is explained how Problem (M)
for A reduces to the understanding of Problem (M) for the localized algebra
B = R

[
Xi,

1
1+X2

i
: i ∈ Ω

]
. Here we show how our projective limit techniques

allow to solve Problem (M) for the algebra B using the corresponding results
in finite dimensions in [37].
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Theorem 3.28. Let I := {S ⊆ B : S finitely generated subalgebra of B} and
L : B → R linear with L(1) = 1. If L(Q) ⊆ [0,∞) for some quadratic module
Q in B, then:

(i) There exists a unique X(B)-representing measure μ for L on the cylin-
der σ-algebra ΣI supported on each π−1

S (KQ∩S) with S ∈ I and KQ∩S

is as in (3.6). Moreover, if Q is countably generated, then μ is a KQ-
representing measure for L on ΣI .

(ii) There exists a unique KQ-representing Radon measure ν for L if and
only if {πS#μ : S ∈ I} fulfills Prokhorov’s condition (3.4).

Proof. For any finite F ⊆ Ω, let SF := R[Xi : i ∈ F ] and pF :=
∏

i∈F (1 +
X2

i ). Then J := {SF [1/pF ] : F ⊆ Ω finite} is a cofinal subset of I, where
SF [1/pF ] :=

{
a

pk
F

: a ∈ SF , k ∈ N0

}
.

Let S := SF [1/pF ] ∈ J for some finite F ⊆ Ω. Then pF satisfies con-
dition (1) in [37, Proposition 4.2] (see the discussion after the proof of this
proposition), where M = Q ∩ SF (and so M [1/p2

F ] = Q ∩ SF [1/pF ]). Then
the assumptions of [37, Corollary 3.4] are fulfilled. Thus, there exists a unique
KQ∩S-representing Radon measure μS for L �S (see [37, Remark 3.5]) and
{μS : S ∈ J} is an exact projective system by Lemma 3.1. Since the map πT

is surjective for any T ∈ Λ (cf. Remark 3.8) conclusion (i) follows from
Corollary 3.11-(i) and Remark 3.12-(i), (ii) and (iii). Conclusion (ii) follows
from Corollary 3.11-(ii) and Remark 3.12-(ii) and (iii) as πS#μ = μS for all
S ∈ J . �

Applying Theorem 3.28 to Q =
∑

B2 we retrieve [21, Theorem 3.8].
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