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Abstract. In this work we study what we call Siegel-dissipative vector of
commuting operators (A1, ..., Aq+1) on a Hilbert space H and we obtain
a von Neumann type inequality which involves the Drury—Arveson space
DA on the Siegel upper half-space U. The operator Ag41 is allowed to
be unbounded and it is the infinitesimal generator of a contraction semi-
group {e”"4d4+1} ;. We then study the operator e~ *"d+1 A% where
A = ATt A for a € N¢ and prove that can be studied by means
of model operators on a weighted L? space. To prove our results we
obtain a Paley—Wiener type theorem for DA and we investigate some
multiplier operators on DA as well.
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1. Introduction

The Drury—Arveson space DA(B?*1) on the unit ball of C?*! is a renowned
Hilbert space of holomorphic functions endowed with the inner product

|
< Z baz, Z caza>DA(IBd+1) = Z ba@ﬁ

aeNgtt aeNGt? aeNgT?

We refer the reader to [4, Theorem 6.1] for an exact integral representation
of such inner product. The space DA(B?*!) is a reproducing kernel Hilbert
space with kernel K (z,w) = (1 —z-w)~! and may be considered the natural
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multi-dimensional version of the Hardy space on the unit disc H?(D); one of
the main reasons being that DA(B?*!) plays the same role as H?(D) in a
multi-dimensional version of the famous von Neumann Inequality.

Theorem 1.1. (Drury [9]) Let H be a Hilbert space and consider the (d+1)-
tuple T = (Th, ..., Tay1) of linear operators on H satisfying
(i) TyTs — TeT; = 0 for all j,k =1,...,d+1;

) d
(ii) S50 | Tyoll3, < [loll3y, for all v € H.

Let p(z) = p(z1, ..., 24+1) be a complex polynomial. Then,

[P(T) sy < IIPIA(D A1)

where || - ||gn) and || - [|m(paa+ry) denote the norm of bounded linear op-
erators on 'H and the multiplier operator norm on the Drury—Arveson space
on the unit ball respectively.

In the case d = 0 Drury’s result reduces to the classical von Neumann
Inequality ( [22]) and the multiplier operator norm on H?(D) takes the place
of ||+ [[pm(paa+ry). Namely, given a Hilbert space H and T : H — H a
contraction, i.e., || T||p() < 1, the von Neumann Inequality states that, for
any polynomial p(z),

IP(D)ll830) < lIPImczm)) = lIplloo-
It is possible to prove an analogous result modeled on the upper-half
plane, which is the unbounded biholomorphic realization of the unit disk I

via the Cayley transform. Let A be any bounded dissipative operator on a
Hilbert space H, that is, such that %(A — A*) >0, then

1£Also < sup [7(2)

for any rational function f which is bounded on the upper half-plane, see
[23].

The main goal of this paper is to prove a version of Theorem 1.1 on an
unbounded biholomorphic realization of the unit ball B¢t! in C%*!, that is,
the Siegel upper-half space U,

U ={(CCar1) s CH  Im o > T¢I} (1.1)
The biholomorphism between the ball and the Siegel half-space is given by
the multi-dimensional Cayley transform C : B4+ — 1/,

2 1
Clw,wat1) = ( - ' +wd+1)-

1 —wd+1721 — Wdt1
The Drury—Arveson space on U, that we shall simply denote by DA, was
studied in [6] and [4], where an integral expression for the norm was also
obtained. Let p({, Cat1) = Im (g1 — %|C|2 and let n be an integer such that
n > d/2. Then, we define the space DA, as

(1.2)

DAy = {F € Hol@)) : (i) F(¢,Cayr) = 0;

lim
[¢I<R,Im (g4 1 —+o0

(i) /u 197 (€ Cae) O, F(GCap) 07 G < +oo b (1.3)
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The space DA,y does not actually depend on n, so that we simply write DA
in place of DA(,). We refer the reader to Sect. 3 for this and other properties
of the space DA.

We now describe the operator-theorical condition we shall work with.

Definition 1.2. Let H be a Hilbert space and let (A1,...,A4+1) be a vector
of operators on H and let 7(iA441) be the resolvent set of i4441. We say that
(A1,...,Aqs1) is a Siegel-dissipative vector of commuting operators if:
(i) the operators Ay, ... A4 are bounded and (0, +00) C r(iA4+1);
(ii) the operators Aj,...A; commute with each other and they strongly
commute with Agyq;
(iii) the following condition holds:*
1
I (Agi10,v)3 > 5 > Il Awl3, Vo € Dom(Agq). (1.4)
i=1

Given two operators U and T on H, U densely defined and closed, T
bounded, we say that U and T strongly commute if UT is an extension of
TU. In other words T'(H) C Dom(U) and TUv = UTw for all v € Dom(U).

We point out that from the conditions above and the Lumer—Philips
Theorem (Theorem 2.5) it follows that iA 441 is the infinitesimal generator of
a (unique) semigroup of contractions {e~i"44+1}, o that commutes with all
the A;’s, see Lemma 5.1. Our von Neumann type inequality reads as follows.

Theorem 1.3. Let H be a Hilbert space and let (Ay,..., Aq+1) be a Siegel-
dissipative vector of commuting operators. For any 7; <0, 7 =1,...,d, set
M; = e"miAar A and mj(C, Cay1) = e Ti%+1(;. Let p denote any poly-
nomial in d variables. Then we have that m; € M(DA) for j = 1,....d,
and

Hp(Mla R Md)”B('H) < Hp(mla s 7md)||M(DA)v (15)
where M(DA) is the space of pointwise multipliers on the Drury—Arveson
space DA.

A few remarks are now in order. The space DA is a reproducing kernel
Hilbert space, and, with respect to the DA(,)-norm, its reproducing kernel
is _

Wd+1 — Cq =\ !
Kpa((w,wa+t1),((,Car)) = %z,n(izi L1y, () ,
where V4, = W. Hence, notice that the condition (1.4) is mod-
elled after the reproducing kernel of DA. In general, it is a well established
phenomenon that von Neumann type inequalities hold as long as one can
suitably interpret the condition K ~!(4, A) > 0, where K is the reproducing
kernel of a space of holomorphic functions in some domain in C%. A precise

formulation of this result is stated and proved in [2]. There the authors use
IThe multiplicative constant i in (1.4) appears because of the definition of U we use. The
presence of this constant might be unpleasant but we keep this definition to be consistent
with the definition in [4].
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the Dunford-Riesz functional calculus to define K~1(A, A). This is possible
since they are working with bounded operators with some additional assump-
tions on their spectrum. Furthermore, they assume that the multiplication
by any coordinate function is a continuous (bounded) operation. Our setting
differs in these two latter aspects. The last operator Ay1; is allowed to be
unbounded and also the multiplication by any coordinate is an unbounded
operation in DA.

We also mention that, in the case when all the operators are bounded, a
proof of the von Neumann type inequality (1.5) could probably be obtained
by means of the Cayley transform, the classical inequality of Drury on the
unit ball and some classical results in operator theory as it was pointed out
to us by M. Hartz in a private communication. Nevertheless, in the footsteps
of Drury’s proof, we prefer to use a direct approach, without relying on
the known results on the unit ball, for two main reasons. First, we have
greater generality by allowing one operator to be unbounded. Second, and
more importantly, we develop some machinery we believe it is interesting in
its own right and has the potential to be used in the context of the theory of
shift-invariant subspaces of DA, as in the spirit of Buerling—Lax’s Theorem
[12], in the Siegel half-space setting.

In order to follow such a plan, we further investigate some operator-
theorical properties of DA. On the space N x R_ we consider the measure

ler]
2
du(a, \) = a! (A') A2 dox dX (1.6)
with dA denoting the Lebesgue measure on R_ and da the counting measure

d
on Ng.

Theorem 1.4. The map . : L*(Nd x R_, du) — DA defined as
(Z)((,Cnr1) = 1 / ¢ M1, N) [N dod )
’ (2m)d+t NdxR_ ’

is a conjugate linear surjective isometry. The inverse map .~ ' is explicitly
given in (3.1).

If for some ¢ > 0 the (d + 1)-tuple (Aq,..., Aq, Agr1 — ieId) is Siegel-
dissipative, we say that (Aq,..., Agy1) is strongly Siegel-dissipative. In this
case, for v,v" € Dom(Ag41) consider the inner product

d
1 1
(v,0")a = %(<Ad+1U,UI>H — (v, Agp1v")n) — 1 ;(v,v'>n

so that

d
1
lollA = Tm(Aasrv, ) — 5 Dl Awl3 > ellvllF, Yo € Dom(Aay),
=1
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which is a stronger condition than (1.4). If Ha = (Dom Ag41, ||-||a) we define

L2(A) == L*(Ng x R_, du; Ha)

0
= o N < B Dom Agr = Y / lg(e MR dp(a,2) < +oo ).

aeNg

With our assumptions it follows that £2(A) is a pre-Hilbert space.
Before stating our result on d + 1-tuples of operators we also need to study
some weighted shift operators on L2(N¢ x R_, du), which correspond to some
multiplier operators on DA (see Sect. 4). If a,, v € N¢ we write o > v meaning
that a; > ; for all i = 1,...,d. Then, we prove the following.

Theorem 1.5. Let v € Ng and T < 0. Then, the operator

d

% (a—v,A=7) if A<TAa>7;
(Syrp)(a, A) =
0 otherwise,

extends to a bounded linear operator on L?(Ng x R_, dy) unitarily equivalent
to the multiplier operator on DA with multiplier (Ve "%+t . Fyrthermore, its
adjoint is given by the formula

. I +T‘d7\alf\vl (a+)!
(83900 N) = == .

2o+, A+ 7).

We remark that, if we call the multipliers m;, j = 1,...,d, that appear
in Theorem 1.3 the shift operators on DA, then the operators .S, ; correspond
to the operators . ~!'m;.7. Finally, we have the following result.

Theorem 1.6. Let (A1,...,Aq+1) be a strongly Siegel-dissipative vector of
commuting operators and set A = AL'--- A for any multi-index a € Ng.
Then:

(i) the map © : H — L2(Nd x R_,du; Ha) defined as

_ |)\‘|a\7d
(Ov)(a, ) = R,

s an isometric embedding, i.e.,

efi)\Ad«#l AQ,U

||®UH£2(A) = ||UHH7 Yo € H.
(i) the diagram

S»  ®Id
L2(Ng x R_,dpu; Ha) 2 L2(Ng x R_, du; Ha)

@T GT (1.7)

—iTAgL1 oY
H < H

commutes.
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We conclude this introduction pointing out that the Drury—Arveson
space DA(B?!) on the unit ball of C4*! has drawn considerable interest
since its first appearance in the works of Drury and of Arveson [7,9]. We
mention [3,5,6,10,16] and references therein. The Drury—Arveson space on
U was studied in [6] and [4]; see also [8] for the case of more general Siegel
type domains.

The paper is organized as follows. In Sect. 2 we recall some preliminary
facts, in Sect. 3 we study the space DA and we prove Theorem 1.4. In Sect. 4
we study some multiplier operators on DA and we prove Theorem 1.5. We
conclude proving Theorem 1.6 and Theorem 1.3 in Sect. 5.

2. Preliminary Facts

In this section we first recall some basic facts on the Siegel half-space, the
Heisenberg group and the group Fourier transform. Then we also recall some
simple properties of semigroups of operators on a Hilbert space.

2.1. The Siegel Upper Half-space and the Heisenberg Group

The Siegel upper half-space is defined in (1.1) and it is biholomorphically
equivalent to the unit ball B! via the Cayley transfom (1.2). Standard
references for the facts that follow are e.g. [11,17,20]. We introduce new
coordinates on U setting V((, (4v1) = (2,t, h) where

z=(
t =Re(i+1
h=TImCa1 — 5I¢1%

Then, if U = C? x R x (0,+00), ¥ : U — U is a C~-diffeomorphism and
U1 is given by

\I’il(za t? h) = (Z7 t + 7’%|Z|2 + lh) = (C7 Cd-‘rl) .
Notice that h = 9(¢, Ca41) and W((, ¢+ £|¢]?) = (z,¢,0). In this case we write
[2,t] in place of (z,t,0) and we also use the abuse of notation [2,t] € OU. We
now let the points in U act on U as biholomorphic maps in the following
way. For [z,t] € OU set
P, (W, wap1) = (w+ z,wapr +E+i[22 4 tw- 2), (2.1)

where w -z = Z?zl w;z; denotes the inner product in C¢. Notice that

Q(‘b[m] (wywd-‘rl)) = g(w,wd+1),
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that is, the maps @[, ;; preserve the defining function . In particular, for
(w,wqs1) € OU and [w, s] = ¥(w,wqyt1), by (2.1) we have

pey(@,wa41)) = Ppeg (W71 (w,5,0)) = pog(w,s + i |w]?)
=(w+zs+tw+t+ Lz + Lw-2)
=[w+zs+t—1Im(w-z)]

:w, 8]z, ]
Hence, it is possible to introduce a group structure on OU itself.

Definition 2.1. The Heisenberg group Hy is the set C? x R endowed with
product

[w,s][z,t] = [w+zs+t— 3 Im(w-2)].

The right and left Haar measures on the Heisenberg group coincide with
the Lebesgue measure on C% x R. In particular, the Lebesgue measure is both
left and right translation invariant.

We now recall the basic facts for the Fourier transform on the Heisenberg
group. For A € R\{0} define the Fock space

d
FA = {F € Hol(CY) : <|)‘|) |F(Z)|2€_%|z|2d2’ < +oo}
2w cd

when A > 0, and F* = FM when A < 0. The Fock space is a reproducing

kernel Hilbert space with reproducing kernel e A complete orthonormal
basis of F* is given by the normalized monomials {2 /|2 ||z }aeng, where

lof

2

s =at(3)
» =y

For [z,t] € Hy, the Bargmann representation oy[z,t] is the operator
acting on F* given by,
oz, t]F(w) = ei)"?%w‘zf%‘z'zF(w +2)
if A >0, and, if A <0, as 0)[z,t] = 0_,[Z, —t], that is,
oz, t]F(w) = e“”gw'”%‘zﬁF(w +2).
If f € L'(Hy), for A € R\ {0}, oA(f) is the operator acting on F* as
ox(f)F(w) = flz, tloalz, | F(w) dzdt .
Hg
If f € L?(H,), we have Plancherel’s formula

2 _ 1 2 d
122, = @m)a R||UA(f)||Hs|>\| dX,

where [[ox(f)|lfis = Yo loa(f)eall%x is the Hilbert-Schmidt norm of ox(f)
and e, = 2%/|2%||zx. If f € L' N L?*(H,) the following inversion formula

holds:
1

flot] = W/Rtr (ox(F)oalz %) AL dA.
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2.2. The Drury—-Arveson Space on U

In [4] a family of holomorphic function spaces on U depending on a real
parameter v was studied and characterized by means of the group Fourier
transform on Hy. This family of spaces includes weighted Bergman spaces, the
Hardy space, weighted Dirichlet spaces and the Dirichlet space. In particular,
the Drury—Arveson space DA was identified as a particular weighted Dirichlet
space. Here we recall the results in [4] we need in the rest of the paper.

Definition 2.2. We define the space £2, ; as the space of functions 7 on R\ {0}
such that:

(i) 7(\) : F* — FisaHilbert-Schmidt operator for every A;
(ii) 7(A) = 0in A > 0;
(iii) ran(7(\)) C span{l};

1 0
i 2 o 2 2d
(iv) ||T||£%A (2t / 7 (Ml [AF9dA < +oo.

The following result holds true.

Theorem 2.3. ([4]) Letn > 4. Let f € DA, defined as in (1.3). Then, there
exists T € L%, such that, for (¢,(4r1) €U,

0
F(GCapr) = (Fo ) (z,t,h) = ﬁ /_ " tr (T(N)aalz, 1)) [A[4dA,
) - (2.2)
v 2 L@2n—d), -
1fDa,, = WHTH%A . (2.3)

Conversely, given T € L% 4, let f be defined as in (2.2). Then f € DA
and (2.3) holds. Therefore, for eachn > %, the spaces DAy all coincide and
their norms satisfy (2.3).

Hence, we simply write DA in place of DA,.

2.3. Semigroups of Operators

A semigroup of operators on a Hilbert space H is a one parameter family of
bounded linear operators {T} };>o on H such that:

(i) To = Id;

(11) ﬂ_l’_s = Tth, Vs,t > 0.
If in addition T} converges to the identity operator Id in the strong operator
topology as t \, 0, the semigroup is called strongly continuous or Cy. From
now on we will focus exclusively on Cj semigroups. The infinitesimal genera-
tor G of a Cy semigroup {7} };>0 is a linear operator defined on the subspace
Dom(G) of v € H such that the limit

exists in the norm topology. It can be shown that G on its domain Dom(G)
is a linear densely defined closed operator [13, Section 34, Theorem 4]. In
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particular, we will be interested in the characterization of infinitesimal gen-
erators for contraction semigroups, i.e., semigroups {7}};>¢ such that each
T; is a contraction, which is provided by the Lumer-Philips Theorem.

Definition 2.4. A densely define operator G on a Hilbert space H is called
dissipative if

Re (Guv,v)y <0, Vv € Dom(G).
It is called maximal dissipative, if it is dissipative and its resolvent set r(G)

includes Ry = (0, +00).

For the following renowned theorem we refer the reader, for instance,
to [13, p. 432].

Theorem 2.5. (Lumer-Philips) A densely defined operator G is the infinites-
imal generator of a (unique) semigroup of contractions if and only if it is
maximal dissipative.

The following is a very well-known lemma that we shall need in what
follows.

Lemma 2.6. Let {T;},>0 be a semigroup of bounded operators on a Hilbert
space H. Suppose that:

(i) there ewists 0 > 0 such that supg;s5 | Tt||3(r) < +00;
(i) for some dense subset D CH, Tyf — f forall f € D ast\ 0t

Then, {Ti}1>0 is a strongly continuous semigroup.

We remark that we will work with semigroups that appear to have a
negative parameter 7; this is to stay consistent with [4]. When we use this
notation we simply mean that the semigroup has the positive parameter
t=—T.

3. Proof of Theorem 1.4

The proof of Theorem 1.4 follows at once from the next two lemmas. Recall
that the measure y on Ng x R_ is defined in (1.6). Now define

pla,A) = 1277 (eo, or(fo) (€a)) 7.
Lemma 3.1. The map ® : DAN H? — L?>(Ng x R_,du) defined as
(f) (e, A) = (e, A), (3.1)

extends to a conjugate linear isometry ® : DA — L?(N&xR_, du). Its inverse
is the map . of Theorem 1.4.

Proof. First we assume that f € DANH? where H? denotes the Hardy space
on U. This intersection is dense in DA ([4, Lemma 4.2]) and every f € H>
admits a boundary value function fo € L?(0U). Moreover, for such function
[ the function 7 € £% , in formula (2.2) actually coincides with the Fourier
transform of its boundary value function, that is, 7(\) = oA (fo) (see [4,14]).
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Let {eq}a be the orthonormal basis of normalized monomials of the
Fock space F» and let F = > o Faea be a function in F?. Then, for every
function f € DAN H?, we have

oA(fo)(F) = Y Faoa(fo)(ea) = Y Fualoa(fo)(ea), €o) rreq
aeNg aeNg
thanks to property (iii) in Definition 2.2. Thus,
ox(fo)(F) = (F, @) zaeo

where

o) = Z (ox(fo)(ea), €0) Frea

aeNd

= )" (co.or(fo)(ea))rrca
aeNg

- Z Hzan;“eoaUA(fo)(ea»]_-Aza.
aeNd

In particular, we deduce that ||| zx@(a, A) = (Py, eq) £r. Now,
lox(fo)llis = Y loalfo)ealls

aeNd

Y lea, ®x)mlleoll s

a€eNg

= 3 leaw B ml2

aeNd

since {e4}o is an orthonormal basis in F*. However,

[(ea, Px) x| = |2%[| 22 [0(a, M),
so that

IrWllfs = D a2/ (e A,

aeNd

In conclusion,
1fIDa = Cd/ > al@/IA) o (a, N)PAP dA
> aeNd (3_2)
—cu [ lp@ NP dula ).
N xR_

Lemma 3.2. Let f € DA. Then, with the notation above and setting { =
(C1,---,Ca), we have
1

M6 ) = ryam /H e Mg, N A dadh. (3.3)
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Proof. 1f (¢,Cay1) = V1(2,t, h) we know from Theorem 2.3 that there exists
7 € L%, such that

1

0
7(”1/ ¢ tr (7(Noalz, ]7) A4

Using the fact that 7()\) is a rank one operator such that rank{r(\)} C
span{eg} for every A we get

tr(T(N)oalz, t]*) = tr(oa[z, t]*7(N))
= > (t(Nea, oa[z, tea)

aeNd

= > (T(Nea, Pooaz, tlea)

aeNd

where P, denotes the orthogonal projection onto the subspace generated by
eo. Moreover, it holds (see also (26) in [4])

1 AN 2 N
Pyoyrlz, tleq = (@(U) (27T|> 61’\t+2|z|2z“>eo,

Thus,

tr(T(N)oalz, t]*) = Z (T(Nea, Poorlz, t]eq)

aeNg

- Z (ea> Pa){e0, Poorlz, tleq)

aeNd
= Z <€om q))\><POO-)\[Za t]eaa 60>
aeNg

1 |)\| lal/2 7')\t+A| |2
— i z|* « ) >
> a(G) e 0
aeNg alt 2

1 |A| lol/2 Al —i)\t+l\z|2 e}
=3 =(5)7 I e e
aeNg

= 3 el e,

aeNg
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where the series converges absolutely since ¢ € L%(Nd x R_, du). Hence by
(2.2),

f(Cde+1) = (f o \I}_l)(zvtvh)

1 0 ; 2
— / ehA 50(047 )\)e—Mt+%\z\ s |/\|dd/\

1212

= / 20 MG o (0, X) A dadA
N xR_

d
0

= /Nd i (e a1 o(a, M) [A dadA
GxR_

as we wished to show. O

4. Pointwise Multipliers on the Drury—Arveson Space

In this section we explicitly study some multiplier operators on DA and we
prove Theorem 1.5. Recall that given a function m the associated
multiplier operator is the operator f — mf. The problem of characterizing
the multiplier algebra of a given reproducing kernel Hilbert function space is
a classical problem. In the case of the Drury—Arveson space on the unit ball
DA(B*1) this problem turned out to be very challenging; a first important
result is due to J. Ortega and J. Fabrega [15]. Their result reads as follows.
Let n € Ny be such that 2n > d and for f in Hol(B?*!) define the measure

dvy(w) = [R" f(w)[* (1 — [w|*)* ="~ dv(w),

where R is the radial derivative, dv is the normalized Lebesgue measure
on B! and w € B!, Then, f is a DA(B!)-multiplier if and only if
f € H®(B1) and dv; is a Carleson measure for DA(B4T!). A few years
later N. Arcozzi, R. Rochberg and E. Sawyer in [5] completely characterized
the Carleson measures of DA(B9*1); see also [18,19,21]. Hence, the multiplier
algebra of the Drury—Arveson space on the unit ball is completely character-
ized. Nonetheless, there is still interest in finding an easier characterization
and we refer the reader, for instance, to [10].

From [5,15] we can also deduce an indirect characterization of the mul-
tiplier algebra for DA on the Siegel half-space. Indeed, let C be the multi-
dimensional Cayley transform defined in (1.2). Then, up to an irrelevant
multiplicative constant,

K%A (C(Z7Zd+1)7c(w7wd+1))
= (1= za)KBA (2 2000), (w,wai0)) (1 = W)

where K% , and K%jl denote the reproducing kernel of DA and DA(B?*+1)
respectively, and (z, zg41), (w,wqy1) € B! From the abstract theory of
reproducing kernel Hilbert spaces (see, for instance, [1, Chapter 2.6]) we
deduce that

fro (= 2441)7H(f0C)
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is a surjective isometry from DA onto DA(B4t!) and that m is a multiplier
for DA if and only if (m o C) is a multiplier for DA(B4*+1).

For our goal we need to study the multiplier operators associated to the
functions (7 = ¢J* -+ (J¢, e~ %+1 for 7 < 0 and (e~ 7%+1. However, we do
not rely on the multiplier characterization on the unit ball since it is easier
to study them directly. The proof of the following lemma is standard and we
omit it.

Lemma 4.1. The set
D={fe L*(Nd x R_,dp) : supp f is compact and f(a,-) € C°Va € Ng}.
is dense in L>(Ng x R_, du).

We now study the multiplier operator associated to the monomial (7, v €
N¢. Although this operator is unbounded on DA, as it is easily seen, it is
closed and densely defined.

Lemma 4.2. Let v € N&. Then, the multiplier operator m~ associated to the
function (7 = (" - (J* is a closed densely defined operator on DA.

Proof. Let us consider D, = {f € DA : ("f € DA} as domain of our
multiplier operator. Let {f,}, C D, be a sequence such that f, — f in DA
and (" f, — g € DA. Since DA is a reproducing kernel Hilbert space we
also have that f, — f and (7 f, — ¢ uniformly on compact sets. Hence,
(7 fn — 7 f uniformly on compact sets as well and (7 f = ¢g. In particular
both f and (7 f are in DA so that f belongs to the domain D. Thus, our
operator is closed.

To prove that D,, is dense we exploit the previous Lemma 4.1. Let ¢ € D
and define f € DA by (3.3). Then,

1
(¢ Cav1) = riyd

1 . -
= W/ Cae ZACdJrl(p(a -, )\) |/\|dX{a2'y}(a) dod\
supp ¢

/ ¢otremNat1p(a, N) [N |4 dad
Nd

where X{a>+}(c) is the characteristic function of the set {a € N§ : o >
Yi,i = 1,...,d}. Recall that supp ¢ is a compact subset of Nd x R_ and
assume that (a, \) € supp ¢ implies |a| < N for some positive integer N and
A € I where I is a compact subset of R_. From (3.2) we have

I Fa = o [ 3 feta =7 al () I (o) da

[a—y|<N

i [ 3 lelan PR (2 duta,y
la|<N '

< calp Z|Lpa)\|d,u(a)\)
/a|<N

= Cd(‘ﬂ)”fHDA



59 Page 14 of 22 N. Arcozzi et al IEOT

where c4(p) is a constant depending on the compact support of ¢ (and on
the dimension d). The density of D, in DA now follows from the density of
D in L?(Ng x R_, du) and Theorem 1.4. O

We now investigate the other multiplier operators we are interested in
and see that they are actually bounded on the Drury—Arveson space.

Lemma 4.3. The pointiwise multiplier operators associated to the functions
{e‘iT<d+1}T<0 form a strongly continuous semigroup of contractions on DA
with corresponding infinitesimal generator the multiplier operator correspond-
ing to the function i(4yq.

Proof. From the inversion formula (3.3) we have

) 1
e TS £(C (1) = (@) a1

L o =i T | A T
N (2mi)d+1 /Ndxm (remepla, A T)}
0 -

where X(_co,r) is the characteristic function of the interval (—oo, 7). Thus,
by (3.2) we get

JeimSas f3, = / ol A — )P
N xR_

/ ¢~ AT 5, X) |A|? dod A
Nd xR

T\d
[“X (= 00,7y (N) [A|% dodX

A—1T,2d
| X(—o0,7) ()‘) d,u(av )‘)

A lal
= (o, N)|? du(a, A
Ly Tt VP )

<[ lelanPduta)
N xR_

=1 £fI5.a-

Hence, we conclude that e~?7¢4+1 is a contractive multiplier. The semigroup
property is automatically satisfied. Since e~*7¢¢+1 f converges in norm to f for
all f € D and the semigroup has uniformly bounded seminorm, it is strongly
continuous by Lemma 2.6. Then, by definition, the infinitesimal generator is
given by

—4iTCq41 __ 1
lim —(e )f
T—0~ —T

= iCa+1f
and the proof is concluded. O

Lemma 4.4. Let (v,7) € Nd x R_, 7 < 0. Then, the multiplier operator asso-
ciated to the muliplier (e~ ""S4+1 extends to a bounded operator on DA.

Proof. Let D be as in Lemma 4.1 and let f € D. We have

» 1 . -
Y~ iTCa 1 — aty ,—i(A+7)Cat1 N M2 dad
e f(Cv <d+1) (27T7:)d+1 /NgX]R ¢ € W(CL ) | I e’

1

a —iA YV U Y d
= G [ PR AR 1 A= 71X o (Va2 () dad

1

_ 27rz)d+1/N ae—ucd+1ﬁ|—| ooy M xas (@) A YdadA
xR
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where X{a>+}(c) is the characteristic function of the set {a € N§ : o >
Yi,i=1,...,d}. Hence, setting m., (¢, (g1) = (Ve o+,

Hm%TfHQDA
T 2d
= /Nd B |<)0(Oé -7 A— T)|2 ’1 — X‘ X(*OO,T) ()\)X{OCZ'Y}(Q) dlj’(a7 )\)
IxR_
lev] |
= Al (a+7)!
/Ngx]R (e, N)[*2 A ol dp(or, N).
Therefore,
Al ()
A3 < 2l | .
7,7 13D a) ‘aei}g@ A+ 7ot al

In order to calculate this supremum we first maximize over A. For sym-

metry we can consider A > 0 and 7 > 0. We find that when |a| # 0 the
maximum is achieved for A = %7, whereas for @« = 0 the expression is
decreasing in A and therefore the maximum is achieved at A = 0.

Substituting the value for A in the expression above we find

ol latal(lel L YT ol
Iyfled (k2 +1)
2 ~la] ! ~I
_ i (ay Byt ol
T |at| al - \ly|

Note that the first factor is constant, the second is decreasing in || and
tends to e~ 1"l as |a| — +o0. For the last term notice that

(a+v)!(la| )-m H (i +74)!
ol al i=1 Q4 (M + 1)

This proves that the multiplier operator associated to m.  is bounded
with norm less than

by 2yl }
max { , ,
where we used Stirling’s asymptotic. O

We now prove Theorem 1.5
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Proof. The proof of the unitary equivalence of the two operators follows es-
sentially from the computation in Lemma 4.4. For the computation of the
adjoint operator, if (-,-) denotes the inner product in L2(Nd x R_,dpu), we
have

(S5 +0,%) = (@, Sy +)

d
T e —
/ / a, A d| V(o =y, A —=7)du(a, \)
fax Jopan ¥ W
A+ 7|4 lel=1 (@ 4 4)! | -
_ 9l
| e R ey A e N (o )
and the conclusion follows. O

5. The von Neumann Type Inequality

In this section we prove our main results Theorem 1.6 and Theorem 1.3. We
first prove a couple of lemmas.

Lemma 5.1. Let T be a bounded operator on a Hilbert space H and let U be a
densely defined closed operator. Assume that U is the infinitesimal generator
of a (unique) Cy semigroup {e™V}.~o and assume that T and U strongly
commute. Then, T and ™Y commute for all T > 0.

Proof. Consider some Ay € 7(T'), the resolvent set of the operator T'. Then
an algebraic computation shows that the bounded operators

Zy = (T — Mo Id) "1™V (T — M\ 1d)

form a Cp-semigroup. For v € Dom(U), since T and U strongly commute,
Th — Mov € Dom(U) and

Zov— U(T — A Id)v — (T — Ao Id
lim Z7%=Y (7~ g 1d)~" lim S L = A0 Id)o = (T = Ao Id)o
~NO T N0 T

= (T — X\ 1d)"'U(Tv — \gv) = Uw.

By the uniqueness of the infinitesimal generator we conclude that Z, = e™V.
In other words,

GTUT _ T@TU
for all 7 > 0, as we wished to show. O

Proof of Theorem 1.6. Set A = (A;--- Ag), let v € H and notice that, since
for 1 <4 < d the operators A; strongly commute with A4y, by [13, Section
34, Theorem 4(i)] we can infer that e~"44+1 A% € Dom A,4;;. Therefore,
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the map O is well-defined. Furthermore,

100]2:04, = / 1©v(a, A [Adu(a, )
NgxR_

, Alled
= Hé”AAd+R4avH24%;¥TA—dadA
NdxR_ 2lel=1q/

= / Im(Agye”Mar Aoy emPMar goy)
NgxR_

ALl

ST ddA

Z Aa+eqe—7>\Ad+1 Aa+e,e—1)\Ad+1v> ‘)\||a\ dad)\
N H 9lal+1, .
OXR— 1=1
Now we observe that for v € Dom A4, we have
OxlleMarry|[3, = (—idgyre” Mty emMdtiy),y,
+ (e Mty —iAgqe” Mgy,
= 2Im(Agye” Mariy emAariy),
From the fact that (Ay,..., Agy1) is strongly Siegel-dissipative we deduce
that 1A441 + ¢ Id is maximal dissipative. In this case the Lumer—Philips The-

orem guarantees that 14441 +¢ Id generates a contraction semigroup; in other
words, for any v € H,7 < 0,

e e le” A gy < [lullge

Therefore, ||e~?"4d4+1y|5, decays exponentially and we can integrate by parts
as follows,

Cvhas g2, I
Oulia = 3 [ ol ey, D o
aeNg
a-T€e —1 1 |)\|‘a|
-5 [ e A
aeNd
o Aled
:”’UH%‘%— / a)\”e Z)\Ad+127uAa HH| | d\
aeNd\ {0}
d
Alled
X[ i
i=1 aeng Y T
0 o] — 1
— o+ > / e unig=s g3, IRALE
aEN”’\{O}
>/ Z\ ol ‘Ac'y'a
aeNd

= [lvll3,.
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To see why the two sums cancel each other out, notice that

, |)\|\a|
le ol

H2 (aZ + 1)|>‘|‘a+€L‘ !
(a+e;)!

=l

and use the combinatorial identity

d d
Do carelai+ )= D cgBi= D> cg >, Bi= Y, cslfl.

i=1 aeNd i=18:8;>1 BeNI\{0}  i:fi>1 BENI\{0}

We now lift the operator SZ . to the space £*(A) by tensoring with the
identity. Explicitly, for g : Ng — Ha,

A4 r|d-lel=hl (oz+7)

ATl Mlg(at, 2 +7).

1S5 © Idlg(a,7) =

We now show that the operator © is an intertwining operator for the
couple S - ® Id and e~ Aa+1 A7 where A = (Ay,..., Ay). For, we have

|>\|\a|fd

O(e~ A1 ATy) (a, \) = ——
al2lel—3

—i(T4+A)Ad+1 Aty
)

whereas, on the other hand,

IA+ 7| lel=1 (o 4 )t

(152, ®1d]Ov)(a, A) = 2 Ov(a+~, A+ 1)

|/\|d*‘°‘| ol
Dl )t A
NS a! (a+7)|2\a|+|7\*%
al—d
_ |/\‘| | e*i(T+A)Ad+1Aa+'yU
al2lel=3
= O(e™ A1 A (o, ).
In conclusion, the diagram (1.7) commutes and (i) is proved. O

Finally, we prove our von Neumann type inequality.

Proof of Theorem 1.3. First suppose that the tuple (A, ... Ags1) is strongly
Siegel-dissipative. Let p(z) = Z|7|<N ¢z be apolynomialin z = (z1, ..., 24).
Let (71,...,74) € RL be fixed and let M; be the operator on H given by
M; = e~mifar1 A j=1,... d. Then,

p(M1,..., E C’Y Y= 17377)Ad+1A7 — § : cy eszWAHlAW

[vIEN ly|I<N
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so that
Op(My,...,Mg) = > c,@e s AY

[v[<N

= > ¢S, ®Ide

[vIEN

=([ X e85, | eu)e.

[vI<N

Letting m; be the multiplier on DA given by m;((,Cay1) = (je 1T+,
j=1,...,d, we have

Hp(Ml, . .,Md)(v)HH = H@p(Ml, . -7Md)(U)H£2(A)

=I([ 3 s3] @ 1) 0|

[vI<N
<L i 1] o0
M;V 1S5, I CIOI=IN
= S V||,
HHZ:N YTy B(LQ(NOXR,,du))H I
so that
My, ..., M < S*
Hp( 15 ) d)HB(H) = Z CyOy 1, B(L2(No xR_ )
[vIEN
= S -
MZ;N T B2 (No xR - du))
— Y —i"'w(d+1
Z cole M(DA)
[vI<N
= ||p(m1,...,md)HM(DA).

In the general case let (Aj,...Aq11) be Siegel-dissipative. Then, if we
replace Ag11 by Ag+1 + ield we get a strongly Siegel-dissipative tuple of
operators. Applying the von Neumann type inequality we have

[p(e°™ M, ..., e ™ Ma)lls) < llp(ma, ..., ma)llmpays

However, the right hand side of the inequality does not depend on ¢ and the
left hand side converges in the operator norm as ¢ — 0. In fact, it suffices
to prove the convergence for each term of the polynomial separately; we have

||e—’iTAd+1eTE _ e—’LTAd+1 ” _ ||e—i"'Ad+1 ||(1 _ 67—5) < (1 _ 67—5) T_/Q 0.
Therefore, we can pass to the limit and obtain the desired inequality. O
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