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Abstract. We discuss the issue of maximal regularity for evolutionary
equations with non-autonomous coefficients. Here evolutionary equa-
tions are abstract partial-differential algebraic equations considered in
Hilbert spaces. The catch is to consider time-dependent partial differ-
ential equations in an exponentially weighted Hilbert space. In passing,
one establishes the time derivative as a continuously invertible, normal
operator admitting a functional calculus with the Fourier—Laplace trans-
formation providing the spectral representation. Here, the main result
is then a regularity result for well-posed evolutionary equations solely
based on an assumed parabolic-type structure of the equation and es-
timates of the commutator of the coefficients with the square root of
the time derivative. We thus simultaneously generalise available results
in the literature for non-smooth domains. Examples for equations in
divergence form, integro-differential equations, perturbations with non-
autonomous and rough coefficients as well as non-autonomous equations
of eddy current type are considered.

Mathematics Subject Classification. Primary 35B65; Secondary 35R20,
35K90, 26A33.

Keywords. Non-autonomous maximal regularity, Evolutionary equations,
Lions’ problem, Commutator estimates, Riemann—Liouville fractional
derivative.

1. Introduction

If one considers partial differential equations depending on time as an equa-
tion in space-time the following problem of maximal regularity arises nat-
urally. For the sake of the argument, let H be a Hilbert space modelling
space-time and let D and A be two closed, densely defined (unbounded) op-
erators, where the former contains the temporal and the latter the spatial
derivative(s). Abstractly spoken, the PDE in question then may look like as
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follows:
Du+ Au=f

for some right-hand side f € H. In particular, when hyperbolic type problems
are concerned (think of the transport equation or the wave equation), one
cannot expect that for any f € H (usually an Lo-type space) the solution u
to belong to both dom(D) and dom(A). In general one can only hope for u €
dom(D + A), thus deeming the above equation to be true only in some gener-
alised sense. A first example, where it is possible to show that u belongs to the
individual domains given any f € H is when D = 9; and A = —Ap (Lapla-
cian with Dirichlet boundary conditions on some open @ C R™) and H =
L2(0,T; La(?)) and w is assumed to satisfy homogeneous initial conditions.
Then, the solution u indeed belongs to H*(0,T’; L2(£2)) N L2(0, T; dom(Ap)),
see e.g. [10] or below. Traditionally, the method of choice to derive such a
regularity result first establishes well-posedness of the equation at hand via
bilinear forms and afterwards analysing the problem in terms of the associated
generator. Quite naturally and generalising the above situation considerably,
Lions raised the following problem (see [10, p. 68]):

Problem 1.1. Let V and H be Hilbert spaces such that V' < H continuously
and densely. Let a: [0,7] x V x V — C be such that a(t, -, -) is sesquilinear,
satisfying suitable boundedness, coercivity and measurability conditions thus
defining 2A(¢) via (A(t)x, y)v,v+:=a(t,z,y), t € [0,T]. Let f € Lo(0,T; H) be
given. Then there exists a unique solution u € H(0,T; V*) N Ly(0,T;V) of

o' (t) +A(t)u(t) = f(t) «(0) = 0.

The question now is under which conditions on a, do we actually have u €
HY(0,T; H)?

The latter problem indeed fits into the above abstract perspective for
D = §; with domain H'(0,T; H) with Dirichlet boundary conditions at 0
and A = 2: dom(A) C Ly(0,T; H) — Lo(0,T; H),u — (t — A(t)u(t)) with
maximal domain. Problem 1.1 has a long history and has rather recently
gained some renewed attention. For the latest developments, we refer to the
survey article in [2], to [1] and its introduction. We recall here that Holder
continuity for a (and particularly the Holder exponent 1/2) with respect to
time in a suitable sense plays a crucial role, see e.g. [9,13] for a positive and
a negative result, respectively.

The available results in the literature up to this point consider explicit
Cauchy problems similar to the one in Problem 1.1. Thus, in any case, the
complexity of the problem is contained in the form a (or in the operator 2/).

In this article we set a different focus and try to keep the operator
containing the spatial derivatives (i.e. 2) as simple as possible and move the
complexity over to the time derivative. The rationale behind this is the notion
of so-called evolutionary equations, invented in [14] and rather self-contained
discussed in [16,22]. More precisely, we consider equations of the form

(OM+N+ AU =F,
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where f belongs to an exponentially weighted Lo-space, A is an unbounded
skew-selfadjoint operator solely acting with respect to the spatial variables
and M and N are suitable bounded linear operators in space-time. The
solution theory developed in [27,28] asserts that under suitable positive def-
initeness conditions imposed on 9,M + N, one has that (M + N + A)
is continuously invertible. In the framework of evolutionary equations, the
maximal regularity problem then reads as follows.

Problem 1.2. Given ;M + N satisfies the appropriate positive definiteness
conditions and A skew-selfadjoint in order that (9;M + N + A) is continu-
ously invertible, what are the additional conditions on M and A (and the
right-hand side F') such that

OMINTA) F=@M+N+A) " F?

We emphasise that even in the time-independent case Problems 1.1 and
1.2 are rather different types of questions. In fact, since A is skew-selfadjoint
in Problem 1.2, the choices M = 1 and N = 0 for F ¢ H' with respect
to time do not lead to (875 + A)_1 F =0+ A)_1 F, if A is unbounded. As
it will be obvious in the next example for a solution of Problem 1.2 one is
particularly interested in cases where F' belongs to spaces not as smooth as
H!.

In the autonomous case, Problem 1.2 has been addressed in [19]. The
conditions derived describe a parabolic type evolutionary equation in an ab-
stract manner. Indeed, one assume that there exists a densely defined closed
linear operator C' (acting in the spatial variables only) such that

0o -C*
A= (C 0 ) '
Moreover, one has that

_ (Moo O _ (Noo  Noi
M( 0 O) andN(Nm Nu)

with N7; satisfying an additional positive definiteness condition. The stan-
dard case of the heat equation dy;u — Apu = f mentioned above is then re-
covered by putting ¢ = — grad,, u (gradient subject to homogeneous Dirichlet
boundary conditions) and considering

G 5) (0 1) (e ) ()= (2)

Then, indeed, by the main result of [19], one has
1
1 0 0 0 0 div f
(6 )+ (0 1)+ (e, ) (0)
-1
_ 1 0 0 0 0 div I
@06 00 ) (o ) ()

leading to the maximal regularity result mentioned at the beginning for F' =
(f,0) with f € Ly(0,T; Lo(£2)) only.
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Even though the class of equations treated in [19] particularly contains
integro-differential equations rendering rather different equations to enjoy
maximal regularity, the case of the heat equation with non-symmetric but
time-independent coefficients could not be treated with the methods devel-
oped there.

In this article we shall enlarge the class of coefficients M and A con-
siderably leading to the equality highlighted in Problem 1.2. In particular,
this class will involve non-symmetric conductivities in the case of the heat
equation. What is more, we shall show that the conditions might be weaker
than the conditions derived in both [3,8] if applied to divergence form prob-
lems. Since we do not consider bilinear forms as our central object of study,
we do not invoke the Kato square root property explicitly, which proved in-
strumental in the main result in [1]. In particular, our methods also apply
irrespective of the regularity of the considered underlying domains of the
exemplarily considered divergence form problems. Another key difference to
the results for non-autonomous maximal regularity available in the literature
is the possibility of the variable operator coefficient M, which allows us to
consider integro-differential equations with the same approach as classical
Cauchy problems in divergence form. Moreover, the operator coefficient N
permits the introduction of rough (in time) lower order terms. Before we
present a plan of our paper, we shortly describe the two main results and
instrumental techniques used in the present article.

Theorem 4.1, our first main result on maximal regularity of evolution-
ary equations, in rough terms can be described as follows: Well-posedness
in Ly and H'/? together with a parabolic structure of M, N and A imply
maximal regularity in the sense of Problem 1.2 for F' = (f,g) € Ly x H'/?,
which in the standard heat equation case is satisfied as g = 0 anyway. For
a proof of Theorem 4.1, the framework of evolutionary equations is particu-
larly helpful since 0y is continuously invertible and normal yielding a handy
description of H'/? by the functional calculus for d;. The functional calculus
is provided with the help of the Fourier—Laplace transformation. Note that
the application of this functional calculus naturally leads to the fractional
Riemann-Liouville derivative, see also [17? |. In applications, the conditions
on the parabolic structure and the well-posedness in Ly are rather easy to
show. The assumed positive definiteness in H'/2 leading to the respective
well-posedness result might be rather difficult to obtain, though. We empha-
sise, however, that in addition to the various positive definiteness estimates,
we only need to assume that the involved coefficient operators M and A are
bounded linear operators in H'/2? thus leaving this space invariant. In par-
ticular, no bounded commutator assumptions need to be imposed suggesting
room for improvement along the lines of the low regularity assumed for the
coefficients in [1]. We shall not follow up on this but rather assume stronger
commutator assumptions on M and N with 9, L and 8,51 / 2, respectively, con-
firming the particular role of commutator estimates for maximal regularity
already observed in [3,8]. Our second main theorem on maximal regularity
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of evolutionary equations (Theorem 5.1) imposes the same parabolic struc-
ture assumption and well-posedness-in-Lo-requirement as Theorem 4.1. The
conditions on the commutators then lead to the asked for well-posedness in
H'/? of Theorem 4.1 via a perturbation argument.

For divergence form problems, the assumptions in Theorem 5.1 are im-
plied by the fractional Sobolev (or BMO)-regularity properties imposed in
[3,8]. This provides a way of classifying the a priori not comparable condi-
tions in [3,8]. Furthermore, we recover an analogous regularity phenomenon
first observed in [8] and confirmed in [3] of the solution belonging to H'/?
-time regularity taking values in the form domain.

In the next section, we recall the framework of evolutionary equations
and highlight the main ingredients of the non-autonomous solution theory
in Ly as well as some facts of the (time) derivative established in vector-
valued exponentially weighted Lo-spaces. This particularly includes the spec-
tral representation and the accompanying functional calculus. In Sect. 3, we
provide a necessary new technical result, Theorem 3.4, which contains a so-
lution theory for evolutionary equations in H'/2. Our first main result is
presented and proved in Sect. 4. The corresponding perturbation result with
the mentioned commutator assumptions is presented in Sect. 5. Also, with
a focus on operator-valued multiplication operators, we analyse the commu-
tator condition imposed in Theorem 5.1 a bit more closely. We provide a
proof of the results in [3,8] for divergence form problems with our meth-
ods in Subsection 6.1. An example for integro-differential equations being a
non-autonomous variant of some equations considered in [23] is presented
in Sect. 6.2. The last application of our abstract findings is concerned with
the (non-autonomous) eddy current approximation for Maxwell’s equations
in Sect. 6.3. We provide a small conclusion in Sect. 7.

2. The Framework

We recall the framework of evolutionary equations. For more details and the
proofs we refer to [15,22,28]. We start with the underlying Hilbert space
setting and the definition of the time derivative operator.

Definition. For p > 0 we define the space
L; ,(R; H):={f:R — H; f Bochner-measurable, / Il f()||Pe2t dt < oo},
R

where we as usual identify functions which are equal almost everywhere. This
space is clearly a Hilbert space with respect to the inner product

(f. G)poi= /R @), g())me 2 dt (fg € Lo, (R; H)).

Moreover, we define the operator d; ,: dom(d;,,) € Lo ,(R; H) — Lo ,(R; H)
as the closure of the operator

CPR;H) C Ly y(RyH) — Ly ,(R; H), ¢p— ¢,
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where C2°(R; H) denotes the space of arbitrarily differentiable functions hav-
ing compact support attaining values in H. Finally, we define the Fourier—
Laplace transformation L,: Lo ,(R; H) — Lo(R; H) as the continuous exten-
sion of the mapping

1 .
CE(R; H) C Ly p(Ry H) — Lo(R; H), ¢~ (t - /e_(1t+p)s¢(s)ds) .
V2 Jr
We collect some properties of the so introduced operators.
Proposition 2.1. Let p > 0.

(a) The operator O, is normal with Re 0 , = p. Thus, in particular 8[’; €
L(Ly ,(R; H)) with ||5't_;|\ < % if p# 0. Moreover, for p # 0

(0, )(t):/_ f(s)ds (t€R,f€ Ly,(R;H)).

(b) The operator L, is unitary and
Acpat,p = (im—l—p)ﬁp,

where m: dom(m) C Ly(R; H) — Lo(R; H) is given by (m f) (¢t) = tf(t)
fort € R and f € dom(m) with mazimal domain; that is,

dom(m) = {f € Lo(R; H) ; (t — tf(t)) € Lo(R; H)}.

In particular 0(0y,p) = {it + p; t € R}.
(c) As operators in Lo ,(R; H) we have

(9;:p = _8t,p + 2,0

With the help of the unitary equivalence of the operators 0; , and im+p
we can also define derivatives of fractional order (see [17,22? ]).

Proposition 2.2. Let p > 0 and oo € R and set
O =L, (im +p)* L.
Then 0, is densely defined and closed on Lo ,(R; H) and if o < 0, it is
bounded with |05, || < p%. Moreover, for > 0 we have Re ¢, > p* and the
operator 8,5_;‘ is given by
—a 1 ! -1
050 0 = o5 /_w(t — 521 f(s)ds (L€ R, f € Lo p(R; H)),
With the help of these operators, we can define the fractional Sobolev
spaces with respect to the exponentially weighted Lebesgue-measure.
Definition. Let p > 0 and a > 0. Then we set
H;f‘(R; H):= dom(@ffp)
and equip it with the norm (note that 95, is injective)
po (u€ HYR;H)).

[l p,0: =107, pu

The following proposition is an immediate consequence of the definitions
above.
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Proposition 2.3. Let p > 0 and o« > 0. Then the following statements hold.
(a) For each 0 < B < « the operator 8£p:H§“(R; H) — H;’_B(]R; H) is
unitary.
(b) The operator L, : Hy(R; H) — H*(im +p) is unitary. Here,
H(im+p) ={u € La(R; H) ; (t — (it + p)*u(t)) € L2(R; H)}
equipped with the norm |[ul] go m +p) =AM +p)u| 1, ®; )
Remark 2.4. (a) For 0 €]0,1[ the space HY(R; H) can also be obtained by
complex interpolation. More precisely, we have
Hp)(R; H) = (L2,,(R; H), H, (R; H))o (2.1)

isometrically. For the theory of interpolation spaces we refer to [4,11]. We
sketch the proof for (2.1), only. The details are provided in [25, Remark 2.4
(a)]. First, consider the unitarily transformed space H?(im +p). We show

H°(im+p) = (Lo(R; H), H' (im +p))g

isometrically. For the left-hand side being contained in the right-hand side,
for u € HY(im +p) consider

Jur 8 = Lay(Ri H), 2z = (L= u(t)]it + p|" =),

where S:={z € C; Rez € [0,1]}. Then f, is well-defined, bounded, holomor-
phic in S, f,(i€) € La(R; H), fu(i§ +1) € H' (im+p) and f,(f) = u. Since
I fuG Loy = lullgoim+p) = Ifu(i€ + D1 Gm+p) the first inclusion
and norm estimate is shown. For the converse inclusion and inequality, let
ue (Ly(R;H),H)(im+p))g and g : S — Lo(R; H) 4+ H' (im +p) continuous,
holomorphic in S, bounded with g(i¢) € Lo(R; H) and g(ié +1) € H'(im +p)
such that g(#) = u. In order that u € H’(im +p) we show that

H(im +p) > v /(u(t),v(t)}Hht + p[* dt
R

defines a bounded functional on H?(im +p), where H?(im+p) denotes the
elements in H?(im +p) having compact support. For this, let v € H?(im +p)
and set f,: S — La(R; H) as above and consider the function

FiS—C,z e / (9(=)(0), Fu(2) @) lit + | dt.

Then F' is well-defined, continuous, holomorphic in the interior of S and
bounded. The maximum principle and estimates on 9 yield

/ﬂ{(u(tL v(t)) g it + p[*? dt

< igg{llg(iﬁ)\m(mm, 19GE + D)1 G +0) HIVl 0 G0 4 -

= [F(9)]

Infimum taken over all appropriate g yields

/ (ut), o(t)) it + o2 dt
R

< Null(o@; ), 71 (m+0))0 |V 20 G 1) -
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Thus, u € HY(im+p) with lull o im4p) < Null(Lo(rirr), 1 (m +p)),- Finally,
using that £: Hg(R; H) — HY%(@im +p) is unitary, we obtain the assertion.

(b) Let M € L(Ly ,(R; H)) N L(H)(R; H)). Then, for all 6 € [0,1], by
(a), M € L(Hg(R; H)); see also [11, Theorem 2.6].
Remark 2.5. (a) For the next result, we recall that by complex interpolation
and Plancherel’s theorem, we have that the Fourier transformation extends
to be a continuous operator

F: Ly(R;H) — L,(R; H),

where 2 o + = =1with 1< p <2< p< oco. This applies verbatim to F*.

(b) Recall the following version of Holder s inequality: If f € L,(R) and
g € L,(R; X), X a Banach space, and % 5 —|— 1 =1 for some p,q,r € [1,00],
then ¢ — f(t)g(t) € L(R; X) and || fg|[, < ||f||L lgllz,-

Lemma 2.6. Let p > 0 and a €]0,1/2]. Then for each p € [2
we set 2:=00) HY(R; H) — Ly ,(R; H), where

T 2a[ (where

L, ,(R;H):={f:R— H; f measurable, / [|f(@)|[Pe PP dt < oc}
R

equipped with the obvious norm, denoted by |- L, ,
Proof. For p = 2 there is nothing to show. Let p €12, 2= and p’ €5 1+2a ,2[
denote the conjugate exponent to p; i.e. E + 4 = 1. From Remark 2.5, we
know that F*: L,, — L, is continuous. Hence, for u € C°(R; H) we estimate
lullz,, = e ullL, = [F LoullL, S £pullL,, -
Next, let ¢:= Hoélder’s inequality
1LpullL,, = [I(im+p)~*(im+p)*LoullL,,
< |[Gm+p) |z, [[(im +p)* Lpul| L,
Note that
limorl, = ([ dt)é
im+p)~ %, = —_— < 00,
T @
since q¢ = % = W > é and hence, the claim follows. O

The next statement contains an approximation result, which has been
employed in [19,27] for the particular case a = 0. To have a corresponding
result for the case when o > 0 (and particularly when o = 1/2), will turn
out to be useful in the next section, where we provide a well-posedness result
for evolutionary equations in H, ;/ *(R; H).

Lemma 2.7. Let p > 0 and o > 0. We consider the time derivative operator
on HY(R; H); that is,

Orpr HOTH(R; H) C HY(R; H) — HY (R H).

Then for each € > 0 the operator 1 + €0, , is continuously invertible on
H(R; H) and (1+€9;,)"" — 1 strongly in Hy(R; H) as € — 0. O
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Proof. For u € Hy*'(R; H) we have that
Re((1 +€dh,p)u, u)pa = [[ull} o + & Re(Dr, 0 yu, 07 ) o0 = I[ull? o

Thus, (1 +0;,,) is injective, posseses a closed range and its inverse (defined
on the range) is continuous with operator norm bounded by 1. Thus, to prove
the continuous invertibility, we have to show that ran(1 + €0; ,) is dense in
Hy(R; H). For doing so, we first compute the adjoint of 9; ,. For elements
v,w € Hy(R; H) we have that v € dom(0; ,) with 9; ,v = w if and only if

(O, pt, V) p o = (U, W)p o (uE HE‘H(R;H)).
The latter is equivalent to
(01,0, 05 ,0) p0 = (@, 07 ,w)po (T € H; (R; H)),

which in turn is equivalent to 85 v € H}(R; H) and 85 yw = (—=0y,,+2p)0f v,
where we used 0; , = —0;, + 2p in L ,(R; H), see Proposition 2.1. Thus,

('9;/) = —0,p + 2p,
where both operators are considered as operators on H(R; H). Thus,

Re((L + €0 ,)u, u)po = [[ully o + eRe(u, 0 ptt) .0 > lull

for all uw € Hy ™ (R; H) = dom(9; ) and hence, 1 + £9; , is injective, which
shows the density of ran(1 + €9y ,) in Hy™!(R; H). To prove the strong con-
vergence, it suffices to show the convergence for elements in Hg‘“(]R; H),
since

sup [|(1 + 58t,p)_1HL(Hg(]R;H)) <1
>0

by what we have shown above. For u € Hy™!(R; H) we compute
1L+ 204,p) " u = ullpa = (1 +€0e,0) ™ (u — (u+€dypu)) | pa
< elullpars =0 (= —0).
We conclude this section, by citing the main result of [27].

Theorem 2.8. ([27, Theorem 3.4]) Let p > 0 and M,N € L(Ly ,(R; H)).
Moreover, assume there exists M’ € L(Ls ,(R; H)) such that

Mé,, C 0, M — M.

Let A: dom(A) C H — H be skew-selfadjoint. Furthermore, assume there
exists ¢ > 0 such that

Re((9h,pM + N)u,uhpo > cllulZy  (u€ H(R; H)).

Then the operator Oy ,M + N + A is closable, and its closure is continu-
ously invertible. Here, A is identified with its canonical extension to a skew-
selfadjoint operator on Lo ,(R; H) with domain Ly ,(R;dom(A)).
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Remark 2.9. (a) In [27, Theorem 3.4] the assumptions are slightly weaker, but
for our purposes, this version of the theorem is sufficient; for a comprehensive
discussion, see [28, Theorem 3.3.2] for the version above and [28, Theorem
3.4.6] for the corresponding variant in [27].

(b) Theorem 2.8 provides a unified solution theory for a broad class of
non-autonomous problems. Due to the flexibility of the choice of the opera-
tors M and N, which act in space-time, the problem class comprises many
different types of differential equations, like delay equations, fractional differ-
ential equations, integro-differential equations and coupled problems thereof
(see e.g. [18,22] for some survey in the autonomous case and [20,24,28] for
some non-autonomous and/or nonlinear examples).

3. The Solution Theory in H;/2(R; H)

In this section, we have a closer look at the solution theory for evolutionary
equations in H, pl/ 2 (R; H); that is, we prove an analogous statement to Theo-

rem 2.8, but now the equation is considered as an equation on Hp1/2(]R; H).
The basic setting is the following. Let M, N, M’ € L(L, ,(R; H)) with the
following properties:

Re((0, pM A+ N) ¢, 0) 5172 > (D, 0)p1/2
for all ¢ € HE’/Q(R; H) some p > 0 and ¢ > 0. Moreover, we assume that
My, C O pM — M

1/2
and N 172 g s M |2 gy € LUH, 2R H)).

We discuss operators on H, ;/ ? (R; H) in more detail next. For this we
recall the notation of the commutator of two operators S and T on some
Hilbert space H,

[S,T):=ST — TS, with dom([S,T])=dom(ST)Ndom(TS).

In the case that [S,7] is densely defined in H and extends to a bounded
linear operator on H, we omit the closure bar and just write [S,T] € L(H).
Consequently, we also use [S,T] to denote the (then continuous operator)
[S,T].

Lemma 3.1 (a) Let C € L(Lz,,(R; H)). Then C|,1» € L(H, HY? (R H)) if
and only if 83722C3;p1/2 € L(Ls ,(R; H)) in either case, we have
1/2
1€l g1/l a2 oy = 190 Cligar2 0y s, s)-

FEither of the alternative conditions is satisfied if [C, 8%2] € L(Ly ,(R; H)).
Moreover, in this case we have

1 1/2
HC|H;/2||L(H;/2(R;H)) < ”C”L(Lz,p(]R;H)) + 7”[67 8t,{) ]HL(LQ,,)(R;H))‘

7
(b) N, (1+¢€d,)" ] — 0 strongly in L(H 1/2(R H)) as e — 0+.
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(c) [0 pM,(1+20,,)71] € L(HY*(R; H)) and [0r,, M, (1+€8,,)7 ] —
0 strongly in L(H;/Q(]R; H)) as e — 0+.

Pmof.Th(a) Let ¢ € ng(R; H). Assume that 9,/°C8, )/* € L(La,(R; H)).
en we compute

1/2 —1/241/2
lcall, s = l10;,7co; 0, ¢

1/2 —1/2
20000 < 1017205 2 | L, oty 16

[p,1-

If, on the other hand, C|H;/2 c L(H;/Z(R; H)). Then 83,/pQC|H;/25;p1/2 c
L(Ly, (B H)) since 0, € L(Ly,(B: H), Hy* (R: H)) and 9y €
L(H;/Z(R; H),Ls ,(R; H)) are unitary. Assume now that [C,@tlf] c
L(Ly,(R; H)). Then

8,/7ca, ) = [0,17,€10, )% + C € L(La (R; H))

tp
and, using Proposition 2.2, we get
1/2 —1/2
€127 a2 srryy = 1005°Clygsr205" i oy
1/274—1/2
<€l L sty + 1€ 0221005 2 N i)

1 1/2
< [Clleza, @ + S C: O (L, i) -

7

(b) Let e > 0. By (a) together with the proved inequality, it suffices to show
that 9, /2N, (1+¢dy,,)~119,.,> — 0 strongly in L(Ls ,(R; H)). For this,
we compute

O IN, (1 + €d,,,) Mo, M?

t7p t,p
= O PN (L+edy,) 10,2 — 071+ edy ) 'N D, )
= |0, PNO P (1 40,7

the latter tends to O since 6;{,2/\/8;;/2 € L(L2 ,(R; H)), by part (a) and

(14¢€d;,)" " — 1 strongly as € — 0 by Lemma 2.7.
(c) Let € > 0. Then we compute using M’ = [0} ,, M]

[3257;)/\/1, (1 + 53,57,))71] = (8,5,,,/\/1(1 -+ s@t,p)fl — (1 + €at7p)718t,pM)
= 8t,p (M(l —+ 86,57/))_1 — (1 =+ €8t,p)_1M)
= 8t,p(]. + Eat’p)71 ((]. + s@typ)M - M(]. + 56,5,,,)) (]. + 58,5,,,)71
= 0y p(1+ 8y ,) T M (1 + €0, ,) .
Hence, we deduce
0,17 [0 M, (1 + )1 0,
=8, (1 +0,,) 10 P MO, 2 (1 + €8, )t € L(La,p(R; H))
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and thus, [0, ,M, (1 +¢9,,)"'] € L(H;/Q(R; H)) by (a). Moreover, by
Lemma 2.7

8% [0y )M, (1 +20,,) 71 0,7

t,p

=8y p(1+0,,) O M O, (1 + €8, ) 7!

= (1= (1+28,,) M0, > (1 +¢8,,) "t =0 (¢ —0)

strongly in L(Ls ,(R; H)), which yields the asserted convergence again
by part (a). O

Proposition 3.2. We have 6t7pM[HZ’/2(R; H)] C H;/2(]R; H).

Proof. Let ¢ € dom(d;/?). Then 9, ,M¢ = M'¢ + M8, ,6. Since M’ €
L(H,}/Z(R; H)), we obtain M'¢ € H;/Q(R; H). Furthermore, since M €
L(La ,(R; H))NL(H}(R; H)), we deduce M € L(H;/Q(R; H)) by complex in-
terpolation (see Remark 2.4 (b)). Hence, we also have M, ,¢ € H;/Q(R; H),
which shows the assertion. O

-

Lemma 3.3. For ¢ > 0 we set R.:=(1+ ¢0;,)"'. Let u € dom(d; ,M)
H;/Z(R;H). Then for each ¢ > 0 and k € N we have Rfu € dom(d;, ,M)
and

O pMRFu — 0, yJMu (¢ — 0+).
In particular H,I)CH/Z(R; H) is a core for 0 ,M for each k € N.

Proof. The proof follows by induction on k. For k = 0 there is nothing to
show. Assume now that the assertion holds for £ —1. Then we compute, using
Lemma 3.1 (¢) and Lemma 2.7 O

O pMREu = [0, ,M, R|RE" u + ROy yMRE u — 0y pMu (e — 0+).
Theorem 3.4. The operator 0y ,M + N + A considered as an operator on

H;/2(]R; H) is closable and its closure is continuously invertible.

Proof. Recall that all operators are now considered as operators acting on
H ;/ 2(]R; H). Since 0, , M + N is strictly positive definite in the Hilbert space
H;/Q(R; H) with domain Hg/Q(R; H) and A is skew-selfadjoint, we derive that
Oy pM+N+A s strictly positive definite in the Hilbert space H,}/Q (R; H) with
domain HS/2 (R;dom(A)). By Lemma 3.3 this positive definiteness extends
to all elements in dom(d;,M + N + A) and thus, d; ,M + N + A is one-
to-one and has a continuous inverse defined on the range of 9; ,M + N +
A. Since HS/Q(R;dom(A)) is dense in H;/Q(R; H), the latter implies that
Oy pM + N + A is closable (see e.g. [28, Proposition 2.3.14] or [5, Theorem
4.2.5]). Moreover, it is a standard argument to show that d; ,M + N + A
is continuously invertible on its range, which is closed. Hence, for showing
that 9; ,M + N + A is onto, it suffices to compute the adjoint and confirm
that this adjoint is one-to-one, which in turn would imply the density of the
range of d; ,M + N + A. For doing so, let € > 0, u € dom (9, M + N + A)
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and f € dom ((0;,M + N 4 A)*). We put fo:=(1+¢8; )" f € dom(@if).
Then we compute

<(8t7pM +N + A) U, fa>p,1/2 = <(1 + Eat,P)_l (aLPM +N + A) U, f)p,l/Q
= <(3t7p/\/l +N+ A) (]. + Eat7p)71’ZJJ7
— [0e, oM, (L4 €0, ) u— [N, (1 +€0k) " s f)p1/2-

Thus, invoking Lemma 3.1 (c), we obtain that f. € dom (8; ,M + N + A)"
and

(O p M+ N+ A)" fo
= (14e0;,) (O M+ N+ A)* f = [0, M, (1 +0;,)" "] f
— M (1 +ed,)7 T 1
Since [0y, M, (1+€0:,) '] f + [N, (1+€d,)" ] f — 0 weakly in
H;/Q(R; H) as ¢ — 0+ by Lemma 3.1 (b) and (c), we infer that
H32(R; H) N dom (9, ,M + N + A)*)
is a core for (8; ,M + N + A)" (recall f. — fin HPI/Q(]R; H) by Lemma 2.7).
Next, we show H3'?(R; H)Ndom ((9; ,M + N + A)*) C Hy/*(R; dom(A)):
Let f € Hy*(R;H) N dom ((8; ,M + N + A)*) and ¢ € Ho'*(R; dom(A)).
Then ¢ € dom(9;,,M) by Proposition 3.2 and
<A1/), f>p,1/2 = <(6t,pM + N+ A)l/% f>p,1/2 - <(at,pM +N)¢, f>p,1/2
=, (O M+ N+ A) o2 = (0, (MO, + N*) )12,
where we used M € L(H;/Q(R; H)), (Remark 2.4 (b)). As HS/Q(R; dom(A))
is dense in H;/Q(R;dom(A)), Hg/Q(IR; dom(A)) is a core for A. Thus, f €
HY*(R; dom(A)) with
—Af=Af = O, pMAN+A) [ — (M0, + N f.
Hence, for f € Hg/Q(R; H) Nndom ((0;,,M + N + A)*) we compute
Re((0,, M+ N + A)" £, ), = Re(M? 0}, f + N*f — Af, f), 4
= Re(f, (0, M +N) £),3 = elf. )

and since the set H2/2(R; H)Ndom ((9;,,M + N + A)*) is a core for (0; ,M+
N + A)*, the latter implies that (9; ,,M + N + A)" is one-to-one. O

Corollary 3.5. Fork > 1, (0;,M +N + A) [H;lfH/Z(R; dom(A))] is dense in
H)*(R; H).

Proof. Let f € H;/Z(R; H) and set u:= (8; ,M + N + A)_1 fe H;/z(]R; H).
Such a w exists by Theorem 3.4. Hence, we find a sequence (u,)pen In
dom(aty,,/\/l) Ndom(A) with u,, — u and (6t7p./\/l +N+A)u, — fasn — oo
in H;/z(R; H). We now define v, .:=(1+¢8; ,) “*u,, € H§+1/2(R; dom(A))
for n € N. By Lemma 2.7, Av,, . — Au,, as well as Nv, . — Nu,, as ¢ — 0
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and thus, it suffices to show 0, ,Muv,, . — 0 ,Mu, as € — 0. This, however,
follows from Lemma 3.3 and thus, the assertion follows. O

Corollary 3.6. Let H = Ho® H; for each Hilbert spaces Hy and Hy. Then for
k>1, (0, ,M+N+ A) [H§+1/2(R; dom(A))] is dense in the space Lo ,(R; Hy)®
Hy*(R; Hy).

Proof. By Corollary 3.5, (0 ,M + N + A) [H§+1/2(R;dom(A))] is dense in

H;/Z(R; H). This space continuously and densely embeds into Lo ,(R; Hy) &
H)*(R; Hy). O

4. Maximal Regularity for Evolutionary Equations

In the following we provide our main result: a criterion for maximal regularity
for evolutionary equations. In a nutshell this criterion reads:

Well — posednessin both Ly ,(R; H) and H;/z (R; H) together with a
parabolic — like structure implies maximal regularity.

Throughout, let Hy and H; be two complex Hilbert spaces and set
H:=Hy ® H,. Moreover, let C: dom(C) C Hy — H; densely defined closed

and linear and set
0o -C*
(s ) ay

(which easily can be verified to be skew-selfadjoint in H). Finally, we assume
that M and N have the form

o ./\/loo 0
M= ( 0 0) (4.2)
as well as
[ Noo  Now
N = ( N NH) (4.3)

with appropriate linear operators in L(Ls ,(R; H;), L2 ,(R; H;)), i,j € {0,1}.

Theorem 4.1. Let A, M and N be as in (4.1)—(4.3) and assume there is M’ €
L(L, ,(R; H)) with

My, C O pM— M. (4.4)
Assume, in addition, that
M, N € L(H}*(R; H)).
We shall assume the positive definiteness conditions
Re(Moaod, 8)po > ¢, 6)po, (4.5)
Re((0r,, M +N) ¢, 8)p.0 > c(®,8)p.0, (4.6)
and

Re((0r,pM +N) ¢, 0), 1 > c(6,6),1 (4.7)

2
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for some ¢ > 0 and all ¢ € H§/2(]R;H). Let S,:= (8157,)/\/1 —|—./\f—|-A)_1 €
L(Ls,(R;H)) N L(H,}/Q(R; H)) (¢p. Theorems 2.8 and 3.4). Then
SpLa,p(R; Hy) x H)/?(R; Hy)]
C (H)(R; Ho) N Hy(R; dom(C))) x Lo ,(R; dom(C™));

that is, for f € Ly ,(R; Hy) and g € HY*(R;Hy) and (u,v) € Lo ,(R; H)

satisfying
Grp M+ N+ 4) <Z‘> - (g) ,

we have v € H)(R; Hy) N Hy(R;dom(C)), v € Ly ,(R; dom(C*)).

Remark 4.2. As we shall see in the examples section, the above nutshell de-
scription of the Theorem 4.1 is visible as follows:

o Well-posedness in Ls ,(R; H) is guaranteed by assumption (4.6); see
Theorem 2.8.

o Well-posedness in le/ *(R; H) is guaranteed by assumption (4.7); see
Theorem 3.4.

e The parabolic-like structure is visible in the block matrix structure (4.1),
(4.2) and the positive definiteness condition (4.5).

Remark 4.3. (a) As in [3,8], we recover the same additional regularity u €

H;/z (R; dom(C)). In fact, as the proof of Theorem 4.1 will show an estimate
for [|Cull, 1 is key for obtaining the main result.

(b) Note that u € H;/Q (R; dom(C)) also has a consequence on the time-
regularity of v. Indeed, taking (f,g) as right-hand sides as in Theorem 4.1,
we see that (u,v) satisfies

O pMoou + Noou + Npjv — C*v = f

Niou+ Nijv + Cu = g.
Multiplying the second line by N7;*, we get v = N7;* (9 — Cu — Njju) . Next,
since u € H)(R; Hy) C H;/2(R; Hy), Cu,g € H;/Z(R; H;) and both Ay and
N leave H, ;/ ?_regular mappings invariant (see also Lemma 4.6 below), we

infer v € H ;/ 2 (R; Hy). We summarise all the regularity results in the next
statement.

Corollary 4.4. Under the assumptions of Theorem 4.1, let f € Lo ,(R; Hy),
g€ H;/Z(R;Hl) and (u,v) € Lo ,(R; H) satisfying

@, M N+ A) (z) . (g) .

Thenu € H)(R; Ho)NH,'*(R; dom(C)), v € Ly ,(R; dom(C*))NH,*(R; Hy).

Remark 4.5. (a) Note that the regularity statement in the latter result is
also accompanied with the corresponding continuity statement; that is, there
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exists a constant « > 0 such that for all f € Ly ,(R; Hy), g € H;/Z(R;Hl)

with S,(f,9) = (u,v) we have
pé) :

Moreover, note that, as a consequence, the closure bar in the formulation of
the evolutionary equation can be omitted so that, indeed,

[ullp + [[Cul

+[1C*0]lp0 + 0]l

o3 <5 (17110 + lg

1
Pr3

@ MINTA) (g) = (O, M+N+ A (g) ,

addressing Problem 1.2.

(b) We note here that Corollary 4.4 is in fact a result on maximal
regularity for the special case of ¢ = 0 and if the evolutionary equation
is viewed as a ‘scalar’ equation in the following sense. Assume g = 0 and
f € Ly ,(R; Hp), then as in Remark 4.3(b), we have seen that then

O, pMoou + Noou + Nojvo — C*v = f
N10U +N11’U + Cu = 0.

Rearranging the second equality, we infer v = —N;' (Cu+ Nigu) € dom(C*)
and thus the first equation reads

O,p Moot + Noou — NotNp7' (Cu + Nigu) + C* N H(C + Nio)u = f.

By (4.5) and (4.4), it is not difficult to see that dom(d; ,Moo) = dom(d; )
and so u really admits the maximal regularity hoped for when f € Ly ,(R; H).

In order to prove our main theorem, we need some prerequisites.

Lemma 4.6. Assume the conditions imposed on M and N in Theorem 4.1.
Then N7i' € L(Ls,,(R; Hy)) N L(H,%/Q(R; Hy)). Moreover,
- c
Re(N{1 é1, 1) p1/2 = 5 (d1,01)p,1/2 (91 € H;/Q(R; Hy)).
N 2
P 3 1))
Proof. The conditions in (4.6) and (4.7) applied for ¢ = (0,¢1) with ¢ €
Hg/Q(R;Hl) implies for « € {0, %}, Re(N1161, 01)p.a = ¢(d1,P1)p,a. By den-
sity, this extends to all ¢; € Hy(R;Hy). Since N1 € L(Lz,(R; Hy)) N
L(H, ,}/ *(R; Hy)), we deduce the first statement. A standard argument also
reveals that (see [22, Proposition 6.2.3 (b)]) O

Re(Nj; 61, ¢1),, (f1,01)p,a-

c

o>
LI (rrg i)y

Lemma 4.7. Assume the conditions imposed on M and N in Theorem 4.1.
Then, for all o € H)(R; Hy),

Re(0:, p Moo o, [0t,p|¢0) p,0 > (C - ||N00||L(H;/2(R;HO))) Boll2 1/2-



IEOT Maximal Regularity for Non-autonomous Evolutionary Equations Page 17 of 37 30

Proof. We apply the condition (4.7) to ¢ = (¢0,0) € HS/Q(R; H) and obtain
Re(0;,p Moopo + Noodo, o) p,1/2 > C|\¢0H,2,71/2~
Rearranging terms, we obtain
Re(0,, Moo o, 01,5l P0) p,0 = Re(0r,,Moodo, P0)p,1/2
> C||¢0||%/2 — Re(Noodo, ¢0)p,1/2

> (c— HNOOHL(H;N(R;H))) H¢0||§,1/2-

Since H,?,’/2 (R; Hp) is dense in H;(R; Hj) the assertion follows. O

Lemma 4.8. Let P:R — R be a polyomial of degree k € N; that is, P(x) =
Zf:o a;x’ for some a; € R with aj, # 0. Let xg € R>q with x§ < P(xo) for
some £ > k. Then

k k T
zo < max Z la;|, (Z |ai|>
=0 =0
Proof. Consider the polynomial Q(z):=2‘ — P(z). Then Q(zo) < 0 and
Q(z) — o0 as x — oo. Thus, there exists some z1 > z¢ with Q(z1) = 0.
We estimate x{ = P(z;) = Zf:o a;xi < Ef:o la;|z%. We consider the cases

x1 < 1and z; > 1 separately. Assume first that z; < 1. Then z{ < Zf:o |ai|
1
and hence, zp < z; < (Zf:o |al-|) * . In the case that 21 > 1 we can estimate
k ; Sl S k
af <30 o laglot < 2S00 |ag], which yields x < zp < 300 Jail- O

Proof of Theorem 4.1. First, let (f,g) € (0;,M + N + A)[HZ(R;dom(A))]
and (u,v):=S,(f,g). Hence, by the uniqueness of the solution in L ,(R; H),
we obtain (u,v) € H}(R;dom(A)). Then we can read off the equations line
by line and obtain

8t7p/\/l00u + Noou + No1v — C*v = 1
Niou + N1jjv + Cu = g.
Since Ny; and N are bounded linear operators mapping le/ % into

H;/Z, we deduce that the second line particularily implies g € H;/2(R; Hy).
We estimate using (4.5)

C”“Hi,l < Re<M008t,pu78t,pu>p,O
= Re(0, p Moo — Moo, 01 ) .0
< Re(dy, p Moot 0 pu) p.o + | Mol LLa, & o 1l p.0 el .15

where M{, = [0}, Moo], which is bounded in L(Ls ,(R; Hy)) by (4.2) and
(4.4). Moreover,

Re<at7p./\/loou, (9t7pu>p’0
= Re<f — Noou — Norv + Cv, Gt,pu>p,0
< (£ o0 + Vool L(za, st 1l .0 + INOL | (Lo i)y (0] 0,0) ([ .1
+ RG<C*’U,8,5,pU>p’0.
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The last term can further be estimated by (using Lemma 4.6 and Lemma 3.1)
Re(C™v, 0 pu) p0 = Re(v, 0, ,Cu) 0
= Re(Nj;' (g — Cu — Nyou), 0,,Cu) 0
=Re((97,)"* Nij (g — Cu — Nigu), 8,2 Cu) 0
= Re((9;,)"2 0,20 PN 0,20} P (g — Cu — Nigu), 8112 Cu) 0
N (Hng,l/z + ||U||p,1/2 + HCUHp,l/z) [Cullp,1 /25

where < means an estimate including constants depending on the operators
N and M and the positive definiteness constant ¢ > 0; we also used

« \1/2 _1
| (at,p) /2 lL(zo, @) <1,

which is immediately verified Wlth the help of the Fourier—Laplace transfor-
mation, see Proposition 2.2. Thus, summarising we have shown

ull2 1 S (lullp.o + 1£1o.0 + vllp0) 1l
(Hg /2 +lullp1/2 +[1Cull,, 1/2) [Cullp,1/2-

Using (u,v) = S,(f, g) we obtain [|(v,v)[lp,0 S [(f:9)llp0 S I(f; Dllp.0.1/2),

where the last norm means that we take the Ly , norm of f and the H; 2
norm of g. Hence, we can estimate further

p,1 ~ ||(f7 )
+lullp,1/2]ICu

lull?

o1+ [Cullp1/2)

,2371 Ja- (4.8)
Next, we estimate the norm [|Cul|, /2. First, we compute using the positive
definiteness estimate for N} in H ;/ *(R; Hy) from Lemma 4.6

ICull? 5 £ Re(Ni;'Cu, Cu) .1 /0 = Re(0} N Cu, 07 Cu o
= Re(0} PN g — 0PN Wiou — 90,0120 o
— Re(d 1/2N1118_1/2 1/2 —81/2J\/111N108_1/2 1{)2 83’1,2011)%0
— Re (9,0, a;{fcwp,o
< 1/2  a1)2
S Ulgllpyz + lullpa2)1Cullp1 2 = Re(d, [y v, 6,5, Cupp o
Moreover, we compute using Lemma 4.7
— Re(@tl)/fv, 8,51722011},)’0 = Re(—c’?tl,{fC’*v, 8%2u>p70

= Re(f — 0 pMoou — Noou — No1v, |0, ,|u) 5.0

S ( 0) lullp.r — Re{dr, p: Moou, [0, p|u) p,0

S fllpo + el o + 0llp0) lullpn + 1wl 1 jo-

Summarising, we obtain

po(0,1/2) ([[u
p1/2 +[[Cul

ICull51/2 < (gllpse + lullp1/2) | Cul
+( 0) llul
S U Dlo0.172) + lllp a2 1Cull g1 /2 + 11CF 9 p,0,1/2) lullpr + N1l 1o,

p,1/2

p1t Hu||2,1/2
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which is a quadratic inequality in ||Cul|,1/2 > 0 and yields

[|Cu

p1/2 SN Do 0.1/2) + l[ullpayz + \/Il(f, Do/ lullon +llull?

(49 SN Do + Tl + I 9ozl

Next, from [[u]2,, , = (9}, 0L/24) .0 = (10 pluu, ) .0, we deduce [[u] , <

[ullpallwlloo S lello i 1(F; 9) o, 0,1/2)- This inequality, (4.8), and (4.9) yield

2,1 Sf9) |p,(0,1/2)||u
+[1(fs Dllp,0,1/2)

' (|<f, Doz + 1

|p,1°

||U p,1

sz + Izl ) +
oz (19w + e + 102 Tl

+I(f,9) ,2;,(0,1/2) + ||u||i71/2 + [I(f, 9)||p,(0,1/2)”u||p,1

3/2 1/2
SN Dozl + 1 DI, o a2 + 1CF )2 0112

Lemma 4.8 applied to zy = ||u||;/12 leads to [|ull, 1 < F([(f,9)llp.0,1/2))

where F: R>¢ — Rx¢ is continuous with F(0) = 0. This proves that
Syt (OppM + N + A)H2(R;dom(A))] € Ly, (R; Hy) x HY/?(R; Hy)
— H(R; Ho) % Ly p(R; Hy)

is continuous at 0 and hence, bounded. Since (9;,, M+N+A)[H2(R; dom(A))]
is dense in Lo ,(R; Hy) X H;/Q(R; H;) by Corollary 3.6, the first regularity

statement holds. The additional regularity C'u € H;/ ? then follows from
estimate (4.9). O

5. Applications

5.1. Maximal Regularity and Bounded Commutators

In this section, we will apply our main result Theorem 4.1 to prove maximal
regularity for a broad class of evolutionary equations. Note that the second
main theorem of the present manuscript is concerned with the case, where
well-posedness in H;/ % is obtained by a bounded commutator assumption
involving N and by restricting M to the case commuting with O ;. It turns
out that this situation is closer to the applications as we shall outline below.

As above, we assume that Hy and H; are two complex Hilbert spaces
and we set H:=Hy & H;. Moreover, A = <g _g’
defined closed linear operator C: dom(C) C Hy — H; and M and N have
the form M = (A/(l)oo 8) as well as N = (AN/TE xﬁ> with appropriate

linear operators in L(Ls ,(R; H;), L2 ,(R; H;)), 4,5 € {0,1}.

) for some densely
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Theorem 5.1. Let A M and N be as in (4.1)-(4.3). Assume, in addition,
that O 1./\/1 M@t Moreover, we assume that there is ¢ > 0 such that

Re{Moodo, ¢0)p,0 = (@0, ¢0)p0 (¢ € Lo n(R; Hp))

and

Re<(at»PM + N) ¢> ¢>P,O Z C<¢7 ¢>p,07

for all ¢ € Hg/Q(R; H). Finally, we assume that there is 0 < ¢ < ¢ and
d > 0 such that

10152 NMéllpo < Elllpsz +dlldllpo (¢ € Hy*(R; H)).
Then
Sp[La,p(R; Ho) x H)/*(R; Hy))
c (H,} (R; Ho) N HY2(R; dom(C))) x (LZ,,(R; dom(C™)) M HY/*(R; Hl)) :

where Sy:= (0, ,M + N + A)71 € L(Ly ,(R; H)).

Remark 5.2. The condition 871/\/( M@[l implies 8_1/2/\/( M8_1/2
deed, to start off with, the fact that M commutes Wlth 8t yields M@t » C
0 pM. Hence, M (0, —2p) C (04,p — 2p) M and, thus, by PI"OpOSlthIl 2.1
(c), we infer — (9;,) T M = (8, —20) " M C M (8y, —2p) " = -M (9;,)”
Since (05 p)fl./\/l is defined everywhere, this inclusion is an equality. Next,
by the approximation theorem of Weierstrafl, polynomials in z and z* as
continuous functions on C(V) are dense in C(V) endowed with the sup-
norm, where V:=B¢(1/(2p),1/(2p)). Hence, we find a sequence of polynomi-
als (z — pn(z,2%)), in z and z* such that p, — (z — /) uniformly on V" as
n — o0. In consequence, using the Fourier—Laplace transformation, we obtain

that p, <8t ;, (o7 )_1> — 8;,)1/2 in L(Ly,(R; H)). Thus, we infer using the

commutator properties of M shown above

(95,) M = lim Mp,(9;,,(9,) ") = M, ">,

9, P M= lim p,(9;},
Proof of Theorem5.1. Let f € Ly ,(R; Hy) and g € Hl/z(]R Hy). Moreover,

let (u,v) = S,(f,9) € La,,(R; H). We choose 0 <& <c—candd > ; f and

consider the operator N:=N + 58t7p . It is clear that

(00,pM + N+ 4) (jj) = (g) + 60,1 <U>

€ Lo ,(R; Ho) x HY?(R; H)

and hence, to show the claim, it suffices to prove that the operators M and
N satisfy the assumptions of Theorem 4.1. We first note that M’ = 0 and
that (4.5) holds by assumption and (4.6) follows from the inequality assumed

for 0; , M+N and the fact that Re 0, , /2 > 0. Thus, it remains to show (4.7).
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For doing so, let ¢ € H, 3/ *(R; H). Since M commutes with 8t , it follows
that it also commutes with 0, , 1/2 (see Remark 5.2) and thus
3/2./\/1(;5 83/2/\/18_1/2 1/2¢ o, p./\/lalfqi).
Hence, we can compute
Re((00, M+ N) 6,6)51/0 = Re(0]) Mo + 012N 6,0, 6),0
= Re(0y, )M, 26+ 0} PNG, 0,2 8) o + G Re(6, 012 6) 0.0
> Re{(0,, M + N33, 6,071 0)p.0 + Re{[0,,", N6, 01" 0) o +
> cll o312 = N0e0, NSl 0lldll 172 + RSN 0
> (=) 0l5.1/2 = llgllp0lldll o1 /2 + VoIS o
> (c—c—e)llol;

d? -
pasz T (VPO = )léll > (e —E=e)l4ll;
which shows (4.7). O

p,1/2>

If the coefficient operators, M and N, act in a ‘physically meaningful
manner’; that is, if they are causal (see definition below), then the latter result
(as well as the other main result Theorem 4.1) also imply a maximal regularity
result locally in time. For this we need a closer look into the well-posedness
result Theorem 2.8, which in turn prerequisites the following notion. We
define

Se(R; H):=1lin{f: R — H; f simple function with compact support}.
Definition 5.3. Let Ky, K; be Hilbert spaces, pp € R, and
C: S.(R; Ky) — ﬂ Ly ,(R; K7y)

PZpo

linear. Then we call C evolutionary (at pg), if, for all p > pg, C admits a
continuous extension C, € L(Ls ,(R; Ky), L2 ,(R; K1)) satisfying

SUp ([CollL (L, (Rikco), Lo, (R K1) < OO

P=po
We gather two results important for evolutionary mappings of the type dis-
cussed in the latter definition. For the intricacies of the interplay of causality
and closure of operators, we refer to [26].

Proposition 5.4. ([28, Remark 2.1.5] or [22, Lemma 4.2.5 (a)]) Let Ky, K1 be
Hilbert spaces, pg € R, and C: S.(R; Ky) — ﬂp>p0 Ly ,(R; K1) linear and C
evolutionary at py. Then C, is causal for all p > py; that is, for allt € R and
f € Ly ,(R; Ko) we have

spt f C [t,00) = sptC,f C [t,00).

Theorem 5.5. ([28, Theorem 3.4.6] or [27, Theorem 3.4]) In addition to the
assumptions in Theorem 2.8, assume that M, M’ and N are evolutionary.
Then

S, = (O, M, TN, +A) " € L(Ly,(R; H))
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is causal.

Having presented the remaining technical ingredients for the localisa-
tion on bounded time-intervals, we can present the local maximal regularity
statement next.

Corollary 5.6. In addition to the assumptions in Theorem 5.1, assume that
M and N are evolutionary. Let T €]0,00[. Then there exists k > 0 such

that for all f € Lo ,(R; Hy) and g € H;/Q(]R; Hy) with spt f,sptg C [0,T7],
(u,v) =8,(f,g) are supported in [0,00) only and satisfy
ullzrjo,r) + 1CUll grr2p0, 7y + 1C* [ Lap0,7) + NV llEr2/200,7)
<& (I1f 1 Lajo,ry + ||9||H1/2[0,T)) .
Proof. Firstly, observe that Hp1/2(R; H) > u — ulpr) € HY*([0,T);H)

continuously, by complex interpolation, see also Remark 2.4. Next, let ¢ €
C*®(R) with 0 < ¢ <1 and

0, t<-T/2, h(--), on | — 00,0],
p(t)=<41  0<t<T, define h:=¢(-){ h(-), on 10,71,
0 t>3T/2; hT —-) on [T, co.

for h € Ly(]0,T[; H). Then it is not difficult to see that E: h — h is con-
tinuous as a mapping from Ls(]0,T[; H) to Lo(R; H) and as a mapping from
H'(]0,T[; H) to H)(R; H). Thus, by interpolation, we infer continuity as a
mapping from H'/2(0, T[; H) to Hj/*(R; H). Thus, there exists £ > 0 such
that forall g € H,}/Q(R; H) withspt g € [0, T[ we have [|gll, 1+ < &l|gll1/2(0,7-
This estimate together with Theorem 5.1 then implies the assertion. g

Remark 5.7. Note that a prototype of evolutionary operators are operators
defined as multiplication by a function, see also [28, Example 2.1.1]. This
prototype will be discussed next.

5.2. Commutators for Multiplication Operators

In this subsection we inspect the conditions on the operator N assumed
in Theorem 5.1 for the concrete case of A/ being a multiplication operator.
More precisely, we assume the following: Let N:R — L(H) be a strongly
measurable bounded mapping. Then N induces an evolutionary operator

N:S(R;H) — () Lap(R; H),  f= (t— N(b)£(1)
p=>0
with No|lL(L,.,®;m)) = [N ]leo for all p > 0. Note that all continuous exten-

sions N, p > 0, act as multiplication by N. We provide a formula for Q%fqb
for regular ¢ first.

Lemma 5.8. Let p >0 and ¢ € H)(R; H). Then

(0176) 0 = g7y [ (4= 9P = o) ds (e R ae).

— 00
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Proof. We have 8;/p2¢) = a;j”at,pqs = 8;;/2¢’ (see also Proposition 2.2) and
thus, by Proposition 2.2

(0170) () = ﬁ / (-0 (s ds

—0oQ

1 T 12y ads— — 2 T 2 s ) ds
r(1/2)/0 ¢t =s)d 2F(1/2)/o/ drgle—s)d

_# > —-3/2 " Iy
_2F(1/2)/0 T /Oqi)(t s)dsdr

= 71 h r3/2 — —r))dr

- 21‘(11/2)/ (t—5)"22(g(t) = ¢(s))ds  (t € Rae.).

— 00

O

Using this expression, we can prove our first result on commutators with
the fractional derivative.

Proposition 5.9. Let pg > 0 and assume that [Npo’atl,/pi} is bounded as an
operator on L ,,(R; H). Then for each p > po we have NP[H;/2(R;H)] -
HY*(R: H) and
1N, 0 M Loy sty < NN O e | g 51y + 2N oo (v — v/P0)
Proof. Let p > pg. To start off with, we prove the following statement:

¢ € HY(RH) « e~ ¢ e HY*(R; H).

For this, let ¢ € Hj/*(R; H); that is, (im+p)2L,¢ € Ly(R; H). Note that
[,poe(”"*p)'(i) = L,¢ and hence, it suffices to show that

(im +pp)? L,6 € Lo(R; H).

The latter however is clear, since (t — (it + po)'/2(it + p)~/?) € Loo(R; H).
Since this argument is completely symmetric in p and pg, the asserted equiv-

alence holds.
If now ¢ € H;/2(]R; H), we infer that

e(prp)-'/\/pd, — Npoe(p(’*p)'qﬁ c H;O/Z(R; H)

and thus, NP[H;/2(R; H)| C H;/Q(R; H). To compute the norm of [N,, 834)2},
let ¢ € CX(R; H). Then we estimate

1/2 —)- 1/2 1/2
1N 0100 = le® =" (NG00 = DN, ) Bl
= [ NP0 % 6 — 003, N 6.0
1/2 —p)- —5)-al/2 1/2 —p)-
< (W e G0+ [N (0720117 = 012070 0+

T (e(po*p)atl,é2 — atl,ﬁe(pofp)') N9l po.0-
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Hence, we need to estimate the norm of the operator e(p"’p)'ﬁif fa,}

For this, let ¢p € C°(R; H) and compute, using Lemma 5.8

/2 (po—p)-
poe(po p)-.

)

0

_ e(po-mtm / (=)0 — v(s) ds—

(e(ﬂo —p)- 3t17/p?¢ _ 3;/p2 (P 7p)'¢) (t)

- M/ (1= 5)7*/2 (=P (1) — (=% (s)) ds

t—OO
= 7211(1/2) / (t— S)—3/2 (e(ﬂo—P)S _ e(po—p)t) Y(s)ds
t
_ 421‘(1/2) / (£~ 9)72/2 (1= D=0 ov=P() ds

= (kPO*P * e(po—p)~w)(t>7

where ku(t)::mx]]@zo(t)t_:gm(l —ett) for t,u € R. Note that for u =
(po — p) < 0 the function k,,_, is positive and hence, using the convolution
theorem, we obtain

Hk/)o*p * ||L(L21PU(R;H)) = /]Rkp()*ﬁ(t)e_p[)t dt«
We compute using the integral representation of the I'-function
1 o0
k. (e~ Potdt = 13/2(1 — elPo—P)tyg—rot ¢
ottt = iy e

1 /OO —1/2 _ _
= —— [ 72 (=poe " + peF') dt = \/p — /o
I'(1/2) Jo ( ) Ve

and thus,

(o812 — 9172~ )6 1, o < (/B — v/p0) €77 Bl 0

= (vp— v00) [#ll,0- (5.1)
Summarising, we obtain the estimate

1N 0518050 < (11N> Ot elln L 20 + 20N 0 (V= V/20)) 19

which shows the claim. O

p,0s

The next proposition is devoted to the limit case pp = 0, which is the
case usually treated in the literature.

Proposition 5.10. Assume that [/\/'0,87517/02] 15 bounded as an operator on
Ly(R; H). Then for each p > 0 we have N[HA*(R; H)) € Hy'*(R; H) and

1/2 1/2
ING: 02w pizirry) < NG, O 7)o@ty + 2N oo /P
Proof. Similar to the proof of Proposition 5.9, at first we show

¢e HY?*(R;H) < e "¢ec H/*(R; H).
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For this, let ¢ € Hy/*(R;H). Then (im+p)/2L,¢ = (im+p)/2Fe "¢ €
Lo(R; H). The latter implies (im)'/2Fe™""¢ € Ly(R; H) and hence, e * ¢ €
HY2(R; H). If, on the other hand, e™”¢ € H'/?(R; H), then ¢ € Lo ,(R; H)
and (im)'/2L,¢ = (im)/2Fe "¢ € Ly(R; H) and hence,

168+ 200 O
/[11] It + )2 (£,0) (t>||§ldt+/ltl>1 16+ )2 (£,8) (O,

< 1+ 2101, @ +(1+,02)1/2/R||(it)1/2 (Lo0) (#)7 dt < oo

and thus, ¢ € H)/*(R; H).

By the same argumentation as in the proof of Proposition 5.9 we infer
NH, 1/2(R' H)] C H1/2(]R' H). Following the lines of the proof of Proposi-
tion 5.9, we need to find an estimate for || (e o 81/2 tl{fe’ )qﬁ”o’o, for
¢ € C°(R; H). The main problem in proving such an estimate is that we do

not have an explicit integral representation for 83’{)2 thus far. However, we
have

8.y = F*(im)/2Fy = lim 7 (im +po) /2 Fep
hmoe oLy (1m—|—p0)1/2£ efoy) = hm e o 81/26‘00 Y
PoO—

with convergence in Lo(R; H) for each ¢ € H'/ 2(]R; H), where we have used
dominated convergence in the second line. Thus, for ¢ € C°(R; H) we have
that

I (e708) = 0i7e ™) dlloo = lim, | (#8317 — 0l e ) gl
0—

- ploigoH (e(poﬂ))-atl/2 91/2 o(po—p) >¢Hp07

5P t,po
< Jim (Vo = V/po) [19llp.0 = v/Plldll .0,

where we have used (5.1). Following the lines of the proof of Proposition 5.9
the assertion follows. O

Remark 5.11. Note that Theorem 5.1 in combination with Proposition 5.9 or
Proposition 5.10 yields maximal regularity of the corresponding evolutionary
equation, if A/ has a bounded commutator for some p > 0. In particular, this
covers the case treated in [3] (see also Sect. 6.1 below).

Our next goal is to prove the following proposition.

Proposition 5.12. Assume that

[ [ INO=NGIP
Ci/R/]R =52t dtds < (5.2)

for some § > 0. Then
Ve > 03c > 0V¢ € HY*(R; H): 11822, Nyl oo < lldllpasa + clld

t,p

|/)70'
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Remark 5.13. Assumption (5.2) is the main assumption imposed in [8, Corol-
lary 1.1].

In order to prove Proposition 5.12, we want to apply Lemma 5.8 to
derive an integral expression for the commutator. Since Lemma 5.8 just holds
for functions in H}(R; H), we need to regularise N

Lemma 5.14. For e > 0 we define

1 t+e
Ne(t)::g N(s)ds (t €R),
t
where the integral is defined in the strong sense. We denote the associated
multiplication operator by N.. Then the following statements hold:
(a) Foreache > 0 we have || Nelloo < || Nlloo and Nz ,[H)(R; H)] € H)(R; H),
(b) N, — N, strongly in L ,(R; H) as e — 0,

(c) If there exist c1,co > 0 such that ||| tl/pz, e.p) < alldllpiy2 +

ca||@llp0 for all ¢ € H1/2(R H) and € > 0, then./\/[ 1/2(]R H)| C
Hy*(R; H) with ([0, N,)éllp.0 < cLléllpryz + c2lléllpo for all ¢ €
HY*(R; H).

Proof. (a) Let ¢ > 0. The estimate ||Nc|loo < ||N|loo is obvious. Let v €
H)(R; H). In order to show N, ,u € H)(R;H), let ¢ € C°(R). Then we
compute

[ wemwewa==[ [ " Nyt (1) ds dt
—1//EN(s+t)u t)dsdt = //Ns+t @' (t)dtds
_ / /N u(r — 5)¢/(r — s)dr ds

g/RN(T)/O u(r — $)¢/(r — 5) ds dr

—— | N(r) O pu(r — s)p(r — s)dsdr
e [

=2 [ VO (=)ot = 2) =)o) dr

. / (N2 B0 ) (£)(8) dt — * / (N(t + ) — N())u(t)p(t) dt.
R R

3

Since (t +— (N p0,pu) (t) + (N(t +¢e) — N(t)) u(t)) € Ly ,(R; H), the claim
follows from [22, Proposition 4.1.1].
(b) Let ¢ € Ly ,(R) and « € H. Then

1 t+e
Ne(t)zy(t) — N(t)zp(t) = */t (N(s) = N(t))zds ¥(t) = 0 (e —0)

£

for almost every t € R by Lebesgue’s differentiation theorem. Moreover,

INe(®)2zp(t) = Nz () < 2[[N ool (8) ]|
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and thus, N (¢yz) — N (¢z) in Lo ,(R; H) by dominated convergence. Since

INE,p

L(L2,,(R;H)) — HNEHOO < ||NHOO

for each € > 0, the strong convergence follows, since lin{¢x; 1) € Ly ,(R),z €
H} lies dense in Ly ,(R; H).
(c) For ¢ € H;/z(R; H) we estimate

1 2 1/2
10817 Nep@lloo <IN 001, Bllo0 + 1l Bllps2 + call bl
< (INloo + )@l p,1/2 + c2lldllp.0-

Hence, the family (N ,¢)c>0 is bounded in H;/2(R; H) and thus, w.l.o.g. it
converges weakly in Hl/z(R' H) as e — 0. Since N ,¢ — N,¢ in Ly ,(R; H)
ase — 0 by (b), we derive that N,¢ € HY*(R; H) and 81/2NE PO — 31/2J\/ b
in Ly ,(R; H). Hence,

1/2 . 1/2
”[at,i) ,Np]ﬁpr,O < gl_r)% H[at,é aNs,p]@b”p,O < ClH¢||p,1/2 + c2|8ll p,0-

Proof of Proposition 5.12. For the proof, we follow the rationale presented
in [8, Lemma 5.3].Therefore, we rather sketch the arguments here and refer
to [25, proof of Proposition 5.12] for the details. We first prove this assertion
for the case NH)(R; H)] € H)(R; H). Let ¢ € H,(R; H). Then we get by
Lemma 5.8

017 No0) = 57y [ (=9 N0 = Nl ds (1€ B,

Let now 0 < & < 1. Then

110; 2, N, )@l 0
_ 1 (
“oawr(1/2) \ e

1 2
§72F(1/2) < ; e_zptdt> +

H
2 3
1 —2pt
—_— e “Ptdt | .
2I'(1/2) ( R H )

Using Young’s inequality as in [8, Lemma 5.3], the second integral can be
estimated by

t

(t = 5)"Y2(N(t) = N(s))o(s) ds

— 00

2 5
e 2Pt d¢
H

[N

[ (=970 = Mo as

t—e

(t = 5)"2(N(t) = N(s))o(s) ds

— 00

& 1
2N el 6l 0 where cim [ 578200 ds < 27
P

£
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For estimating the first integral, let a €]1 — §, 1[. Then

2
/ e 2t | <
R H

o ) ([ = = N o) as o2t

N

[ (= s N ) = Moot as

2

Slrmlarly to [8, Lemma 5.3] choose p’ €]2,222] and p €]2,00[ such that

e}

5 + F = 1. Then Hélder’s inequality (see Remark 2.5(b)) yields

(/ / (t = 8) PN (E) = N (8)II7 o) (s >||zdse—2ﬂtdt)2

1

(=3+a) o / v
(/ / () S N Ny o) 6l
g

Since, t—s < & < 1for s € [t—e, 1], S5y’ > —(248) and ||N (t)—N (s)|[*" <
IN() = N(s)[1? (2N [0e)” 2, we obtain

‘:i\’-‘

<e

1

! ( 3+a) / , o B
</]R/ (t—ys) PIN@) = NI oy dsdt) < 2| N|l) "7 O
t—e

Hence,
51/ 1 1 W\ e 1-2 L
||[ 7{7 7M¢||p,0 - 2F(1/2) ( 51 04) Ep(2||N||OO) v Cr H(bHP,P
1
——2||N||o _3/27 .
TR L S

Under the assumption that A leaves H (R; H) invariant, the assertion follows

from Lemma 2.6 and the fact that H; (R; H) is dense in Hp1/2(R; H).
If N does not leave H ;(R; H) invariant, replace it by N as defined in
Lemma 5.14. For each € > 0 we thus obtain

1
oL/ 1 4)\2 1 -2
012 A Jolloo < (125272 ) & @IV FCZ ol

S|
+2[|Ne[looe 3/2;H¢>Ilp,o,
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where

IN:(t) = Ne()IIF oy
CE._/R/R T drds
:// E%HfOEN(T—i—t)dr—ng(r—i—s)drHQL(H)

= s)2r dsdt
1 e[S IN(r+t)— N(r+s)||?,,dr
// Jo ) - NO+ 9l dr
RE (t_s)2+6

HN(r—i—t)—N(r—&-s)H%(H)
= E/O /R/]R (t—8)2+5 dsdtdr = C.

Since furthermore ||N:|loc < ||[N|lco by Lemma 5.14 (a), we can apply
Lemma 5.14 (c) and thus, the claim follows. O

6. Examples

6.1. Divergence Form Equations

In order to treat a first standard example, we consider heat type equations in
this section and analyse the relationship to available results in the literature.
For this, we need to introduce the following operators.

Definition 6.1. Let 2 C R™ be open. We define
gradg) : H(lo)(Q) C Ly(Q)) — La()™, 9 — Vo,
divgy : Hp)(div,Q) C La(Q)" — L2(Q), ¢ +— V -,
where H'(Q) is the standard Sobolev space of weakly differentiable Lo ()
functions, H{(2) the closure of C2°(Q) in H(Q). Similarly, H(div, ) is
the space of Lo(2)-vector fields with distributional divergence in Lo (€2) and
Hy(div, ) is the closure of C°(Q)™ in H(div, ).

It is not difficult to see that divy = — grad and gradj = — div, see [22,
Chapter 6].
Next, we rephrase a sufficient condition from [3], yielding boundedness

of [Ny, 0, 1/ 2] The result itself is a combination of the techniques used in [3],
the BMO characterisation by Strichartz and the commutator estimate by
Murray [12].

Theorem 6.2. Let H = Lo(Q)™ for some open Q@ CR", N: R x Q — C**"
measurable and bounded. Assume there exists C > 0 such that we have for
a.e. x € and for all intervals I C R,

N(t,
//” T |t_§2 e dsdt < C. (6.1)

Then [No,ﬁt% ] is bounded as an operator in Lo(R; H).

Proof. A direct computation shows that N, defined in Lemma 5.14 satisfies
the same condition imposed on N in the present theorem (with the same C).
Thus, using Lemma 5.14 it suffices to treat the case of Lipschitz continuous
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N. In this case, the arguments in [3, Corollary 7] show that both [Ny, \6t70|1/2]
and (using [12]) [No,sgn(—id: o) |5‘t70|1/2] are bounded. Since

07 = X(0.00) (—100.0)017 + X (—00.0)(—101.0)0, 1)
1, )
= 504 (1000l /2 + sen(=id0) 100l %)

1 —im .
+ 56 /4 (\8t’0|1/2 — sgn(—zat,o) \8t70|1/2)

and due to linearity of the commutator in the second argument, we infer the
assertion. O

Remark 6.3. Assume N is given as in Theorem 6.2. Moreover, assume that
N: (t,x) — N(t,z)"' is well-defined and bounded. Then N satisfies the
same integral condition (6.1) as N does. Indeed, we compute for a non-empty
interval I C R

IN(t,2) = N(s, )20
// |t—s|2 dsdt
[ [N N g
|t—8\2

N(t,z)~ N(t,z)) N(s,z)" %0 xn
//I N(s,x )Its(|2 ) N(s,2)~" |2 ds dt
< HN” // || S z |ts(2 )) ||(C"><" d dt < HN||4

At first we provide a proof of the main theorem in [3] with the present
tools.

Theorem 6.4. ([3, Theorem 2]) Let 2 C R™ be open, N: RxQ — C"*™ mea-
surable and bounded, satisfying (6.1). Furthermore assume that there exists
¢ > 0 such that for a.e. (t,z) € R x Q:

Re(&, N(t,2)€)cn > cl|€]|Zn.

Let C: dom(C) C Lo(Q) — L2(Q2)™ be densely defined and closed such
that grady C C' C grad, p > 0 and let f € Ly ,(R; L2(Q2)). Then the (unique)
solution u € Lo ,(R; L2(Q2)) of

O pu+ C*N,Cu = f
admits maximal reqularity, that is,
u € HY(R; Ly(Q)) N HY*(R;dom(C)) N La,,(R; dom(C*N,C)).
Moreover, the solution mapping f +— u is continuous as an operator from

Lo (R; Ly(9)) into HA(R; La())NH,'* (R; dom(C)) ML, ,(R; dom(C* N, 0)).

Proof. In order to put ourselves into the framework of evolutionary equations,
we introduce the variable ¢:= — N,Cu and consider

el )0 22 TN (2): o
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The latter equation is equivalent to

O pu+ C*N,Cu = f and ¢ = —N,Cu.
For a more detailed rationale on this we refer to [22, Chapter 6]. It is not diffi-
cult to see that (6.2) satisfies the well-posedness condition yielding unique ex-
istence of (u,q) € Lo ,(R; Lo(2)'1") | see e.g. [14,22]. Next, Theorem 6.2 and
Remark 6.3 yield [No_l,ﬁtl’(f] € L(La(R; Lo (Q2)™)). Thus, Proposition 5.10

1/2

implies [J\/';lﬁt’o ] € L(Ly,,(R; L2(2)™)). Hence, Theorem 5.1 applies with

¢ =0 to (6.2), which implies the assertion. O

Remark 6.5. (a) Using the extension result in [3, Lemma 11| and Corol-
lary 5.6, we obtain the corresponding local-in-time result in [3, Theorem
2.

(b) The assumption of C' to be sandwiched inbetween grad, and grad is
the same assumption as in [3] asking for either Dirichlet, Neumann or
mixed boundary conditions.

Next we provide our perspective on a main implication of the work in
8] for homogeneous initial values.
3

Theorem 6.6. ([8, Corollary 1.1]) Let Q@ C R™ be open, N: R — L(La(Q)™)
strongly measurable and bounded, satisfying (5.2). Furthermore assume that
there exists ¢ > 0 such that for a.e. t € R:

Re(€, N(£)€) L,y = cll€ll7, qyn-

Let C: dom(C) C Ly(Q) — La(Q)™ be densely defined and closed such
that grady € C C grad, p > 0 and let f € Ly ,(R; L2(S2)). Then the (unique)
solution u € Lo ,(R; L2(Q)) of

O pu~+ C*N,Cu = f
admits maximal reqularity, that is,
w e H)(R; Ly(Q)) N HY(R; dom(C)) N La,p(R; dom(C*N,C)).
Moreover, the solution mapping f — u is continuous as an operator from

Lo »(R; Lo (€2)) into H!(R; Ly (2))NH,'* (R; dom(C))NLa,, (R; dom(C*N,,C)).

Proof. Reformulating the equation in the variables u and ¢ = —N,Cu, we
obtain

(el o)+ Gwe) (e 7)) ()

With the same argument as in Remark 6.3, we infer that N: ¢ — N(t)~*
satisfies (5.2). Thus, with Proposition 5.12, Theorem 5.1 is applicable, which
yields the assertion. O

Remark 6.7. (a) Even though the conditions (5.2) and (6.1) do not compare
(see [3, Introduction]), we have established that both of the results in
[3,8] applied to standard divergence form equations can be obtained
by the same overriding principle of suitably bounded commutators with
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(’91/ *. Note that (6.1) implies boundedness as an operator in Lo, whereas

(5.2) yields infinitesimal boundedness relative to at/p only.

(b) The condition on the regularity of the coefficient N leading to maximal
regularity of the considered divergence form equation obtained in [1]
seems to be weaker than the one of (infinitesimal) boundedness of the
commutator with 8# However, note that in order to apply the max-
imal regularity theorem in [1], one needs to assume Kato’s square root
property (potentially) resulting in undue regularity requirements of the

boundary of €, which we do not want to impose here.

The above results (and the corresponding proofs) provide potential for
the following maximal regularity result, which invokes both lower order terms
and (time-)nonlocal effects in the time derivative term. This will be addressed
next.

6.2. Maximal Regularity for Integro-Differential Equations

In this section, we consider equations of the following form (see [21,23]),
which has applications for instance in visco-elasticity. We need the following
notion.

Definition 6.8. Let G be a Hilbert space, T' € Ly ,,(R>¢; L(G)) for some p >
0. We call T' admissible, if the following conditions are met:

1. for all ¢t > 0, T'(t) is selfadjoint,
2. there exists d > 0 and pg > p such that for all ¢t € R we have
tIm T(t — ipo) < d,

where
(Tt i) )= / “itse=p3(T(s5)6, ) g ds (1) € G).

Remark 6.9. As highlighted in [23, Remark 3.6]; T being admissible gener-
alises the standard assumption for convolution kernels for the class of integro-
differential equations considered in the literature.

Proposition 6.10. (|23, Proposition 3.9 (and its proof)]) Let G be a Hilbert

space, T € L1 ,,(R>0; L(G)) for some p > 0. Assume that T is admissible.

Then there exists c1,co > 0, p1 > po such that for all p > p1 we have
Re(0y,p(1+T#)p, d)p0 > (c1p —c2) (6, 8)po (6 € H,(R;G)),

where Tx € L(Ls ,(R;G)) is defined as the operator of convolving with T
(extended by zero to R).

The corresponding theorem for maximal regularity of parabolic-type
non-autonomous integro-differential equations, now reads as follows.

Theorem 6.11. Let Ho, H, be Hilbert spaces, i > 0, T € L ,(R;L(Hp))
admissible. Assume Nij: S.(R;H;) — mpZPo Lo ,(R; H;) is evolutionary at
po for each pair (i,7) € {(0,0),(0,1),(1,1)} and some poy satisfying

Re(N1161, 01)p0 > (@1, P1)p0 (01 € Sc(R; H1),p > po)
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for some ¢ > 0. In addition, assume that for all p > py and all € > O there
exists d > 0 such that

| [Nivos 017] @1lloo < ellénll, g +dilosl

po (61 € HY*(R; Hy)),

Furthermore, let C': dom(C) C Hy — Hy be densely defined and closed.
Then we find p1 > po such that for all p > p1 and f € Lo ,(R; Hy) there
exists a unique u € Lo ,(R; Hy) with

8t,p(1 + T*)u +N00,pu +N01)p./\/17171p0u + C*Nﬁ}pCu = f.
Moreover, u satisfies the reqularity
u € H}(R; Ho) N H,/?(R;dom(C)) N Ly, ,(R; dom(C*N7; ', 0)).

Proof. Using the substitution ¢q:= — Nl_l}pC'u, we consider for p > p; for
p1 > po to be fixed later

()5 e )
- <£> . (6.3)

_((A+T%) 0 [ Noo, —Noip
For M = 0 0 and N = 0 Nis,
positive definiteness condition in Theorem 2.8 is satisfied. For this, we use
Proposition 6.10 and estimate for ¢ = (¢o, ¢1) € L2 ,(R; Hy x Hy) and € > 0

, we show that the

Re((0p,pM +N) ¢, d) .0
> (c1p — €2) (60, 90)p.0 — [INoo.p | (Lo, 1)) D012 0
po +cllol2 o

— IWNo1,pll L(La, (R o)) |0 [ 9,0l 1 |
1
> (10 = ca = Won e i) — 5 Wor ol k) ol

1
+ (e 596120

Thus, choosing € > 0 small enough, we find p; > pg such that for all p > p;
we have

Re((0p M +N) 6,6)0 = 5[19]12-

Hence, (u,q) € L2 ,(R; Hy x Hy) are uniquely determined by (6.3). Note that
Theorem 2.8 asserts that actually

RN RREE I
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Since both Ny , and Ny, are bounded linear operators, we obtain
(I+T%) 0 0 0 0o -C* U
<8tvf' < o 0o)"\o wmi,) T e o g
— f + 7N007p NOLP u
0 0 0 q

_ (f — Noo,pu + N01,pQ>
0 .

Next, as the convolution operator (1+7) commutes with 9, 01, we infer with
the help of Theorem 5.1 the desired regularity statement. O

Remark 6.12. (a) Note that the coefficients of the lower order terms Ny
and Ny are not required to satisfy any regularity in time, which is
in line with the concluding example in [1]. Moreover, in the theorem
presented here the coefficient N1, may well depend suitably regular
on time, i.e., N1, may be induced by a multiplication operator, which
satisfies either (6.1) or (5.2).

(b) The results above directly apply to systems of divergence form equa-
tions, see [8, Parabolic systems] for examples concerning maximal reg-
ularity and [7, Proposition 3.8] for the corresponding formulation as
evolutionary equation.

6.3. Maxwell’s Equations
The concluding example is concerned with Maxwell’s equations. For this, we
introduce the necessary operator from vector analysis:
Definition 6.13. Let Q C R3 open. Then we define

curl(gy : Hg(curl, Q) C Ly(Q)? — Ly(Q)3, ¢+ V x ¢,
where H (curl, Q) is the space of Ly(€)-vector fields with distributional curl
in L2(Q)3 and Hop(curl,Q) is the closure of C°(Q)3 in H(curl, Q). It is not
difficult to see that curlj = curl.

The result on maximal regularity for Maxwell’s equations is concerned
with the eddy current approximation, which is a parabolic variant of the origi-
nal Maxwell’s equations. The catch is that in electrically conducting materials
like metals the dielectricity e is negligible compared to the conductivity o,
which we assume to depend on time. This setting has applications to moving
domains, see e.g. [6]. The result reads as follows.

Theorem 6.14. Let Q C R? open, p > 0 and let p = p* € L(L2(2)3); assume
p > ¢ for some ¢ > 0. Moreover, let o € L(Ls, ,(R; L2(2)?) satisfy

Re(0 B, E)po > clEI2y (B € Lo p(R; La()%).
and for all € > 0 we find d > 0 such that
I |o 00 ] @l < elléll, g + dlidlloo (@€ HA*(Rs La(2)7).
Then for all p > 0 and for all (J,K) € La ,(R; L2(Q)°) the equation

(6 0) (0 0)r (Cam 5)) (2) = (%)
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admits a unique solution (E,H) € Lo ,(R;Lo(Q)%). If, in addition, J €
H)Y?(R; Ly(Q)3) then E € Hy/*(R; Ly(Q)3) N Ly ,(R; Ho(curl, Q) and H €
H}(R; Ly ()%) N H,* (R; H (curl, ©2)).

Proof. The proof is a direct application of Theorem 5.1. O

Remark 6.15. (a) The commutator condition imposed on o is satisfied, if
o is a multiplication operator induced by a function satisfying (6.1) or
(5.2).

(b) In applications, non-zero terms K can occur for inhomogeneous bound-
ary values. A result corresponding to Theorem 6.14 is valid also for
mixed boundary conditions or with homogeneous boundary conditions
for H.

(¢) There is no condition assumed on the regularity of the boundary of .

7. Conclusion

We presented a maximal regularity theorem for evolutionary equations. The
core assumptions abstractly describe a parabolic type evolutionary equation
and lead to well-posedness on Ly , and H, ;/ % For applications, the operator
theoretic insight of the need of commutator estimates for the commutator
with 8, /? found in [3,8] showed to be decisive also for evolutionary equations.
Moreover, we showed that both conditions on the coefficients imposed in [3, 8],

which are not comparable, imply the well-posedness in H, ;/ % and hence, yield
the maximal regularity of the problem under consideration within the pre-
sented framework. Naturally, the regularity phenomenon for the unknown to
belong to H'/? with values in the form domain, observed in [3,8], resurfaced
also in the framework of evolutionary equations. The conditions derived here
are deliberately focussed on the coeflicients rather than the whole space-time
operator in order that it is possible to generate results independent of the
regularity of the boundary of the underlying domain, which is needed in [1]
in order to warrant some form of the square root property. Due to the view
of the time derivative as a normal continuously invertible operator it is pos-
sible to use a straightforward functional calculus and to compute fractional
powers of the time derivative and to work with them without the need of
explicitly invoking the Hilbert transform or other technicalities. It remains
to be seen, whether the commutator assumptions or the basic result Theo-
rem 4.1 implying maximal regularity lead to slightly stronger statements also
in the situation of divergence form equations.
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