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Abstract. We study nuclear embeddings for weighted spaces of Besov and
Triebel-Lizorkin type where the weight belongs to some Muckenhoupt
class and is essentially of polynomial type. Here we can extend our pre-
vious results concerning the compactness of corresponding embeddings.
The concept of nuclearity was introduced by A. Grothendieck in 1955.
Recently there is a refreshed interest to study such questions. This led us
to the investigation in the weighted setting. We obtain complete charac-
terisations for the nuclearity of the corresponding embedding. Essential
tools are a discretisation in terms of wavelet bases, operator ideal tech-
niques, as well as a very useful result of Tong about the nuclearity of
diagonal operators acting in ¢, spaces. In that way we can further con-
tribute to the characterisation of nuclear embeddings of function spaces
on domains.
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1. Introduction

Grothendieck introduced the concept of nuclearity in [14] more than 60 years
ago. It paved the way to many famous developments in functional analysis
later one, like the theories of nuclear locally convex spaces, operator ideals,
eigenvalue distributions, and traces and determinants in Banach spaces. Enflo
used nuclearity in his famous solution [10] of the approximation problem, a
long-standing problem of Banach from the Scottish Book. We refer to [29,31],
and, in particular, to [32] for further historic details.

Let X,Y be Banach spaces, T' € £(X,Y) a linear and bounded oper-
ator. Then T is called nuclear, denoted by T € N(X,Y), if there exist
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elements a; € X', the dual space of X, and y; € Y, j € N, such that
>y llajllx llyjlly < oo and a nuclear representation Tx = 7%, a;(x)y;
for any x € X. Together with the nuclear norm

w(T) = inf {3 sl llylly : 7= a;()u; }.
j=1 j=1

where the infimum is taken over all nuclear representations of 7', the space
N(X,Y) becomes a Banach space. It is obvious that nuclear operators are,
in particular, compact.

Already in the early years there was a strong interest to study examples
of nuclear operators beyond diagonal operators in ¢, sequence spaces, where
a complete answer was obtained in [43] (with some partial forerunner in [29]).
Concentrating on embedding operators in spaces of Sobolev type, first results
can be found, for instance, in [28,33,34].

Though the topic was always studied to a certain extent, we realised an
increased interest in the last years. Concentrating on the Sobolev embedding
for spaces on a bounded domain, some of the recently published papers we
have in mind are [5-8,49] using quite different techniques however.

We observed several directions and reasons for this. For example, the
problem to describe a compact operator outside the Hilbert space setting is
a partly open and very important one. It is well known from the remarkable
Enflo result [10] that there are compact operators between Banach spaces
which cannot be approximated by finite-rank operators. This led to a num-
ber of—meanwhile well-established and famous—methods to circumvent this
difficulty and find alternative ways to ‘measure’ the compactness or ‘degree’ of
compactness of an operator. It can be described by the asymptotic behaviour
of its approximation or entropy numbers, which are basic tools for many dif-
ferent problems nowadays, e.g. eigenvalue distribution of compact operators
in Banach spaces, optimal approximation of Sobolev-type embeddings, but
also for numerical questions. In all these problems, the decomposition of a
given compact operator into a series is an essential proof technique. It turns
out that in many of the recent papers [5,6,49] studying nuclearity, a key tool
in the arguments are new decomposition techniques as well, adapted to the
different spaces. So we intend to follow this strategy, too.

Concerning weighted spaces of Besov and Sobolev type, we are in some
sense devoted to the program proposed by Edmunds and Triebel [9] to inves-
tigate the spectral properties of certain pseudo-differential operators based on
the asymptotic behaviour of entropy and approximation numbers, together
with Carl’s inequality and the Birman—Schwinger principle. Similar questions
in the context of weighted function spaces of this type were studied by the
first named author and Triebel, cf. [15], and were continued and extended by
Kiihn, Leopold, Sickel and the second author in the series of papers [21-23].
Here the considered weights are always assumed to be ‘admissible’: These are
smooth weights with no singular points, with w(z) = (1 + |z|>)7/2, v € R,
z € R?, as a prominent example.
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We started in [17] a different approach and considered weights from the
Muckenhoupt class A,, which—unlike ‘admissible’ weights—may have local
singularities, that can influence embedding properties of such function spaces.
Weighted Besov and Triebel-Lizorkin spaces with Muckenhoupt weights are
well known concepts, cf. [1-4,12,16,35]. In [17] we dealt with general trans-
formation methods from function to appropriate sequence spaces provided by
a wavelet decomposition; we essentially concentrated on the example weight

|z|* if |z <1, .

We g(x) ~ with «a > —d, > 0,
2,p() {x|ﬁ iz > 1, o

of purely polynomial growth both near the origin and for || — co. In the

general setting for w € A,, we obtained sharp criteria for the compactness

of embeddings of type

idg g A3 (R w,5) — A2 (RY),

P1,491 P2,q92
where s3 < 51, 0 < p1,p2 < 00, 0 < 1,92 < 00, and A7  stands for either
Besov spaces By , or Triebel-Lizorkin spaces F}; .. More precisely, we proved

in [17] that id, g is compact if, and only if,

1 1
ﬁ > dmax ( — 7O)
b1 P2 p1

d d 1 1 «
s———S2+ —>max |dmax | —— —,0]),— |.
P b2 P2 D1 P1

In the same paper [17] we determined the exact asymptotic behaviour
of corresponding entropy and approximation numbers of id, g in the com-
pactness case. Now we can refine this characterisation by our new result
about the nuclearity of id,,g. One of our main results in the present paper,
Theorem 3.12 below, states that id, g is nuclear if, and only if,

and

b1

d d 1 1
8§51 — — — 82+ — >max(ddmax(,0>,a>,
b1 b2 b1 P2 b1

where 1 < p; < oo and 1 < py,q,q2 < o0.
In [19] we studied the weight

|z|* (1 —log|z|)>>, if [z[ <1,
2|71 (1 + log |z)?, if |a| > 1,

and

Wa,g)(T) =

where o = (oq,ozg), a1 > *d, g € R, ﬁ = (ﬂl,ﬂg), /81 > 7d, ﬁQ € R. Again
we obtained the complete characterisation of the compactness of

id(a.,g) : B3 4 (R wia gy) < B2, (RY),

P1,q1 P2,q2
as well as asymptotic results for the corresponding entropy numbers. The
intention was not only to generalise the weight function, but also to cover
some limiting cases in that way. Our second main result, Theorem 3.22 below,
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completely answers the question of the nuclearity of id(, gy, where now even
the fine parameters ¢, g2 are involved in the criterion.

While proving our result we benefit from Tong’s observation [43] (and
the fine paper [5] which has drawn our attention to it), and the available
wavelet decomposition and operator ideal techniques used in our previous
papers [17,19] already. Moreover, we used and slightly extended Triebel’s
result [49] (with forerunners in [33,34]) on the nuclearity of the embedding
operator

ldQ : Asl

Pp1,91

(2) — A3 4 (),

where Q C R is assumed to be a bounded Lipschitz domain and the spaces
A2 () are defined by restriction. In [5] some further limiting cases were
studied and we may now add a little more to this limiting question.

Beside embeddings of appropriately weighted spaces and embeddings of
spaces on bounded domains, we also consider embeddings of radial spaces
which may admit compactness,

idg : RAS _(RY) — RA%2  (RY),

P1,91 p2,92

for definitions we refer to Sect. 3.3 below. This has been studied in detail
in [38,39]. In particular, we can now gain from the close connection between
radial spaces and appropriately weighted spaces established in [38,39]. In that
way we are able to prove a criterion of nuclearity of the embedding idr in
Theorem 3.27 below.

The paper is organised as follows. In Sect. 2 we recall basic facts about
weight classes and weighted function spaces needed later on. Section 3 is
devoted to our main findings about the nuclearity of embeddings: we start
with a collection of known results in Sect. 3.1 which we shall need later; in
Sect. 3.2 we present our new results for the weighted embeddings described
above, while in Sect. 3.3 we turn our attention to radial spaces and nuclearity
of embeddings.

2. Weighted Function Spaces

First of all we need to fix some notation. By N we denote the set of natural
numbers, by Ny the set NU {0}, and by Z¢ the set of all lattice points in R¢
having integer components.

The positive part of a real function f is given by fi(x) = max(f(z),0).
For two positive real sequences {ax}ren and {bg}ren we mean by ap ~ by
that there exist constants ci,co > 0 such that ¢; ar < by < ¢ ay for all
k € N; similarly for positive functions.

Given two (quasi-) Banach spaces X and Y, we write X - Y if X CY
and the natural embedding of X in Y is continuous.

All unimportant positive constants will be denoted by ¢, occasionally
with subscripts. For convenience, let both dz and |- | stand for the (d-
dimensional) Lebesgue measure in the sequel.



IEOT Nuclear Embeddings in Weighted Function Spaces Page 5 of 37 46

2.1. Weight Functions

We shall essentially deal with weight functions of polynomial type. Here we
use our preceding results in [17-19] which partly rely on general features of
Muckenhoupt weights. For that reason we first recall some fundamentals on
this special class of weights. By a weight w we shall always mean a locally
integrable function w € LY¢(RY), positive a.e. in the sequel. Let M stand for
the Hardy-Littlewood maximal operator given by

1

Mf(x) = sup 7/ If(y)| dy, = €RY, (2.1)
B(xz,r)eB ‘B(J?,T” B(xz,r)

where B is the collection of all open balls B(x,r) = {y eRY: |y—x| < r},

r>0.

Definition 2.1. Let w be a weight function on RY,
(1) Let 1 < p < co. Then w belongs to the Muckenhoupt class A,, if there
exists a constant 0 < A < oo such that for all balls B the following
inequality holds

(3 o) " foree) <o

where p’ is the dual exponent to p given by 1/p’ +1/p = 1 and |B|
stands for the Lebesgue measure of the ball B.

(ii) Let p = 1. Then w belongs to the Muckenhoupt class A; if there exists
a constant 0 < A < oo such that the inequality

Muw(z) < Aw(x)

holds for almost all z € R?,
(iii) The Muckenhoupt class A is given by A = U o A,.
P

Since the pioneering work of Muckenhoupt [25-27], these classes of
weight functions have been studied in great detail, we refer, in particular,
to the monographs [13], [42], [44, Ch. IX], and [41, Ch. V] for a complete
account on the theory of Muckenhoupt weights. As usual, we use the abbre-
viation

w(Y) = / w(z) dz, (2.3)
Q
where Q ¢ R¢ is some bounded, measurable set.

Ezamples 2.2. (i) One of the most prominent examples of a Muckenhoupt
weight w € A,, 1 < r < o0, is given by wq(z) = |z|¥, where w, € A,
if, and only if, —d < a < d(r — 1) for 1 < r < oo, and —d < a < 0 for
r = 1. We modified this example in [17] by

2], el <1,
Wo.g(x) = 2.4

where «, 3 > —d. Straightforward calculation shows that for 1 < r < oo,
Wa,p € Ar if, and only if, —d<a,f<d(r—1).
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(ii) We also need the example considered in [19],

jz[** (1 —logz])*>, if || <1,

2.5
2 (1 + log o), i |2 > 1, (25)

w(a,ﬁ)(m) = {

where
a=(a1,az), a1 > —d, as €R, B=(51,02), b1 >—d, f2 €R. (2.6)

Straightforward calculation shows that w, gy € A, if max{a;, 1} <
d(r — 1). A special case here is the ‘purely logarithmic’ weight

_ "o <
wlog(x) _ {(1 10g|l’|) ’ if |1‘| = 17

= 2.7
g (1 +loglalye, i |a > 1, @)

where v = (71,72) € R2. Then wl,og € Ay for 75 <0< 7.
For further examples we refer to [11,17,18].

We need some refined study of the singularity behaviour of Mucken-
houpt A weights. Let for m € Z% and j € Ny, @ m denote the d-dimensional
cube with sides parallel to the axes of coordinates, centered at 2~7m and with
side length 277. In [18] we introduced the following notion of their set of sin-
gularities Seing(w).

Definition 2.3. For w € A, we define the set of singularities Sging(w) by

. w(Q i m)
Ssin = Ty € Rd : f o= 0}
)= et g e

U<zoeR: sup 7w(Qj’m> =00 5.
Qj,mITo |Qj,m‘

Recall the following result.

Proposition 2.4. [20, Prop. 2.6] If w € A, then [Sgng(w)| = 0.

Remark 2.5. Sging(w) is a special case of Sging(w1,ws) defined in [18] with
wo = 1, wy = w. There we also proved some forerunner of Proposition 2.4.
Let us explicitly recall a very useful consequence of the above result, cf. [20,
Cor. 2.7]. We call a cube (or ball) Q C R? regularity cube (or reqularity ball) of
a given weight w, if the weight is regular there, that is, if there exist positive
constants ¢, co such that for all z € @ it holds ¢; < w(z) < ¢, le., w ~ 1
on Q. Hence the above proposition implies that for any w € A any cube or
ball Q C R? contains a regularity cube or ball Q C Q.

Remark 2.6. In [15] we studied so-called ‘admissible’ weights. These are
smooth weights with no singular points. One can take

w(x) = (&) = (1+[2[*)?, yeR, zeRY,

as a prominent example. For the precise definition we refer to [15] and the
references given therein.
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2.2. Weighted Function Spaces of Type B, , (R4, w) and Flf’q(Rd, w)

Let w € Ay be a Muckenhoupt weight, and 0 < p < co. Then the weighted
Lebesgue space L,(R? w) contains all measurable functions such that

i ity @s = [ o a) (2.8

is finite. Note that for p = oo one obtains the classical (unweighted) Lebesgue
space,

Loo(RYw) = Loo(RY), w € Ay. (2.9)
Thus we mainly restrict ourselves to p < oo in what follows.

The Schwartz space S(RY) and its dual &'(R9) of all complex-valued
tempered distributions have their usual meaning here. Let ¢y = ¢ € S(R?)
be such that

suppp C {y e R : [y| <2} and ¢p(z)=1 if |z[<1,
and for each j € N let o;(z) = @(2772) — (277 ). Then {p;}52,
forms a smooth dyadic resolution of unity. Given any f € S'(R?), we denote

by Ff and F~'f its Fourier transform and its inverse Fourier transform,
respectively.

Definition 2.7. Let 0 < g < 00, 0 < p < oo, s € R and {<pj}j a smooth
dyadic resolution of unity. Assume w € A
(i) The weighted Besov space By ,(R%, w) is the set of all distributions f €
S’(R%) such that

1 185 o R, w)| = [[{27 |7 (s P NI LR w)] ]},

is finite.
(i) The weighted Triebel - Lizorkin space Fj (R, w) is the set of all distri-
butions f € S'(R?) such that

19155 @2 )| = [[I[{2%1 7 s FNON e, ol 1Ep®Lw)|| 211)

is finite.

(2.10)

Remark 2.8. The spaces B3 (R?,w) and F$ (R? w) are independent of the
particular choice of the smooth dyadic resolution of unity {; }j appearing in
their definitions. They are quasi-Banach spaces (Banach spaces for p,q > 1),
and S(RY) — B;ﬁq(Rd,w) — S'(R?), similarly for the F-case, where the
first embedding is dense if ¢ < oo; cf. [3]. Moreover, for wg =1 € A we
obtain the usual (unweighted) Besov and Triebel-Lizorkin spaces; we refer, in
particular, to the series of monographs by Triebel [45-48] for a comprehensive
treatment of the unweighted spaces.

The above spaces with weights of type w € A, have been studied
systematically by Bui first in [3,4]. It turned out that many of the results
from the unweighted situation have weighted counterparts: e.g., we have
FZ?,Q(Rd,w) = hp(R4,w), 0 < p < oo, where the latter are Hardy spaces,
see [3, Thm. 1.4], and, in particular, hy(R?,w) = L,(R%, w) = F,(R%, w),
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1<p<oo, we Ay, see [42, Ch. VI, Thm. 1]. Concerning (classical) Sobolev
spaces sz (R4, w) built upon L,(R? w) in the usual way, it holds

WyRY, w) = Fyy(RYw), keNy, 1<p<oo, wéeA, (2.12)

cf. [3, Thm. 2.8]. In [37] the above class of weights was extended to the class
Apc. We partly rely on our approaches [16-18].

Convention. We adopt the nowadays usual custom to write A7 , instead
of B, , or F; , respectively, when both scales of spaces are meant simultane-
ously in some context (but always with the understanding of the same choice

within one and the same embedding, if not otherwise stated explicitly).

Remark 2.9. Occasionally we use the following embeddings which are natural
extensions from the unweighted case. If 0 < ¢ < 00, 0 < ¢p < 1 < o0,
0<p< o0, 858,51 € R with s1 < sg, and w € Aso, then A3, (RY, w) —
Azt (RY w) and A3, (RY, w) — A5 (RY, w), and

P,d0 P,q1
R w) <= FS (R, w) — R%, w). (2.13)
For the unweighted case w = 1 see [45, Prop. 2.3.2/2, Thm. 2.7.1] and [40,

Thm. 3.2.1]. The above result essentially coincides with [3, Thm. 2.6] and
can be found in [17, Prop. 1.8].

B;,min(p,q)( ;,max(p,q)(

Finally, we briefly describe the wavelet characterisations of Besov spaces
with A, weights proved in [17]. Let for m € Z¢ and j € Ny the cubes Q;
be as above. Apart from function spaces with weights we introduce sequence
spaces with weights: for 0 < p < o00,0< ¢g< 00, 0 € R, and w € Ay, let

bg,q( w) = {A = {)‘jm}jeNO,mezd t Ajm €C,

d < oo}
meZa J&He

)]~ {27 (3 Dol 2 wi @)ty

and

ly(w) := {)\ = {Am}mezd 1 Am € C,

)~ (X ol 2 (@) <oo}.
mezd

If w=1 we write b7 , instead of by  (w).
Let ¢ € CM (R) be a scaling function on R with supp é C [— N2, Noj
for certain natural numbers N; and Ns, and v an associated wavelet. Then

the tensor-product ansatz yields a scaling function ¢ and associated wavelets
1, ..., a1, all defined now on R%. This implies

b, Y; € C’Nl(Rd) and  supp ¢, supp¢; C [— N3, Ng]d, i=1,...,2¢-1.
(2.14)

S
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Using the standard abbreviations
djm(T) = 20424272 —m) and Vi jm(x) = 29424 (27 2 — m)
we proved in [17] the following wavelet decomposition result.

Theorem 2.10. [17, Thm. 1.13] Let 0 < p,q < oo and let s € R. Let ¢ be a
scaling function and let v;, i = 1,...,2% — 1, be the corresponding wavelets
satisfying (2.14). We assume that |s| < Ny. Then a distribution f € S'(R%)
belongs to B;’q(Rd,w), if, and only if,

1518} g RE )" = || {07, 60.m) e o)
291

+D H {0 Yigm) Y jeng meza |bqu(UJ)H
=1

is finite, where o0 = s + % — %, Furthermore, | f|Bj (R, w)|[* may be used

as an equivalent (quasi-) norm in By (R%, w).

2.3. Compact Embeddings

We collect some compact embedding results for weighted spaces of the above
type that will be used later. For that purpose, let us introduce the following
notation: for s; € R, 0 < py,q; < 00,7 = 1,2, we call

d d
0= 81_7_82_’_7’ (215)
P1 P2
and
1 1 1 1 1 1
— = max (—,0), — = max <—,O) (2.16)
p P2 p1 q q2 q1

(with the understanding that p* = co when p; < pa, ¢* = 0o when ¢ < g2).
We restrict ourselves to the situation when only the source space is
weighted, and the target space unweighted,

idy, : A5 (RY, w) — A2 (RY), (2.17)

P1,91 P2,92
where w € A.. The identity operator id,, is a bounded linear operator if the
parameters s, p and ¢ defining the function spaces and the weight w satisfy
certain natural conditions. We refer to our earlier papers [17-19] for a detailed
description. Here we consider the weights w,, g given by (2.4), or w(a gy given
by (2.5) (with the special case w!°8 as in (2.7)) and the compact embeddings
id,,. The corresponding conditions for the compactness are formulated in
Proposition 2.11 and Proposition 2.14 below. To indicate the weight we work
with, we will write id,, g or id(,, ) instead of id,,. Moreover, we shall assume in
the sequel that p; < oo for convenience, as otherwise we have B! | (R, w) =

Bt (R?), recall (2.9), and we arrive at the unweighted situation in (2.17)

which is well-known already. We first recall the result for Example 2.2(i).

Proposition 2.11. [17, Prop. 2.6] Let o > —d, 8 > —d, wq. 3 be given by (2.4)
and

—00<8<8 <00, 0<p; <00, 0<ps <00, 0<qp,qe <o0.(2.18)
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Then the embedding

ldo‘ B Apl q1 (Rd’ wa,ﬁ) - A;é q2 (Rd)
is compact if, and only if,
d d
ﬁ>7 and 5>max(*,a>. (2.19)
p1 p* P* M

Remark 2.12. Let us briefly point out the main argument in [17-19] concern-
ing compactness assertions as we shall follow a similar idea when dealing
with nuclearity below. The argument justifies also why we can restrict our-
selves to the case when the target space is unweighted, and it shows how
the double-weighted case follows from the one-weighted one. We rely on a
reduction of the function space embeddings to corresponding sequence space
embeddings based on the wavelet decomposition Theorem 2.10: we make use
of the commutative diagram

P1,q1 P1,491

1d | i

B?2 (Rd ’wg) Si bo2 (’U)g)

Byt o (R wy) =07t (w1)
T—

Pp2,92 p2,92

with appropriate isomorphisms S and 7. Similarly, with an appropriate
isomorphism A it is sufficient to investigate the embedding of a weighted
sequence space into an unweighted one, using

bgllyq1 (wl) bgl q1 (wl /U)g)
Idl lid
o 1A7 (o
bps ‘12( ) A bpg,qa

This will be our starting point below.

Remark 2.13. In the special case a = 0 the weight wg g can be regarded as
a so-called admissible weight, wq g(z) ~ (z)? =: w?(x), recall Remark 2.6.
For such weights compact embeddings were studied in many papers, see for
instance [15,21]. The well-known counterpart of Proposition 2.11 reads as

id? Ajt ql( JwP) A2 (R?)  compact

d d
= s > — and 6> —. (2.20)
P1 p p
Now we turn our attention to Example 2.2(ii) and the model weight
W(a,3)- The compactness result reads as follows.

Proposition 2.14. [19, Prop. 3.9] Let wiy gy be given by (2.5), (2.6). The
embedding

: d
id(a,8) : Byl gy (R, w(ay) = By2 1, (RY) (2.:21)
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is compact if, and only if,

either 2L > 4. e R,
{ A 222
or Bo= 5 2> =
P1 p*’ P p*’
and
either 0 > max (ﬂ, %) , g €R,
{ Y 12 (2.23)
or 0= E > F7 H > qﬁ

Remark 2.15. In case of F-spaces there is an almost complete characterisa-
tion in [19, Cor. 3.15]. For the ‘purely logarithmic’ weight wl,og given by (2.7)
the above result, cf. [19, Prop. 3.9] reads as follows:
idiog : By (Rd,wifg) — By ., (R?) is compact

= p1<p2 6>0, meR, 7>0

Remark 2.16. Let Q € R be a bounded Lipschitz domain and 0 < p, ¢ < oo
(with p < oo in the F-case), s € R. Let the spaces B; ,(2) and F} (€2) be
defined by restriction. It is well known that

idg : A} () — A72 () (2.24)
is compact, if, and only if,
1 1
51— 82 >d ( - ) ) (2.25)
P1 P2 +

where s; ER, 0 < p;,q; <00 (p; < 0 if A=F),i=1,2.

3. Nuclear Embeddings

Our main goal in this paper is to study nuclear embeddings between the
weighted spaces introduced above. So we first recall some fundamentals of
the concept and important results we rely on in the sequel.

3.1. The Concept and Recent Results

Let X,Y be Banach spaces, T € L(X,Y) a linear and bounded opera-
tor. Then T is called nuclear, denoted by T € N(X,Y), if there exist
elements a; € X', the dual space of X, and y; € Y, j € N, such that
>y llajllx llyjlly < oo and a nuclear representation Tx = 7%, a;(z)y;
for any z € X. Together with the nuclear norm

y(T) =inf {3 ol llyslly : T=3a;()y; }-
j=1 j=1

where the infimum is taken over all nuclear representations of T, the space
N(X,Y) becomes a Banach space. It is obvious that any nuclear operator
can be approximated by finite rank operators, hence nuclear operators are,
in particular, compact.
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Remark 3.1. This concept has been introduced by Grothendieck [14] and
was intensively studied afterwards, cf. [29-31] and also [32] for some history.
At that time applications were intended to better understand, for instance,
nuclear locally convex spaces, operator ideals, eigenvalues of compact oper-
ators in Banach spaces. There exist extensions of the concept to r-nuclear
operators, 0 < r < oo, where r = 1 refers to the nuclearity. It is well-
known that A (X,Y") possesses the ideal property. In Hilbert spaces Hy, Ha,
the nuclear operators N'(Hy, Hz) coincide with the trace class Sy (Hy, Ha),
consisting of those T' with singular numbers (s,,(T)),, € 1.

We collect some more or less well-known facts needed in the sequel.

Proposition 3.2. (i) If X is an n-dimensional Banach space, then
rv(id: X — X) =n.

(i) For any Banach space X and any bounded linear operator T : £ — X
we have

v(T) = 3 ||Tei].
i=1

(i) If T € L(X,Y) is a nuclear operator and S € L(Xy,X) and R €
L(Y,Yy), then STR is a nuclear operator and

v(STR) < |[S|||RI[v(T).

Already in the early years there was a strong interest to find further
examples of nuclear operators beyond diagonal operators in £, spaces, where
a complete answer was obtained in [43]. Let 7 = (7;),en be a scalar sequence
and denote by D, the corresponding diagonal operator, D, : z = (z;); —
(1j25);, acting between £, spaces. Let us introduce the following notation:
for numbers r1, 79 € [1,00], let t(r1,72) be given by

(. {1, if 1<rp <rp < oo, (3.1)

t(r1,72) 1—%—1—%, if1<r <ry<oo.

Hence 1 < t(ry,73) < 0o, and

1 (1 1> 1 (1 1>
- (=) == (==
t(r1,72) o), Tt e T1/)

with t(rq, ) = r* if, and only if, {r1,r2} = {1, 00}.

Recall that ¢y denotes the subspace of £, containing the null sequences.
Proposition 3.3. [43, Thms. 4.3, 4.4] Let 1 < 11,173 < 00 and D, be the above
diagonal operator.

(i) Then D is nuclear if, and only if, T = (7j); € Lg(ry ), With Lygr, ry) =

co if t(r1,m2) = 00. Moreover,

V(D‘r Ay — erz) = ”Tlgt(m,rz)n'
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(i) Let n € N and D} : £} — (. be the corresponding diagonal operator
DY i = (x;)7_4 — (1525)7—1. Then

v(Dp < 00, = 0) = || ()26 )

. (3.2)

Ezample 3.4. In the special case of 7 = 1, i.e., D, =id, (i) is not applicable
and (ii) reads as

n if 1<ry; <r < oo,

Vldénﬁgn: 1 1
(d: =6 TR 1< <1y < oo

In particular, v(id : £} — %) = 1.

Remark 8.5. The remarkable result (ii) can be found in [43], see also [29] for
the case p =1, ¢ = o0.

We return to the situation of compact embeddings of spaces on domains,
as described in Remark 2.16. Recently Triebel proved in [49] the following
counterpart for its nuclearity.

Proposition 3.6. [49] Let Q C R? be a bounded Lipschitz domain, 1 < p;, q; <
00, 8; € R. Then the embedding idg given by (2.24) is nuclear if, and only

if,

81—82>d—d(1—1) . (3.3)
b2 p1 +

Remark 3.7. The proposition is stated in [49] for the B-case only, but due to
the independence of (3.3) of the fine parameters ¢;, i = 1,2, and in view of
(the corresponding counterpart of) (2.13) it can be extended immediately to
F-spaces. The if-part of the above result is essentially covered by [33] (with
a forerunner in [34]). Also part of the necessity of (3.3) for the nuclearity
of idg was proved by Pietsch in [33] such that only the limiting case s; —
So =d — d(pi2 — pil)Jr was open for many decades. Only recently Edmunds,
Gurka and Lang in [7] (with a forerunner in [8]) obtained some answer in
the limiting case which was then completely solved in [49]. In [5] the authors
dealt with the nuclearity of the embedding B;!'¢' (2) — B;2:¢2(£2) where the
indices a; represent some additional logarithmic smoothness. They obtained
a characterisation for almost all possible settings of the parameters. Note that
in [33] some endpoint cases (with p;,q; € {1,00}) were already discussed for
embeddings of Sobolev and certain Besov spaces (with p = ¢) into Lebesgue
spaces. We are able to further extend Proposition 3.6 in Corollary 3.17 below.

Remark 3.8. In [6] some further limiting endpoint situations of nuclear
embeddings like id : BY () — L, (log L)4(£2) are studied. For some weighted
results see also [28].

Remark 3.9. For later comparison we may reformulate the compactness and
nuclearity characterisations of idg in (2.25) and (3.3) as follows, involving
the number t(p1,p2) defined in (3.1). Let 1 < p;,¢; < 00, s; € R. Then

idQ T AT

P1,91

(Q) — A7 () iscompact <= 0> ;t% and
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. 1 s . d
idg : A3t () — A2 () isnuclear <= §> i)’
Hence apart from the extremal cases {p1,p2} = {1,00} (not admitted in

Proposition 3.6) nuclearity is indeed stronger than compactness also in this
setting, i.e.,
idg : A}, (92) — A2 () is compact, but not nuclear
d d
= S <0< —.
P t(p1,p2)

We shall observe similar phenomena in the weighted setting later.

3.2. Weighted Spaces

We begin with some general implication from Proposition 3.6 for Mucken-
houpt weights w € A,. Here we benefit from the regularity result Proposi-
tion 2.4, in particular, the observation recalled in Remark 2.5.

Corollary 3.10. Let 1 < p;,q; < 00, s; € R, w € Ax. If the embedding

: . AS d s d
idy : APian (R ,w) - Api,qz (R )
is nuclear, then
1 1 d
81—82>d—d(—> , e, 0>——m—. (3.4)
P2 P11/, t(p1,p2)

Proof. Assume that id,, is nuclear and 2 is a regularity ball for w which
always exists according to Remark 2.5. Consider now the spaces Ajl  (€2)
and A2 (€2) defined by restriction (and equipped with the equivalent norm
induced by the regularity ball), together with the corresponding linear and
bounded extension operator, cf. [36]. Then Proposition 3.2(iii) implies the
nuclearity of idg : A} | () — A72  (€2) which leads to (3.4) by Proposi-

tion 3.6. O

Remark 3.11. Later we can slightly extend the above result and incorporate
limiting cases p;, ¢; € {1,000}, see Corollary 3.19 below. Note, that the above
result is in general a necessary condition for nuclearity only, as the simple
example w = 1 € A, shows: in that case the unweighted embedding id :
Asr (R — As2 (RY) is known to be never compact (let alone nuclear),

P1,q1 P2,42
no matter what the other parameters s;, p;, q; are.

We return to the weight function wa g in Example 2.2(i) and give the
counterpart of Proposition 2.11.

Theorem 3.12. Let o« > —d, 8 > —d, wa g be given by (2.4). Assume that
1<p1 <00, 1< ps<oo (p2 <o in the F-case), and 1 < g; < 00, s; € R,
i =1,2. Then the embedding idq g : A5! , (R wq ) — A3z . (R?) is nuclear
if, and only if,
d
b >

_—> and 0 > max (d a) . (3.5)
p1 t(p1,p2)

t(plapQ) ’ ZTl
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Remark 3.13. Note that dealing with the weighted setting we have the same
phenomenon in Theorem 3.12 compared with the compactness result Propo-
sition 2.11, as described in Remark 3.9 for the situation of spaces on bounded
domains: the stronger nuclearity condition (3.5) is exactly achieved when p*
is replaced by t(p1, p2).

Proof. First note that in view of (2.13) and the independence of (3.5) from the
fine parameters ¢;, i = 1,2, together with Proposition 3.2(iii), it is sufficient
to consider the case A = B, i.e., the Besov spaces.

Step 1. We first deal with the sufficiency of (3.5) for the nuclearity.
We return to Remark 2.12 where we explained our general strategy. Thus, to
show the nuclearity of id, g it is equivalent to proving the nuclearity of

. o o . d d )
id: byt (wa,p) = bp2,, with o5 =s; — 3 i=1,2,
which is obviously equivalent to the nuclearity of
id : bgll;lim (wa,ﬁ) - bgzﬂz’
which in view of o1 — 05 = J can be written as
ld : bgl,ql (wa’ﬁ) — ng (KPZ)' (36)
Note that
2 Ja if m =0,
Wa5(Qjm) ~ 27790 [277m|” if 1 < |m| < 27, (3.7)
2-im|” it jm| > 27,

The operator id is compact if the conditions (3.5) are satisfied, cf. [17]. We
split id : b5 (wa,3) = lg,(£p,) into

id =id; +idy  with id, 1 8, (wa,8) = L4 (L), 7=1,2.

The operator id; is defined as a composition of id with the projection

. . Njom if [m] < 27,
glh (61?2) Sl (>‘j7m)j7m = ()\j,m)j,m € elh (epz)’ >\j,m = {07 if ‘m| > 97
In a slight abuse of notation we can understand id; as
. i(— < jd a
idy < g, (207 () = £ (),
with
6= 231 1 anY || — || £ 93— ) Pr
[ (278 (mi) | = {27 (X Daml pml) ™} e

|m| <27

A simple argument that justifies this identification is left to the reader.
Now we study the nuclearity of id; and ids. We further decompose idy
into
o0
idy =) idy; with idy; =Q;oid’ oP;, (3.8)
j=0
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where P; is the projection onto Eiid(\m\“), hence

(56— < jd jd (-
1P o (70 (ml)) = & ()| = 2790,

Ezjd(|m\ ) — £p, is the embedding on level j, and Q; is the embedding

of Ly, into £y, (€,,) with ||Q; : £y, — €4, (€p,)|| = 1. Thus Proposition 3.2(iii)
yields

v(idy ;) < v(id)277C073) | j e N,. (3.9)
Consequently, (3.8) and (3.9) lead to
v(idy) < 2790750y (idd). (3.10)
=0

Next we decompose id? into certain diagonal operators and the natural
embedding,

id = (id: 2, = 8,) 0 D_o 0 Dq

with
jd d o
D 2 (Jm|®) — 2%, Dy : {Aimbimi<ar = g mlm[o Fmi<2s,
D 2 (i) — 2] =1,
jd jd _
D_, 131271 - gzg)z > D_.: {Nj,m}|7n\<2j = {Mj mlml L }\m|<2j’
— —pr 02
AD-) = [{lm 5} 16
id: 02" sy, id s { N} m| <2 {Aj,m}mezd,
~ ;i |m| < 2j jd
Ny = I T id 2 —1,
05 {07 |m| 2 2J’ || sz
where we applied Proposition 3.3, in particular (3.2). Thus
V] < —p& 274
v(id?) < {|m| ; }\m|<zf LA (3.11)

It remains to calculate the latter norm. First assume that t(p1,p2) < co. In

this case,
_a oid
m| P } /l
H{| | Im‘<2j t(Ph:Dz)

_ Z |m|—p1t(p1,p2) Z Z t(p1,p2)

t(p1,p2)

|| <29 k=0 |m|~2k
J oot ) : k(d (p1,p2))
—k-2>t(p1,p2) okd —t(p1,p2
~ E o~ ko ARES g 27 m
k=0 k=0
Jjld—2-t(p1,p2)) _ d o
2 i > t(p1,p2) Z p1’
) _d_ _ a
(312) Js t(pi,p2) ~ p1°
1, Ty <o

t(p1,p2) p1°
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Thus (3.10), (3.11) and (3.12) result in

2j(t(1’1 P2) ﬁ)’ __da > @

oo (5 . t(p1,p2) p1’
—J ey ey d o
l t( ) —L =
d1 ZO P1.p2 W) =,
= _d - a
L t(p1,p2) < 1’
i@ “t(p1, P2)) d o
22 t(p1,p2) > p1’
oc 1
EEAC TR P L vy B -
~ 22 LR, t(pi,p2) ~ p1’
Jj=0
00
(6—17—) d o
I _d o
22 t(p1,p2) < p1°
Jj=0

Hence v(idy) <ec< oo if 6 > max(m ) as assumed by (3.5).

If t(p1,p2) = oo, i.e., if p1 = 1 and py = oo, then v(id’)<1 if @ > 0 and
v(id’)<279% if a < 0. In consequence,

o0
v(idy) < ZQij(‘;*max(a’O)) < 00 if d > max(,0).
j=0
Next we deal with
idy bé (wa,ﬁ) — ng (ZP2)’

P1,91
which is a composition of the identity map id with the projection
N N Njom i [m] > 27,
Cop(lps) 3 Njom)jm = (Njm)jom € Loy (bps)s Ajom = {OJ - m| < 2

such that (in a slight abuse of notation) we can understand ids as

(55— LB
id? : é‘h (2](5 P )€p1(|m|ﬁ)) — e% (epz)v

with
i(5— B i(5— B L
ew (2Rt (i) | = [ (S Wit )l
|29 e
Again we decompose
idy = idy; with idy;=Q;o0id oP;, (3.13)
§=0

where ﬁj is the projection onto ¢, (|m|?), hence
5 (65— B 8
|25 5 0 (P, (1ml?)) = 4, (ml?) | = 2775,

i . 0y, (|m|P) — £, is the embedding on level j, and @j is the embedding of
Ly, into £g, (Lp,) with ||Q; : £y, — L4, (£p,)]] = 1. Proposition 3.2(iii) together
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with (3.13) yield

v(ids) < ZZ O 1/ 1d ) (3.14)

e .
if id” is a nuclear map. So we proceed similar as above,

id’ = (id: 4y, = 4,) 0 D_go Dy

with

Dpg : €p1(|m| ) = Loy, Dt {Njm}m|>20 — {)\] m|m|pl Hom|>29 5

|Dg : £y, (Im]”) — £y, || = 1,

_B
D_g:lp, =Ly, Dp:{pjmbim>2 = {tmlml” 71 }m>as,
_s

e ]
id:lp, — €p,, id : {Aj i mi>20 = AN m fmezd,

< Nim, |m|>29, ~

= o, m <, M4 Gl =1

where we applied Proposition 3.3(i). Hence

v(d) < |[{iml 7} Yl (3.15)
|m|>27 ’
It remains to calculate that norm. If ¢(p1, p2) < oo, then
s t(p1,p2)
H{|m| " }lm\>2j ewrpa)
_ Z |m|*p1t(p1,p2) Z Z |m|77 (p1,p2)
|m|>27 k=j |m|~2F
N 22 ki tpp2)ghd ZQk(d t(p1p2)) , oi(d— 2 t(p1.p2) (3.16)
k=j
using our assumption (3.5), i.e., t(p;Lpz) < £+ Thus (3.14), (3.15) and (3.16)
result in
l/(idg) < ZQ_j(J_%)Qj(t(md,Pz)_%) = ZQ_j(é_t(md,pz)) < c< oo
3=0 3=0

in view of (the second part of) (3.5) again.

If t(p1,p2) = oo, that is, p; = 1 and py = oo, then id” is nuclear if
{Im|™P}m>25 € co C €, recall Proposition 3.3(i). This requires 3 > 0 and
leads to

V({;ij) <2798, S0

v(ids) <Y 2770 <00 i 5>0.
j=0

This concludes the argument for the sufficiency part.
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Step 2. Now we show the necessity of (3.5) for the nuclearity of id, g
and begin with the global behaviour of the weight and have to prove that the
. . . . ﬁ d ﬁ d
nuclearity of ids g 1m;?hes or Z Eopa) So assume = < oy We return
to our above construction. Let & € N and consider the following commutative
diagram

(85— L2 idz
lr (ZOT300,, (Im]?)) —2 14, (¢5,)

P’J le
e (Im)?) e
where
Hm, -7 = 0) 1 S m S Qk,
Pyt {ptm Y imi<or = {NimYienomiz2is Njm =4 . m
0,  otherwise,
and
Xom, 1< |m| <2,
Q- {Aj,m}jeNO"mlzzj — {Mm}lm\SQk, L = ,m | ‘
0, otherwise,

such that || Py|| = [|Qxl| = 1, k € N. Thus
v(id¥) < v(idy), ke N.

Similar as above, let

kd kd _B
Dg - 62 512)1 (Im|?), Dg : {Hm}|m|<2k = { i [m |71 }\m|g2k7
Do s 2 = 2 (mi?)| =1,
zkd zkd =
D_g: 5 fp,z ) D_p: {Hm}|m|g2k = {pm|m| P }\m|§2k7

_ -£ 72"
v(D_g) = H{|m 1} m|<ab | t(phpz)H

where we applied Proposition 3.3, in particular (3.2). Then

_B kd X
H{|m " }Im\<2k gz(m,pz) = V(Dfﬁ) = V(ldk oDﬁ)
< ||Dg|| v(id*) < v(ids), k€ N. 3.17
B
On the other hand, parallel to (3.12),
_B8 okd t(p1.p2)
i}
_ Z ||~ 71 t@1P2) Z Z %t(pl,pz)
|m| <2k 1=0 |m|~2!
k k
~Y ol tprp2)gld _ 3 oUd= Tt (p1,p2))
1=0 =0
k(d—%t(m,pz)) d B
~ {2 © Epipa) © pp (3.18)
k —d___ 5
) t(p1,p2) p1’



46 Page 20 of 37 D. D. Haroske, L. Skrzypczak IEOT

for arbitrary k& € N. But this leads to a contradiction in (3.17) for v(ids) < oo
in the considered cases. Thus £ > —4
p1 7 t(p1,p2)
We are left to deal with the local part of the weight which is related to
the second condition in (3.5). Since any nuclear map is compact, the nuclear-

ity of id,, g implies its compactness which by Proposition 2.11 leads to § > z%'

It remains to show & > in all admitted cases of the parameters. If

1 < p;,q < oo,i=1,2, this is an immediate consequence of Corollary 3.10.
If t(p1,p2) = oo, ie., p1 = 1 and po = oo, then t(p1,p2) = p* and the
statement follows from Proposition 2.11 again. We are left to deal with the
limiting cases of p; and ¢;, i = 1,2, in case of t(p1,p2) < 0.

Assume that id is a nuclear operator. Then id; is also a nuclear operator
and v(idy) < v(id). For a fixed k € N, let 7 : {1,...,2%} — {m e Z¢: 2F <
|m| < 2¥+1} be a bijection. For simplicity we assume that #{m € Z% : 28 <
|m| < 281} = 2k neglecting constants.

First, let us consider the following commutative diagram

i(§— ) oid o id jd
lar (2“ 2 (|l )) L (Ef,z )
| |@x (3.19)
kd id* kd
e, — 0,
where

pis Jj=k+1, m=mg(i),
I : {Hz’}izl ..... okd > {Aj7m}j€N[),‘m|§2J? Ajm = {

0, otherwise,

(3.20)
and
Qk : {Xjim bjeng imi<ai = {fitizr,.oka, i = Megrm i i =7, (m).
Both operators @) and II; are bounded. Moreover

HQk L, (esz'd) & =1, ken,

and

et (2O (i) = 27| = 2007, ke

since [m|® ~ 2k if m € m({1,...2%}). Thus

2t = p(id¥) < 2¥u(id), ke N. (3.21)
Hence, letting £ — oo, we obtain § > m'
It remains to exclude the case § = W > 0. The operator id; is

nuclear, so there exist f; € ({g, (2j(é_ﬁ)€gid(|m|a)))’ and g; € £, (Zf,‘;d) such
that

idi(A) = Z fi(N)gi
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with

Z [ 100 @O0 Gy | [gsteas (2] < oo
We choose 0 < € < 1 and take i, such that

S | @ mieny | outtn @) <

i=i,+1

Let X, = ﬂ:"zl ker fi and id.(\) = 22, ., fi(A\)gi- The operator id. is
nuclear and v(id.) < €. Moreover, if A € X, then A = id;(\) = id.(\). We
consider the subspaces X = Hk(ff)lzd), k e N, cf. (3.20). If k is such that
24k > i, then dim (X, N X) > 29 — i, since codim X. < i,. Now we can
repeat the argument used in the diagram (3.19) for the operator id.. More
precisely, if k. = dim (X. N X}), then we have the following commutative

diagram
o (2O (mpy) 2= 1, ()
Hk,sT J{Qk,s (322)
Ekg id*e gks
p1 P2
with IIj . and Q. defined in a similar way as above, i.e., Il . is the restric-

tion of II; to ﬁgj. Note that IIj . is a linear bijection of é’;j onto X, N X,
and id; =id; on X; N X.. Thus

p(id" : 47 — 63)
= v(k,c 0ide 0Qk,c)
< e s 5 — 0y (27 (k™) )| i) || @ue - s (7)) — 285
< 2" v(id.) < ¢ 2Me. (3.23)
On the other hand, in view of (3.2),

1 1
v(id¥e : gk — fhe) — dim (X) N X.)Tnmm = k7 > (200 )T

Together with (3.23) and in view of our assumption § = m we thus

arrive at

(2kd — zo)m < 2k thatis, (1-— i02*kd)w{m> <de kel
(3.24)

Taking k — oo with fixed € and i, we get the contradiction. 0

Remark 3.14. We briefly want to discuss the above result and compare it
with the compactness criterion as recalled in Proposition 2.11.

In view of the parameters (2.18) we now naturally have to assume
the Banach case situation, i.e., p;;q; > 1, ¢« = 1,2, when studying nucle-
arity. Moreover, as an easy observation shows, it might well happen that
for certain parameter settings the compact embedding id, s can never be
nuclear, independent of the target space. This is, for instance, the case when
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PLI + % < 1, as then (3.5) for § is never satisfied. Moreover, this excludes, in
particular, an application of Theorem 3.12 to the situation of Sobolev spaces,
idy 5 Wh (RY, wa 5) = W2 (RY), 1 < p; < o0, and k; € No, i = 1,2, based
on (2.12) and Theorem 3.12 with A = F. Here we would need wq g € A,,
which, by Example 2.2(i), reads as —d < «,8 < d(p1 — 1). But, as just
observed, this contradicts (3.5) for 3. So it very much depends on the source
space, including the weight parameters, whether or not in some compactness
case the embedding id, g is even nuclear.

s Ast (Rd, Wa,3)

P1,41

A
e

compact

(R%)

o 1,68 1
dp1 p1+dp1 p

To illustrate the difference between compactness and nuclearity of id, g
in the area of parameters in the usual (%, s) diagram above, where any space
Aj o 1s indicated by its smoothness and integrability (neglecting the fine index
q), we have chosen the situation when

1] @ 1

—>1>—>1—-——>0.
dp: dp, D1

In the sense of Remark 2.13 we can immediately conclude the nuclearity
result for embeddings of spaces with admissible weights.

Corollary 3.15. Let § > 0, w’(z) = (2)’. Assume that 1 < p; < oo, 1 <
p2 < 00 (p2 < 00 in the F-case), and 1 < q; < 00, s; € R, i =1,2. Then the
embedding id? : A5t (R, wh) — A2 (R%) is nuclear if, and only if,

P1,91 P2,q2

d d
Bo_ 4 i §x—94 (3.25)
p1 t(p1,p2) t(p1,p2)

In view of (2.20) we observe the phenomenon again that the nuclear-
ity characterisation is distinct from the compactness one by replacing p* by
t(p1, p2) only. In particular, when t(p;, ps) = p*, that is, when p; = 1 and
p2 = oo (recall that we always assume p; < 00), thus A = B, then nuclearity
and compactness conditions coincide. In that case t(pi,p2) = p* = oo and
Theorem 3.12 together with Proposition 2.11 imply the following result.
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Corollary 3.16. Let o > —d, 8 > —d, wa,p be given by (2.4). Assume that
1<q <00, s €R, i =1,2. The following conditions are equivalent

i) the operator ids.g: B (RY wa g) — B2 . (RY) is nuclear,
Ne] 1,91 B 00,92

ii) the operator ida 5 : BS' (R* wa 3) — B2 (RY) is compact,
.8 1,91 B 0,42
(iii) B> 0 and § > max(0, a).

We can also extend Proposition 3.6 to limiting cases pi, p2, q1, ¢2 equal
to 1 or co. The generalisation follows easily from Theorem 3.12 for domains
with the extension property, in particular for bounded Lipschitz domains.
The sufficiency part has already been obtained in [5, Thm. 4.2], we may
now complete the argument for the necessity part and thus partly extend [5,
Cor. 4.6], i.e., when a; = ag = 0 in the notation used in [5].

Corollary 3.17. Let Q C R? be a bounded Lipschitz domain, s; € R, 1 <
Di, @i < 00 (p; < oo in the F-case) . Then

idg : A3t (Q) — A2 (Q) s nuclear if, and only if, & > TRS)

(3.26)

Proof. Since the g-parameters play no role it is sufficient to prove the corollary
for Besov spaces. The corresponding statement for the F-spaces follows then
by elementary embeddings.

For the sufficiency part we benefit from the result [5, Thm. 4.2] (with
a3 = as = 0 in their notation). The necessity can be proved in a way
similar to the local part in the Step 2 of the proof of Theorem 3.12.
Using the standard wavelet basis argument with Daubechies wavelets we
can factorise the embedding ¢, (2j6£§id) — Ly, (E?,;d) through the embedding

idg : Byt () — B;2 . (2). Then we can argue in the same way as in Step 2,
(3.19)-(3.24) of the proof of the last theorem. O

Remark 3.18. Parallel to Corollary 3.16 we can thus state that for arbitrary
q1,42 S [].700],
Bf}ql Q) — ng’qQ(Q) compact <~ Bf}ql Q) — ng,qQ(Q) nuclear
< S1 — S92 > d,

and

B3 () — By?,(Q2) compact <= B, () — By, (?) nuclear
< S1 > Sa,

recall Remark 2.16. Hence in the extremal cases {p1,p2} = {1,000} compact-
ness and nuclearity coincide. In the usual ( 1%, s)-diagram below, where any
space A5 () is characterised by its parameters s and p (neglecting ¢), we
indicated the parameter areas for (p%,sz) (in dependence on a given orig-

inal space Aj! () with (p%,sl)) such that the corresponding embedding

1 . S1 52 1
idg : A3t (Q2) — A2 (Q) is compact or even nuclear.
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Corollary 3.17 leads immediately to an extended version of Corol-
lary 3.10.

Corollary 3.19. Let 1 < p; < 00, 1 < pa,q; < o0 (p; < o0 in the F-case),
si €R,i=1,2, we Ay. If the embedding
idw : A;Jh (Rd’ w) - Als?i,lh (Rd)

is nuclear, then

1 1 d
51—32>d—d(———) , e, 0>_—r.
P2 P/ t(p1,p2)
Proof. One can copy the proof of Corollary 3.10 and benefit from the exten-
sion of Proposition 3.6 (used there) to the above Corollary 3.17. g

Remark 3.20. In the sense of Remark 3.11 we can add a further simple argu-
ment now, showing that the above criterion is a necessary one for nuclearity
only: when p; = oo and w € A, (arbitrary), then in view of (2.9) the
above embedding id,, is an unweighted one which is never compact (let alone
nuclear).

Now we study the counterpart of Theorem 3.12 for the weight function
W(qa gy in Example 2.2(ii). For convenience we recall the following well-known
fact, which can also be found in [19, Lemma 3.8].

Lemma 3.21. Let v e R, » € R, j € N. Then

i 2k'yk;«r ~ 2j’yj%7 Zf v > 07
— 1, if v <0,
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and
; 1, if < —1,
DoRT S ks
k=1 log(1+7), if »=-1,

always with equivalence constants independent of j.

Now we can give the counterpart of the compactness result Proposi-
tion 2.14.

Theorem 3.22. Let w(, gy be given by (2.5) with oy > —d, as € R, 31 > —d,
Bo € R. Assume that 1 < p1,q1 < 00, 1 < pa,qa < 00, s, € R, 1 = 1,2.
Then the embedding id(q g) : B! . (R wia g)) — B2 ., (RY) is nuclear if,
and only if,

; B1 d
etther T TRE B2 € R, (3.27)
or JEF d B2 > 1 :
P1 t(p1,p2)’ 1 t(p1,p2)’
and
d
either § > max (m , W) ag € R, (3.28)
or 0=0t> oo, R > Ll .
t(Pl wp2)’  p1 t(q1,92) "

Proof. Step 1. We proceed essentially parallel to the arguments presented
in the proof of Theorem 3.12. So again we may restrict ourselves to the study
of the corresponding sequence spaces where the counterparts of (3.6) and
(3.7) now read as

id b)), (Wia,8)) = Lgs (Lpy) (3.29)
and
27J (] 4 j)2 if m = 0,
Wia3) (Qjm)~ 2794 4 [27m| ™ (1= log|27m|)™ if 1 < |m| < 2/, (3.30)
|2_jm‘ﬂ1 (1 —&—log‘2‘jm|)ﬁ2 if |m| > 27.
We split id = id; +ids as above, where only the weight w, s has to

be replaced by w( g). First we consider the non-limiting case ¢ >

max (2L By the same arguments as in the proof of Theorem 3.12 we

p1’ t(p1 Pz))
arrive at the following counterpart of (3.10),

v(idy) < Z )y 1dj) (3.31)
§=0

The counterpart of (3.11) is

(3.32)

i) < | (il 1= o 2 i

m|<27
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We calculate the norm. First we assume that t(p1, p2) < co. Thus

g . ag 2jd t(phpz)
T p1 — -7 T p1
[{imi 3 0 - ogl2mp 3 e
_ Z |m|fplt(p1,p2)( log‘? ]m’ t(p1,p2)
\m|<27
Z Z lt phpz)( 10g|2 ]m’ t(p1,p2)

k=0 |m|~2Fk
J N N
~ Z dez—kﬁt(:ﬂlmz) (1+j— k)_Tft(p17P2)

k=0

iA=Lt ,p2)) Z OF(Gr — G ay )t (P1p2) = 5t p1,1?2)’ (3.33)
k=1

such that (3.32) and Lemma 3.21 imply

ag o

v(id?) < (1+j4)" 7t it — > , as €R, 3.34
(id’) < (1+4) g s S (3.34)
v(id) < PGEe ) i 2o , a2 €R, (3.35)
p1 - t(p1,p2)
oo M- _ @ a2 !
p1 t(p,p2)” pr T t(pi,pe)’
vid) < (14 j)smew 5t oL 1 g4
- p1 t(p1,p2)” p1  t(p1,p2)
i 1 . . o1 d o2 1
v(id’) < logt®®i.r2) (1 + j5) if — = B (3.37)

pi tpu,p2)” pr t(p1,p2)

We study the different cases to estimate v(id;) by (3.31). In case of (3.34)
we obtain that

pidy) <2707 (14 )75 <e < oo

if
(&3] d

(0%
—_ > —— §>-L and as € R.
p1 t(p1.p2) P1

In all other cases (3.35)—(3.37), we obtain that
v(id;) <c < oo it 6> ——.
(id:) < t(p1,p2)

Hence our assumption (3.28) ensures the nuclearity of id;.
Now let t(p1, p2) = o0, i.e., py = 1 and py = co. Thus in a parallel way
as above,
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—aq —q — jd
H{|m| (1—log[2~/m|)=e2}, | o 102
9—jou if o <0,
< C (145 if ap=0 and s <0,
1 if a1y >0 or a;=0 and as >0.

So

v(idy) < Z 2770=)y(id7) < oo if § > max(aq,0).
3=0

We deal with ids and again follow and adapt the arguments in the proof
of Theorem 3.12. The counterparts of (3.14) and (3.15) lead to

v(ids) <22 3= p1 V Nj)

s o
< Z i {m| L (1+1log|277m|) » } e (p1.,p2)
i=0 |m|>2i
(3.38)
Now, if t(p1,p2) < 0o, then
t(p1,p2)
|{m (1—|—10g|2 ]m|) } v |€t(p1,p2)
|m|>27

~ Y |7 ¥ (1 1 log 12—fm|)_%“pl’p2)

\m\>2j
NZ Z ‘m‘*f (p1,p2) (1+10g|2 gm|) t(p1,p2)

1= |m|~2!
~ Z QZ(d—%t(lez)) (1 +1— j)*%t(l’lapﬂ

1=

which by Lemma 3.21 is finite if, and only if,

d d 1
either @>7, G €R, or @:7, @>7,
p1 t(p1,p2) p1 t(p1,p2)’ p1 o t(p1,p2)

(3.39)

assumed by (3.27). If t(p1, p2) = 00, that is, p; = 1 and py = oo, then for the
nuclearity we first have to ensure that {|m|=%(1 + log |279m|) P2}, 50: €
¢p C oo, recall Proposition 3.3(i). So we benefit from our assumption (3.27)
which reads in this case as #; > 0 or 1 = 0 and (5 > 0. Furthermore, we
conclude that

2-i81 if 31 > 0,

—b51 —Jj —B2 ) <
e NN 22 S



46 Page 28 of 37 D. D. Haroske, L. Skrzypczak IEOT

In other words, in both cases we arrive at

Ba
{imi% @ togl2im) e
m|>23
Gy~ i B
N{Q T, i > iy B €R,

e B d B2 1
1 if p1 ~ t(p1,p2)’ p1 > t(Pth)’

and (3.38) results in v(ids) < ¢ < oo since 6 > W) p) by (3.28). This
completes the proof of the sufficiency in the non-limiting case.

)

Step 2. Next we consider the limiting situation § = % > W and
22 > . We deal with the case max{t(pi,p2),t(¢q1,92)} < oo and the

P1 t(th q2)"
case max{t(p1,p2),t(q1,¢2)} = oo simultaneously. Now

iy < g, (€27 (Jm]* (1= Tog [277/ml)™) ) = €y, (¢,),
with
[ (2 (i (0= 10g2-7ml)) )|
1
_ . |p a _ —Jj az | P1
—H{(Im%w,mwm N log 27 m) |

Let I; ={m e Z%: 2771 <|m| < 27} if j € N and Iy = {0}. We decompose
idy in the following way,

oo

idy = Z i:iLj

Jj=0

where

~ Akm  ifk>jandm € Iy,
{ldl,ﬁ\} = :
k,m 0 otherwise.

First we show that the operators i?il’j are nuclear and that

o2
{k " }k> [Cear.a2)

In a similar way as above we factorise the operator ﬁl,j through the
diagonal operator. Now j is fixed and m € I;, i.e., |m| ~ 27. So we can take

V(ﬁLj) < ch(“Plde)_%ll) ‘

the operator Dj : £y, ((2)") — £q,(£2") defined on the mixed norm space

(1) = {X = D beeso, mer,

e 1 =(3 (3 Penl) ) < o0}

£=0 mel;

Dit {humt = Demlm| 7 (+1)" 57}, £eNy, mel.
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/\_/

Similarly we define the target space £g, (¢2)"). Then

idl j

Cor ()" (Iml (1 = 1og [279m[)2) ) =2 14, (05,)

- n

jd D; jd
&h (612)1 ) - €q2 (61272 )

where

Ty {m} = {em = Aeynlm| 2 (€ 4+ 1) 71 }om if €=k —j € No and m € I,

and
P {xem} — {Njrem}s teNy and me ;.
Moreover ||P;|| = 1 and the norm ||7}|| is uniformly bounded in j € Ny.
The operators
Vil = by Dis{deen, = {0+ 1) 7 e,
and

jd _ag
Dy : 612)1 - 6;2;; s D, : {Nm}melj = {|m‘ P ﬂm}melj

are nuclear and

w0 = | {075} V| o0 = {7180
(3.40)
Let
Di(v) = Zak(ﬂym ar € (lg,) =1Ly, and yy € Ly,
k=0
and

> jd jd jd
p) = biwwe,  bee () =0 and w €l
be the corresponding nuclear decompositions. We define the following (dou-
ble) sequences,
ke = {ak,ibe.n bieNner; k.l € Ny,
and
2,0 = {Yk,iZen fieNnel, k,t € No.
One can easily check that, for each k., ¢ € Ny,
dj id \/ jd
Cre € Ly (612)’1 ) = (glh (51231 )) ) Hck,ewqi (612;'1 )H = Hakwqi

and

9Jd
‘bf |61

jd
2k € étn (612;2 ) ) H H = ”ykw%” fo‘é
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Moreover,

Z Hck,ewqi (fzzd)H sz’ew% (fz;d) ‘
k.

= > el Nyl 01D el
k L

Direct calculations show that (appropriately interpreted)

D;(N) =Dy ({D2 (emdmer, ) }eem) =3 creN)zpee
k4

jd
el

‘ <o, (3.41)

So D; is a nuclear operator. Taking the infimum over all possible nuclear
representations of D1 and Dy we get

v(D;) < v(D1)v(Ds)

_ o2 o1 oid
e ST (T ST

GG~ 1) o
< 2 T H{(€+ 1) m }ZGNO |£t(Q17Q2)

{

)

cf. (3.40) and (3.41). In consequence,

] <~ A B _ay
V(ldl) < ZV(ldl,j) < ;2J(t(m,p2) ) H{k P1 };@j |£t(q1,q2)

=0

< 0

since < % and % >

d
) t(p1,p2) p1
ciency.

Step 3. It remains to show the necessity of (3.27), (3.28) when id (4 g :
Bst (R wig gy) — Bs2 . (R?) is nuclear. First we collect what is immedi-
ately clear by Corollary 3.10 and Proposition 2.14, in the same spirit as in
the beginning of Step 2 of the proof of Theorem 3.12. Thus the nuclearity of

id(a ,B8) implies

m. This completes the proof of the suffi-

d 1
0> ——, and (5>ﬂ or 5:% and%>—*.
t(p1,p2) P P1 P q

Moreover, in the limiting cases t(p1,p2) = oo or t(q1,¢2) = oo the sufficient
conditions coincide with the conditions for compactness, therefore they are
necessary.

Let t(p1,p2) < oo and t(q1,q2) < oo. Using [19, Cor. 3.11] we get
Byt (Rd,wd’ﬁ) — Bp! ., (R, w(q,g)) Where & < a; or & = oy and as < 0,
and B > 1, or B = 1 and (2 < 0. Thus the nuclearity of id(, g) implies the
nuclearity of id af which by Theorem 3.12 leads, in particular, to

3 d
B _d
p1 - t(p1,p2)
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hence ﬁ—l > W’ B2 € R, or é > W and (2 < 0. So we are left to
deal Wlth the limiting cases in (3 27) (3.28), that is, when
d d
b = — and g=. %
p1 t(p1,p2) p1 t(p1,p2)
We prove it by contradiction and assume first % = t(pldpz), ut Bf < m

We follow essentially the same argument as in Step 2 of the proof of Theo-
rem 3.12. The counterpart of (3.17) reads now as

_b _ _ B2 kd .
H{m 7 (1 —log |27 m|) " } i< 1oy || S ¥(id2), k€N,
(3.42)
On the other hand, similar to (3.33),
t(p1,p2)
_b1 K _ B2 21«1
H{|m 71 (1—10g|2 m}) m} |<2k| t(p1.p2)
_ Z ‘m‘*%t(mmz)( 10g|2 m‘ t(p1,p2)
Im|<2*
: ~ ot t(p1.p2) ko [y~ 52 E(P1.p2)
= > mT a1 —og [2 ) T P2
1=0 |m|~2!

k k+1
N Z 2ld2*l%t(m,p2) (1 +k— l) t(p1,p2) Z 1~ BQt (p1,p2)

such that

2kd

H{|m| 7(1 —10g‘2 m| }Im |g‘c(m,m)

|<2k

1 B2
2 i 8 1
A R e, <
1

1
1) if 2=l
log (p1,p2) (1 + k)» if pf ~ t(p1,p2)

which again leads to a contradiction in (3.42) if k& — oo since v(idz) < 0.
: _ « d 1 a 1
We finally deal with the case 6 = o> W) = < o < OROE
Consider the commutative diagram

Cou (22" (Jmler (1= log [279m])2) ) — 2 1, (£5,)

PZT le
‘ o id® ¢
631 (14 k)>2) _ 632
where

Kk, j = ka m = 0»
Py {pktockar = {Njmtjeng imi<2is  Ajm = {

0, otherwise,
and
A 1,05 k= ja
Qe {\jmYjeng imi<2i = {kto<nent, pe =29 7 .
0, otherwise,
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such that ||P]| = ||Q¢]| = 1, k € Ng. Thus

‘{(14'741)_2?} NlA t(ql,qz)

But [[{(1 + k)~ o }k<2[‘€t(q1 02) || — oo when ¢ — oo if % <

v(idy) > v(id%) =

This

t(quq )
again leads to a contradiction since v(id;) < co.

Remark 3.23. 1f 6 > max(31, W) and a2 € R, then the condition (3.27)

implies the nuclearity of the embedding idg) : Bj!,, (R4  W(a,B))
B;;qz(Rd) for 1 < p1 <00, 1 < ps < o0 and 1 < g1,¢2 < oo. This
can be easily seen rewriting the sufficiency part of the above proof lit-
erally. Moreover, by elementary embeddings this statement holds also for
id(aﬁ) F3 (Rd,w(aﬁ)) — P52 (Rd)

P1,q1 Pp2,q92

The next statement is a direct consequence of Proposition 2.14, in par-
ticular, Remark 2.15, Theorem 3.22 and Remark 3.23.

Corollary 3.24. Let v = (71,72) € R? and w® be given by (2.7). Assume
that 1 < p; <00, 1 < py < o0 (p2 < 00 in the F-case), 1 < q; < o0, s; € R,
i=1,2. Then

idjog : A3}

P1,91

(RY,wy®) — A3 (RY)

ol P2,92
is compact if, and only if, § > 0, p1 < pa and 2 > 0.

The embedding is nuclear if, and only if, § > 0, v >0, p1 = 1 and
P2 = 0

Proof. Recall our Remark 2.15 for the compactness. As for nuclearity, we
apply Theorem 3.22 with «; = $; = 0 and observe, that (3.27) is never
satisfied unless t(p1,p2) = co. d

3.3. Radial Spaces

So far we considered embeddings within the scale of spaces A} , which are
compact—and studied the question whether they are even nuclear. In case
of spaces on bounded domains 2 or weighted spaces on R? it is well-known
that compactness can appear, unlike in case of unweighted spaces on RZ.
Furthermore, such Sobolev-type embeddings can also be compact in pres-
ence of symmetries, i.e., if we restrict our attention to subspaces consisting
of distributions that satisfy certain symmetry conditions, in particular, if
they are radial. We want to consider this setting now. Here the sufficient and
necessary conditions for the nuclearity of the compact embeddings can be
easily proved due to the relation between subspaces of radial distributions
and appropriately weighted spaces. Indeed the conditions follow from Theo-
rem 3.12. We start with recalling the definition of radial subspaces of Besov
and Triebel-Lizorkin spaces.

Let ® be an isometry of R%. For g € S(RY) we put ¢®(z) = g(®x). If
f € S'(RY), then f® is a tempered distribution defined by

29) = fg® ), geSERY,

where ®~! denotes the isometry inverse to ®.
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Definition 3.25. Let SO(R?) be the group of rotations around the origin in
R?. We say that the tempered distribution f is invariant with respect to
SO(RY) if f® = f for any ® € SO(R?). For any possible s,p, ¢ we put

s d s dy . £ : : d
RA; (RY) = {f € A} ,(R?) : fis invariant with respect to SO(R")}.

Remark 3.26. The space RA5 (R?) is a closed subspace of A5 (R?). Thus,
it is a Banach space with respect to the induced norm if p,q > 1.

Let wy—1 denote the weight defined by (2.4) witha=8=d—-1,d > 2.
If p,g > 1 and s > 0, then the space RA; , (R9) is isomorphic to the space
RA; (R,wg-1) that consists of even functions belonging to AJ (R, w4-1),
cf. [39, Thms. 3 and 9].

We recall that the embedding

idp - RAG, , (RT) < RA | (RY)
is compact if, and only if,
1 1
$1— 89 >d ( — ) >0 and d>1, (3.43)
pP1 P2

cf. [38]. Further properties of spaces of radial functions, in particular Strauss
type inequalities as well as the description of traces on real lines through the
origin, can be found in [38,39].

Theorem 3.27. Let 1 < p;,q; < 00, s € R, i = 1,2 (p; < oo in the case of
F; , spaces). Then the embedding
idR : RASl

P1,91

(RY) < RAZ: (R

P2,92
is nuclear if, and only if,

1 1
81—82>d<—>>1.
p1 P2

Proof. Tt is sufficient to prove the theorem for Besov spaces and large values of
s1 and so. The rest follows by the elementary embeddings between Besov and
Triebel-Lizorkin spaces in the sense of (2.13) and the lift property for the scale
of Besov spaces. So we assume that s; > s > 0. It was proved in [39] that
the space RB . (R?) is isomorphic to the weighted space RBpi . (R,wg—1),
cf. Theorem 3 and Theorem 9 ibidem. So the embedding RBS! , (RY) —

P1,91

RB3  (RY) is nuclear if, and only if, RB3' | (R,wq_1) — RB32  (R,wg_1)

P2,92 P1,91 P2,92
is nuclear. But the double-weighted situation can be reduced to the one-side
weighted case, i.e., the last embedding is nuclear if, and only if, the embedding
RB;! , (Rwa) — RBj2  (R) with o = (d — 1)(1 = £*) is nuclear. Now

P1,q1
Theorem 3.12 (one-dimensional with § = «) implies that the embedding is
nuclear if s; — s9 > d(pi1 — p%) > 1.
Conversely, if the embedding idg : RBj! . (R?) — RBs2 (R?) is

nuclear, then it is compact. This implies s; — so > cl(pi1 — p%) > 0, see (3.43),
in particular, py < pa. Moreover the nuclearity of idg : RB)! | (RY) —s

RB;3 ., (RY) is equivalent to the nuclearity of RB5! . (R, w,) — RBs2 . (R).
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Furthermore, the space
RB;q(Rd, (t,00)) = {f € RB;q(Rd) csupp f C {z € R? . || > t}},
is isomorphic to the space
B;,q(vadflv (tv OO)) = {f € B;,q(Rawdfl) : Suppf - [t, OO)} ;
cf. [24]. So if the embedding idg : RB3 , (RY) — RB32 (R?) is nuclear,

P1,91 P2,q2
then the embedding id : B;! , (R, wq-1,(t,00)) — B2 (R, wg—1,(t,00))

is nuclear, too. But now we can use the wavelet expansions and arguments
similar to that ones that were used for the global behaviour of the purely
polynomial weight in Step 2 of the proof of Theorem 3.12. Thus, the one-
dimensional version of Theorem 3.12, in particular (3.5) with a = 5 = (d —
1)(1—£), lead to

d—1 1 11
Lt (-2 ()
p1 p1 P2 t(p1,p2) P Do

in view of (3.1) and p; < p2, and
1 1 d—1
5:817827f+f>g: <].pl>
pr P2 N o
This finally results in s1 — so > d(pi1 - p%) > 1, as desired. O
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