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1. Introduction

A local lifting theorem, originally formulated for pairs of bounded subnormal
operators (cf. [6, Theorem 4.2]), states that an intertwining operator between
two subnormal operators lifts to an intertwining operator between their min-
imal normal extensions if and only if (1) the restriction of the intertwining
operator to each cyclic invariant subspace lifts, and (2) the supremum of
the norms of the cyclic lifts is finite (recall that the first commutant lifting
theorem for bounded subnormal operators was proved by Bram in [2]). Our
aim in this paper is to generalize the local lifting theorem of [6] to the case
of pairs of jointly subnormal families of unbounded operators (see [12-14,17]
for basic results on unbounded subnormal operators). The first problem to
be overcome here concerns the question of which kind of minimality for nor-
mal extensions of unbounded operators should be chosen. A careful analysis
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of the results on lifting strong commutants contained in [11] reveals that
the notion of minimality of cyclic type is appropriate for this purpose. The
other difficulty is to guarantee the existence of minimal normal extensions of
cyclic type for cyclic parts of a jointly subnormal family of operators. This
can be achieved by assuming that each family in question have a dense set
of “joint” analytic vectors (recall that the notion of an analytic vector was
introduced by Nelson in [8]). The latter enables us to use a generalization of
the Maserick theorem [7, Theorem 3.2], which was proved in [12], to establish
the main result of the paper (cf. Theorem 5.3). In Sect. 6 we dwell upon a
special kind of local intertwining referred to as local commutativity.

2. Preliminaries

As usual, C, R and N stand for the sets of complex numbers, real numbers
and nonnegative integers, respectively. All linear spaces in this paper are
assumed to be complex and all operators under consideration are assumed
to be linear. Given two Hilbert spaces H and K, we denote by B(H,K) the
set of all bounded operators from H into K. To simplify the writing, we put
B(H) := B(H,H). The identity operator on H is denoted by I. If X is a
subset of H, then linX stands for the linear span of X. A family {f,},ea of
vectors in a linear space X is said to be finite if f, = 0 for all but a finite
number of +’s.

Let A be an operator in H. Denote by D(A), A* and A the domain,
the adjoint and the closure of A (in case they exist). We write A C B if
the operator B is an extension of A (A and B may act in distinct Hilbert
spaces). We say that a closed linear subspace M of H reduces A if PA C AP,
where P is the orthogonal projection of H onto M; if this is the case, then
Alpm stands for the restriction of A to M, i.e., D(A|m) = D(A) N M and
Alpmf = Af for f € D(A|m). If A is closable and € is a linear subspace of
D(A) such that A C Al¢ (or equivalently A = Alg), then & is called a core
of A (here A|g is the usual restriction of the mapping A to the set ).

For an operator A in H, we put D>*(A) = ()°_; D(A"). Elements of
D> (A) are referred to as C®-vectors. In the present paper we explore a
special class of €®-vectors called analytic ones. Following [8], we say that
f € D>®(A) is an analytic vector for A if there exists a positive real number
t such that

o0 t"
S A5 < .
"0 n.

The set of all analytic vectors for A, denoted by «7(A), is a linear subspace
of H which is invariant for A, i.e. A(&/(A)) C &7 (A).

Now, we recall some definitions from [12, Sect. 4]. Suppose that (2, +, %)
is a commutative x-semigroup with the zero element 0 and € is a linear space.
By a form over (£2,&) we mean a mapping ¢ : 2 x & x &€ — C such that
p(v;,-) : € x &€ — C is a sesquilinear form for all v € 2. A form ¢ over
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(£2,€&) is called positive definite if
k
Z QD(U:;, + Umvfm7fn) 2 07 {Um}»lﬁn,zo g Qa {fm 571:0 g 87 k € N
m,n=0
We say that a form ¢ over (£2, £) is weakly positive definite if for every f € €,
o(+; f, f) is positive definite as a form over (£2,C). Given a weakly positive
definite form ¢ over (£2,€) and v € {2, we set

%w(v):{f€€‘3t>0: Z\/cp(n-(v*+v);f,f)z<oo}.
n=0 '

Denote by 2 the set of all characters of 2 (by a character of {2 we mean
a nonzero additive involution preserving complex mapping on 2). Let G be
a set of x-generators of a x-semigroup (2. As in [12, p. 40], we write %
for the Cartesian product [], ., €., where %, := C for every v € G. In

what follows, we consider the mapping jg: Q2 — %c given by the formula

ja(x) = {x(v)}veqg for x € Q2. The following lemma is a version of [12,
Corollary 3] (see also [12, Remarks 3 and 5]).

~

Lemma 2.1. Let 2, € and jg be as above. Assume that jo(2) = 6. If p is a
weakly positive definite form over (£2,€) such that o/,(v) = & for allv € G,
then the form ¢ is positive definite.

Let X' be a nonempty set. Denote by Ny the set of all mappings a: X —
N such that a(o) = 0 for all but a finite number of elements o € X. The
set 2y := Ny x Ny becomes a commutative x-semigroup when equipped
with the standard coordinate-wise addition and involution (a, 8)* = (8, @)
for o, f € Ny. In this particular case, G := {(J,,0) : 0 € X'} is a set of
k-generators of 25 (J, is the characteristic function of the singleton set {o}).
As observed in [12, p. 50],

jo(25) = 6a. (2.1)

3. Normal Extensions

Let € be an inner product space and let H be its Hilbert space completion.
Denote by L(&) the algebra of all operators A: &€ — & (with composition
as multiplication), and by L¥ (&) the subalgebra of L(€) consisting of all
operators A € L(€) for which there exists an operator A# € L(€) such that
(Af,g) = (f,A*#g) for all f,g € €. Such an operator A% is uniquely deter-
mined. It is plain that L#(€) is a *-algebra with the involution A — A%,
Note that if € is a linear subspace of a Hilbert space K and A is a densely
defined operator in K such that & C D(A), then Alg belongs to L¥ (&) if
and only if &€ C D(A*), A(E) C € and A*(E) C &; if this is the case, then
A¥ = A¥|e.

Given a family A = {A,}oex C L(€) of commuting operators (i.e.
A A = A A, for all 0,7 € X) and o € Ng, we set A” =[] . A%,
A family A = {A,}oecx C L(€) is said to be jointly subnormal if there exist
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a Hilbert space K and a family M = {M,},cx of spectrally commuting
normal operators! acting in & such that &€ C K and A, C M, for all 0 € X,
M is then called a normal extension of A (cf. [12, p. 49]).

We say that a family A = {A,},ex of operators acts in H if each
operator A, acts in H. Given a family A = {4, },ex of operators in H, we
set

D*(A) = {D(Ag, -+ Aq,): 00,..., 00 € X, n €N}

Clearly, D>°(A) is the greatest linear subspace of (.5, D(A,) that is invari-
ant (in the usual set-theoretical sense) for every A,. If each operator A, is
densely defined, then we write A* := {A*},cx.

Now we move on to the concept of minimality of a normal extension. By
[12, Remark 8] and the results contained in [18, p. 423], we may formulate
the ensuing lemma.

Lemma 3.1. Let M = {M,},cx be a family of spectrally commuting normal

operators in IKC. Then

(i) D(M)=D*(M*) = D*(M U M),

(i) M,M,f = M;M,f, MyM?f = M*M,f and M:M*f = MM*f for
all f € D®°(M) and o,7 € X,

(iii) {Mo|po(rn)}oes C L¥ (D> (M),

(iv)  (Mo|poe(an)® = M| pe(ar) for all o € 2,

(v) if € is a subset of (), cx, D(My) such that My(E€) C € for all o0 € X,
then & C D>°(M U M™).

Sketch of the proof. Note first that if Ny,..., N,, are spectrally commuting
normal operators in K and F is the joint spectral measure? of (Ny,..., N,),
then

D(Ny, -+ N1) = D(N, -+ Ny)

n k
felC:/ZH|zj|2<E(dz)f,f><oo . (3.0)

O k=1j=1
NZ‘N]‘7NJ‘NZ‘ Q /ZiZjE(dZ),
(C'n.
NiN;7N;NZ‘ - /Zisz(dZ), (32)
(C'n.
N;N;’N;N: - /EiEJ‘E(dZ),
C’!L

foralld,j € {1,...,n}. It follows from (3.1) that D>°(M) = D> (M™), which
immediately implies that (i) holds. This combined with (3.2) gives (ii). The
conditions (iii)—(v) follow from (i) and (ii). O

1 We say that normal operators spectrally commute if their spectral measures commute.
2 We refer the reader to [1] for more information on joint spectral measures.



Vol. 69 (2011) A Local Lifting Theorem 237

It is now clear from Lemma 3.1 that M f, M*® f and M**M? f make
sense and that M*MP f — M™ M’ f for all f € D*(M) and «, 3 € Ny,

where M := {Ms|pe(n)toes and M# = {(My|pe(a)*}oes. In view of
Lemma 3.1, any jointly subnormal family {A,},cx C L(€) is always com-
mutative.

We say that a normal extension M = {M, },cx of a jointly subnormal
family A = {4, }oecx C L(&) is minimal of cyclic type if

Frr(€) == 1lin{M*f: f €& aeNy} (3.3)

is a core of M, for every o € X' (according to Lemma 3.1, this definition is
correct). We now prove that each jointly subnormal family possessing a rich
set of analytic vectors has a minimal normal extension of cyclic type which
can be built up from a normal extension.

Theorem 3.2. Let A = {A,}oex C L(E) be a jointly subnormal family of
operators such that € = o (Ay) for all 0 € X and let M = {M,}sex be
a normal extension of A. Then for every o € X, the closed linear space
Fm(€) reduces My to No := Mgy|g,,(e), i-e., No = M‘7|m' Moreover,
N ={N,},ex is a minimal normal extension of A of cyclic type.

Proof. Owing to Lemma 3.1, Fps(E) € D*(M U M™) and {Mg}geg -
L#(Far(€)), where M, = My |g,,(e)- By our assumption, & C M(Ma) for
M),
and the operators M#a commute with M, and Mf (use again Lemma 3.1),
we deduce from [12, Theorem 1] that N, is a normal operator. Hence, by
[15, Corollary 1], the closed linear space Far(€) reduces M, to N,. This
implies that N} C M?. As o is arbitrary, we deduce that Fps(€) = Fn(E).
As a consequence, we see that F (&) is a core of N, for every o € X. The
normal operators N, o € X, spectrally commute as restrictions of spectrally
commuting normal operators M,, o € Y. This completes the proof. O

all 0 € X. Fix 0 € X. Since Fpr(€) is the linear span of (J, ey,

In our paper we frequently consider unbounded subnormal operators A
in a Hilbert space H such that D(A) = &/ (A). The reader should be aware
of the fact that such operators can never be closed (cf. [16, Theorem 7]).

Let A ={A,}scx C L(&) be a jointly subnormal family, and let M =
{My}sex and N = {N,},cx be its normal extensions acting in Hilbert
spaces IC and L respectively. We say that M and IN are H-unitarily equiv-
alent if there exists a unitary operator U € B(K, L) such that Uly = Iy
and UM, = N,U for all o € Y. We show that minimal normal extensions
of cyclic type of a jointly subnormal family are determined up to H-unitary
equivalence (this was suggested in [12, Remark 8]).

Proposition 3.3. Let A = {A,}ocx C L(E) be a jointly subnormal family of
operators, and let M and IN be minimal normal extensions of cyclic type of
A. Then M and N are H-unitarily equivalent.
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Proof. Let K and £ be Hilbert spaces in which M = {M,},csx and N =
{Ns}sex act. In view of Lemma 3.1, for all o, € Ny, and f,g € € we have
(M [, MPg) = (MM f,g) = (M M"[.g) = (M" f, M"g)
— (A7f,A%) = (NPf,N"g) = - = (N**f, N*%g).

Thus, by the cyclic minimality of M and IN, we deduce that there exists a uni-
tary operator U € B(K, L) such that U(Fpr(€)) = Fn(E) and U(M™ f) =
N*@f for all @« € Ny and f € &. Substituting a = 0, we deduce that
Uln = Iy. By Lemma 3.1, we have
UMy (M™f) = UM ™M, f) =U(M™ A, f) = N"“A, f

= N*N,f=N,N*f=N,U(M*f), a€Ns,ceX,fck.
This, when combined with U(Faz(€)) = Fn(E), implies that U(M|5,,e)) =

(No|g(ey)U. Taking closures and using cyclic minimality, we deduce that
UM, = N,U for all o € 3. This completes the proof. O

4. Lifting Criteria

Let A = {As}oex and B = {B,},cx be families of operators acting in
Hilbert spaces H; and Ha, respectively. If T € B(Hi,Hs) intertwines the
families A and B, i.e. TA, C B,T for all o0 € X, then we write TA C BT.
The class of all operators T € B(H1,Hsz) intertwining A and B will be
denoted by Z(A, B).
Consider the following general situation.
‘H1 and Hs are closed linear subspaces of Hilbert spaces K1 and Ko,
respectively; € and £, are dense linear subspaces of H; and Hs,
respectively; A = {Ay}oex € L(&1) and B = {B, }sex C L(E2) il
are jointly subnormal families of operators; M = {M, },cx and (4.1)
N = {N,},ex are their minimal normal extensions of cyclic type
acting in K7 and KCo, respectively.
Definition 4.1. We say that an operator T' € B(H1, Hz) lifts to Z(M,N) if
there exists an operator R € Z(M, N) such that T C R; R is called a lift of
TtoZ(M,N).

We first state a Bram type criterion for the existence of a lift, which is
a multioperator version of [11, Proposition 4.1] for intertwining operators.

Proposition 4.2. Suppose that (4.1) holds and T' € B(H1,Ha) is an operator
such that TE1 C E5. Then the following conditions are equivalent:
(i) there exists a (unique) lift T of T to I(M,N),
(ii) there exists a real number ¢ > 0 such that
> (B*Tf3,B°Tf.) < ¢ (A”fs, A’fa) (4.2)
o, a,B
for all finite families {fao}aens C E1.
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Moreover, if (i) holds, then
(i) TA C BT,
(iv) [IT||* = min{c > 0 : ¢ satisfies (ii)}.

Proposition 4.2 can be proved in a similar manner as [11, Proposition
4.1]: first, we may formulate a multioperator version of [11, Proposition 3.1]
for intertwining operators, and then, with its help, adapt the proof of [11,
Proposition 4.1] to the present context (use Lemma 3.1 to make the reasoning
applicable).

Throughout what follows, a unique lift of T" is denoted by T.

Now we are ready to formulate the main result of this section. Its proof
resembles to some extent the proof of [6, Theorem 3.2]. To justify the impli-
cation (ivyg)=(iiip¢) below, the pivotal part of the proof, we have to adapt
the original idea from [6] to the context of unbounded operators, which seems
to be the main difficulty in the whole procedure.

Theorem 4.3. Suppose that (4.1) holds. Assume that & = o/ (A,) and &2 =
o (By) for allo € X. Let M be a linear subspace of €1 such that

&1 =1in{A%f: f eM, o € Ng}, (4.3)
and let T € B(Hy,Hz) be an operator such that TE1 C E5. Then the following
conditions are equivalent:

(i) T lifts to Z(M,N),
(ii) there exists a real number ¢ > 0 such that (4.2) holds for all finite

families {fo}aens C €1,
(iil) there exists a real number ¢ > 0 such that

> (BUTfap BT s <e 3 (A7 fap, A frs) (44)
a,3,7,0 a,3,7,0
for all finite families {fa,3}a gens C €1,
(iing) TA C BT and there exists a real number ¢ > 0 such that (4.4) holds

for all finite families { fa,3}a,genys CM,
(iv) there exists a real number ¢ > 0 such that

Y (BT BTN shs<e Yy (AP fLAT )N 5A 5
a,B3,7,6 a,3,7,6
(4.5)
for every f € &1 and for all finite families {\a,3}a, pens C C,
(ivae) TA C BT and there exists a real number ¢ > 0 such that (4.5) holds
for every f € M and for all finite families {\o s}a,gens C C.
Moreover, if (i) holds, then
(v) TAC BT,
(vi) the smallest real number ¢ > 0 satisfying the condition (ii) (resp. (iii),
(iiine), (iv), (ivae)), is equal to || T||?.
Proof. The equivalence of conditions (i) and (ii) as well as the implication
(i)=(v) follow from Proposition 4.2.
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(ii)=-(iii) From the implications (ii)=-(i) and (i)=-(v), we infer that
TA C BT. Let ¢ > 0 be as in (ii). Take a finite family {f. g}a,gens C €1.
We define a finite family {gs }aeng C €1 by

Ja = ZAﬁfOé,ﬁa a € Ny. (46)

Then TA C BT implies that

S0 870 - Y (BT (YA, ) 57 (S 40 ) )
a,3 vy o

a,p
= > (BT f3,,BTf,s). (4.7)
«a,B3,7,0
Clearly, we have
D (A%gs,APgo) = Y (AT f, APTOfL ). (4.8)
a,f a,B,7,6

That (4.4) is satisfied with the constant ¢ follows from (4.2), (4.7) and (4.8).
(iii)=-(ii) Let ¢ > 0 be as in (iii). Take a finite family {fo}aens C &1.
For o, 3 € Ny, set go.p = fo if B =0 and go,3 = 0 otherwise. Then, we have

Z <B'6+~/Tga,ﬁaBa+6Tg'y,5> = Z<B’YTfavBan7>’

a,B,7,0 @,y
> (AP ga 5, A0 ) = ) (AT fa, A ).
a,B3,7,0 a,y

This and (4.4) imply (4.2) with the same constant c.
Consider the commutative *-semigroup {25, = Ny x Ny (see Section 2).
Given a real number ¢ > 0, we define the form ¢, over (25, M) by

¢cl(@.B); f.9) = c(A° [, APg) — (BT f,B"Tg), f.g €M, (a,5) € 2s.

(ivae)=(iiipg) Let ¢ > 0 be as in (ivyy). It follows from (ivy) that the
form ¢, is weakly positive definite. Consider the set § = {(d,,0) : 0 € X'} of
x-generators of the #-semigroup §25;. We show that

. (05,0) =M  for every o € X. (4.9)

Indeed, if 0 € ¥ and f € M C &/(A,), then there exists a real number
t =t(f) > 0 such that

o0 tn’
S ans) S < . (4.10)
— n!

Since . is weakly positive definite, we get
0 < @e(n-((65,0)" + (05,0)); f, f) = @e(n - (00, 65); £, f)
= c|AZfI? = IBSTfI? < c|AZfII>, neNoeX.
This together with (4.10) yields

TL

Z\/QDC 50’70 (5070)) f,f)*<OO




Vol. 69 (2011) A Local Lifting Theorem 241

Hence, f € o, (d5,0) for every o € X, which leads to (4.9). A combination
of (2.1), (4.9) and Lemma 2.1 implies that the form . is positive definite.
As a consequence, (iiiyg) holds.

The implication (iiiy)=(ivy) follows directly from the fact that every
positive definite form is weakly positive definite.

Arguing as above with M = &£, we see that (iii) and (iv) are equivalent
(in the proofs of (iily)<(ivay) and (iii)<(iv), we do not use the inclusion
TA C BT).

(iiipg)=(ii) Let ¢ > 0 be as in (iiipg). By (4.3), for a finite family
{gataens C &1, there exists a finite family {fn gla.geny C M satisfying
(4.6). Arguing as in the proof of the implication (ii)=-(iii), we see that (4.2)
holds with {gs}aens in place of {fo}laens (here we make of use of the
assumption that TA C BT).

(iiipy ) follows from (ii), because, as shown above, (ii) implies (iii) and (v).

The reader can easily convince himself that all of conditions (ii), (iii),
(iiing), (iv) and (ivar) are equivalent to each other with the same constants c.
Thus, (vi) follows from the implication (ii)=-(iv) of Proposition 4.2. This
completes the proof. O

5. A Local Lifting Theorem for Unbounded Operators

Let € be a dense linear subspace of a Hilbert space H. Consider a family of
commuting operators A = {A,},ex C L(E). For f € € and 0 € X, we define
EAﬁf = lin{Aaf oS Ng}, QA,f = (Q,A7f and Afhf = Ag|5Ayf.

The family {A, ;}sex will be denoted briefly by A. Clearly, Ay C L(Ea4.5).
Since A is a family of commuting operators, so also is Ay. If A is jointly sub-
normal and M = {M, },cx is a normal extension of A, then for every f € €,
we have

Ao,ngogMU; 0‘62,
so the family Ay is jointly subnormal. For g € D*(M) and ¢ € ¥, we put
FMI = lin{M**MPg:a,3 € Ny}, QM9 =FMyg NI = M, |,

The definition of Mg makes sense due to Lemma 3.1. Let us denote by MY
the family {M¢},ex. If f € €, then €4 5 € FMS and clearly Q4  C QM.
Therefore,

A,y CMIC M, oe€x.
A relationship between families Ay and M f is elucidated below.

Theorem 5.1. Let M = {M,},cx be a normal extension of a jointly subnor-
mal family A = {Ay}sex C L(E) such that € = /(A,) for all o € X. If
f€E, then

(i) QM-S reduces M, to MI for every o € X,

(ii) M/ is a minimal normal extension of A of cyclic type.
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Proof. Since & = o/ (A,) for every 0 € X, we see that €4 5 = (A, y) for
all o € X. Noticing that Far(€a,r) = FM/ (see (3.3) for the notation), we
may apply Theorem 3.2 to the jointly subnormal family A; and its normal
extension M. This completes the proof. O

Let &1 and &, be dense linear subspaces of Hilbert spaces H; and Ho,
respectively. Consider families of operators A = {4, },ex € L(€1) and B =
{Bs}oex € L(E3). Set S = (A, B). Take an operator T' € B(Hj,Hz) such
that TA C BT. Then T€; C €y and T(Ea,¢) C Eg 1y for all f € €. Owing
to the boundedness of T', this yields T'(Qa,7) € Qp, 7y for all f € €. Define
the operator Tg ¢ via

Ts;=Tlos, € B(Qa,,9B17)-
It follows from T'TA C BT that
Ts Ay CBryTsy, feé&. (5.1)
Now we formulate a version of [6, Lemma 4.1] for families of operators.

Lemma 5.2. Suppose that (4.1) holds. Assume that & = &/ (Ay) and Eo =

o/ (By) for all 0 € X. Take an operator T € B(Hi,Ha) such that TA C

BT and fix a vector f € €. Then the following conditions are equivalent

(with S := (A, B)):

(i) Ts.s lifts to (M’ , NTT),

(ii) there exists a real number ¢ > 0 such that (4.5) holds for all finite
families {\o g}a.pens C C.

Moreover, if (i) holds, then ||f»;:c||2 = min{c > 0 : ¢ satisfies (ii)}.

Proof. In view of (5.1) and Theorem 5.1, we can apply Theorem 4.3 to M =
Cf, the intertwining operator Tg r, jointly subnormal families Ay and Bry,
and their minimal normal extensions of cyclic type M f and N7/ , respec-
tively. O

The following theorem, which is the main result of the paper, general-
izes a local lifting theorem (cf. [6, Theorem 4.2]) to the case of pairs of jointly
subnormal families of unbounded operators.

Theorem 5.3. Suppose that (4.1) holds. Assume that &1 = &/ (A,) and €2 =
A (B,) for alloc € X. Let M be a linear subspace of €1 such that
&= hn{A“f feM, ae Ng}

and let T € B(Hy, Ha) be an operator such that TEy C E5. Then the following
conditions are equivalent (with S := (A, B)):
(i) T lifts to I(M,N), .
(i) TA C BT, the operator Ts ¢ lifts to Z(M', N*7) for every f € M,

and

sup || T,z < oo.
fem
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Moreover, if (i) holds, then
[T = sup [|Ts¢- (5.2)
Jem

Proof. The proof of the implication (i)=-(ii) requires more care than in the
case of bounded operators. Let T be the lift of T to Z(M,N). Fix f € M. By
the Putnam-Fuglede theorem (cf. [10]), TM C NT implies TM* C N*T.
These two inclusions and T C T guarantee that f|QM,f € B(QM:/ gN.T¥)
and Tg § C f|QM,f. Next, we show that

Th e D(NTT) for all h € D(MY) and o € X. (5.3)

Indeed, since h € D(MJ) C D(M,) and TM C NT, we deduce that Th €
D(N,). As h € Q™S we have Th = T|gm sh € QNT/. This, combined with
the fact that Q-7 reduces the operator N, to NI/ (cf. Theorem 5.1), leads
to

Th € D(N,) N N1/ = D(NTT),

which proves (5.3). The condition (5.3) together with TM C NT implies
that f|QM‘_fo c NTJ f|QM,f. Hence, by the uniqueness of fs:c, we have
fSTf = T|QM,f, which also shows that the right-hand side of (5.2) is less than
or equal to its left-hand side.

The implication (ii)=-(i) can be deduced from Lemma 5.2 and Theo-
rem 4.3. On the way we also verify that the left-hand side of (5.2) is less than
or equal to its right-hand side. This completes the proof. 0

6. Local Commutativity

Let us concentrate on a single subnormal operator A € B(H). For simplicity,
we write “minimal normal extension” in place of “minimal normal extension
of cyclic type”. Suppose for a moment that T € B(H) is an operator that
commutes with A (this requirement is necessary for T' to lift to the commutant
of a minimal normal extension of A). Then TQ4 s C Q4 7y and consequently
Tlo, ;Alas; = Alaar,; Ty, for all f € H. The question arises under what
circumstances TQ4,; € Qa r for all f € H. Note that if this is the case,
then T|g, ;Ala,, = Ala, ;T|a, , for all f € H, which is referred to as the
local commutativity of A and T'. This question can be extended to the case in
which A and T are not assumed to commute. In Proposition 6.1 we provide a
complete answer to the extended question. It is worth pointing out that the
operators A and 7" must commute if all cyclic invariant subspaces Q4 y of A
are invariant for 7.

Given an operator A € B(H) and a set A of closed linear subspaces of
H, we write Lat(A) for the set of all closed linear subspaces of H invariant for
A and Alg(A) for the set of all operators T' € B(H) such that A C Lat(T).
Denote by W(A) the closure in the weak operator topology (equivalently: in
the strong operator topology) of the algebra generated by {A, I;}. It is clear
that W(A) C Alg(Lat(A)). In general, the reverse implication is not true
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(cf. [5], [19, Example 7]; for more information on the subject see also [3,4]).
The Olin-Thomson theorem states that W(A) = Alg(Lat(A)) for any sub-
normal operator A € B(H) (cf. [9, Theorem 3]).

Proposition 6.1. Let A € B(H) be a subnormal operator. If T € B(H), then
the following conditions are equivalent:

(i) TQa,f € Qa,s for all f € H, where Qu ¢ is the smallest closed linear

subspace of H containing f and invariant for A,
(i) T e W(A).

Proof. (1)=(ii) In view of the Olin-Thomson theorem, it is enough to show
that T € Alg(Lat(A)). Take M € Lat(A). If f € M, then f € Q45 C M.
Hence, by (i), we have T'f € Q4 5 € M. This means that M € Lat(T).
(ii)=(i) Take f € H. Since Q4 € Lat(A), we see that Q4 € Lat(p(A))
for every complex polynomial p in one indeterminate, which implies that
Q4. s € Lat(R) for every R € W(A). This, together with (ii), gives (i). O

We conclude the paper with a simple example of an operator 1" which
lifts to the commutant of a minimal normal extension of a subnormal opera-
tor A, and which has the property that not all cyclic invariant subspaces of
A are invariant for T. This shows that a (global) lift of a member T of the
commutant of a subnormal operator A may exist though the local commuta-
tivity of A and T does not hold. In fact, it may even happen that for some
vector f the linear spaces Q4 ¢ and 7'Q4 ¢ are orthogonal.

Ezample 6.2. Given a bounded Borel function ¢ on T := {z € C : |z| = 1},
we denote by My, the operator of multiplication by 1 on L?(T). Let £ be the
identity function on T. Set T'= M¢|g2 and A = T2, where H? stands for the
Hardy space regarded as a closed linear subspace of L?(T). The operator A is
subnormal (as an isometric operator) and TA = AT. Observe that if f =1,
then A" f = &2" for all n € N, which implies that Q4 = P, nC- £27 . Since
Tf = &, we deduce that TQ4 ; = @, oy C-£2" 1. Therefore, the linear spaces
Q4,5 and T'Q4,; are orthogonal. Note that the unitary operator M¢» is a min-
imal normal extension of the isometry A (because \/,, oy M (H?) = L*(T),
which follows from the equalities M f = £2" and M€ = £l n >1).
Clearly, M is the lift of T' to the commutant of M.
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