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Abstract. We describe a procedure of dilating an operator 7" in an infinite
dimensional Krein space, such that many of the spectral and algebraic
properties of the operators T 7 and 7T are preserved. We use the
procedure to study canonical forms of those two operators in a finite
dimensional Krein space.
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0. Introduction

The problem of comparing the operators TT and TT" in indefinite inner
product spaces has already attracted some attention. One of the motivations
was a result in [13] stating that a matrix T admits polar decomposition if
and only if the canonical forms of THT and TT" are the same. In the finite
dimensional situation canonical forms of the matrices in question were con-
sidered in [9] for some special cases. Later on those results were generalized in
Theorem 3.2 in [12] to provide a full description. A related result concerning
an analogue of the singular value decomposition can be found in [3]. On the
other hand, the infinite dimensional case is far from being fully understood.
For example, zero can be a singular critical point of one of the operators,
while it is in the positive spectrum of the other operator. Further examples
can be found in [15], where the notions of regular and singular critical point
were studied for the pair 797 and TT". In [14] the same pair of opera-
tors was studied in the context of local definitizability. The present paper
treats both the infinite and the finite dimensional case, since in its course we
shall present an alternative proof of one of the main results of [12]. This will
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follow from more general considerations which hold in the infinite dimensional
situation.

The main tool in this paper is a method of dilation (reduction) for the
operator T, which is quite natural for the study of the properties of T
and TT". This construction, which we called J-dilation, has its origins in
[8], while being also similar to a construction implicitly used in [12]. Despite
its usefulness, so far this kind of dilation has not been studied systemati-
cally. Therefore, in the present paper we consider which properties of T
are preserved under the J-dilation procedure.

The first four sections are devoted to the general situation in infinite
dimensional Krein spaces. We prove that spectral properties at nonzero points
in the complex plane, as well as definitizability and nilpotency are preserved.
In Sect. 5 we present material that is valid in the general setting, but is
on the other hand tailored to the study of the finite dimensional case. Our
result here is a complete description of how Jordan chains corresponding to
the zero eigenvalue of TYT behave under the J-dilation. This leads to the
proof of the quoted result in [12], which is presented in Sect. 6. In this light,
in the subsequent section, we see the result on polar decomposition of [13]
from a different angle. We conclude the paper with a concrete example.

1. J-Dilations and J-Restrictions

We assume background knowledge on Krein spaces, see [1,6] for wide treat-
ments of the subject. The indefinite inner product on a Krein space is always
denoted by [-, -], even if there is more than one space in question. We use a
Hilbert space structure on a Krein space only in a few examples. The theo-
rems are formulated entirely in the Krein space language.

By a subspace of a Krein space H we mean a closed linear space Hy C 'H
with the indefinite inner product inherited from H. The space Hj is not nec-
essarily a Krein space itself. If H is a Pontriagin space then the necessary
and sufficient condition for Hy being a Pontriagin space is its nondegeneracy.
By £ + F we mean a direct sum of two subspaces, we will write & [ F if the
spaces are additionally [-, -]-orthogonal.

Let H and K be two Krein spaces and let T belong to the space B(H, K)
of bounded linear operators from H to K. Then by T" we mean the Krein
space adjoint of the operator T. We define now the main object of the paper.

Definition 1.1. Let Hy, Ko, H, K be Krein spaces. We say that an opera-
tor T € B(H,K) is a J-dilation of Ty € B(Ho, Ko) (or conversely Tp is an
J-restriction of T) if the following three conditions are satisfied:

(i) Ho is a subspace of H, Ky is a subspace of K.
(ii) There exist subspaces H; of H and K; of K (i = 1,2,3) such that

H="Ho H Hi H (Ha+Hs3), K=Ky H K H (Ka+K3),

where H; and Ky are Krein spaces, Ha and Hs (g and K3) are skewly
linked neutral spaces such that Hs + Hs (K2 + K3) is a Krein space.
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(iii) The operator T has a following representation with respect to the
above decomposition

o 0 Tpe O
0 0 0 0

T = Tw 0 T, O (1.1)
0 0 0 0

Note that (ii) implies that with x;,y; € H; (0=1,...,3) we have
[To + 21 + 22 + 23,50 + Y1 + Y2 + 3] = [To, yo] + [v1, 1] + [72, y3]
+ [z3, y2]- (1.2)

A similar formula holds for K as well. The J-dilation (J-restriction) will be
called rigid if

kerT=H1 +H37 imT:ICo-i-ICQ. (13)
Note that in such case
Hy=kerTNkerTH, Ky =mTNimT . (1.4)

Ezample 1. Let us analyze the following classical example (see e.g. [8,15] for
extensions and modifications). Let H = K be the space L?[0, 1] x C? with the
IT;-inner product defined by the fundamental symmetry J(f,z,y) = (f,y,x)
for all f € L2[0,1], z,y € C. Consider the selfadjoint operator

T:=|¢1) 0 o0
0 0 0

where M, € B(L?[0,1]) denotes the multiplication operator by a bounded
measurable function ¢, 7(g) (where g € L2[0,1]) maps z € C to zg and
1 € L?[0,1] is a function constantly equal one. Note that T, after interchang-
ing the last two columns, is already in the form (1.1) with To = M /. Zero
is a singular critical point of the operator

My 0 =w(\/1)
™r=1*=|(,vi) 0o 0 |,
0 0 0

since ker T? = ker T is a degenerate space. On the other hand T3 does not
have any critical points. And so we have discovered the first property that is
not being preserved by J-dilations. The next, a kind of obvious one, is the
number of negative squares of the underlying space, see also Example 3.

Although we have put the definitons of J-dilation and J-restriction in
together, they are actually two different notions. The first one requires finding
an outer space, while the latter one says something about the inner structure
of the operator. This splitting reflects also in the following three results.

Proposition 1.2. Given T there always exists a rigid J-dilation T of Ty with
imT closed.
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Proof. If both spaces Hy and K are trivial then the construction of a rigid
J-dilation is obvious. Suppose now that at least one of the spaces Hy and
Ko is nontrivial. We show first that there exist operators A € B(Hy), B €
B(Ko,Ho), C € B(Kp) such that the block operator matrix

A B
(TO C) S B(Ho X ’Co)

is boundedly invertible. Here we understand Hgy x Ky as being equipped
with the (unique) Banach space topology it has as a product of two Krein
spaces (each of which has a unique Banach space topology induced by the
Krein space structure). If the space Hy (Kg) is trivial, then it is enough to
set C (or A) as a boundedly invertible operator. If both spaces Ko and Hy
are nontrivial, it is enough to choose A and C' boundedly invertible and set
B = 0. Then, by the Schur’s complement reasoning, zero is in the resolvent
of the above block operator matrix. We set H = Hy x Hy x Ky X Ky and
K = Ko x K1 x Hg X Hg, where the spaces H; and Ky can be chosen arbitrary.
The indefinite inner product on H is given by

Lo Yo

x

:1:1 3 s = [-T07y0]7‘l0 + [371’91]7-[1 + [$2a yS]ICo + [$3>y2]K07
2 Y2

T3 Y3

an analogous formula defines the inner product on K. We identify Hg and H;
(Ko and K1) with the first and the second component of H (K) respectively.
Moreover, we set Hs := {0} x {0} x Ko x {0}, Hs =: {0} x {0} x {0} x o,
Ko := {0} x {0} x Ho x {0}, K3 =: {0} x {0} x {0} x Ho. Finally, we define

. 0 C 0

0
=124
0

o O O

0
B
0

o O O

O

Ezample 2. We present! an operator that does not have a rigid J-restriction.
Let £ be a closed, strictly positive but not uniformly positive subspace of
a Krein space K and let G € B(K) be a fundamental symmetry. The space
KC can be written as an (-, - )-orthogonal sum of £ and its (-, - )-orthogonal
complement £, where (-, -) stands for the Hilbert space inner product
[G -, -]. The operator T' defined as zero on £ and identity on £ is continu-
ous. Suppose it has a rigid J-restriction Ty. Since ker T is non-degenerate, Hs
equals {0}. Consequently, H; = ker T. But ker T endowed with the original
inner product inherited from C is not a Krein space, contradiction.

On the other hand T has a nontrivial J-restriction. Indeed, let e €
L\ {0}. Then H; = lin{e} and K; = lin {Ge} are a Krein spaces (with the
original inner product [-, -]). We set Hy = H[lL], Ko = IC%J‘], Hy = Hs =

IWe thank the referee for his suggestions on this example.
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Ko = K3 = {0}. Note that
[Ge, 9] = <e,,c<l>> —0,

which leads to im T = £ C IC[lL] = Ky. Since T'e = 0, the operator
To := Tlse: Ho — L) C Ko
is a J-restriction of T

Proposition 1.3. Let H, IC be nonzero Pontryagin spaces. Given T there exists
a rigid J-restriction Ty of T.

Proof. We apply Theorem IX.2.5 of [1] to the subspace ker T of H and to the
subspace imT of K. As a consequence we get the decompositions
H=Ho HH1 H (Ha+H3), K=KoH K1 H (Ka+K3),

satisfying (1.3), (1.4) and points (i) and (ii) of the definition of J-dilation. It
is also apparent that 7', with respect to the above decompositions, has the
form (1.1). Hence, Ty appearing in (1.1) is a rigid J-restriction of T'. O

We refer the reader to Thm. IX.2.5 of [1] for questions connected with
uniqueness of this construction.

2. Further Properties of J-Dilations, The Adjoint Operator

Treating H = Ho FH H1 H (H2 + Hs) as a direct and orthogonal sum of
three Krein spaces and likewise for £ = Ko [ K1 F (K2 + Ks) we see that

the operator T has the following block operator form

M
M T:
i (%)

T = 0 [0 0 . (2.1)
]
M T, 0
(o2 )"0 (0 0)

A simple indefinite inner product argument shows that

=)

S

S|
T ¥ 0 T: 0 0 0
(%) ~0 m @ o' =(g). (T 0) -6 =)

with some Ty € B(K3,Ho), Toy € B(Ko, H3) and T," € B(K3,H3), respec-
tively. Substituting this into (2.1) we obtain

M

T, 0 0 Ty

g 0 0 0 0
T = : 2.2
0 0 0 0 (22)

8 0 0 T
Hence, if we interchange the roles of Ho and Hs and interchange the roles of
Ko and K3, we can see T as a J-dilation of Tg]. This fact and the lemma

below will allow us to interchange the roles of 7" and T in further reasonings.
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We define the operators T; € B(H, K;) and To; € B(H;, K) as respectively
the ith row and jth column of the matrix 7. Our main hero will be definitely
the operator

Toe =(To 0 Toz 0), (2.3)

though some of the others will appear as well. Note that (Tpe )" = (T7)e0
and (Tuo)" = (T")0s -

Lemma 2.1. T is a rigid J-dilation of Ty if and only ifT[*] is a rigid J-dilation
of Ty

Proof. Suppose that T is a rigid J-dilation of Ty. The inclusion K1 FH Ky C
ker T is obvious. To see the opposite one takes y = yo+y1+y2+y3 € ker T[*]7
yi € K; (1 =0,1,2,3). Then for every € H we have [Tz,y] =0. By (1.3) T
maps H onto a dense subspace of Ky [ K. Consequently, by (1.2), yg = 0,
y3 = 0. Hence, y € K1 H Ko.

Suppose now that im7T" C Ko F Ks. Then either im(T")oe C Ko or
m(T%)s, C Ks. In the first case there exists a nonzero x¢ € Ko which satis-
fies [T "y, xo] = 0 for all y € K. Consequently x € ker T, which contradicts
the rigidity of T'. In the latter case there exists a nonzero zs € Ko such that
T Uy, x9] = 0 for all y € K, which is again in contradiction with the rigidity
of T. O

At this point we can derive formulas for the operators 777 and TT":

o1 0 T8Tn 0 ToTy 0 0 ToTy
| 00 0 of  ppt_| O . 0 0 0
0 0 0 0 ToTy 0 0 TaTs
ThTo 0 ThToz O 0 0 0 0
(2.4)
Using our row—column notation we can rewrite (2.4) as
T = (Tos )" Toe,  TT" =Tuo(Teo)". (2.5)

Lemma 2.2. If T is a rigid J-dilation of Ty then the operators Tyo and (Tpe )
are injective and ker TT = ker Toe -

Proof. The operator T4 is clearly injective by (1.3). By Lemma 2.1 we have
ker T = K1 [ K, hence (T%)e0 = (The )" is injective as well. The equality
ker T T = ker Tys follows now from (2.5). O

3. Powers of Operators THT, Annihilating Polynomials

Starting from (2.5) one can easily prove by induction the following formulas
(T = (To)* (I Y ' Tow, = 1, (3.1)
(TT"Y =Ty o(Ty To) N (Tao)”, j>1. (3.2)
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Observe that, denoting by Py the projection Py(zo+---+x3) = xo, (v; € Hj,
1=1,...,3), we get
Po(T T |3y= (Ty Tp), j>0. (3.3)

A similar formula can be derived for (TT%)7. Note also the following inter-
twining relations

(ToTy Y Toe = Toe (T7T), j=0,1,..., (3.4)
(T(E‘]To)j(Too)M = (TOO)[*](TT[*])ja ] :0717"'7 (35)
(Toe)(TOTYY = (THT)Y (The)®, j=0,1,.... (3.6)

If an operator A is nilpotent then we put ¥(A) := min{n € N: A" = 0}.
It is an easy fact that 97T is nilpotent if and only if TTY is nilpotent, in
such case |[V(T"T) — v(TT™)| < 1 (see also [4]). Equation (3.1) implies the
following proposition.

Proposition 3.1. Let T be a J-dilation of Ty. If p(t) is an annihilating poly-
nomial for TyTy (for T™T ) then tp(t) is an annihilating polynomial for T™T
(for ToTé*], respectively). Consequently the operator TOTg] is milpotent if and
only if TUT is nilpotent and

W(ToTy) — v(T7T)| < 1.
Proof. Let p(ToT5') = 0. Then by (3.1)
T Tp(TT) = (Toe ) p(To TS ) Toe = 0.

On the other hand if p(T"T) = 0 then by (3.3) we have p(Ty Tp) = 0 and
consequently,

ToTe p(To Ty ) = Top(Ty To) Ty = 0.
0

Proposition 3.2. Let T be a closed range, rigid J-dilation of an operator Ty.
Then the spaces

ker(T"T)7+! ) ker(TT),  ker(TyTy )’/ ker(ToTy ) " (3.7)

are linearly isomorphic for j > 1. Consequently, if, in addition, T°T s
nilpotent then v(TYT) = V(T Ty) + 1.

Proof. Since T is a closed range rigid dilation of T, we get Ty, surjective
and (Tpe )" injective (Lemma 2.2). Consequently, by (3.1) we have

Tho (kex(T7T)) = ker(TyTy /=", j > 1.
Therefore, for j > 1 the mapping
D, (x + ker(TT)) := Tpe x + ker(TyTp) ',z € ker(T"T)I+?

is a well defined linear isomorphism between the spaces listed in (3.7). O
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As usually we define the Segre characteristic for the nilpotent operator
A in a finite dimensional space as a decreasing sequence of sizes of Jordan
blocks in the Jordan canonical form of A, extended with an infinite number
of zeros. Since, for j = 1,2,..., the dimension of ker A7/ ker A7~! equals the
number of Jordan chains in the Jordan canonical form of A of length larger
or equal then j, we get the following.

Corollary 3.3. Let H and K be finite dimensional. If T is a rigid dilation of
Ty and T"T s nilpotent with the Segre characteristic (ng)32 ,, then the Segre
characteristic of TyTy is
(max {n; —1,0})72;.

FEzxzample 3. Let Hy = K be an infinite dimensional Hilbert space and let T}
be the zero operator on Hy. Consider now an arbitrary closed range, rigid
J-dilation T of Ty. According to Proposition 3.2 the space ker(T"T)2/
ker(THT) is infinite dimensional. Hence, there are infinitely many Jordan

chains of length two corresponding to the zero eigenvalue. Therefore, neither
‘H nor K is a Pontryagin space.

4. Spectral Properties and Definitizabilty

Proposition 4.1. Let T be a J-dilation of Ty with Hy # H. Then o(T"T) =
o(ToTy) U {0}

Proof. A simple argument involving the Schur complement applied to the
block operator matrix (2.4) shows that o(T"T) = (T} Ty) U {0}. By a well
known result the latter set is equal to o(TpTy') U {0}. O

Note also the following proposition, which shows, besides other things,
that the nonzero point spectra of the operators T9T and TOT[[)*] coincide. By
the algebraic root space of an operator A we mean the space

Sx(A) ={feD(A):IneN: (A-XN)"f =0}

Proposition 4.2. Let T be a J-dilation of Ty and let A € C\ {0}. Then

() Toe maps S\(TVT) bijectively to Sx(ToTy);

(i) (Toe )" maps S\(ToTy') bijectively to Sx(T"T);

(iii)  S\(T"T) is finite dimensional if and only if S\(ToTy') is finite dimen-
sional;

(iv) S\(TYT) is non-degenerate if and only if Sx(ToT\) is non-
degenerate.

Proof. (1)&(ii) First note that by the intertwining relation (3.4) Tpe maps

S\(TYT) into S\(ToTy)). Similarly, by (3.6), (Tpe )" maps Sx(TpTy) into

S\(T™'T). Since Ty (Toe )™ = Ty T, and the latter operator is clearly injective

on Sy(TyTy), the operator (Tpe )"| is injective as well. The mapping

SA(ToTd)
THT = (Tye )" Tpe maps Sx(T"T) bijectively onto itself. By injectivity of
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is

and (Tpe )™ |

¥ .
(Toe ) Sy (ToTl)? each of the mappings Tpe |
bijective.

Point (iii) is now obvious. Point (iv) follows directly from bijectivity of

(T"T) and (TyT) O

Sa(THT) Sa(ToTH)

Toels, (it (Toe)"

S\(TOTY) Sx(T9T) S\(TVTY

The reader might have already guessed that the case A\ = 0 is much
more difficult, we will deal with it in the next section. For the notions of
definitizability, definitizing polynomial and spectral function see e.g. [7,11].
Note, that in our setting all operators are bounded. We also take the usual
definitions of the set of critical points ¢(A) and the positive and negative
spectrum o4y (A). We set Ry := {x € R: £z > 0}.

Proposition 4.3. The operator T"T is definitizable if and only if T(]Tg] 18 def-
initizable. If p(t) is a definitizing polynomial for TyTy (for TVT) then tp(t)
is a definitizing polynomial for T"T (for TOT(;*], respectively). Consequently,
if 9T is definitizable then
o1t (T'T)NRy = 04+ (ToTy) MRy, ox(T'T)NR_ = o (ToTy ) NR_
and

o(THT) U {0} = ¢(ToT,) U {0}.

Proof. Let TyTy be definitizable with the definitizing polynomial p(t). By
(3.1) we have

(T T a,y) = [(ToTy ¥ ' Toex. Toay), j>1, x,y€H.

In consequence, tp(t) is a definitizing polynomial for T’ “T. On the other hand
if p(t) is a definitizing polynomial for 7T then formula (3.3) shows that p(t)
is a definitizing polynomial for Ty Ty as well. By [15, Theorem 3.1] tp(t) is
definitizing for Tng]. The ‘consequently’ part is now obvious. O

By Rg we denote the semiring generated by finite intervals and their
complements with endpoints not in ¢(T"T)U{0} and by E and Ej we denote
the spectral function of THT and Tng] respectively.

Theorem 4.4. Let T be a J-dilation of Ty and let T™T be definitizable. Then
Toe E(0) = Eo(0)Toe, A€ p(T"T)\ {0}. (4.1)
Consequently, a spectral point A € ¢(T"T)\ {0} is a singular critical point for
TYT if and only if it is a singular critical point for ToT, .
Proof. The intertwining relation (3.4) implies
Toe (T°T = N)7' = (I)Ty —N)"Toe, A€ p(T7T)\ {0},

which after integration over a suitable contour becomes (4.1) (cf. [15], proof
of Theorem 4.1).

Suppose that A is a regular critical point of TUT and let us take a
bounded closed neighborhood 7 of A such that 7 N (¢(T"T) U {0}) = 0.
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By the properties of the spectral function ([11, p.30], see also [15, Theorem
4.2] for usage of similar arguments as those below) there exists X € B(Ky)
such that TyTy X E(t) = Eo(r). Since X is a regular critical point of 77T,
there exists a constant ¢ > 0 such that

I1E(0)| < ¢, oCrT, o€fRo. (4.2)
Now for o C 7 such that A\ € o € Ry we get
1Eo(@)]| = 1 Eo(0) Bo(r)l = || Bo(o) ToTg X Eo(r)|

= HEo(U)TO- (Tpe )" 1X] - ¢

1X11 - < || Toe B()(T00)"

< oo - - || (T )*

X[ - e

Hence, A is a regular critical point for TOT(%*]. A similar argument shows the
opposite implication. O

5. Decomposing Spaces

We say that a pair of subspaces H' of H and K’ of K decomposes T if H' and
K’ are Krein spaces, TH' C K’ and TYK’ C H'. Note that in such case the
pair H'H and K/ decomposes T as well and T' can be written in the form
T =T 71" while T" =T f§ 7"

For the definition of a canonical form of an H-symmetric matrix we
refer to [5]. Since our paper contains both finite and infinite dimensional sit-
uations we view matrices as operators. Let A be a selfadjoint operator in a
finite dimensional Krein space £. A linear basis (e;); of £ will be called a
canonical basis for the operator A if and only if the matrix representation of
A in (ej); is in a Jordan canonical form and the Gramm matrix ([e;, €;])i;
is of a special type as outlined in [5]. By the sign characteristic of A we
understand the sign characteristic of the pair consisting of the matrix repre-
sentation of A in a canonical bases (e;); and the Gramm matrix ([e;, e;])i;.
Obviously this notion does not depend on the choice of a canonical bases. If
e1,--.,ex belong to some canonical basis of A and form a full Jordan chain,
then by the sign of the chain we mean as usually the number [eq, €], which
is either plus or minus one.

From now on we concentrate on the zero eigenvalue. Note that the
nonzero eigenvalues were analyzed in the previous section. One can easily
apply the methods used in the proof of Proposition 4.2 to analyze the sign
characteristic for nonzero eigenvalues in the finite dimensional case (see also
Proposition 3 in [9]).

Motivated by the finite dimensional situation we introduce the following
definition. However, note that neither the assumption of the finite dimension-
ality of the space nor nilpotency of the operator T"T is needed in this section.

Definition 5.1. Let £, F be a pair of finite dimensional spaces that decom-
poses T'. We say that it is of
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type (i) if dim€& = dim F = 2k (with some k > 1) and there exist linear
bases g1,...,g92, of £ and hq, ..., hop of F such that

ng{hjl : j:2,...,2]€

0 1 g=1
.y o (5.1)
My gj—1 ] = 4y,
T hj_{O s j=1
and
o O i+ A2+,
[gugj][hhhj]{l . Z—|—]:2k+1 )
type (ii))  if dim& = dimF — 1 > 1, there exist canonical bases ey, ..., ek
for TT and fi, ..., fus1 for TT® such that
M o 6]‘,1 j:2,,k+1
T fJ—{O tg=1
Tej:fj, jil,,k
and
€, €5 =e0; i k+1 i,j=1,...,k,
[ J] i+7,k+ (5.2)

[fiafj] :56i+j,k+2 Z,j = 1,,k+1
with some € € {—1,1};
type (iii) if dimF = dim & —1 > 1, there exist canonical bases eq, ..., €xt1
for TWT and fi,..., fr (k= dim F) for TT" such that
o fj—l ]:2,7]€+1
Tej= {0 L j=1
Tfi=ej j=1,....k
and
[ei7ej] :€5i+j’k+27 1, = 1,...,k+1,
[fivfj]:€6i+j7k+17 Zajzlavk
with some € € {-1,1};
type (iv) ifdimF =1, dim€& = 0;
type (v) ifdim& =1, dimF = 0.
We will refer to the bases appearing in each point above as a corresponding
(to a type) basis.

(5.3)

Remark 5.2. While in the definitions of types (ii)-(iii) the operators T"T|g
and TT" |7 are presented in their canonical bases, in the definition of type
(i) this is not the case. Although the bases gi,...,g2r and hq,..., hgy are
not canonical it is easy to transform them into canonical ones. In fact, the
canonical basis of T[*]T| ¢ consists in this case of two Jordan chains

1 1 1
5(9% + gok—1), 5(9%—2 + g2k—3)s - - -, 5(92 +91)
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and
1

1 1
5(921@ - g2k—1)a 5(9%—2 - 92k—3), cees 5(92 - 91)

of opposite signs, the same concerns the canonical basis of 7" |7 with ¢
everywhere replaced by h.

Note that in each of the types zero is the only eigenvalue of the opera-
tors T"T|e and TT"| £, or one of the operators is trivial and the second one is
zero. Hence, a necessary condition for an operator 7' to have a decomposing
pair of spaces of one of the types (i)—(v) is that zero is an eigenvalue of at
least one of the operators THT and TT". In the next section we will see that
this condition is also sufficient in the finite dimensional case. On the other
hand Example 1 shows that in the infinite dimensional II;-space zero can be
an eigenvalue of both operators T"T and TT[*], but there is no decomposing
pair for T

Proposition 5.3. Let T be a rigid J-dilation of Ty and let €, F be a pair of
decomposing spaces for Ty of type (1) with the corresponding bases g1, . . ., Gox
and Bl, ey how. Then there exists a pair of spaces £, F decomposing T and
of type (i) with a corresponding bases g_1,4go,- .., g2k and h_1,hg,..., hog,
such that

Toeg; = hyj, (Teo) hj=3;, j=1,...,2k, (5.4)

Proof. First note that by surjectivity of Tpe there exist gor, € H and hop € K
such that

To o1 = ok, (Te0)" hak = Gor. (5.5)
We define now g; and h; by a recursive relation

gi-1:=T";  hj_1:=Tg;, j=0,... 2k (5.6)

b

By Lemma 2.2 the operator (Tpe )" is injective and hence

90 =T"Tgs = (Toa) " Toa g2 = (Toa) " ha # 0.
For the same reasons g_1, hg, h_1 are nonzero. On the other hand

Tg_1 =TT "Tg, =T(Tye) Toe g1 = T(Tpe ) by = TyTy'hy =0. (5.7

Similarly
T"h_y =0. (5.8)
Hence, g_1,90,...,92r and h_1, hg, ..., hog are nonzero vectors satisfying
- {5 2%
- gi1 : j=0,...,2k (5.9)

cf. (5.1). Equations (5.4) are also satisfied by the exploited intertwining rela-
tions (3.4), (3.5). Define now the spaces £ and F by
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E:=lin{g_1,...,926}, F:=lin{h_y1,... hop}.

Clearly TE C F and TV F C &, by (5.6),(5.7) and (5.8).
We show now that

[giagj] = [h“h]] = 6i+j,2k717 i, =—1,.. .72]{,‘7 1+7 < 4k — 1. (510)

Without loss of generality we can assume that i < j. Note that

b .o
[gi7gj] = [T TgivngrQ] = 07 ] = _170'
For j > 0 and 7 < 2k — 2 we have

l9i,94] = [T[*]Tng,gj} = [Toe gi+2, Toe 9]
= [hit2, hj] = 0ivjr2,2641 = Oij2k—1-
Next,
(9251, 92k —1] = [Thak, Thax] = [hak, hag] = 0.

The same calculations hold for g and h interchanged, which finishes the proof
of (5.10).

The cases 4,j = 2k and i = 2k — 1, j = 2k of (5.10) are more difficult.
Suppose we replace gor and hoy respectively by

Gok = gok + Qogo + A—19-1, hak = hai + Boho + B_1h_1
with some «;, 3; € R (i = 0, —1) and we replace gog—1 and hog_1 respectively
by
Gor—1 == T"hay, hak—1 := Toy.

In such case the modified systems
9155922, 92k—1,92k, N1, hop_2,hop_1,ha

still satisfy (5.9) since g; € ker T"T = ker Tye and h; € ker TT" = ker (T4 )"
for i = 0, —1. Note that (5.4) holds for any choice of o, 5; (i = 0, —1) as well.
Observe that by (5.10) we have

[92k> G2k] = [92k, Gor] + a1, (5.11)
[hak, har] = [hak, har] + 81 (5.12)

and
G2k, Gon—1] = [har—1, har] = [g2k, g2n—1] + a0 + Bo. (5.13)

Hence, it is easy to choose a;, 3; (i = 0, —1) such that the inner products in
(5.11), (5.12) and (5.13) are all zero. Consequently, £ and F are non-degener-
ate spaces and hence they decompose T'. From the construction it is obvious
that the spaces & and F are of type (i) with

915+ 92k—2, 92k —1, J2k>
and

hot,..., hak—2, hax_1, hay

as corresponding bases. O
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Proposition 5.4. Let T be a rigid J-dilation of Ty and let €, F be a pair of

decomposing spaces for Ty of type (ii) with the corresponding bases é1, ..., €
and f1,..., fe+1. Then there exists a pair of spaces €, F decomposing T and
of type (iii) with a corresponding bases eg, ..., ex+1 and fo, ..., fx, such that
Toee; = fi, j=1,....k+1,
S (5.14)
(Teo) fi=¢;, j=1,...,k

Moreover,

ex+1, €0] = [Ert1, 1], [fxs fol = [fx, fal- (5.15)

Proof. Since the mapping Tpe is onto, there exist e;y1 € H such that

Toe €lt1 = frt1-

Now let e; and f; be defined by
fi=Tej1, e :=T"f;, j=0,..k (5.16)

By definition, eq, ..., exr1 and fo, . .., fi are Jordan chains for 77T and TT"
respectively. By the intertwining relations (3.4) and (3.5) we have that (5.14)
is satisfied. Furthermore, note that

eo =T"Tey = (Toe )" Toe €1 = (Toe )" fi. (5.17)

By Lemma 2.2 the operator (Tpe )[*] is injective, thus ey # 0. Since T fy =
T"Tey = ey, we get fo # 0 as well. On the other hand,
Teo = T(Toe )" f1 = ToTy f1 = 0. (5.18)
Consequently, T"Tey = 0 and TT" fo = TT"Te; = Tey = 0.
Define now the spaces £ and F by

& :=linfeo,...,ext1}, F:=lin{fo,..., fu}-
Clearly TE C F and T"F C &, by (5.16) and (5.18). What remains to prove
is that

leiyej] = Sijri1lfosns Ail, 4,5 =0,... k+1 (5.19)

and

(fis £3] = Oinjklfovs, fi] = Sijmialr, é1), 4,5 =10,....k  (5.20)

Namely, if the two above formulas are satisfied then £ and F are non-degener-
ate spaces and (5.15) holds as well. We proceed now like in the proof of the last
proposition, the details are left to the reader. The cases i+j < 2k+2 of (5.19)
can be proved directly. We replace ey41, if necessary, by ér+1 := er+1 + aeg,
where o € R is chosen in such way that [éxy1,éks1] = 0. Since

[fis fil = [Teiy1, Tejia] = [eir1,e5], 4,5 =0,....k
we have (5.20). O
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Proposition 5.5. Let T be a rigid J-dilation of Ty and let £ = {0}, F be a
pair of decomposing spaces for Ty of type (iv) and let fi € F be such that
[fh fl} = +1. Then there exists a pair of spaces £, F decomposing T and of
type (iil) with a corresponding canonical bases eg,e1 and fo, such that

Toee1 = fi.

Moreover,
le1, e0] = [fo, fol = [f1, ful- (5.21)

The proof is similar to the proof of Proposition 5.4. Substituting 7" for
T we get the analogues of Propositions 5.4 and 5.5 for types (iii) and (v).

6. Canonical Forms for the Finite Dimensional Case

In this section we give an alternative proof of [12, Theorem 3.2], cf. also
the main result in [3]. It is worth mentioning that the paper [12] contains a
broad and interesting study of the problem of comparing the operators T*T
and TT™* also in the presence of different types of involutions. Nevertheless,
we find it important to present the proof below for two reasons. Firstly, our
proof highlights the induction argument, which is only implicitly present in
the proof of [12]. Secondly, our proof is shorter than the one in [12] and has
a more geometrical nature thanks to the J-dilation procedure. We restrict
ourselves to the nilpotent case, since the essential difficulty lies in the zero
eigenvalue. From now on we assume that every space is finite dimensional.

Theorem 6.1. Let H and K be finite dimensional and let the operators 7"
and TPT be nilpotent. Then there exists subspaces &; of H and F; of K
(i=1,...,n) such that

and each pair &;, F; decomposes T and is of one of the types (i)—(v).

Note that our decomposing pairs of type (i) are the same as blocks of
type (2) in [12], decomposing pairs of type (ii) correspond to blocks of type
(3) in [12], decomposing pairs of type (iii) correspond to blocks of type (4)
in [12] and the sum of decomposing pairs of type (iv) and (v) constitutes the
block of type (1) in [12].

Proof. We will prove the claim by induction with respect to
N := max {V(THT), Z/(TT[*])}.

Let us suppose first that N = 1. Then TOT =0 and TT" = 0. Hence, im T’
as well as im 7" are neutral spaces. We fix a skewly linked companion K’ of
im 7T and let K := (im T + K)", so that

K= (@(mT +K') [ K"
Since K”[L]im T, it is contained in the kernel of T". Also im T C ker T" by
T"T = 0. On the other hand if z € K’ then, by definition of K, [THJ:, z] =
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[,Tz] = 1 for some z € H. Hence, Tz # 0 and consequently ker ™ =
im7T 4 K" Now consider a similar decomposition

H=(mT" +H) H H"
Again, we have ker T = im T" 4 H". Moreover,
imT =TH', imT"” =T"K'" (6.1)

The pairs H”, {0} and K”, {0} decompose T, since T|pn= 0, T" |cn= 0.
Furthermore, T3 : H" — {0} and T{oy: {0} — K" satisfy the theorem with
respectively blocks of type (v) and (iv) only. To finish the proof of case N = 1
we need to show that T restricted to (im 7" -+ H’) decomposes into blocks
of types (i),(ii) and (iii). Obviously, type (ii) as well as (iii) are not possible,
since THT and TT" do not have Jordan chains longer then one. Fix a linear
basis g3, ..., gb of H' and choose vectors gi, ..., gt € im T such that

[givg%] = (Sij 1,j = 1,...,L
Set hi = Tgs, i = 1,...,1 and let hy, € K’ for i = 1,...,1 be such that
T"hi = gi. Note that

[hliv hé] = [Tgéa hé] = [géaT[*]h%} = [gévgﬂ = 51']’» hj=1,...,L
Hence the theorem holds for T' |imT[*]irH’ with & := lin {g{,gé}, Fi =
lin {n{,h} (i =1,...,1) being of type (i).

Now let us assume that the claim is true for N and consider the N + 1
case. Let Ty be a rigid J-restriction of T. By Proposition 3.2 we can apply
the induction hypothesis to the operator Tp. Hence, Ho = & [ -+ H &n,
Ko=F H - B F, with each pair &, F; (i = 1,...,n) decomposing Tj
and being of one of the types (i)—(v). By multiple use of Propositions 5.3, 5.4
and 5.5 we get a system of spaces &1, ..., En, Fi, ..., F,. Since & ﬂgj = {0}
for i # j, and Toe E; = E; (i = 1,...,n), we get & NE; = {0} for i # j.
Similarly, F; N F; = {0}. Since each pair &, F; decomposes T, the spaces
E=&+---+&,and F := F| +---+F, are non-degenerate and decompose
T as well.

Set S := T|¢1) and note that

TT = (T"T)e H S"s.

The Segre characteristic of (T"T)|¢ is given by Propositions 5.3-5.5. On
the other hand the Segre characteristics of TUT is determined up to Jordan
chains of length one by the Segre characteristic of T ng] (see Corollary 3.3).
Combining these two facts we conclude, that the operator S ¥S has Jordan

chains of length one only. The same property concerns SS ", Hence, we can
apply the first induction step to S. What remains to show is that T|¢ satisfies
the theorem. First note that

ifiZjandz=T"Tye&, z ¢ &; then [z, 2] = 0. (6.2)

Indeed, [z, z] =[Toe ¥, Toe 2]. The latter equals zero, since Tpe y € &, Toez€ gj.
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Now let us consider the following construction. For each 7,5 = 1,...,n,
1 > j there exists a pair of spaces &;, F;, decomposing T, of the same type
as &;, F; and such that

E=&+ & +EFEp +FEn,
f:f1++.7:7,71+ﬁ1+.7:2+1++fn7
and such that
€3, €] = {0}, (6.3)
and
[gia 81)} = [gi7 5}7]7 p 7& ] (64)
By repeating recursively this procedure we get the desired decomposition of
H and K.

We will consider now several cases, corresponding to the types of pairs
&, F; and &;, F;. Without loss of generality we can assume that the type of
the pair &;, F; increases with i. Moreover, note that there are neither pairs
of type (iv) nor (v).

1. The ith and the jth pair are of type (iii). Let €}, .. .,62+1, fé, ..
fi (€., el 1, f3,--., f]) be bases corresponding to the type for & and
Fi (& and Fj) respectively. We modify the e}, 41 vector only. Namely, we
define

9

é§c+1 = €Z+1 + aeé,
where a € C is such that
[é2+1,6§+1} =0.
We set & = lin {eé,...,ei,é}cﬂ}; Note that by (6.2) and the above we
have [£;,&;] = {0}. We also set F; := F,. In this case we already have
[Fi, F;] = {0}, since
o , , W .
i fl]= [T62+17T6g+1] =[T Te}c+17e{+1]a

which is zero by (6.2). Thanks to (6.2) we get (6.4) as well. Note that the

systems €f,...,ep, €, and f§,..., fi are bases of &, F; corresponding to
type (i).

2. The ith pair is of type (iii) and the jth pair is of type (ii). Let
€hs - €hgrs Sor- s S (€)sosel, fo. o, fiL1) be bases corresponding to

the type for & and F; (§; and F;) respectively. We define
Chp1 = Chpr + ael,
where a € C is such that
[é7§+1a ¢] = 0.
Moreover, we define fi := T(é), ) = fi + afy). Hence,

i g i M g ~i j
[fkvflj+1] = [€hqr, T fzj+1] = [ht1. /] =0.
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The spaces & := lin {eb, ... eb, et .1}, F: = lin {foi, N f,ﬁ} satisfy
now the requirements.

3. The ith pair is of type (iii) and the jth pair is of type (i). Let
€€yt Joo o L (9h1s o g9, By, ... hY,;) be bases corresponding to
the type for & and F; (§; and F;) respectively. We set

é§c+1 = 624-1 + 04—1911 + 040967
where a_1, a9 € C are such that

[é;chl?gél] = [é?chl?gél—l] =0.
Furthermore, we set f}. := Té. 41 and proceed as before.

4. The ith and the jth pair are of type (ii). Similarly to 1., interchanging
the roles of the spaces.

5. The ith pair is of type (ii) and the jth pair is of type (i). Similarly to
3., interchanging the roles of the spaces.

6. The ith and the jth pair are of type (i). We set

9ok = gh + 19’y + aogl,  hy = hby + Bk’ + Bohd)
~i M 7 i
Gop—1 = T hop,  hop_1 =Tgyy
with «p, 8, € C (p, ¢ = —1,0) such that
(50,97 = [l k] =0,  r=2k—1,2k, s=21—1,2L

The pair of spaces
E=1in{g" 1, .., gy o, op_1,Gon }> Fi 1= lin{fil, ce f§k72vf§k717f2ik}

now satisfies the requirements. This completes the proof. O

7. Polar Decomposition Revisited

Let ‘H and I be finite dimensional Krein spaces. We call an operator U €
B(H, K) unitary if UU" = I and U"U = I;. We say that T € B(H,K)
admits a polar decomposition if there exists a unitary U € B(H, K) and a sel-
fadjoint A € B(H) such that T'= UA. Corollary 6 of [13] says the following.

Theorem 7.1. The operator T € B(H,K), where the Krein spaces H and K
are finite dimensional, admits a polar decomposition if and only if the sign
characteristics of TUT and TT" are the same.

Note that the ‘only if” part of the theorem is obvious. In the light of
Theorem 6.1 we are now able to give a new proof of the ‘if” part by showing
an explicit construction of the unitary transformation U. We again restrict
ourselves to the nilpotent case, the nonzero eigenvalues can be handled for
example as in [13].

Part of the proof. Suppose that T"T is nilpotent and the sign characteristics
of TT and TT" are the same. We apply Theorem 6.1 and obtain a system
of decomposing pairs &;, F;, ¢ = 1,...,n. Since the sign characteristics of
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TUT and TT® are the same, we can renumerate and group the decomposing
spaces in the following way:

H=&H - HEH ErHeern) H - H (EvaHEwta)
K:flm H]:H( T+IH‘7:¢(T+1)H"'[‘H(fT-FqH‘F(#(rJrq))

where

e r,g > 0 and ¢ is a bijection from the set {r +1,...,7 + ¢} to the set
{T+Q+1a"'ar+2q}7
each decomposing pair &;, F; is of type (i) fori =1,...,r,
either &1, Fryq is of type (ii) and Ey(r44), Fo(ri) is of type (iii) or & 14,
Fryi is of type (iv) and Ey(r14), Fo(rti) is of type (v),
dim&,; = dim Fo(r+i)s
if the four systems

r+1i r4+i  er+i r+1 P(r+i) ¢(r+i) ¢(r+i)
ey ey fl 7...,kﬂande1 see s €hi A e

(k> O) are the corresponding bases for the pairs &1, Frii and Ey( 1)
Fp(r+4) respectively then

L fPrED

; ; P(r+i) _@(r+i

T A = e, e, (7.1)
For ¢ = 1,...,r the operator T'|g, is already in the polar decomposition
form. Indeed, if ¢1,...,92r and hy,...,ho are corresponding bases for &;

and F; respectively, then the mapping U : & — F; defined by Ug; := h;
(j =1,...,k) is unitary and A := U~!T is selfadjoint. We show now that
each restriction T'|¢, i FH Eoiran has a polar decomposition as well. Suppose
that the pair &1, Fyyq is of type (ii) and Ey(yyiy, Fyp(rt4) is of type (iii), the
proof for the (iv)—(v)-case goes the same way. We define a mapping

U:&yitHEsrvi) = Frai H Forta)
by

Ueltt = pfU0 o1k, U S o1 kL

It is unitary by (5.2), (5.3) and (7.1). The reader can now easily check that
the operator A := U~ !'T is selfadjoint. O

We refer the reader to [2,3,10,16] for topics related to the polar decom-
position.

8. Explicit Example

Suppose that we want to generate a matrix 7 such that 777 and TT"
are nilpotent and have given sign characteristics. Constructing the canonical
forms and then using a random basis transformation seems to be the simplest
method. However, the Jordan chains are unstable and while performing this
numerically the Jordan structure may be destroyed. We describe now how to
apply our dilation procedure to get desired examples.

Our method consists of several steps. In step (j+1) we construct spaces
HUTD = ¢, KU+ = C™ and a matrix TU) e C"%*™i. The indefinite
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inner products on HU*Y and KU+Y will be given by invertible, selfadjoint
matrices H) and K@) respectively, which means

@) = (H92.9), ayer,  [au]=(KVzw), zwek,

where (-, - ) denotes the standard inner product. Moreover, TV will always
be a rigid J-dilation of TU), i.e. To(j+1) = T, For simplicity we restrict our-
selves to generating matrices with given Segre characteristic, since fixing the
signs is a minor problem here.

Example 4. We construct a matrix 7" such that the Segre characteristics of
TYT and TT" are (4,3,3,2) and (3,3,3,3,1) respectively. Note that such a
situation is possible according to Theorem 6.1. Namely, there is one pair of
decomposing spaces of type (iii) with the lengths of Jordan blocks 4 and 3,
one pair of decomposing spaces of type (i) with two Jordan blocks of length 3
for 7T and two Jordan blocks of length 3 of TT" one pair of decomposing
spaces of type (ii) with lengths of Jordan blocks 2 and 3 and finally one pair
of decomposing spaces of type (iv).

Step 0. We start with

H=C, K°={0},

and T being the zero operator from H° to K°. The Segre characteristics
for TOHTO) TOTO are (1) and (0) respectively.
Step 1. In this step we want to find a rigid J-dilation 7™M of T(® such that
TWET®) and TOTMY have the Segre characteristics (1,1,1,1) and (2,1,1)
respectively. Moreover, two blocks of length one for 7M™ T(1) and two blocks
of length one for TOTMH has to form a decomposing pair of spaces of type
(i), one decomposing pair of type (ii) and one decomposing pair of type (v).
This means that the spaces H! and K! are both of dimension 4 and
dimker T = 2. (8.1)

A priori we have two possible choices for dimensions of the spaces Hi, H3,
H3 and two possible choices for dimensions of Ki, K3, Ki. Namely, we can
have

dimHj = dimH’ =1, dimH] :=3, dimHs=dimH;:=0 (8.2)

or

dimHy =dimH® =1, dimH] =1, dimHj=dimH;:=1, (8.3)
analogously

dimCj =dimK° =0, dimK] =2, dimK)=dimK}:=1 (8.4)
or

dim K} =dimK° =0, dimK]:=0, dimK)=dimk3:=2. (8.5)

However, if we set the dimensions according to (8.2) and (8.5) then the
J-dilation will not be rigid, since the necessary condition that dim(Hj+H3) =
dim(K§ 4 K3) is in such case violated. The same happens if we take (8.3)
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together with (8.4). What is left is (8.2) with (8.4) and (8.3) with (8.5). In
the first case we get the matrix

0 0
=171y o
0

The J-dilation is rigid if and only if the 1x 1 matrix TQ%) is invertible. Observe
that dim ker 7") = 3. Hence, by (8.1), we have to reject this case as well.
Let us analyze the case (8.3) with (8.5). The matrix 7(*) has then the

block form
1 1
T _ o o T o
0 0 0 0

and the J-dilation is rigid if and only if the 2 x 2 matrix (TZ%) Tz(l)) is

invertible. Keeping this constraint we can even pick the matrices Tz((l)) and

TQ(I) at random. Note that in this case we have dim ker T(}) = 2, which agrees
with (8.1).
The inner products on H; and K; are given by the matrices

1 0 0 0 0 0 1 0
0 1 0 0 0 0 0 1

Hi=10 o 0o 1 K=ty o 0 ol
0 0 1 0 0 1 0 0

respectively.?

Step 2. Now we want to obtain Segre characteristics (3,2,2,1) and (2, 2,2, 2),
hence dim H? = dim K? = 8. There are two possibilities of setting the dimen-
sions, namely

dim'H% = dimlC% =0, dim'Hg = dimHg = dimlC% = dimng = 2.
dimH; == dimK7 =2,  dimH; = dimH; = dim K3 = dim K3 = 1,
otherwise the necessary condition dim(H3 + H3) = dim (K3 + K2) for rigid-

ity of the J-dilation is violated. However, we need to reject the latter case.
Indeed, since dim ker T(1) = 2 we are not able to extend T to an invertible

0
matrix in a five-dimensional space. We set
72 P2
02 02

H 0 0 K, 0 0
HQ = 0 0 Ig K2 = 0 0 Ig
0 I, O 0 I, O

2 Here is a chance to fix the signs as well.
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Again, the numbers for above blocks TQ(g ), TQ(Q), To(g ) of the T® matrices could
o)

7@ 7@

be chosen arbitrary, with the only requirement that the matrix <
T
02 02

is invertible.

Step 3. Finally, we construct operator T*) such that the Segre characteristics
of TWHTM®W and TWT®Y are respectively (3,3,3,3,1) and (4,3,3,2). As in
the previous steps we determine the dimensions:

dimH; =13=8+1+2+2, dimKz=12=8+0+2+2,

we set
V0 Ky 00
Hy = ., Ks=[0 0 L
0 0 0 I o L 0
0 0 I, 0 2

3)

(3) m(3) (3) . (T T
and we choose Ty, T,™ and Tj),” in such way, that the matrix

3 3
Ty T
is invertible.
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