
Arch. Math. 122 (2024), 377–383
c© 2024 The Author(s)

0003-889X/24/040377-7

published online March 2, 2024
https://doi.org/10.1007/s00013-023-01963-x Archiv der Mathematik

Matrices for finite group representations that respect Galois
automorphisms

David J. Benson

Abstract. We are given a finite group H, an automorphism τ of H of
order r, a Galois extension L/K of fields of characteristic zero with cyclic
Galois group 〈σ〉 of order r, and an absolutely irreducible representation
ρ : H → GL(n, L) such that the action of τ on the character of ρ is the
same as the action of σ. Then the following are equivalent.

• ρ is equivalent to a representation ρ′ : H → GL(n, L) such that the
action of σ on the entries of the matrices corresponds to the action of τ
on H, and

• the induced representation indH,H�〈τ〉(ρ) has Schur index one; that
is, it is similar to a representation over K.

As examples, we discuss a three dimensional irreducible representation
of A5 over Q[

√
5] and a four dimensional irreducible representation of the

double cover of A7 over Q[
√−7].
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1. Introduction. This paper begins with the following question, suggested to
the author by Richard Parker. The alternating group A5 has a three dimen-
sional representation over the field Q[

√
5] which induces up to the symmetric

group S5 to give a six dimensional irreducible that can be written over Q.
Given an involution in S5 that is not in A5, is it possible to write down a 3×3
matrix representation of A5 such that the Galois automorphism of Q[

√
5] acts

on matrices in the same way as the involution acts on A5 by conjugation?
More generally, we are given a finite group H, an automorphism τ of order

r, a Galois extension L/K of fields of characteristic zero with cyclic Galois
group Gal(L/K) = 〈σ〉 of order [L : K] = r, and an absolutely irreducible rep-
resentation ρ : H → GL(n,L). We assume that the action of τ on the character
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of the representation ρ is the same as the action of σ. Then the question is
whether it is possible to conjugate to a representation ρ′ : H → GL(n,L) with
the property that the Galois automorphism σ acts on matrices in the same way
as τ acts on H. In other words, we are asking whether the following diagram
can be made to commute.

H
ρ′

��

τ

��

GL(n,L)

σ

��

H
ρ′

�� GL(n,L).

We answer this using the invariant λ(ρ) in the relative Brauer group

Br(L/K) = H2(〈σ〉, L×) ∼= K×/NL/K(L×)

that defines the division algebra associated to the representation obtained by
inducing to the semidirect product.

Theorem 1.1. Let ρ : H → GL(n,L) be as above. Then there is an invariant
λ(ρ) ∈ K×/NL/K(L×) such that the following are equivalent.
(1) λ(ρ) = 1.
(2) There is a conjugate ρ′ of ρ making the diagram above commute.
(3) If G is the semidirect product H � 〈τ〉, then the induced representation

indH,G(ρ) has Schur index equal to one; in other words, it can be written
over K.

More generally, the order of λ(ρ) in K×/NL/K(L×) is equal to the Schur
index of the induced representation, and the associated division algebra is the
one determined by λ(ρ).

The equivalence of (1) and (2) is proved in Section 3. The equivalence of (1)
and (3) is more standard, see for example Turull [8], and is proved in Section 4.
Combining these gives the more interesting statement of the equivalence of (2)
and (3). We end with some examples. In the case of the three dimensional
representations of A5, we have λ(ρ) = 1, and we write down explicit matrices
for ρ′, though they are not very pleasant. In the case of the four dimensional
irreducible representations of 2A7, we have λ(ρ) = −2, which is not a norm
from Q[

√−7], and the division ring associated to the induced representation
is the quaternion algebra with symbol (−2,−7)Q.

2. The matrix X. Consider the composite σ ◦ ρ ◦ τ−1:

H
τ−1

−−→ H
ρ−→ GL(n,L) σ−→ GL(n,L).

This representation is equivalent to ρ, and so there exists a matrix X, well
defined up to scalars in L×, such that conjugation by X takes ρ to σ ◦ ρ ◦ τ−1.
Write cX for conjugation by X, so that cX(A) = XAX−1. Then we have

σ ◦ ρ ◦ τ−1 = cX ◦ ρ. (2.1)

By abuse of notation, we shall also write σ for the automorphism of GL(n,L)
given by applying σ to each of its entries. Then
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cσ(X)(σ(A)) = σ(X)σ(A)σ(X)−1 = σ(XAX−1),

so we have

cσ(X) ◦ σ = σ ◦ cX .

So equation (2.1) gives

σ2 ◦ ρ ◦ τ−2 = σ ◦ cX ◦ ρ ◦ τ−1

= cσ(X) ◦ σ ◦ ρ ◦ τ−1

= cσ(X) ◦ cX ◦ ρ

= cσ(X).X ◦ ρ.

Continuing this way, for any i > 0, we have

σi ◦ ρ ◦ τ−i = cσi−1(X)···σ(X).X ◦ ρ.

Taking i = r, we have σr = 1 and τ r = 1, so

ρ = cσr−1(X)···σ(X).X ◦ ρ. (2.2)

Definition 2.3. If A is an n × n matrix over L, we define the norm of A to be

NL/K(A) = σr−1(A) · · · σ(A).A

as an n × n matrix over K.

Equation (2.2) now reads

ρ = cNL/K(X) ◦ ρ.

By Schur’s lemma, it follows that the matrix NL/K(X) is a scalar multiple of
the identity,

NL/K(X) = λI.

Applying σ and rotating the terms on the left, we see that λ = σ(λ), so that
λ ∈ K×. If we replace X by a scalar multiple μX, then the scalar λ gets
multiplied by σr−1(μ) · · · σ(μ)μ, which is the norm NL/K(μ). Thus the scalar
λ is well defined only up to norms of elements in L×. We define it to be the
λ-invariant of ρ:

λ(ρ) ∈ K×/NL/K(L×).

Thus λ(ρ) = 1 if and only if X can be replaced by a multiple of X to make
NL/K(X) = I.

3. The matrix Y . The goal is to find a matrix Y conjugating ρ to a represen-
tation ρ′ such that σ ◦ ρ′ ◦ τ−1 = ρ′. Thus we wish Y to satisfy

σ ◦ cY ◦ ρ ◦ τ−1 = cY ◦ ρ.

We rewrite this in stages:

cσ(Y ) ◦ σ ◦ ρ ◦ τ−1 = cY ◦ ρ

σ ◦ ρ ◦ τ−1 = cσ(Y )−1 ◦ cY ◦ ρ

cX ◦ ρ = cσ(Y )−1Y ◦ ρ.
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Again applying Schur’s lemma, σ(Y )−1Y is then forced to be a multiple of X.
Since NL/K(σ(Y )−1Y ) = I, it follows that if there is such a Y , then λ(ρ) is the
identity element of K×/NL/K(L×). This proves one direction of Theorem 1.1.
The other direction is now an immediate consequence of the version of Hilbert’s
Theorem 90 given in Serre [6, Chapter X, Proposition 3]:

Theorem 3.1. Let L/K be a finite Galois extension of fields with Galois group
Gal(L/K). Then H1(Gal(L/K),GL(n,L)) = 0.

Corollary 3.2. Let L/K be a Galois extension with cyclic Galois group
Gal(L/K) = 〈σ〉 of order r. If a matrix X ∈ GL(n,L) satisfies NL/K(X) = I,
then there is a matrix Y such that σ(Y )−1Y = X.

Proof. This is the case of a cyclic Galois group of Theorem 3.1. �

This completes the proof of the equivalence of (1) and (2) in Theorem 1.1.

Remark 3.3. In order to make effective use of the implication (1) ⇒ (2) of
Theorem 1.1, given X with NL/K(X) = I, it is necessary to be able to con-
struct a matrix Y such that σ(Y )−1Y = X. The practical implementation of
this is discussed in closely related contexts in Fieker [1], Glasby et al. [2–4].

4. The induced representation. Let G = H � 〈τ〉, so that for h ∈ H, we have
τ(h) = τhτ−1 in G. Then the induced representation indG

H(ρ) is an LG-module
with character values in K, but cannot necessarily be written as an extension
to L of a KG-module. So we restrict the coefficients to K and examine the
endomorphism ring.

Lemma 4.1. EndKG(indH,G(ρ|K)) has dimension r2 over K.

Proof. The representation ρ|K is an irreducible KH-module, whose extension
to L decomposes as the sum of the Galois conjugates of ρ, so EndKH(ρ|K) is r
dimensional over K. For the induced representation indH,G(ρ|K) = indH,G(ρ)|K ,
as vector spaces we then have

EndKG(indH,G(ρ|K))
∼= HomKH(ρ|K , resG,H indH,G(ρ|K)) ∼= r.EndKH(ρ|K). �

Proposition 4.2. The algebra EndKG(indH,G(ρ|K)) is a crossed product alge-
bra, central simple over K, with generators mλ for λ ∈ L and an element ξ,
satisfying

mλ + mλ′ = mλ+λ′ , mλmλ′ = mλλ′ , mλ ◦ ξ = ξ ◦ mσ(λ), ξr = mλ(ρ).

Proof. We can write the representation indH,G(ρ|K) in terms of matrices as
follows.

g 
→

⎛
⎜⎜⎜⎝

ρ(g)|K
σρτ−1(g)|K

. . .
σ−1ρτ(g)|K

⎞
⎟⎟⎟⎠ , τ 
→

⎛
⎜⎜⎜⎝

I
I

. . .
I

⎞
⎟⎟⎟⎠ ◦ σ.
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It is easy to check that the following are endomorphisms of this representation.

mλ =

⎛
⎜⎜⎜⎝

λI
σ(λ)I

. . .
σ−1(λ)I

⎞
⎟⎟⎟⎠ , ξ =

⎛
⎜⎜⎜⎜⎜⎝

σ−1(X)
X

σ(X)
. . .

σ−2(X)

⎞
⎟⎟⎟⎟⎟⎠

with λ ∈ L and X as in Section 2. Since these generate an algebra of dimension
r2 over K, by Lemma 4.1, they generate the algebra EndKG(indH,G(ρ|K)). The
given relations are easy to check, and present an algebra which is easy to see has
dimension at most r2, and therefore no further relations are necessary. �

Corollary 4.3. The Schur index of the induced representation indH,G(ρ) is equal
to the order of λ(ρ) as an element of K×/NL/K(L×). In particular, the Schur
index is one if and only if λ(ρ) = 1 as an element of K×/NL/K(L×).

Proof. This follows from the structure of the central simple algebra EndKG(ρ|K)
given in Proposition 4.2, using the theory of cyclic crossed product algebras,
as developed for example in Pierce [5, Section 15.1], particularly Proposition b
of that section. �

This completes the proof of the equivalence of (1) and (3) in Theorem 1.1.
In particular, it shows that λ(ρ) can only involve primes dividing the order of
G.

5. Examples. Our first example is a three dimensional representation of A5.
There are two algebraically conjugate three dimensional irreducible represen-
tations of A5 over Q[

√
5] swapped by an outer automorphism of A5, and giving

a six dimensional representation of the symmetric group S5 over Q.
Setting α = 1+

√
5

2 , ᾱ = 1−√
5

2 , we can write the action of the generators on
one of these three dimensional representations as follows.

(12)(34) 
→
⎛
⎝

−1 0 0
0 0 1
0 1 0

⎞
⎠ , (153) 
→

⎛
⎝

−1 1 α
α 0 −α

−α 0 1

⎞
⎠ .

Taking this for ρ, we find a matrix X conjugating this to σ ◦ ρ ◦ τ−1 where σ
is the field automorphism and τ is conjugation by (12). Using the fact that if
a = (12)(34) and b = (153), then ab2abab2 = (253), we find that

X =

⎛
⎝

1 −ᾱ ᾱ
−ᾱ 1 −ᾱ

ᾱ −ᾱ 1

⎞
⎠ .

We compute that σ(X).X is minus the identity. Now −1 is in the image of
NQ[

√
5],Q, namely we have (2−√

5)(2+
√

5) = −1. So we replace X by (2−√
5)X

to achieve σ(X).X = I. Having done this, by Hilbert 90, there exists Y with
σ(Y )−1.Y = X. Such a Y conjugates ρ to the desired form. For example, we
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can take

Y =

⎛
⎝

1 − 2
√

5 3 − 2
√

5 −3 + 2
√

5
3 − 2

√
5 1 − 2

√
5 3 − 2

√
5

−3 + 2
√

5 3 − 2
√

5 1 − 2
√

5

⎞
⎠ .

Thus we end up with the representation

(12)(34) 
→
⎛
⎝

−1 0 0
0 0 1
0 1 0

⎞
⎠ ,

(153) 
→ 1
40

⎛
⎝

10 − 4
√

5 −5 + 19
√

5 25 − 9
√

5
−10 − 4

√
5 25 + 9

√
5 −5 − 19

√
5

−50 35 − 5
√

5 −35 − 5
√

5

⎞
⎠ ,

(253) 
→ 1
40

⎛
⎝

10 + 4
√

5 −5 − 19
√

5 25 + 9
√

5
−10 + 4

√
5 25 − 9

√
5 −5 + 19

√
5

−50 35 + 5
√

5 −35 + 5
√

5

⎞
⎠ .

Denoting these matrices by a, b, and c, it is routine to check that a2 = b3 =
(ab)5 = 1, a2 = c3 = (ac)5 = 1, and c = σ(b) = ab2abab2.

More generally, if H is an alternating group An and G is the corresponding
symmetric group Sn, then all irreducible representations of G are rational and
so the invariant λ(ρ) is equal to one for any irreducible character of H that is
not rational. So an appropriate matrix Y may always be found in this case.

Our second example is one with λ(ρ) �= 1. Let H be the group 2A7, namely
a non-trivial central extension of A7 by a cyclic group of order two. Let τ be
an automorphism of H of order two, lifting the action of a transposition in S7

on H, and let G be the semidirect product H � 〈τ〉. Then H has two Galois
conjugate irreducible representations of dimension four over Q[

√−7]. Let ρ be
one of them. The induced representation is eight dimensional over Q[

√−7].
Restricting coefficients to Q produces a 16 dimensional rational representation
whose endomorphism algebra E is a quaternion algebra. Thus the induced
representation can be written as a four dimensional representation over Eop ∼=
E. This endomorphism algebra was computed by Turull [7] in general for the
double covers of symmetric groups. In this case, by Corollary 5.7 of that paper,
the algebra E is generated over Q by elements u and v satisfying u2 = −2,
v2 = −7, and uv = −vu. Thus the invariant λ(ρ) is equal to −2 as an element
of Q×/NQ[

√−7],Q(Q[
√−7]×) in this case.
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