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Terms of recurrence sequences in the solution sets of norm form
equations
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Abstract. The structure as well as several arithmetic properties of the
solution sets of norm form equations are of classical and recent interest.
In this paper, we give a finiteness result for terms of linear recurrence
sequences appearing in the coordinates of solutions of norm form equa-
tions. Our main theorem yields a common generalization of certain recent
results from the literature.
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1. Introduction. Arithmetic properties of solutions of norm form equations
have a considerable literature. Here we mention only one result (which is the
most important from our viewpoint), and for generalities on norm form equa-
tions or other related result, we refer the interested reader to the papers [1] or
[2]. Fuchs and Heintze considered terms of so-called multi-recurrences (being
natural generalizations of linear recurrence sequences) among the coordinates
of solutions of norm form equations. They set the problem in the general case,
however, their results concern the case of multi-recurrences which are simple.
Simplifying their result to the case of linear recurrence sequences, this means
that the characteristic polynomials of these sequences have simple zeroes. They
could prove that a simple multi-recurrence, under certain necessary assump-
tions, can have only finitely many terms among the coordinates of solutions of
a norm form equation.
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In the special situation when the underlying field is quadratic, we in fact
investigate terms of recurrence sequences among the solutions of generalized
Pell equations. For an account on these results, see [4]. In particular, the main
theorem of [4] states that under certain assumptions, a recurrence sequence
has only finitely many terms among the coordinates of solutions of generalized
Pell equations.

In this paper, we provide a common extension of the main results of [2]
(more precisely, its corollary to the case of linear recurrence sequences) and
of [4]. That is, we prove that, under certain assumptions, an arbitrary linear
recurrence sequence can have only finitely many terms in the coordinates of
solutions of norm form equations. We show that the imposed assumptions
are necessary. In our proof, we shall combine the finiteness of solutions of
polynomial-exponential equations proved by Schlickewei and Schmidt [5] with
some other tools and ideas.

2. The main result. To formulate our main result, we need to introduce some
notation. Let K be an algebraic number field of degree k, and write N'(«) for

the norm of a € K (over Q). Let ay,...,ar € K be linearly independent over

Q, and let m be a non-zero integer. Consider the norm form equation
N(;vla1+~--+xkak) =m (1)

in integers x1,...,x. Write X; (i = 1,...,k) for the coordinate sets of solu-

tions of (1).
Let r be a positive integer, aq,...,a, € Z such that a, # 0, and Uy,...,
U,_1 € Z not all zero. If
Upo=aUp 1+ +aU, (n>7) (2)

and 7 is minimal such that (U,,) satisfies a relation above, then U = (U,,) =
(Un)n>o is called a linear recurrence sequence (of integers) of order r. Through-
out this paper, we always assume that a recurrence sequence is given by its
minimal length relation (2). We shall also use the notation

U= U(a1,...,ar,UO,...,U,._l).
The characteristic polynomial of (U,,) is defined by

d
f(z) =a" — ar" Tt - —a, = H(m — B (3)
i=1
where (31,..., 04 are distinct algebraic numbers and my,...,m; are positive

integers. Then as it is well-known (see e.g. [9, Theorem C.1 in part C]), we
have

d
U, = Zm(n)ﬁ? (n>0). (4)

Here g;(x) is a not identically zero polynomial of degree at most m; — 1 (i =
1,...,s) with coefficients in the number field Q(f1, ..., 84). (The fact that the
polynomials g; are not identically zero is not formulated in [9, Theorem C.1],
however it is clear from its proof.) We say that the sequence (U,,) is degenerate
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if there are integers 4, j with 1 < ¢ < j < s such that «;/a; is a root of unity;
otherwise it is non-degenerate.
Now we can formulate our main result.

Theorem 2.1. Let K be an algebraic number field of degree k, and (U,) be a
non-degenerate linear recurrence sequence of integers of order r > 2 given by
(2) and (4). If B; # £1 for some i =1,...,d and one of the conditions

(i) a, # +1,
(i) KNQA) =Q (i =1,...,d)
1s satisfied, then

Upy€ X1 U UXy (5)

holds only for finitely many indices n, where X; (i = 1,...,k) are the sets of
the coordinates of the solutions of any norm form equation, as defined in (1).
Further, the number of such indices is bounded by ¢y, where ¢y = ¢1(m, k, ) is
an effectively computable constant depending only on m,k,r.

Remark. It is important to mention that (1) can have infinitely many solutions
(with m chosen appropriately), unless K is Q or an imaginary quadratic field.
This follows from results of Schmidt (see [6, Satz 2] or [7, Chapter VII]). In
certain cases, (1) can have infinitely many solutions even if we take only %’
linearly independent algebraic integers a; € K (i = 1,...,k") with ¥’ < k.
This happens e.g. if we take oy = 1 and ap = v/2 in K = Q(v/2), together
with m = 1. (For a precise description of these cases, see [6,7] again). Clearly,
Theorem 2.1 remains valid also in these cases. Indeed, choose algebraic integers
Q' 41,-- -, from K such that aq,...,q; are linearly independent over Q.
As XqU- - -UXp C XqU---U Xy, the finiteness of the set of indices n with

Up,eXiU---UXy

immediately follows from Theorem 2.1.

We also note that the conditions in the theorem are all necessary. To show
this, we exhibit some examples. However, we do so after the proof of Theorem
2.1 since then we shall have the required machinery and notation.

3. Lemmas and proofs. To prove our theorem, we need two lemmas. The first
one is due to Schlickewei and Schmidt [5]. It concerns the finiteness of the
solutions of polynomial-exponential equations. For its formulation, we need to
introduce some new notation.

Let L be an algebraic number field, and let P, ..., Ps be not identically
zero polynomials in ¢ variables over L. Further, let r;1,...,k4 (i = 1,...,9)
be non-zero elements of L. Consider the equation

> @t =0 (©)

in tuples © = (1,...,7) € Z', where K; = (Ki1,..., ki) (i=1,...,5) and

KE = RI-k5E (i=1,...,5). (7)
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Let P be a partition of the set A = {1,...,s}. Then the system of equations
Y Pk =0 (AeP) (8)
1EX

is called a refinement of (6). Let S(P) be the set of solutions of (8) which are

not solutions of
Z P(x)k? =0 (AeP)
1EN

with any proper refinement P’ of P. Set iy z iy if 4 and iy lie in the same
subset A of P. Let G(P) be the subgroup of Z' consisting of tuples z =
(z1,...,2) with

K: — K?

. .. P
i 5, for any iy,ip with i1 ~ d.

Lemma 3.1. Using the above notation, if G(P) = {0}, then we have
S(P)| < 2254° poA*

A = max <t,z <t+6i>> ,
i€A t

where §; is the total degree of the polynomial P;.

with D = deg(L) and

Proof. The statement is [5, Theorem 1]. O

Our second lemma is an application of Lemma 3.1 with ¢ = 1 to linear
recurrence sequences. Note that it is closely related to the zero multiplicity
of linear recurrence sequences, known to be finite and bounded due to a deep
result of Schmidt [8].

Lemma 3.2. Let (U,) be a non-degenerate linear recurrence sequence of inte-
gers of order r > 2. Using (4), let I C {1,...,d}. Then there are only finitely
many indices n for which

> gin)Br =0 (9)
el
holds. Further, the number of such indices n can be bounded by co, where
co = co(r) is an effectively computable constant depending only on .

Proof. We apply Lemma 3.1 with ¢ = 1. Let n be a solution of (9). First
observe that if g;(n) = 0 for some ¢ € I, then n comes from a finite set of
cardinality bounded in terms of r. So we may assume that g;(n) # 0 (i € I).
Clearly, there is a partition P of I such that n € S(P). If T has a class A
with |[A\| = 1, then n is a root of one of the polynomials g; (i € I), which
is excluded. So we can suppose that |[A| > 2 for all A € P. Clearly, since
(Up) is non-degenerate, we have G(P) = {0}. Thus, by Lemma 3.1, n comes
again from a finite set of cardinality bounded in terms of r, and our claim
follows. U
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Now we can prove our main result.

Proof of Theorem 2.1. By Lemma 5 of Gyéry [3], we know that there are only
finitely many pairwise non-associate algebraic integers p in K of norm m, and
their number can be bounded in terms of k,m. That is, if (x1,...,7;) € ZF is
any solution of (1), then we have

T10q - TR =l (10)

with such a u, where ¢ is a unit of K. As we need to bound the number of
indices n for which U,, = z; for some solution (x1,...,2;) and ¢ with 1 < k,
we may assume that p is fixed. Let €1, ..., be a system of fundamental units
in K. Then (10) yields

Tron + -+ rpoy =06yt g, (11)

where § is a root of unity in K. Since the number of roots of unity in K
is bounded in terms of k, we may assume that here § is fixed. Taking the
conjugates in (11) (following arguments from [1] and [2]), we get

oy(ay) - o1(a) 1 or1(6p)vii - vy
P L= : ) (12)
ox(ar) - op (o) Tk or(6m)vit - Ve
where o1, ..., 0y are the isomorphisms of K into C (in any order), and v;; =

oi(e;) (1 <i <k, 1<j<{). As the determinant of the matrix on the left
hand side of (12) is known to be non-zero, we can write
xi:bliuﬁl~-~1/f;+-~-+bkiugll-~-yg; (i:1,...,/€) (13)
with some algebraic numbers b;; (belonging to the normal closure of K'). Then,
using the notation (7), by (4) and (13), relation (5) gives
buvy + - +bpivy, = Pr(n)By + -+ - + Pa(n) 5y (14)

with w = (u1,...,us) for some i with 1 < i < k. We may clearly assume that
i is fixed. We shall apply Lemma 3.1 to handle the solutions u,n of (14). For
this, we need to introduce some new notation. Define the (k + 1)-tuples 9;
(1<j<k+d) by

9. — (Vj1,...,vje, 1) for1 < j <k,
/ (1,...,1,Bj1) fork+1<j<k+d,
and the polynomials Q; (1 < j < k+d) in £+ 1 variables z = (z1,...,2¢41)
by
bj' for 1 S] S k‘,
_Pj(zk-l—l) for k+1§l§k+d
Then we can rewrite (14) as

k+d

Z Qj(2)97 = 0. (15)
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Let P be any partition of the set J = {1,...,k+d}. Observe that the number
of such partitions is bounded in terms of k and r. Consider the refinement

S Q=95 =0 (heP) (16)

JEA
of (15). We shall be concerned with the solutions of (16) which are not solutions
of proper refinements of it; that is, with S(P). If there is a A € P such that
A C{k+1,...,k+d}, then any solution of (16) comes from a case where
we have a vanishing subsum in the right hand side of (14). However, since by
Lemma 3.2 the number of indices n which allow this is bounded in terms of
r, we may assume that it is not the case. We study the set G(P) - in fact, we
show that G(P) = {0} in any case. Take an index j; with k+1<j; <k+d
such that 3;, # £1. (By our assumptions, such an index exists.) Then j; € A
for some A\ € P. By the above argument, we see that there is a jo € A with

1 < jo < k such that @, is not identically zero. If z € G(P), then as j; z J2,
we have

;g
Vi Vi =B (17)
If (i) holds, then since (3;, is not a unit in oj,(K), we get z¢11 = 0. Then,
as Vj,1,...,Vj,¢ 1S a system of fundamental units in o, (K'), we obtain z, = 0

(1 <wv < ¥). Hence z = 0, so G(P) = {0}, and our statement follows from
Lemma 3.1 in this case. Assume that (ii) holds. Taking the inverse O'j_21 of 0j,,
(17) yields

6? .. .gze — Zul, (18)

where 3, = ajgl(ﬁjl). Clearly, j, is an algebraic conjugate of 3;,, so it is
a root of f(z) in (3). Thus (i) gives that the unit 8;‘"" is rational - that
is, it is £1. Since (3, # +1 and by the non-degenerate property of (Uy,), Bn

cannot be a root of unity, this gives zp41 = 0. Then as €1, ..., e, form a system
of fundamental units in K, we also get 27 = --- = 2y = 0. So z = 0, and
G(P) = {0}. Thus our statement follows from Lemma 3.1 also in this case.
The proof of the theorem is complete. O

As we mentioned earlier, the assumptions made in Theorem 2.1 are neces-

sary. We conclude our paper by some examples showing that this is the case
indeed.

Ezample. Let (Uy,) be given by Uy = 0, Uy = 1, and Uy 42 = Up41—U, (n > 0).
Then as one can easily check, (U,,) is given by 0,1,1,0,—1,—1,0, 1, .. .. Taking
K=Q({2) (sok=2)and a; =1, az = /2, m = 1, (1) reads as

Nz +22v2) = 1 (19)

in integers x1, 5. Since 1 + /2 is a fundamental unit in K of norm —1, all
solutions z1, x5 of (19) come from the coefficients of 1 and /2 in +(1 +/2)*
with ¢ € Z, ¢ even. From this, we easily obtain that

Xlz{:lng:fZO}, XQZ{:I:Q@ZEZO},
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where Py =1, P, =3, Qp =0, @1 =2, and

Ppio=6P 1 — Py, Qui2 =6Qui1 — Qe

In particular, this shows that U, € X; U X, for every n > 0. However, in
this case, the characteristic polynomial of (Uy,) is f(z) = 22 — x + 1, so the
sequence is degenerate. Hence it is necessary to exclude this property.

Next, consider the sequence (U,,) defined by Uy = 0, U; = 1, and U,,42 =
2U,+1—Uy (n > 0). Then one readily gets that U,, = n (n > 0). So considering
again (19), we obtain that U, € X; U X5 for infinitely many n, namely, when-
ever n belongs to either (P) or (Q). Now we have f(z) = 22—2x+1 = (z—1)2,
so the condition that one of the roots of f is different from +1 is violated.

Finally, assume that none of the conditions (i) and (ii) in Theorem 2.1 is
satisfied. Let a = V/2 and K = Q(a). Then 1, a, o form an integral basis of
K. Further, a — 1 is a fundamental unit of K, and the only roots of unity in K
are £1. Putting (a1, s, a3) = (1,,a?) and m = 1, the norm form equation
(1) is given by

N($1 + xocx + x3a2) =1.
Since the norm of o — 1 is 1, this equation is equivalent to
T + oo+ 230% = (a —1)*  (u€Z).

Thus, in this case, (12) reads as

1 a o x1 (a — 1)
1 ¢a £2a? o | = (Ea—1* |,
180 €a? T3 (2a - 1)

where £ = (—1++/—3)/2 (which is a primitive third root of unity). From this,
by a simple calculation, we obtain that

x = g(a—l) +§(§a—1) +§(£2a—1) (u € Z). (20)

Set Uy =1, U; = —1, Uy = 1, and Upis = =3Upy2 — 3Up41 + U, (n > 0)
So (Uy,) is a linear recurrence sequence of order r = 3, with characteristic
polynomial f(z) = x® + 322 + 3x — 1. As one can easily check, the roots of
f(x) are given by a — 1, éa — 1, €2 — 1, and also that in this case (4) is given
by
1 1 1,
Up= 301"+ 101"+ 31" 20, ()

Comparing (20) and (21), we see that U, € X; for every n > 0. Observe that
now (i) does not hold as a3 = —1, and (ii) does not hold since KNQ(a—1) = K.
So we need to require the validity of (i) or (ii), indeed.
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