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A note on strong conciseness in virtually nilpotent profinite
groups
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Abstract. A group word w is said to be strongly concise in a class C of
profinite groups if, for every group G in C such that w takes less than
2% values in G, the verbal subgroup w(G) is finite. In this paper, we
prove that every group word is strongly concise in the class of virtually
nilpotent profinite groups.
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1. Introduction. Let w = w(xy,...,z) be a group word, that is, a nontrivial
element of the free group on z1,...,x,. The word w can be naturally viewed
as a function of k variables defined on any group G. The subgroup generated
by the set of w-values is called the verbal subgroup corresponding to the word
w. We denote this by w(G). In the context of topological groups G, we write
w(G) to denote the closed subgroup generated by all w-values in G.

The word w is said to be concise in the class of groups C if the verbal
subgroup w(G) is finite whenever w takes only finitely many values in a group
G € C (see for example [2,3], and references therein for results on conciseness
of words).

For topological groups, especially profinite groups, variations of the classical
notion of conciseness arise quite naturally (see [1,4]). Following [4], we say that
w is strongly concise in a class of profinite groups C if the verbal subgroup
w(@G) is finite in any group G € C in which w takes less than 2% values.
Several results on strong conciseness of group words can be found in [4]: in
particular, it is proved that every group word is strongly concise in the class
of nilpotent profinite groups.

In this paper, we apply the approach via parametrized words introduced in
[4] to deal with generalized words, where automorphisms might appear, and we
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extend the above result on strong conciseness to virtually nilpotent profinite
groups, proving the following:

Theorem 1.1. Every group word w is strongly concise in the class of virtually
nilpotent profinite groups.

Recall that a profinite group is virtually C if it has an open normal subgroup
belonging to the class C. Note that for finitely generated profinite groups, a
stronger result holds (see [6, Theorem 4.1.5]): given a word w and a finitely
generated virtually abelian-by-nilpotent profinite group G, there exists an in-
teger ¢ such that every element of w(G) can be written as a product of at most
t w-values or inverses of w-values. Hence every word is strongly concise in the
class of finitely generated virtually abelian-by-nilpotent profinite groups.

As a corollary of Theorem 1.1, we obtain the following:

Corollary 1.2. Let G be a virtually soluble profinite group and letl be the length
of a mormal series with nilpotent factors of an open soluble normal subgroup
of G. If w is a group word that takes less than 2% wvalues in G, then w'(G) is
finite.

Here w! (@) is inductively defined as w! (G) =w(G) and w!(G) =w(w!~1(G)),
when [ >2.

2. Generalized parametrized words. In this section, we expand definitions and
results of [4, Section 5] in order to deal with ‘generalized words’, as defined
in [6, Section 1.3]. Generalized words are, roughly speaking, group words in
which the variables are twisted by automorphisms. All the definitions regarding
“parametrized words” in [4, Section 5] have to be formally restated to include
the possibility of automorphisms, but then the proofs in that section will work
smoothly with these modifications, so we will only state the relative results.

Throughout this section, we fix a profinite group G, a set ¥ of automor-
phisms of G, a positive integer r € N, and a normal subgroup G <G x---x G
of the direct product of r copies of G. A typical situation would be G =
G1 X -+ X G, where Gy,...,G,. =G.

We consider two disjoint alphabets
X:{xl,xg,...} and @:{¢a|a€\II}

and we set F'(X U®) to be the free group on X U®. A generalized word for G
is an element w of Fg(X) where

Fe(X)=(@?|zeX, ¢c®) < F(XUD)

(here @ is in bijection with the subset ¥ of automorphisms of G).

To such an element w € Fg(X), say involving the variables z1,...,z,, we
associate a ‘parametrized (generalized) word’ with parameters coming from G
where each z; is intended to take values in G; and where we formally distin-
guish repeated occurrences of the same variable, as follows. Let 2 = Q¢ , be
the alphabet

Ehy  M,is 2,055 i for h € G and i € N,



Vol. 120 (2023)  Strong conciseness in virtually nilpotent profinite groups 117

where Q and ® are disjoint. Informally, we think of each free generator &
as a ‘parameter variable’ that is to take the value h, each ¢, € ® as an
‘automorphism variable’ that is to take the value a, and each free generator 7, ;
as a ‘free variable’ that can be specialised to z, irrespective of the additional
index 7. Let

Fp(Q)=(z?|z€Q, ¢ €d) < FQU)

where F(QU ®) is the free group on QU ®. We refer to elements w € Fg(Q) as
r-valent (generalized) parametrized words for G or, since r is fixed throughout,
simply as parametrized words for G. For g = (¢1,...,9,) € G, we write

w(g) =wl(gi,...,g-) €G

for the w-value that results from replacing each &, by h, each n,; by g4, and
each ¢, by a for all h € G, g € {1,...,r}, i € N, and a € U. In this way, we
obtain a parametrized word map

w(-): G—G.

The degree deg(w) of the parametrized word w is the number of generators
77;1)777 with ¢ € {1,...,r}, i € N, and a € U, appearing in (the reduced form
of) w; here we care whether a generator 772”‘; appears, but not whether it
appears repeatedly.

Ezample 2.1. Let w(xy, s, x3) = [[x5, 25, 25], [x$, 2$]], where a, § are auto-

morphisms of G. We set r =3, G =G x G X G, and

«@ « ¢ « «
w = [[77(1#,1”7(2#,1»772,@]’ [77(225,2777??,1]]
to model w in the sense that

2(91792793) = w(gl792593) = [[9?7.95"95]7 [9379?” for all 91,92, 93 € G.

Then the 3-valent parametrized word w has degree 5.

Having extended the definition of parametrized words in order to allow ho-
momorphisms, all the other definitions in [4, Section 5] work smoothly without
any further modification. So, for a fixed set € = €¢, C Fg(2) of r-valent
(generalized) parametrized words for G, an r-valent €-product for G is a finite
sequence (€;)ier, where €; € € for each t € T'; we denote it by

H €t,

teT
where the dot indicates that we consider a formal product and not the
parametrized word that results from actually carrying out the multiplication
in F@ (Q)

Then we define a length function on € as a map ¢: &€ — W from ¢ into

a well-ordered set W = (W, <) such that elements € € & whose length #(¢) is
minimal with respect to < also have minimal degree deg(e) = 0. The length
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function £ induces a total pre-order <, on the set of all r-valent €-products as
follows:

H?S =y H € if max{l(€)|se S} <max{l(e) |t T}

sesS teT

Friendly products are (recursively) defined as follows: an r-valent &-product
[Licp €t for G is friendly if, for every b € G, there exists an r-valent €-product

HseS(b) €pb,s such that

(F1) Hses(b) €b,s is friendly and Hses ) €b,s < HteT €; and
(F2) the parametrized words w = HteT et and v, = Hses(b) €p,s satisfy

w(bg) = w(b)  w(g) - v,(g) for all g € G.

Finally, adapting the proofs of [4, Lemma 5.8 and Proposition 5.9] to these
new definitions, we get the following:

Proposition 2.2. Let £: € — W be a length function and let w = [[,op €, where

HteT € is an {-friendly r-valent E-product for G. Suppose that V is a closed
subgroup of G such that V,, = {w(v) | v € V} has less than 2% elements.
Then V, is already finite.

Now we use the terminology introduced above in the context of virtually
nilpotent groups. So, let E be a virtually nilpotent profinite group and G an
open normal subgroup of E which is nilpotent of class at most c¢. Let ¥ be the
set of automorphisms induced on G by the elements of F.

Denote by € the set of all left-normed repeated commutators in the free
generators &, and n¢“ of Fg(2) subject to the restriction that each 17 % appears
at most once. In other words, € consists of all v,,-values, for m Z 2, that
result from replacing the m variables in v, = [z1,22,... ,xm] by arbitrary
free generators &, and 77%- of Fg(€2) subject to the restriction that each ni‘;
appears at most once.

For instance, given some element a¢ € G and automorphisms «, 3 of G,

o b8  Ps @
€1 = [faanilagtu772751777275%7727%] €¢,

whereas €2 = [£,,7{5, &, 77;),@, nf%,nQ 4] does not lie in €, even though €, (-) =
().

We set W = Ny x Ny, equipped with the lexicographic order <.

Every € € € belongs to v2(Fp(£2)) by definition. We denote by k(e) the
maximal j € {1,...,c+ 1} such that € € v;(Fp(2)), and we define a length
function on € by associating to € the length

l(e) = (c+1—k(e),deg(e)) € W.

For instance, if ¢ = 8, then f(e;) = (8 + 1 —6,4) = (3,4).
Now it is not difficult to check that the same arguments of [4, Lemmas 5.5,
5.6, and 5.7], applied to generalized words, yield the following:
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Lemma 2.3. Suppose that G is a nilpotent open normal subgroup of a profinite
group E. Let w € v,(F5(R2)), where k > 2, be such that w(1) = 1. Then there

exists an (-friendly €-product [[,cp € such that

w(g)=[[e(e foralged.
teT

3. Virtually nilpotent groups. In this section, we prove Theorem 1.1. We will
need the following observation:

Lemma 3.1 ([4, Lemma 2.2]). Let G be a profinite group and let x € G. If the
conjugacy class {x9 | g € G} contains less than 2%° elements, then it is finite.

A classical result of Turner-Smith states that every word is concise in the
class of groups all of whose quotients are residually finite [7]. Thus every word
is concise in the class of finitely generated virtually nilpotent groups. As men-
tioned in the introduction, every word is actually strongly concise in the class
of finitely generated virtually abelian-by-nilpotent profinite groups (see [6,
Theorem 4.1.5]).

Proof of Theorem 1.1. Suppose that the profinite group F has a normal open
subgroup G which is nilpotent of class at most ¢. Let v = v(x1,...,25) be a
word such that the set of v-values E, = {v(y1,...,¥s) | (y1,...,ys) € E*} has
less than 280 elements.
Choose a transversal A of F/G and an element a = (ay,...,as) € A®°.
Define the generalized word v, on G as follows (see also [6, Section 1.3]):

V(21,0 xs) = v(arzy, . . . aszs)v(a, ..., as)

Note that v) € Fo({z1,...,25}), where the automorphisms involved are in-
duced by the conjugation action of E on G. Moreover v,(1,...,1) = 1 and
|Gy | < 1G] < 2%,

Consider the generalized word in r = 2s variables

Wa (21, L) = VA(T1T gyt - ooy TsTog)JVA(T1,s -y Ts) 0N (Tggts ey 2e)
and set X = {z1,...,x,}. Clearly, for g = (g1,...,9s),h = (h1,...,hs) € G,

Wal(g1,-- s sy has - he) = vg(gh)vg(g) ™ g (h)
and w, (1) = 1. Moreover |G, | < 2%°.
Note that wa € Y2(Fg(X)). Thus we can find a generalized parametrized
word w, € Fp(€) such that wa belongs to vz (Fe(£2)),

Qa(gh cee 7.97‘) = wa(gl7 e 7gr) for every g = (gla v 7gt) € GT'?
and w,(1) = 1.

Using Lemma 2.3, we apply Proposition 2.2 to deduce that G,,, is finite.
So, G, = G, is finite and thus we can find a finitely generated subgroup H
of E such that G, C v(H).

As every word is strongly concise in the class of finitely generated virtually
abelian-by-nilpotent profinite groups, we deduce that v(H) is finite. Moreover,
every v-value has a finite number of conjugates by Lemma 3.1. From Dicman’s
lemma [5, 14.5.7], it follows that v(H) is contained in a finite normal subgroup
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of E, and we can pass to the quotient over this subgroup. Thus we can assume
that G, is trivial.
Now we have

va(gh)va(g) " va(h) ™" = wa(gh) = 1
for every g, h € G, thus v}, induces an homomorphism from G* to G and so
Gy, is a subgroup. Since |G, | < 2% we conclude that Gy is actually finite.

Repeating the argument for each of the finitely many a € A°, we are
reduced to the case where

E, = U (Gvé ~v(aq, ... ,as))
acAs
is finite. In particular, we may now assume that E is finitely generated. As
E is virtually nilpotent and F, is finite, we conclude that v(E) is finite, as
claimed. g

The proof of Corollary 1.2 is almost straightforward.

Proof of Corollary 1.2. Let R be an open soluble normal subgroup of G and let
[ be the length of a normal series of R with nilpotent factors. By assumption,
|G| < 280,

We argue by induction on [; for [ = 0, the assertion holds trivially. Now
suppose that [ > 1 and let N be a normal nilpotent subgroup of G, contained
in R, such that R/N has a normal series with nilpotent factors of length [ — 1.
By induction, w'=Y(G/N) = {g:N,...,g:N} is finite. Set H = (g1,...,g:)N.
Since H is virtually nilpotent and |H,| < |G| < 2%, from Theorem 1.1, it
follows that w(H) is finite. Hence w!(G) < w(H) is finite. O

Funding Information Open access funding provided by Universita degli Studi
di Padova within the CRUI-CARE Agreement.

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in
this article are included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in the article’s
Creative Commons licence and your intended use is not permitted by statutory regu-
lation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Detomi, E., Morigi, M., Shumyatsky, P.: On conciseness of words in profinite
groups. J. Pure Appl. Algebra 220, 3010-3015 (2016)


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Vol. 120 (2023)  Strong conciseness in virtually nilpotent profinite groups 121

[2] Detomi, E., Morigi, M., Shumyatsky, P.: Words of Engel type are concise in
residually finite groups. Bull. Math. Sci. 9, 1950012, 19 pp (2019)

[3] Detomi, E., Morigi, M., Shumyatsky, P.: Words of Engel type are concise in
residually finite groups. Part II. Groups Geom. Dyn. 14, 991-1005 (2020)

[4] Detomi, E., Klopsch, B., Shumyatsky, P.: Strong conciseness in profinite groups.
J. Lond. Math. Soc. 2(102), 977-993 (2020)

[5] Robinson, D.J.S.: Course in the Theory of Groups. Second Edition. Graduate
Texts in Mathematics, vol. 80. Springer, New York (1996)

[6] Segal, D.: Words: Notes on Verbal Width in Groups. London Mathematical
Society Lecture Note Series, vol. 361. Cambridge University Press, Cambridge
(2009)

[7] Turner-Smith, R.F.: Finiteness conditions for verbal subgroups. J. Lond. Math.
Soc. 41, 166-176 (1966)

Eroisa DEToMmI

Dipartimento di Ingegneria dell’Informazione
Universita degli Studi di Padova

Via Gradenigo 6/b

35131 Padova

Ttaly

e-mail: eloisa.detomi@unipd.it

Received: 26 August 2022
Revised: 20 October 2022

Accepted: 7 November 2022



	A note on strong conciseness in virtually nilpotent profinite groups
	Abstract
	1. Introduction
	2. Generalized parametrized words
	3. Virtually nilpotent groups
	References




