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Abstract. In this paper we give necessary and sufficient conditions for
a functor to be representable in a strongly generated triangulated cat-
egory which has a linear action by a graded ring, and we discuss some
applications and examples.
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1. Introduction. Every object X in a category induces a contravariant functor
into the category of sets that sends an object Y to the set Hom(Y,X). Any
functor that is naturally isomorphic to such a functor is called representable.
There are a number of results in various settings, called Brown representability,
when every ‘reasonable’ functor is representable. The first such result is due
to Brown; see [11].

The first Brown representability result for triangulated categories was es-
tablished by Neeman [19, Theorem 3.1]. The work on hand was motivated by
[10, Theorem 1.3] and [21, 4.3].

Theorem (see Theorem 2.7). Let R be a Z-graded graded-commutative noe-
therian ring and T a graded R-linear triangulated category, that is strongly
generated, Ext-finite, and idempotent complete. Then a graded R-linear coho-
mological functor f : Top → grMod(R) is graded representable if and only if f
only takes values in grmod(R).
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In contrast to the previous works, we characterize the graded representable
functors; those are the functors naturally isomorphic to

∐

d∈Z

HomT(−,ΣdX)

for some object X. The result is proved in Section 2. Without the assumption
that R is noetherian and T Ext-finite, we obtain necessary, through not suffi-
cient, conditions for a functor to be graded representable; see Corollary 2.19.

The study of representability is motivated by the fact, that the charac-
terization of representable functors in a triangulated category T yields the
existence of a right adjoint functor to a functor S → T. For a nice discussion
on this, see [20, Introduction]. In Section 3, we show the same holds in the
graded setting.

Finally we discuss some examples where Theorem 2.7 yields new insight:
When G is a finite group and R a commutative noetherian ring, then
Db(mod(RG)) is Ext-finite as a H∗(G,R)-linear category. In the second exam-
ple, we consider the action of Hochschild cohomology HH∗(R/Q) on
Db(mod(R)), when Q is a regular ring and R = Q/(f) a quotient by a regular
sequence.

2. Representable functors in the graded setting. Let T be a triangulated cat-
egory with suspension functor Σ.

2.1. For objects X and Y in T, we write

Ext∗
T(X,Y ) :=

∐

d∈Z

HomT(X,ΣdY ) . (2.1.1)

When T = D(R), the derived category of modules over a ring R, and X and
Y are R-modules viewed as objects in D(R) via the natural embedding, then
this coincides with the classical Ext-groups.

2.2. Let R be a Z-graded graded-commutative ring. This means R decomposes
as

R =
∐

d∈Z

Rd ,

and the Koszul sign rule holds

rs = (−1)desr for r ∈ Rd and s ∈ Re .

We say r ∈ Rd is an homogeneous element of degree d.

2.3. A triangulated category T is graded R-linear if
1. for any objects X and Y in T, the abelian group Ext∗

T(X,Y ) is a graded
R-module with the grading given by the coproduct in (2.1.1), and

2. composition is R-bilinear.
This data is equivalent to a ring homomorphism R → Z(T), where

Z (T) :=
∐

d∈Z

{
η : idT → ΣdηΣ = (−1)dΣη

}



Vol. 120 (2023) Brown representability for triangulated categories 137

is the graded center of T. More precisely, a ring homomorphism ϕ : R → Z (T)
yields an R-action on Ext∗

T(X,Y ) via

r · − : Ext∗
T(X,Y ) → Ext∗

T(X,ΣdY ) = Ext∗
T(X,Y )[d] ,

f �→ (Σdf) ◦ ϕ(r)X = ϕ(r)Y ◦ f ,

for any homogeneous element r ∈ R. Conversely, any homogeneous element
r ∈ R yields a natural transformation η given by

ηX := r · idX : X → Σ|r|X

for any X ∈ T. It is straightforward to check that these identifications are
well-defined and mutually inverse. The graded center has been studied in a
number of works; for example [8,13].

2.4. We denote by grMod(R) the category of graded R-modules, and by
grmod(R) its full subcategory of finitely generated R-modules. The nth shift
M [n] of a graded R-module M is given by (M [n])d = Mn+d.

The suspension functor of a graded R-linear category T in the first compo-
nent of Ext∗

T(−,−) corresponds to the negative shift in grMod(R):

Ext∗
T(ΣnX,Y ) ∼= Ext∗

T(X,Y )[−n] .

2.5. A functor f : Top → grMod(R) is graded R-linear if

1. the induced map Ext∗
T(X,Y ) → Ext∗

R(f(Y ), f(X)) is a map of graded
R-modules, and

2. the suspension becomes the negative shift under f, that is

f(ΣnX) = f(X)[−n] .

The functor f is cohomological if f applied to any exact triangle yields a long
exact sequence of graded R-modules.

Without explicitly stating, we always assume that a natural transformation
between graded R-linear functors respects this structure.

Definition 2.6. A functor Top → grMod(R) is graded representable if it is nat-
urally isomorphic to

gX := Ext∗
T(−,X) : Top → grMod(R)

for some object X in T.

When T is graded R-linear, then any graded representable functor is graded
R-linear.

A graded R-linear functor f : Top → grMod(R) is graded representable if
and only if fd : Top → Mod(R0) is representable for an(y) arbitrary integer
d. The functors fd are the degree d part of f, that is fd(X) := f(X)d. Since
f is graded R-linear, the degree d part fd for an integer d encodes all the
information of f, that is

fd(ΣeX) = f(ΣeX)d = f(X)[−e]d = f(X)d−e = fd−e(X) .
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Theorem 2.7. Let R be a Z-graded graded-commutative noetherian ring and
T a graded R-linear triangulated category, that is strongly generated, Ext-
finite, and idempotent complete. Then a graded R-linear cohomological functor
f : Top → grMod(R) is graded representable if and only if f is locally finite.

Before we give a proof, we recall some definitions and properties:

2.8. A Z-graded ring R is noetherian if and only if R0 is noetherian and R is
finitely generated as an R0-algebra; see for example [15, Corollaire (2.1.5)] or
[12, Theorem 1.5.5]. In particular, such a ring is bounded below.

2.9. A graded R-linear triangulated category T is Ext-finite if for all X,Y ∈ T,
the graded R-module Ext∗

T(X,Y ) is finitely generated.
A triangulated category T is idempotent complete if for every object X in

T and every idempotent e ∈ EndT(X), that is e2 = e, there exists an object Y
and maps

i : Y → X and p : X → Y

such that p ◦ i = idY and i ◦ p = e.

2.10. A subcategory S ⊆ T is thick if it is triangulated and closed under
retracts. Since the intersection of thick subcategories is thick, there exists a
smallest thick subcategory of T containing an object G, which we denote by
thick(G). We say G finitely builds an object X in T when X ∈ thick(G).

There is an exhaustive filtration of thickR(G): Let thick1(G) be the smallest
full subcategory containing G that is closed under finite coproducts, retracts,
and suspension. Then

thickn(G) :=

⎧
⎪⎨

⎪⎩
X ∈ T

∣∣∣∣∣

there exists X ′ ∈ T and an exact triangle

Y → X ⊕ X ′ → Z → ΣY

such that Y ∈ thickn−1(G) and Z ∈ thick1(G)

⎫
⎪⎬

⎪⎭
.

These are full subcategories and form an exhaustive filtration of thick(G);
cf. [3,10]. In particular, if X lies in thick(G), then there exists an integer n
such that X ∈ thickn(G).

A triangulated category T is strongly generated if there exists an object G
in T and a non-negative integer n such that T = thickn(G). The object X is
a strong generator of T; cf. [21].

In the remainder of this section, we give a proof of Theorem 2.7. We fix a
Z-graded graded-commutative ring R, a graded R-linear triangulated category
T, and a graded R-linear cohomological functor f : Top → grMod(R).

Lemma 2.11 (Graded version of Yoneda’s lemma). For any X ∈ T, the map

Nat(gX , f) → f0(X) given by η �→ η(X)(idX)

is an isomorphism of abelian groups.

Proof. For u ∈ f0(X), we define a natural transformation

ηu : gX → f as ηu(Y )(f) := f(f)(u)
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where Y ∈ T and f ∈ Ext∗
T(Y,X). Since u is a degree zero element, the map

ηu(Y ) is homogeneous. It is straightforward to verify that this is the inverse
of the map in the claim and both are maps of abelian groups. �

In particular, any morphism f : X → Y corresponds to a natural transfor-
mation

f∗ : gX → gY

given by post-composition.

2.12. Adapting the definitions in [21, Section 4] a graded R-linear functor
f : Top → grMod(R) is

• locally finitely generated if for every X in T, there exists Y in T and a
natural transformation ζ : gY → f such that ζ(X) is surjective,

• locally finitely presented if it is locally finitely generated and the kernel
of any natural transformation gY → f is locally finitely generated, and

• locally finite if f only takes values in grmod(R).

When f : Top → grMod(R) is locally finitely generated or locally finitely
presented, then fd : Top → Mod(R0) is locally finitely generated or locally
finitely presented in the sense of [21, Section 4], respectively. The same need
not hold for locally finite, for examples, see Section 3.

If T is Ext-finite, then any graded representable functor is locally finite.
Without the assumption that T is Ext-finite, we can make the following state-
ment:

Lemma 2.13. Any graded representable functor is locally finitely presented.

Proof. It is clear that a graded representable functor is locally finitely gener-
ated. Let gX be a graded representable functor, and gY → gX a natural trans-
formation. By Yoneda’s lemma 2.11, this corresponds to a morphism Y → X.
If we complete this to an exact triangle Z → Y → X → ΣZ, the sequence

gZ → gY → gX

is exact on T. In particular, the kernel of gY → gX is locally finitely
generated. �

Lemma 2.14. If f is locally finite, then f is locally finitely generated.

Proof. Let X be an object in T. Then the R-module f(X) is finitely generated,
and we can choose a finite set of homogeneous generators x1, . . . , xn of f(X)
in degrees d1, . . . , dn. Set

Y :=
n∐

j=1

ΣdjX .

For every generator xj , we obtain canonical maps

ΣdjX
ij−→ Y

pj−→ ΣdjX



140 J.C. Letz Arch. Math.

whose composition is the identity map on ΣdjX. Let y ∈ f(Y ) be the canonical
element, for which

xj = f(ij)(y) for 1 ≤ j ≤ n .

Because of the suspensions introduced in the definition of Y , the element y is
homogeneous of degree 0. By Yoneda’s lemma 2.11, the element y corresponds
to the natural transformation ζ : gY → f with ζ(Y )(idY ) = y. Then ζ(y)(ij) =
xj , and ζ(X) is surjective. That is f is locally finitely generated. �

In general a locally finite functor need not be locally finitely presented.
This requires further assumptions on R and T:

Lemma 2.15. If R is noetherian and T Ext-finite, then a locally finite functor
f : Top → grMod(R) is locally finitely presented.

Proof. By Lemma 2.14, the functor f is locally finitely generated. Let gY → f
be a natural transformation. We set

f′(X) := ker(gY (X) → f(X)) .

Since T is Ext-finite, the R-module gY (X) is finitely generated. By assumption
on f, so is f(X). Since R is noetherian, the kernel f′(X) is also finitely generated.
Thus f′ is a locally finite functor and by Lemma 2.14 it is locally finitely
generated. In particular, f is locally finitely presented. �

2.16. Let (fi, ηi)i>0 be a direct system of cohomological functors fi : T → A
where A an abelian category and natural transformations ηi : fi → fi+1. Fol-
lowing [21, 4.2.2], a direct system (fi, ηi)i>0 is almost constant on a subcategory
S of T if for every X ∈ S, the sequence

0 → ker(ηi(X)) → fi(X) → colimj fj(X) → 0

is exact for all positive integers i.
A direct system (Xi, fi)i>0 of objects Xi and morphisms fi : Xi → Xi+1 in

T is almost constant on S if the induced direct system of functors (gXi
, (fi)∗)i>0

is almost constant on S.
For almost constant direct systems, the following hold; see [21, Proposi-

tion 4.13].

Facts 2.17. Let S ⊆ T be a subcategory closed under suspension, and (fi, ηi)i>0

a direct system that is almost constant on S. Then
1. (fni+r)i�0 is almost constant on thickn(S) for any r > 0, and
2. fn+1 → colim fi is split surjective on thickn(S).

If the functors fi are graded R-linear, the assumption that S is closed under
suspension is redundant.

Proposition 2.18. Let T be a strongly generated, graded R-linear triangulated
category and f : Top → grMod(R) a cohomological graded R-linear functor.
Then f is locally finitely presented if and only if f is a retract of a graded
representable functor.
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Proof. We assume f is locally finitely presented. Let G ∈ T be a strong gener-
ator of T with thickd(G) = T. Then there exist A1 ∈ T and a natural trans-
formation ζ1 : gA1 → f such that ζ1(G) is surjective. Inductively we construct
a direct system

gA1 → gA2 → · · ·
with compatible natural transformations ζi : gAi

→ f: Assume we have con-
structed Ai and ζi for i ≤ n. Since f is locally finitely presented, there exists

gB → ker(gAn
→ f)

that is surjective on G. This induces a natural transformation gB → gAn
, which

by the graded version of Yoneda’s lemma 2.11 corresponds to a morphism
f : B → An. We complete this morphism to an exact triangle

B → An → An+1 → ΣB

and apply f0, the degree 0 part of f. By the graded version of Yoneda’s
lemma 2.11, we obtain the exact sequence

Nat(gB , f) ← Nat(gAn
, f) ← Nat(gAn+1 , f) .

Thus by construction of B, there exists a natural transformation ζn+1 whose
image is ζn.

By this construction, we have

ker(gAn
(G) → f(G)) = ker(gAn

(G) → gAn+1(G)) .

Using this and that ζ1(G) is surjective, it is straightforward to verify that the
direct system is almost constant on G. Then the induced natural transfor-
mation colimi gAi

→ f is a natural isomorphism. By Facts 2.17, the natural
transformation

gAd+1 → colimi gAi

∼−→ f

is split surjective, and thus f is a retract of gAd+1 on T.
For the converse direction, we assume f is the retract of gX for some object

X. Then we have a canonical projection and a canonical injection

gX → f and f → gX ,

respectively. The canonical projection is surjective on T, the canonical injection
is injective. In particular, the canonical projection yields that f is locally finitely
generated. Given a natural transformation gY → f, its kernel coincides with
the kernel of the composition gY → f → gX . By Lemma 2.13, any representable
functor is locally finitely presented, and thus is f. �

Corollary 2.19. If T is additionally idempotent complete, then every locally
finitely presented functor is graded representable.

Proof. Let f be a locally finitely presented functor. By Proposition 2.18, it is a
retract of a graded representable functor gX . Then the natural transformation

gX → f → gX
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corresponds to an idempotent e : X → X. Since T is idempotent complete,
there exists a retract of Y of X such that e decomposes as the natural inclusion
and projection morphism. Then f → gX → gY is a natural isomorphism, and
f is graded representable. �

Proof of Theorem 2.7. Since T is Ext-finite, any graded representable func-
tor is locally finite. For the converse, we assume f is locally finite. Since R
is noetherian and T Ext-finite, we can apply Lemma 2.15 to obtain that
f is locally finitely presented. Then f is graded representable by Corollary
2.19. �

3. Applications. Adjoint functors. As explained in [20, Introduction], there
is a connection between representable functors and adjoint functors. In our
context, we obtain the following:

Let R be a Z-graded graded-commutative ring. A functor f : S → T between
R-linear graded triangulated categories is graded R-linear if it is exact and the
induced map

Ext∗
S(X,Y ) → Ext∗

T(f(X), f(Y ))

is a map of graded R-modules.

Lemma 3.1. Let R be a Z-graded graded-commutative ring, and S, T graded
R-linear triangulated categories. Suppose T is Ext-finite and every cohomolog-
ical graded R-linear functor Sop → grMod(R), that is locally finite, is graded
representable. Then every graded R-linear functor f : S → T has a right adjoint.

Proof. We adapt the proof of [20, Theorem 8.4.4]. Given Y ∈ T, we define a
functor h : S → grMod(R) by

h(−) := Ext∗
T(f(−), Y ) .

This is a graded R-linear functor. Since T is Ext-finite, this functor is locally
finite. So by assumption, h is graded representable, that is there exists an
object f′(Y ) ∈ S such that

Ext∗
T(f(−), Y ) ∼= Ext∗

S(−, f′(Y )) .

It remains to verify that f′ is a functor and this isomorphism is natural in both
components. Let f : Y → Z be a morphism in T. Then the induced map

Ext∗
S(−, f′(Y )) → Ext∗

S(−, f′(Z))

corresponds to a morphism f′(Y ) → f′(Z) by Yoneda’s lemma 2.11. Thus f′ is
a functor. The above isomorphism is natural by construction. So f′ is a right
adjoint of f.

Corollary 3.2. Let R be a Z-graded graded-commutative noetherian ring and
S, T Ext-finite graded R-linear triangulated categories. Suppose S is strongly
generated and idempotent complete. Then every graded R-linear functor f : S →
T has a right adjoint. �
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Derived category. Let R be a commutative noetherian ring and A an R-algebra
that is finitely generated as an R-module. Then A is noetherian; see for example
[18, Theorem 3.7]. The bounded derived category of finitely generated modules
over A, denoted by Db(mod(A)), has a canonical structure as an R-linear
category, and the R-module HomDb(mod(A))(X,Y ) = Ext0R(X,Y ) is finitely
generated for any X,Y . In general, the category Db(mod(A)) need not be Ext-
finite as an R-linear category. By [6, Corollary 2.10], the category Db(mod(A))
is idempotent complete.

3.3. In general the question whether Db(mod(A)) is strongly generated is
rather difficult. When A is artinian, then Db(mod(A)) is strongly generated
by [21, Proposition 7.37]. When A = R is a commutative notherian ring, then
Db(mod(R)) is strongly generated when R is either essentially of finite type
over a field or over an equicharacteristic excellent local ring; see [1, Main The-
orem] and [16, Corollary 7.2].

In the following, we discuss two examples in which Db(mod(A)) is Ext-finite
for some cohomology ring connected to A.
Finite croup over a commutative ring. We consider A = RG, the group algebra
of a finite group G.

3.4. The group cohomology of the group algebra RG with coefficients in an
RG-complex M is

H∗(G,M) := Ext∗
RG(R,M) .

When M = R, this is a Z-graded graded-commutative ring, and every
H∗(G,M) is a graded H∗(G,R)-module. In particular, for RG-complexes X,
Y , the identification

Ext∗
Db(mod(RG))(X,Y ) = Ext∗

RG(X,Y ) ∼= H∗(G,HomR(X,Y ))

holds and the cohomology ring H∗(G,R) acts on any Ext-module; see for
example [9, Proposition 3.1.8]. So the bounded derived category of finitely
generated RG-modules Db(mod(RG)) is graded H∗(G,R)-linear.

3.5. By [14,22], the group cohomology ring H∗(G,R) is noetherian, and
H∗(G,M) is finitely generated over H∗(G,R) for every finitely generated RG-
module M . In particular, the derived category Db(mod(RG)) is Ext-finite as
a graded H∗(G,R)-linear triangulated category.

Corollary 3.6. Let R be a commutative notherian ring and G a finite group. If
Db(mod(RG)) is strongly generated, then a graded H∗(G,R)-linear functor

f : Db(mod(RG)) → grMod(H∗(G,R))

is graded representable if and only if f is locally finite. �

Regular ring modulo a regular sequence. We consider R = A a commutative
noetherian ring.

3.7. The category Db(mod(R)) is Ext-finite over R if and only if the Ext-
modules Ext∗

R(X,Y ) are bounded for all X and Y in Db(mod(R)). That is
precisely when R is regular: When R is regular, the Ext-modules are bounded
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by definition. For the converse, for every X in Db(mod(R)), the Ext-module
Ext∗

R(X,R/p) is bounded and Xp has finite projective dimension for any prime
ideal p of R. Then X has finite projective dimension; see [7, Lemma 4.5] for
modules, and [5, Theorem 4.1] and [17, Theorem 3.6] for complexes.

When R is regular, the bounded derived category Db(mod(R)) is strongly
generated if and only if R is a strong generator. The later holds precisely
when R has finite global dimension, that is R has finite Krull dimension. Then
Rouquier’s representability theorem [21, Corollary 4.18] applies.

3.8. Suppose R = Q/(f) is the quotient of a regular ring Q by a regu-
lar sequence f = f1, . . . , fc. Then there exist cohomological operators χ =
χ1, . . . , χc in degree 2 such that for X,Y in Db(mod(R)), the graded modules
Ext∗

R(X,Y ) are finitely generated over the noetherian graded ring R[χ]; see
[4, Theorem (4.2)]. In particular, the category Db(mod(R)) is R[χ]-linear and
Ext-finite.

The ring of cohomological operators coincides with the Hochschild coho-
mology

R[χ] ∼= HH∗(R/Q) := Ext∗
R⊗L

QR(R,R) ;

see [2, Section 3].

Corollary 3.9. Let R = Q/(f) be the quotient of a regular ring Q by a reg-
ular sequence f = f1, . . . , fc with cohomological operators χ. If Db(mod(R))
is strongly generated, then any graded R[χ]-linear functor f : Db(mod(R)) →
grMod(R[χ]) is graded representable if and only if f is locally finite. �

3.10. For Corollaries 3.6 and 3.9, it is crucial that the ring action on the
derived category is graded since the Ext-modules need not be not bounded. In
particular, Corollaries 3.6 and 3.9 are not consequences of [21, 4.3], but require
Theorem 2.7.
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