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Abstract. We establish an explicit lower bound on the spectral gap of one-
dimensional Schrodinger operators with non-negative bounded potentials
and subject to Neumann boundary conditions. In addition, for a smaller
class of potentials, we provide an improved lower bound which holds on
large intervals.
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1. Introduction. In this paper, one aim is to derive a lower bound on the
spectral gap for (deterministic) Schrédinger operators defined on an interval
of length L > 0, subject to Neumann boundary conditions and with non-
negative potentials in L (R). Our bound will be valid for all values of L > 0
and will depend on the underlying potential in an explicit way. In addition to
that, for certain compactly supported and bounded potentials, we shall also
provide an improved lower bound to the spectral gap which holds on large
intervals. As a matter of fact, for the potentials considered, we are able to
prove that the spectral gap cannot close faster than ~ L4,

The spectral gap is defined as the distance between the first two eigenval-
ues and constitutes a classical quantity in the spectral theory of operators. For
example, in [1,2,9] and more recently in [3,4], the spectral gap of the Lapla-
cian (subject to certain self-adjoint boundary conditions) on a fixed interval
was compared with the spectral gap of the Laplacian plus some additional
potential on the same interval. It turns out that the spectral gap may increase
or decrease, depending on specific properties of the potential considered; for
example, as shown in [9], the spectral gap for the (Dirichlet or Neumann)
Laplacian always increases given the added potential is convex. Unfortunately,
since a generic potential fails, e.g., to be convex, it seems rather difficult to
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control the spectral gap for a Schrédinger operator on a fixed interval. Sur-
prisingly, as discovered in a recent paper [8], it turns out that the asymptotic
behaviour of the spectral gap can nevertheless be studied for a rather general
class of potentials. A main finding of [8] was that the spectral gap converges
to zero strictly faster than the spectral gap of the free (Dirichlet-) Laplacian
for potentials that decay fast enough at infinity. This holds, in particular,
for bounded potentials of compact support. Furthermore, in [8], the authors
also put forward the conjecture that the spectral gap cannot close faster than
~ L73 for bounded compactly supported potentials and this is part of what
motivates the present paper. At this point, let us also refer to [6] where lower
bounds on the spectral gaps between consecutive negative eigenvalues for one-
dimensional Schrédinger operators have been studied.

The paper is organized as follows: In Section 2, we describe the setting.
In Section 3, we derive a Harnack-type inequality which then allows us to
establish an explicit lower bound to the spectral gap that holds for a large
class of potentials. Finally, in Section 4, we restrict ourselves to a smaller class
of potentials and derive an improved lower bound on large intervals.

2. The model. On the interval Ay = (—L/2,+L/2), we consider the Schro-
dinger operator

2

hL:—@—f-’U

with real, non-negative potentials v € L*°(R) and Neumann boundary con-
ditions at the endpoints 2 = +L/2. Standard operator theory tells us that
hy, is self-adjoint with purely discrete spectrum. We denote its eigenvalues as
AG(L) < AV(L) < ---; the normalized ground-state eigenfunction shall be de-
noted as apS’L € L?(AL). We also recall that @S’L is a positive function. We

set k(L) :== \/A§(L).

The main object of interest in this paper is the spectral gap
Lu(L) = X{(L) = Xy (L). (2.1)

Since the ground state is non-degenerate [10], one has I',(L) > 0 for every
value L > 0. Furthermore, for potentials that decay fast enough at infinity
(i.e. at least quadratically), T',(L) converges to zero like ~ L™2 as L — oc;
this holds, in particular, for potentials v of compact support. Note that this
follows from an immediate generalization of [8, Theorem 2.1] to the case of
Neumann boundary conditions.

3. A general lower bound. In a first step, we derive a lower bound to the
infimum of the ground-state eigenfunction as well as a Harnack-type inequality.
This inequality will then be the key ingredient to establish our lower bound
to the spectral gap.

Lemma 3.1. Assume v € L>®(R) and v > 0. Then

. ol e—QLHUHLl(AL)
inf @g”(x) >

zEAL o \/Z (31)
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holds for all L > 0. Furthermore, for all L > 0, one has

“2Lliicag) L gup U (). (3:2)

inf oot(z) >e
TEAL zEAL

Proof. We follow the strategy outlined in [5] and, in particular, the proof of
[5, Theorem 1.2]: The eigenvalue equation for the ground state reads

—(pp")" (@) + v(@)pg " () = A (D)o " ().
One then defines the auxiliary function, for z € Ay, by

v,Ly\/ T z
wie) = s [ a

%o

ot~

where ¢ (x) := A§(L) — v(z). The eigenvalue equation then implies that wY is
monotonically decreasing and therefore, for all € Ay,

ai (+5) swp <ui (-5).

Using the fact that the wS’L satisfies Neumann boundary conditions at +L/2,
one has for all x € Ay,

+%
q7 () dt <wj(x) <0
L
2
and hence
+% z
v,Ly\y
Jarwar< 00 < [y ar
J ey () L
-3

This immediately gives, for all z € Ay,

L
(p0") (=)
L
o (x)
Since, by the minmax-principle (using 1/ V'L as a test function in the Rayleigh
quotient),

< lgzllzran)- (3.3)

[l 2t ar)

v <
)\O(L) = L )

(3.4)

one concludes [|q|[z1(a,) < 2[|v|lL1(a,)-
In a next step, one introduces the function

By () = (05" (o — ) + 1))
for 0 <t <1 and x,y € Ay. This implies

. (o) (tx —y) +y)
h = (o — .
=ty oo (tx —y) +y)
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Then, starting from the identity

v, L T 1
In (“’gL( >> — (1) - B 0) = [ ()0 a,
0

©o" (y)
a simple estimate using (3.3) shows that, for z,y € Ay,
G
0 <eMirtap, (3.5)
v, L
w0 (y)

Eq. (3.5) then immediately implies (3.2). Finally, since ¢'* has L2-norm one,
one concludes

sup ¢ (z) >
TEAL

which implies (3.1). O

-

Remark 3.2. Eq.(3.1) in Lemma 3.1 is sharp: choosing v = 0 yields the lower
bound ﬁ On the other hand, for the zero-potential, the ground state is given
by b~ (0) = -
L
Using [7, Theorem 1.4] in combination with Lemma 3.1 then yields the
following result.

Theorem 3.3 (Lower bound spectral gap I). Assume v € L>°(R) and v > 0.
Then

—4Lv] 12 m
|v(l)>e L(/\L).i2
hOldS fO'I" G;ll L > 0.

Proof. The strategy is to compare the spectral gap of the operator hy, with the
spectral gap of the Neumann Laplacian (i.e., setting v = 0) which is given by
72/ L%. Such a comparison result has been provided in [7, Theorem 1.4]: more
explicitly, taking into account that the normalized ground-state eigenfunction
for the Neumann Laplacian is the constant function 1/v/L, one has

. v, L 2 2
F (L) > (lnf$EAL SDO (IE) ) 4

L NEh
SUDgeA, QOS (.13) L2

The result then readily follows with Lemma 3.1. 0

Remark 3.4. Theorem 3.3 establishes a lower bound which is (for non-zero po-
tentials) at least exponentially small in the interval length. Hence, this bound
is still far away from a lower bound as established, for example, in [8, Propo-
sition 2.9] for a symmetric step-potential. In this case, the lower bound reads
aL =3 for some constant o > 0 and all L > 0 large enough. However, due to the
fact that a Harnack-type inequality has been used in the proof of Theorem 3.3,
an exponential factor seems expectable.

Also, for the zero-potential v = 0, the lower bound in Theorem 3.3 is sharp.
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4. An improved bound for certain potentials. In this section, we shall study
a smaller class of potentials for which we are going to derive another lower
bound to the spectral gap which holds on large intervals. More explicitly, we
shall make the following additional assumptions on the non-negative potential
v € L*(R):
i) v(r) #0 &  x € (=b,+b) for some 0 < b < 0,
i) v(x) = v(—x) (symmetry),
iii) v is strictly monotonically increasing on [—b, —¢] for some 0 < ¢ < b and
such that inf,c(_. gy v(x) > 7 for some v > 0 (alternatively, it is enough
to assume inf,c;_y g v(x) > v for some v > 0),
iv) b||v|l peory < 1/2 (smallness condition).
In a first result, we derive a lower bound to I';, (L) which only depends on the
asymptotic behaviour of k3 (L). The important aspect here is that asymptotic
behaviour of the gap is reduced to studying the asymptotic behaviour of the
ground state eigenvalue which is usually more accessible.

Lemma 4.1. Consider hy, with a potential v € L>®(R), v > 0, that also fulfils
conditions i)-iv). Then

Lo(L) 2 (1= 2070l o (w)? - 75 - cos” (kG (L)(L/2 — b))

holds for all L > 0 large enough.

Proof. First note that, for L large enough, the assumptions on the potential
guarantee that oy'" attains its maximum at the boundary of (—L/2, +L/2) and
the minimum at 2 = 0: To see this, we first note that goS’L € CY(Ayp) since hr,
is self-adjoint on a domain contained in H?(Az) which itself is a consequence
of v being bounded. Furthermore, assumption ii) implies that the ground state
is a symmetric function and hence its derivative vanishes at = 0. Also, the
eigenvalue equation — (o5 ™)" () + v(x) ey ™ (z) = N (L)py ™ (z) together with
the fact that Af(L) — 0as L — oo (see (3.4) or the remark below (2.1)) and iii)
imply that the second derivative of gpS’L changes sign exactly once in (—L/2,0)
for all L large enough. Since (o) (—L/2) = 0 and (po")" is negative in a
neighbourhood around z = —L/2, the maximum is assumed at © = —L/2
and the minimum at 2 = 0. In addition, we conclude that (p5") (x) < 0 for
z € [~L/2,0].

Now, taking assumption i) into account, the restriction of the ground state
eigenfunction <p8’L to (—=L/2,—b) is given by

(90"~ 1/2,-0) (@) = Acos(k§ (L) (z + L/2))

with A = @i (=L/2) = SUP,ep, oob(x) > 0. On the other hand, using the
eigenvalue equation and the symmetry of v with respect to z = 0 (assumption
ii)), we obtain

0
(5@ = (080 ~ @)t @) dr, wel-b0, @)
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and this yields, for = € [—b,0],

(05" (@)] < BING(L) = vl Loe () - wp vy (@)
xre|—o,
= blAG(L) — vl ) - Acos (kg (L)(L/2 b))
< 240[v|[ oo r) - cos (kg (L)(L/2 = b))
for all L > 0 large enough. Hence,

nf b (@) 2 (1= 267 ollee) - Acos (K (E)(L/2 ~ D)

which is a useful bound assuming iv).

Finally, as in the proof of Theorem 3.3, [7, Theorem 1.4] yields (taking into
account that the ground state eigenfunction of the Neumann Laplacian with
zero potential is the constant function 1/v/L)

2
(inf:veAL o () > .
I 2
SumeAL ng ((E) L

and hence the statement follows readily. O

Ty(L) >

In a next step, we need to investigate the asymptotic behaviour of k{ (L)
as L — oo.

Proposition 4.2. Consider hy with a potential v € L>®(R), v > 0, that also
fulfils conditions i)-iv). Then

0 . 1 b

5 k§(L)L (2 - L)' =0. (4.2)

Furthermore, there exists a constant 6 > 0 such that

% < (g — k(L)L (; - D) (4.3)

for all L > 0 large enough.

lim
L—oo

Proof. For the proof, we introduce the characteristic function 1 4(+) of a mea-
surable set A C R. The idea is to compare k(L) with the square root of the
lowest eigenvalue for the Laplacian with a step-potential 9(x) := - 1{_ 4.¢(x)
with suitable @, ¢ > 0. The square root of such an eigenvalue shall be denoted
by ko(L) (for notational simplicity, we do not state the dependence of ko(L)
on 7 and ¢ explicitly in the following).

As shown in the appendix, the quantitation condition (meaning the re-
lation determining ko(L)) for the step-potential & with Neumann boundary
conditions and large enough L > 0 reads

My(L)
wo(L)
Where @o(L) := ko(L)L, My(L) := /L20 — &2(L), 1 (L) := 1< andly(L) :=

(&

tanh(Mo(L)l2(L)) = tan(@o(L)l1 (L)) (4.4)

Now, to prove (4.2), we pick two step potentials, one with ¢ ;= ¢ and 0 := v
and the other one with ¢ := b and ¢ := ||v|| L (). Let /%él)(L) denote the square
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root of the lowest eigenvalue for the first step-potential and 1262)(L) the square
root of the lowest eigenvalue for the second step-potential. Consequently, by
an operator-bracketing, we have

kD(L)L < K§(L)L < k& (L)L
and the statement readily follows from the fact that both, the left-hand as
well as the right-hand side, converge to m as L — oo. This, on the other hand,
follows from the quantization condition (4.4).

On the other hand, in order to prove (4.3), we again choose the step-
potential with ¢ := b and © = ||v||ze®). Hence, 1582)(L) > k§(L) and it is
therefore enough to prove (4.3) with ]TC(()Z)(L) instead; note there that, by (4.4),

m 7(2) 1 b
——ky /(L)L | =——= 0.
5 ~Fo (L) (2 L) >

Now, for @o(L)l1 (L) < m/2 close enough to m/2 (hence for L > 0 large enough),
one obtains

i 1
taH(WO(L)Zl (L)) z 2 COS(J)O (L)ll (L))

1
= WD (D) + 7/2)
Furthermore, setting A(L) := My(L)l; (L) tanh(My(L)l2(L)), (4.4) and (4.5)
imply

(4.5)

i wA(L)
@o(L)h (L) < (1+24(L))

m
i
2(1+ 5a11y)
for L large enough. This now yields, for some constant 6 > 0 and all L large
enough,

(4.6)

7T ~ T !
(5 fwo(L)ll(L)) =3 <2A(L)(1 + 2A1))>

Y%

\%

O

Combining Lemma 4.1 and Proposition 4.2 then yields the following state-
ment.

Theorem 4.3 (Lower bound spectral gap II). Consider hy with a potential
v € L>®(R), v > 0, that also fulfils conditions i)-iv). Then there exists a
constant B > 0 such that
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for all L > 0 large enough.
Proof. We establish a lower bound to
cos? (kY(L)(L/2 — b)) = sin® (g + RS (L)(L/2 - 1))

for large L > 0. Since |sin(z)| > | — 32 + Z| in a small neighbourhood around
x = 7, Proposition 4.2 yields

1 T

sin (g FRU(L)(L)2 — b))’ > ‘2 (g +RY(L)(L/2-b)) + 2

- ’1 (77— T ge(L)(L)2 - b))‘

for all large enough L > 0. Taking the square, we get, for L large enough,

2
L9 (T » 1/ . 1 b
T k(L L27b)>— T owmL(=-2)) .
s (3 + woz/2-0) 2 § (5 -wwe (3- 7))
The statement then follows with Proposition 4.2 and Lemma 4.1. O

Appendix. In this appendix, we shall derive relation (4.4). Recall that 14(-)
denotes the characteristic function of a measurable set A C R. We first remark
that the Schrodinger operator

2

d .
hi ==+ Ti_c4q(2)

with 9,¢ > 0 and defined on L?(Ay) is unitarily equivalent to the operator
LiQhL with
~ d2

hy = ) + L% - T—c/p4e/r)(T) (A1)

defined on L%(A;) (for a proof, we refer to [8, Proposition 2.4]). Hence, given
@o(L) denotes the square root of the lowest eigenvalue of hz, one has @o(L) =
ko(L)L where ko(L) is the square root of the lowest eigenvalue of hy. Further-
more, we set Mo(L) := \/L*0 — @3 (L), ly(L) := 5 — £, and I5(L) := £.

Equation (4.4) now follows from suitable matching conditions when con-
structing the ground state eigenfunction of hy, (for large L > 0). More explic-
itly, we identify the interval (—1/2, —¢/L) with I := (0,11 (L)) and the interval
(—¢/L,0) with Iy := (0,13(L)). Note that, since the ground state eigenfunction
of hy, and hy, are symmetric with respect to x = 0, it is sufficient to construct
the ground state on (—L/2,0) or (—1/2,0), respectively.

On the interval I, the potential is zero and hence we make the ansatz

P1,.(z) = Acos(@o(L)x)

for some non-zero A € R. On I, the potential is constant equal to L?*% and
this yields, for L > 0 large enough (i.e. one requires that L2t — &3 (L) > 0),
the ansatz

a1 (x) := Bsinh(My(L)x) + C cosh(My(L)x)
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for some non-zero B,C' € R to be determined. Since the ground state eigen-
function is symmetric and differentiable, we obtain the matching conditions

@1,0(11 (L)) = $2,1.(0),
9511,L(11(L)) = QB/Q,L(O)a
9512,L(12(L)) =0.

The first condition implies

- C
cos(wo (L)1 (L)) = T
the second condition gives
o BMy(L
sin(@o (L)1 (L)) = _/M)OO((L))’

and the third condition yields

tanh(Mo(L)la(L)) = —g.

Combining them, we eventually arrive at (4.4).
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