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Abstract. The present paper contributes to the ongoing programme of
quantification of isomorphic Banach space theory focusing on the Hagler—
Stegall characterisation of dual spaces containing complemented copies
of L1. As a corollary, we obtain the following quantitative version of the
Hagler—Stegall theorem asserting that for a Banach space X, the following
statements are equivalent:
e X contains almost isometric contains almost isometric copies of
(D= loc)ens
e foralle > 0, X™ contains a (1+¢)-complemented, (1+¢)-isomorphic
copy of Li;
e foralle > 0, X* contains a (1+¢)-complemented, (1+¢)-isomorphic
copy of C[0,1]".
Moreover, if X is separable, one may add the following assertion:
e for all € > 0, there exists a (1 + €)-quotient map 7T: X — C(A)
so that T*[C(A)*] is (1 + €)-complemented in X*, where A is the
Cantor set
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1. Introduction. In 1968, Pelczyriski [17] showed that if a Banach space X
contains an isomorphic copy of ¢;, then the dual space X* contains an iso-
morphic copy of L; and proved that the converse holds as well subject to a
mild technical condition that was later removed by Hagler [7]. More precisely,
the result stated that the isomorphic containment of ¢; is equivalent to the
following assertions: X™* contains a subspace isomorphic to Ly, X* contains a
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subspace isomorphic to C[0, 1]*. When X is separable, these are further equiv-
alent to the assertions: X* contains a subspace isomorphic to ¢;1([0,1]), and
C[0,1] is a quotient of X.

Shortly after, Hagler and Stegall [8] obtained a ‘complemented’ version of
Pelezyriski’s aforementioned classical work:

Theorem (Hagler—Stegall). Let X be a Banach space. Then the following
assertions are equivalent:

(1) X contains a subspace isomorphic to (B, (% )e, ;

(2) X* contains a complemented subspace isomorphic to Li;

(3) X* contains a complemented subspace isomorphic to C[0,1]*;

(4) X* contains an infinite set K such that K is equivalent to the usual basis
of t1(T") for some T, [K] is complemented in X*, and K is dense in itself
i the weak™ topology on X*.

If, in addition, X is separable, then the assertions (1)—(4) are equivalent to
(5) There exists a surjective operator T: X — C[0, 1] such that T*[C|0, 1]*]
is complemented in X*.

The purpose of this note is to quantify the Hagler—Stegall theorem in the
spirit of a large number of recent results on quantitative versions of various
theorems on and properties of Banach spaces, such as quantitative versions of
Krein’s theorem [6], Gantmacher’s theorem [2], James’ compactness theorem
[5], weak sequential completeness and the Schur property [11,12], the (recipro-
cal) Dunford—Pettis property [10,13], the Banach—Saks property [3], etc. More
broadly speaking, the present paper contributes to the on-going programme of
quantification of Banach space theory.

In the present paper, we quantify the Hagler—Stegall theorem by intro-
ducing the following three quantities denoted by lower-case Greek letters and
defined as infima of certain sets (when the sets happen to be empty, we use
the convention that the corresponding value is c0).

Hereinafter X and Y will stand for Banach spaces; B(X,Y) is the space
of (bounded, linear) operators from X to Y. We then introduce the following
quantities:

e ay(X) = inf{d(Y,Z): Z is a subspace of X}, where d(Y,Z) is the

Banach—Magzur distance between Y and Z.

The quantity ay (X), being directly related to the Banach-Mazur distance,
measures how well Y is from being isomorphically embeddable into X. Obvi-
ously, ay (X) = 1 if and only if X contains almost isometric copies of Y, that
is, for every € > 0, X contains a subspace (1 + ¢)-isomorphic to Y.

o By (X)=inf{||Al|B]: A€ B(X,Y),B € B(Y,X), AB = Iy }.
The quantity Sy (X) measures how well Y is from being isomorphic to a com-
plemented subspace of X. It is easy to see that Sy (X) = 1 if and only if for
every € > 0, there exists a subspace M of X so that M is (1 + €)-isomorphic
to Y and (1 4 ¢)-complemented in X.

o 0y (X) = inf{||A|[|S]|: A € B(X,Y),S € B(X* Y*),SA* = Iy }.
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The quantity 0y (X) measures how well Y is isomorphic to a quotient of X
and its dual Y* is isomorphic to a complemented subspace of X*. We see that
Oy (X) =1 if and only if, for every £ > 0, there exists a (1 + £)-quotient map
T: X —Y so that T*[Y*] is (1 + €)-complemented in X*.

A straightforward argument shows that

By« (X") <0y (X) < By (X). (1.1)

By using the aforementioned three quantities, we quantify the Hagler—
Stegall theorem as follows:

Theorem A. Let X be a Banach space. Then
@z en ), (X) = Bepag- (XT) = Br, (X7).
If, in addition, X is separable, then
Oc(a)(X) = Br, (X7).

The following (1 + &)-version of the Hagler—Stegall theorem follows from
Theorem A.

Corollary 1.1. Let X be a Banach space. Then the following assertions are
equivalent:

(1) X contains almost isometric copies of (D, €% )1, ;

(2) X* contains a (1 + €)-complemented subspace that is (1 + &)-isomorphic
to Ly for every e > 0;

(3) X* contains a (1 + €)-complemented subspace that is (1 + €)-isomorphic
to C10,1]* for every e > 0.

If, in addition, X is separable, then

(4) for every e > 0, there exists a (1 + €)-quotient map T: X — C(A) so

that T*[C(A)*] is (1 + €)-complemented in X*.

2. Preliminaries. Our notation and terminology are standard and mostly in-
line with [1,16]. Throughout the paper, all Banach spaces can be considered
either real or complex. We work with real scalars but the results can be easily
amended to the complex too. By a subspace we understand a closed, linear
subspace and by an operator we understand a bounded, linear map. If X is a
Banach space, we denote by Bx the closed unit ball of X, by Iy the identity
operator on X, and, for a subset K C X, by [K] the closed linear span of K.
For a surjective operator T': X — Y, we set

co(T) =inf{c¢ >0: By Cc-TBx}.

For A > 1, we say that a surjective operator T: X — Y is a A-quotient map
if ||T]| co(T) < A\ Quotient maps are 1-quotient maps according to the above
terminology. A norm-one surjective operator T: X — Y is a quotient map if
and only if T is a (14)-quotient map, that is, a (1 + €)-quotient map for every
e >0.

The Banach-Mazur distance d(X,Y) between two isomorphic Banach
spaces X and Y is defined by inf ||T||[|T!||, where the infimum is taken over
all isomorphisms 7" from X onto Y. As defined by Lindenstrauss and Rosenthal
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[15], for A > 1, a Banach space X is said to be a £1 y-space whenever for every
finite-dimensional subspace E of X, there is a finite-dimensional subspace F'
of X such that F' D F and d(F,[{"™F) < \. We say that a Banach space X is
an Ly yy-space if it is an £q x1.-space for all € > 0.
Following the notation from [8], we denote
F={(ni):n=01,...,i=0,1,...,2"—1}
and, for (n,7), (m,j) € F, we write (n,7) > (m, j) whenever
e n=>m,
o 2"y L L2"M(j+1) — 1.
Let A = {0,1}" be the Cantor set endowed with the metric
o0 o0 - 1
d((an)nzl, (bn)nzl) = Z 7‘an - bn| ((an)nv (bn)n € A)-
n=1
By Miljutin’s theorem [1, Lemma 4.4.7], C[0, 1] is isomorphic (but not isomet-
ric) to C(A). Tt is well-known that C(A)* and C0,1]* are linearly isometric,
though.

3. Proof of Theorem A. The present section is devoted to the proof of Theo-
rem A and is conveniently split into more digestible parts.

Proof of Theorem A. We split the proof into a number of steps.

Step 1. 6C(A)* (X*) < Oé(@:le 7)) ey (X)
Since Z = (P27, (% )s, embeds isometrically into (P27, (% )y, , it suffices

to prove that az(X) > Boay-(X™). For this, let us fix ¢ > az(X). Then there

exists a contractive operator R: Z — X that is bounded below by 1/c.
007271

Let us consider a double-indexed family (An,i)nzo,i;é of clopen subsets of

the Cantor set such that
(1) Ao =4, Ani=Ant120UDng12i41 ((n,4) € F),and A, i NA, ; =0
if i # j;
(2) the diameter of A, ; is 1/2™ (0 <14 < 2™ —1).

We set g,,; = 1a, ,, which is a continuous function, [g, ;]* 5" C [gn+17i]?:gl_1,
(gn.i)2"5t is isometrically equivalent to the unit vector basis of /2 (n € N),
and 2% [gn.i]7—g " is dense in C'(A). We may then define an operator T': Z —
C(A) by the assignment Te,; = gn,. For each n, T is an isometry when

restricted to [e,;: 0 < i < 2" — 1]. Clearly, ||T'|| = 1.

Claim 1. If W is a finite-dimensional Banach space and S: W — C(A) is an
operator, then for every € > 0, there exists an operator S: W — Z so that
IS < (X +e)|lS] and ||S — TS| <e.

Proof of Claim 1. Let us fix an Auerbach basis (wg, w})Y_; for W (dim W =
N). Soif w= ij:l arwy € W, then for each 1 < j < N, we get

N
|a;] = |<w;7zakwk>
k=1

< lwjl[lwll = ffwl]-
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It follows that ZkN=1 lax| < Nljw||. Let 6 > 0 be such that éN < ¢||S|| and
SN < e. Then, there exist a positive integer n and (fy)r_, in [gn’i]?lal SO
that [|Swy, — fil < 6 (k = 1,2,...,N). Let us write fi = Yoo trigns
(k=1,2,...,N).

Let us define an operator S:W 2 by
2" 1
ka = Z tkﬂ'enﬂ'.
i=0

We claim that S is the required operator. Indeed, for w = Zivzl arwi € W,
we have
. N . N .
15wl = | S0, axSuwpll = | 0, xS
= 120y anfill < 1320y anlfi = Swi)ll + 11 252, arSwi
< Sy lawl [ £ — Swil + 1Sl
< Nllwl|d + (IS [[wll
< (1+9)[S]lfwl]-

Furthermore,

~ N on_1
15w = TSwll = | Loy @k (Swn = 2imo ™ thign.i)ll
= || g1 ar(Swr — fr)|l
< 6Nl
< elfwll
Let € > 0. Since C'(A) has the metric approximation property (see, e.g., [4]

for the definition), there exists a net (Ty,)o of finite-rank operators on C(A)
such that

e limsup, |[|To|| <1+,

e dim7,(C(A)) — oo,

e T — Ig(a) strongly.
For each a, we may apply Claim 1 to the inclusion map I, : T,,[C(A)] — C(A)
in order to get an operator I.: Ta [C(A)] — Z such that

o |[Tall <1+,

o I, —TT,| < (1+ dimT,[C(A)])~2.
Hence, for f € C(A), we get

ITTaTof = Il < WTTaTof — LTafll + | Taf — |
< T = LlITalllf Il + 1 Taf = £Il = .

Let S be a o(B(Z*,C(A)*), Z*®,C(A))-cluster point of the net ((f;Ta)*)a.

We show that ST = Iga)-. Indeed, we choose a subnet ((I/(;Ta/)*)a/ of

((ETQ)*)Q so that (f;Ta/)* — Sinthe o(B(Z*,C(A)*), Z*®,C(A))-topology.
Then, for f € C(A) and p € C(A)*, we get (InTa)*T*u, f) — (ST*p, f).

On the other hand, we have

(T T )* T, f) = (o TIow T ) — (1, f).
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Therefore, (ST*p, f) = {(u, f).

Claim 2. There exists an operator T: C(A)* — X* so that R*T = T* and
T <e(l+¢).

The proof of the claim is a variation of the Lindenstrauss’ compactness
argument (see [9, Proposition 1] and [14, Lemma 2]). Since certain amendments
are required, we present the full reasoning.

Proof of Claim 2. We use the fact that C(A)* is isometric to L (u) for some
infinite measure p, and as such, it is an £; 14-space. Let A be the collection
of all finite-dimensional subspaces of C'(A)*. Then, for each v € A, there exist
E, € A with v C E, together with an isomorphism U, : ﬁtlhm B E,, so that
|ULINUS < 14 Let Sy: Z — EZ be an operator such that S = T*|g,
(v € A). By the l-injectivity of ogim EV, there is an operator R,: X — 3im B
so that RyR — UZS, and |Ry | < [UZS, IR < U, [ITHIR]. Let
T, = R;Uw_lz E, — X*. Then R*T, = T*|g, and ||T,|| < c¢(1 + ¢)||T||. For
each «y, we define a non-linear, discontinuous function from C'(A)* to X* by

T o T’yfa f S E’y,

Ihf= {O7 otherwise.

Then (ﬁ)'y is a net in the compact space

[T ca+alTliflBx-,

fec(a)x

and as such, it has a cluster point T. Standard arguments show that T is
linear, R*T = T*, and ||T|| < ¢(1 4+ &)||T|| = ¢(1 + &).

Finally, we get SR*T = ST* = Ic(a)~ and hence
Boway (X*) < ITIISR| < (1 +¢)°.

Letting ¢ — 0, we get fc(a)«(X*) < c. As c is arbitrary, we get Step 1.
Step 2. Br, (X™) < Bopo,1- (X7).

It is well known that L is isometric to a l-complemented subspace of
C[0,1]* (see, e.g., [1, p. 85]), which implies Step 2.

Step 3. Q@ m ), (X) < Br, (X*).

Let ¢ > [, (X*). Then there exist operators A: L1 — X*,B: X* — L,
so that BA = I, ||A|| = 1, and ||B|| < c. Let 0 < e < 1 and ¢,, = £/2?"*3
(n=0,1,...).

By [8, Lemma 3], we get (fn,i)(n,i)er in Loo and (2, i) (n,i)er in X satisfying

(1) || fnilln =1 and f,; > 0 everywhere for all (n,7) € F;
(2) for each n and ¢ # j, fni(t) and f,, ;(t) cannot be both non-zero for the
same t € [0, 1];

(3)
(Afpis ) = { 1, (n,d) > (m,j),

0, otherwise;
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(4) maxogican—1 [ti] < || X0 g tizmill < e(1 + n) maxogican—1 |t

(’I’LZO,L...; to, ... ton_1 ER)

We may now define recursively a sequence (W ;) ier of non-empty
weak*-closed subsets of By~ as follows:

e Woo={z" € Bx~: [(z",0,0) — 1| < o},

o Wio=WyoN{z" € Bx~: [(z*,z10) — 1| <e1,[(z*,211)] <er},

o Wi =Woon{z* € Bx-: [(z",211) — 1| <e1, (2%, 21,0)] < en},

° Wg)o = WI,O N {JJ* € Bx-: |<x*,l‘2)o> — 1| < 52,|<x*,x27j>| < &2,] =
1,2, 3},

o Wy = Wiogn{a* € Bx-: |[(x*,221) — 1| < 2, (2", 225)| < 2,5 =
07273}7

° WQ’Q = Wl,l N {l‘* € Bx-«: |<1‘*,$2’2> — 1| < 527|<$*73’J2’j>| < g9,] =
0,1,3},

) W2,3 = W1,1 n {33* S BX*: |<$*,£2,3> — 1| < 82,|<$*,$27J’>| < 82,j =
0,1,2},

and so on. By (3), each W, ; is non-empty. By the choice of ¢,, the sets
Wi, Why,; are disjoint as long as i # j. Let

co 2"—1
K= ﬂ( U Wyi) and K,;=W,;NK ((n,z) c f),
n=0 i=0

By (3), Afni € Wy, ; if (n,i) > (m,j), which implies that each K, ; is
non-empty. By the construction of the sequence (W, ;), we see that Ko g
K, Kni12iUKpy12i41 = Kny, and Ky ;N K, = g if @ # j.

Let us define an operator T: X — C(K) by (Tx,z*) = (z*,z) (z €
X,z* € K). Then |(Txy, ;,2*) — 1| < g, if * € K, 4, and |(T'z, 3, 2%)| < &,
if * € Uj# Ky, ;. Set gni = 1k, ,, which is continuous as K, ; is clopen.

n_ ntl_ n_q .
Then | Tp,; — gn.ill < €n. Moreover, [gnili_g" C [gnr1ilicg ~', (gna)ing ' is

isometrically equivalent to the unit vector basis of ng for all n, and

o0

gn.it (n,3) € Fl = | lgnilig "

n=0

is isometric to C(A). Let Z be a subspace of C(A) isometric to (B, €% )e,

and let (znj)zo;f;io be a basis of Z isometrically equivalent to the unit vector

basis of (@, ¢" )¢, . Fix n > 1. Then there exist m > n and unit vectors

P € [Gm.il2eg * 50 that |2, — ha ]| <&/27F3 (j=0,1,...,n—1). We write
2m_1 2m—1

hnj =iz @ijgm.i and define y,, j =375 o a;jom,; € X.

Claim 3. For all (tn,j)zo:’?;io € (@, %), we have

e’} co n—1 00

£ 2
(1= 2 e fonal SIS tnawmall S el D mae [l
n— n=1j7= n—=
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Indeed, by (4), we get

n—1 2 —

D tngtnil[ = [ D2

=0 i=0
<ce(l+em)

D. CHEN ET AL.

0

n—1
E @i jtn,j | Tm,i

j=

max E a;
0<i<2m —1 igtng

n—

1

=c(l+en)l Z tnghn gl
=0

c(l+em)

n—1

Arch. Math.

n—1
> tngzng| D tn(hng — 2l
j=0

J=0
3
< c(l—l—sm)( max |t ;| +ne/2"T max |t |)
0o<js<n—1 0<js<n—1
2
<c(l+¢)* max |t ;.
0<j<n—1
Consequently,
oo n—1 oo |[[n—1
2
> D tagyng| S DD tnuyn| S el +e) max |ty ;.
° ° 0<jsn—1
n=1 j=0 n=1 || j=0 n=1

On the other hand, by the choice of m and h,, ;, we arrive at

1Tyn.5 = 2nll <

This implies that

< 8/2n+3 + 5/2n+3 _ 6/2n+2.

”Tymj - hn,jH + ”hn,j -

om_q

Z Qij (Txm,i - g’rn,i)

1=
<ep2™ max ) |a; j| +e/2m+3

0

0<i<2m —

co n—1 oo n—1
> oY tng¥ng|| = DD tniTYn
n=1 j=0 n=1 j=0
oo n—1 co n—1
>3 tngzng
=15=0

n
o0
>

3

1

max |t ;| — E n,
<n—1

0<j<

o0
) E max |ty jl.
0<ysn—1
n=1

-t

+ €/2n+3

ZZ n,g (TYn,j — 2n,)
n=1j=0

3
2n+2
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Finally, by Claim 3, we get

1)
Q@ o), (X) <c(1+¢)?/ (1 - 5) .

Letting ¢ — 0 yields oqgyo | ¢n),, (X) < ¢ Since ¢ was arbitrary, the proof of
Step 3 is completed.
Step 4. B, (X™) < Oca)(X).

This step follows from (1.1) together with Step 2. We are now ready to
establish the final step of the proof.

Step 5. Suppose that X is separable. Then 0ca)(X) < Br, (X*).

Let ¢ > B, (X*). Then there exist operators A: Ly — X* B: X* — L; so
that BA=1I,,,||A|| =1, and |B|| < c.

Let (fni)(n,iyer be a family of functions in Leo, (Zn,i)(n,er in X, and
(Wh.i)(n,i)eF associated to e, = 1/2*"*2 (n = 0,1,...) as described in Step 3.
Since X is separable, we may assume that the d-diameter of W,, ; < 27" for
each ¢, where d is a metric giving the relative o(X*, X)-topology on Bx~. Let

[e%S) 2" —1
K= ﬂ ( U Ww’) and K, ;=W,;,NK ((ni)eF).
n=0 1=0

Then K is a compact, totally disconnected metric space without isolated
points, hence homeomorphic to A. Moreover, Koo = K, K;1+1,2i UKp41,2i41 =
Ky, and K,; N K,,; = @ if i # j. Hence K = Uf;o_l K, ; for all n. As
seen in Step 3, the operator T: X — C(K), defined by (Tz,z*) = (z*, z)
(r € X, 2" € K), satisfies || T2, ; — gnil| < n, where g, ; = 1, , € C(K).

An argument analogous to Step 1 yields that, if W is a finite-dimensional
Banach space and S: W — C(K) is an operator, then, for every € > 0, there
exists an operator S: W — X so that ||S|| < ¢(1 +¢)||S|| and ||S — TS| < e.

Fix € > 0. By an argument analogous to the one from Step 1, we get an
operator S: X* — C(K)* with ||S| < ¢(1 + ¢€)? so that ST* = I¢()-. This
means that

Oc(a)(X) = o) (X) < c(1+¢)>.

Letting ¢ — 0, we arrive at 0ca)(X) < c. As c is arbitrary, the proof is
complete. O
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