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Abstract. Given two primes p and q, we study degrees and rationality of
irreducible characters in the principal p-block of Sn and An, the sym-
metric and alternating groups. In particular, we show that such a block
always admits an irreducible character of degree divisible by q. This ex-
tends and generalizes a recent result of Giannelli–Malle–Vallejo.
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1. Introduction. Let p be an odd prime. In a recent paper [1], the authors
characterized finite groups whose principal p-block consists only of irreducible
characters of odd degree. This result relied on the classification of finite simple
groups. More precisely, it was shown that the principal p-block of every non-
abelian finite simple group (with the sole exception of M22 at the prime p = 7)
admits an irreducible character χ of even degree. In the case of alternating
groups, [1, Theorem C] shows that a more general statement holds.

Theorem 1.1. Let n ≥ 5, let G be either Sn or An, and let p and q be distinct
primes with q < p ≤ n. Then the principal p-block of G contains an irreducible
character of degree divisible by q.

Results that take into consideration two distinct primes are not frequent
in representation theory of finite groups. Recently, given two distinct primes p
and q, the q-divisibility of the degrees of irreducible characters in the principal
p-block of a finite group has been studied in [4]. There the authors propose
a generalization of the famous Brauer height zero conjecture for the principal
block and use Theorem 1.1 to prove one of the main results of the article [4,
Theorem 5.1].

The main aim of this short note is to strengthen Theorem 1.1 by removing
the hypotheses on the two primes p and q.

http://crossmark.crossref.org/dialog/?doi=10.1007/s00013-020-01539-z&domain=pdf
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Theorem A. Let n ≥ 5, let p, q ≤ n be distinct primes and let G be either Sn

or An. Then the principal p-block of G contains an irreducible character of
degree divisible by q.

We remark that Theorem A provides an answer to a question raised in [1]
at the end of Section 3.

In the second part of the paper, we ask ourselves whether the irreducible
character identified by Theorem A can be chosen to be rational valued. The
question has a trivial positive answer for Sn. For this reason, we focus our
attention on alternating groups. We manage to prove the following complete
classification.

Theorem B. Let n ≥ 5, let p, q ≤ n be distinct primes. The principal p-block
of An contains an irreducible and rational valued character of degree divisible
by q unless:

(i) n = p = 2q − 1, or (ii) n = 8, p = 7, and q = 3, or (iii) n = 6, p = 5,
and q = 2.

2. Preliminaries. We recall some basic facts on the algebraic and combinato-
rial theory of representations of Sn. Our main references are [2] and [5]. The
irreducible characters of Sn are naturally labelled by partitions of n. Given a
partition λ = (λ1, . . . , λz) of n, we denote by χλ the corresponding irreducible
character, and by [λ] the associated Young diagram. We recall that

[λ] = {(i, j) ∈ N × N | 1 ≤ i ≤ z, 1 ≤ j ≤ λi},

and that every element (r, c) ∈ [λ] is called a node of [λ]. We denote by Hr,c(λ)
the hook associated to the node (r, c), and we let hr,c(λ) = |Hr,c(λ)| be the
length of the hook Hr,c(λ). We recall that Hr,c(λ) is the subset of [λ] defined
by

H(r,c)(λ) = {(r, y) ∈ [λ] | y ≥ c} ∪ {(x, c) ∈ [λ] | x ≥ r}.

Given integers t and r, we let Ht
r(λ) = {(r, c) ∈ [λ] | t divides hr,c}.

Similarly we let Ht(λ) =
⋃z

r=1 Ht
r(λ) be the set of all nodes in [λ] whose

associated hook has length divisible by t. A partition γ is a t-core if Ht(γ) = ∅.
Given a partition λ of n, the t-core of λ is the partition obtained from λ by
successively removing t-hooks. In this article, we denote this by Ct(λ).

Given a prime p, we know from [2, 6.1.21] that χλ and χμ lie in the same p-
block of Sn if and only if Cp(λ) = Cp(μ). In particular, χλ lies in the principal
p-block if and only if Cp(λ) = Cp((n)) is a one-part partition.

A complete study of the factorization into primes of the degree of irreducible
characters of Sn was done in [3] and it is nicely explained in [5]. The following
statement is a consequence of the above mentioned work [3], and will be used
often in our later arguments.

Proposition 2.1. Let q be a prime and let n be a natural number with q-adic
expansion n =

∑k
j=0 bjq

j. Let λ be a partition of n. If q does not divide χλ(1),

then |Hqk

(λ)| = bk and |Cq(λ)| = b0.
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We conclude this section by recalling a few facts on the irreducible charac-
ters of An. Given a partition λ of n, we denote by λ′ its conjugate partition.
When λ �= λ′, then (χλ)An

= (χλ′
)An

is an irreducible character of An. Other-
wise, if λ = λ′, then (χλ)An

= φ+φg, where φ is irreducible and g ∈ Sn �An.
These considerations together with [6, Section 4] imply the following proposi-
tion.

Proposition 2.2. Let φ ∈ Irr(An) and let χ ∈ Irr(Sn) be such that φ is a
constituent of the restriction χAn

. If χ lies in the principal p-block of Sn, then
φ lies in the principal p-block of An. Moreover, φ(1) ∈ {χ(1), χ(1)/2}.
3. Theorem A. In this section, we focus on proving Theorem A of the intro-
duction. We start by fixing some notation, that will be kept for the rest of
the article. Let n =

∑k
j=0 bjq

j be the q-adic expansion of n. Moreover we let
a ∈ {0, 1, . . . , p−1} and w ∈ N be such that n = a+pw. We let Bn(p, q) be the
set of partitions of n labelling irreducible characters in the principal p-block
of Sn and having degree divisible by q.

Theorem A of the introduction follows from the combination of Theorem 1.1
with the following statement.

Theorem 3.1. Let n ≥ 5, and let p and q be distinct primes with p < q ≤ n. Let
B0 be the principal p-block of either Sn or An. Then B0 contains an irreducible
character χ of degree divisible by q.

Proof. Our first aim is to show that Bn(p, q) �= ∅. This will prove the statement
of Theorem 3.1 for Sn. For technical reasons, we start by assuming that the
following holds:

n �= (bk + 1)qk − a − 1. (�)

In this situation, we split our argument into two cases.
Case 1. Suppose that qk

� pw. We first assume also that bkqk − a − 1 ≥ a + 1
and we choose λ to be the following partition of n:

λ = (bkqk − a − 1, a + 1, 1n−bkqk

).

We start by observing that λ is a well defined partition as bkqk −a−1 ≥ a+1.
We notice that h1,1(λ) = pw and therefore that Cp(λ) = (a). Hence χλ lies in
the principal p-block of Sn. Since qk

� h1,1(λ) and since

h1,λ1(λ) < · · · < h1,3(λ) < h1,2(λ) = bkqk − a − 1 < bkqk,

we deduce that |Hqk

1 (λ)| < bk. We now turn to the analysis of hook-lengths in
the second row of λ. We observe that h2,1(λ) = a+1+n−bkqk is not divisible by
qk thanks to our technical hypothesis (�). Moreover, h2,c(λ) ≤ h2,2 = a < p < q

for all c ∈ {2, . . . , a + 1}. Hence |Hqk

2 (λ)| = 0. Similarly |Hqk

r (λ)| = 0 for all
r ≥ 3 because hr,1(λ) ≤ h3,1(λ) = n − bkqk < qk for all r ≥ 3. We conclude
that |Hqk

(λ)| = |Hqk

1 (λ)| < bk. It follows that λ ∈ Bn(p, q) by Proposition 2.1.
We now assume that bkqk − a − 1 < a + 1. In particular, we have that

bkqk < 2(a + 1) ≤ 2p. Since 2 ≤ p < q, it follows that bk = k = 1, that
q ≤ 2a + 1, and that n = b0 + q = a + pw for some w ≤ 3.



164 E. Giannelli and E. Meini Arch. Math.

Under this hypothesis, we choose λ to be the following partition of n.

λ =

⎧
⎪⎨

⎪⎩

(a, a, 1n−2a) if w = 1,

(q − 1, a + 1, 1n−q−a) if w ≥ 2 and b0 < q − 1,

(a + p, α + 1, 1p−α−1) if w ≥ 2 and b0 = q − 1.

Here α is defined as α = (a − 1)/2. We will show that α ∈ N and that λ is
well defined.

When w = 1, then n = a + p = b0 + q and λ = (a, a, 1p−a). In this case, we
notice that h2,1(λ) = p and therefore that Cp(λ) = (a). Hence χλ lies in the
principal p-block of Sn. Moreover, h1,1(λ) = p + 1. Since n ≥ 5, we deduce
that h1,1(λ) < q. It follows that hi,j(λ) < q for all nodes (i, j). We conclude
that Hq(λ) = ∅. It follows that λ ∈ Bn(p, q) by Proposition 2.1.

When w ≥ 2 and b0 < q − 1, then n = a + pw = b0 + q and λ = (q − 1, a +
1, 1n−q−a). The partition is well defined as q − 1 ≥ a + 1 and as q + a ≤ n.
We observe that h1,1(λ) = pw and therefore that Cp(λ) = (a). Hence χλ lies
in the principal p-block of Sn. We notice that h1,2(λ) = q − 1 < q and that
h2,1(λ) = b0 + 1 < q. It follows that Hq(λ) = ∅ and that λ ∈ Bn(p, q) by
Proposition 2.1.

Finally, when w ≥ 2 and b0 = q − 1, we have n = a + pw = (q − 1) + q.
Since q ≤ 2a + 1, we deduce that w = 2 and hence n = a + 2p = (q − 1) + q.
In particular, a is odd. Let α ∈ N be such that a = 2α + 1 and let λ = (a +
p, α + 1, 1p−α−1). Since h2,1(λ) = h1,a+1(λ) = p, we deduce that Cp(λ) = (a)
and that χλ lies in the principal p-block of Sn. Moreover, h1,α+1(λ) = q + 1
and h1,α+2(λ) = q − 1. This is enough to conclude that Hq(λ) = ∅ and that
λ ∈ Bn(p, q) by Proposition 2.1.
Case 2. Suppose now that qk | pw. Then it is easy to see that n = a + pw =
b0 + bkqk, where a = b0 and w > 2. In this case, we consider μ to be the
partition of n defined by

μ =

⎧
⎪⎨

⎪⎩

(a + p(w − 2), p, p) if qk �= 3,

(4, 2) if qk = 3 and a = 0,

(3, 3, 1) if qk = 3 and a = 1.

First we notice that μ is well defined as w > 2. If qk �= 3, then it is easy
to see that Cp(μ) = (a) and hence that χμ lies in the principal p-block of Sn.
We observe that h1,μ1(μ) < · · · < h1,2(μ) < h1,1(μ) = a+ p(w − 2)+ 2 < bkqk.
It follows that |Hqk

1 (μ)| < bk. As to the second and third row, we notice that
h2,1(μ) = p + 1 is smaller than qk because qk �= 3. Hence hr,c(μ) < qk for
all r ∈ {2, 3} and all c ∈ {1, . . . , p}. Hence |Hqk

2 (μ)| = |Hqk

3 (μ)| = 0 and
|Hqk

(μ)| < bk. Therefore μ ∈ Bn(p, q) by Proposition 2.1. If qk = 3, then
p = 2 = bk as p < q and n ≥ 5. It follows that n = 6 or that n = 7. In both
these cases, the partition μ chosen above lies in Bn(2, 3). We notice that the
partition μ defined above lies in Bn(p, q) independently from the validity of
technical hypothesis (�).

In order to conclude the proof, we need now to drop the hypothesis (�).
Hence we suppose that n = (bk +1)qk −a−1. We can also assume that qk

� pw,
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as this case was already settled in the previous paragraph, by choosing the
partition μ ∈ Bn(p, q). In this last situation, we consider the following partition
ν of n:

ν =

{
(qk − 1, a + 1, 1bkqk−2a−1) if a �= 0,

(qk, 1bkqk−1) if a = 0.

If a �= 0, then h1,1(ν) = n − a = pw. Hence Cp(ν) = (a) and therefore χν

lies in the principal p-block of Sn. Since qk
� pw, we deduce that qk does not

divide h1,1(ν), and we have

h1,j(ν) ≤ h1,2(ν) = qk − 1 < qk for all 2 ≤ j ≤ ν1.

It follows that Hqk

1 (ν) = ∅. Similarly h2,1(ν) = bkqk − a is not divisible by qk

and h2,c(ν) ≤ a < qk for all 2 ≤ c ≤ a + 1. Hence Hqk

2 (ν) = ∅. Finally we
observe that hr,1(ν) = bkqk −2a−(r−2) for all 3 ≤ r ≤ bkqk −2a+1. It follows
that the first column of ν admits at most bk − 1 nodes having corresponding
hook of length divisible by qk. We conclude that |Hqk

(ν)| < bk, and therefore
that ν ∈ Bn(p, q) by Proposition 2.1.

If a = 0, then with a completely similar argument, we see that χν lies in
the principal p-block of Sn. We also observe that Hqk

1 = ∅ and that |Hqk

(ν)| <
bk − 1. Again Proposition 2.1 implies that ν ∈ Bn(p, q).

We have proved that the statement holds for Sn. In order to address the
problem for An, it is enough to observe that our hypothesis forces q to be
an odd prime. This implies that given an irreducible character χ of Sn lying
in the principal p-block of Sn and such that q | χ(1), then any irreducible
constituent of χAn

lies in the principal p-block of An and has degree divisible
by q by Proposition 2.2. �

As mentioned at the beginning of the section, Theorem A follows immedi-
ately from Theorems 3.1 and 1.1.

4. Theorem B. We now proceed with the study of the field of values of the
irreducible character identified by Theorem A. In particular, we will prove
Theorem B of the introduction.

We recall that by Bn(p, q) we mean the set of partitions of n labelling
irreducible characters of Sn lying in the principal p-block of Sn and whose
degree is divisible by q. Moreover, we denote by Ωn(p, q) the subset of Irr(An)
consisting of rational-valued irreducible characters lying in the principal p-
block of An such that q divides their degrees. We will often use the following
lemma in our later arguments.

Lemma 4.1. Let λ ∈ Bn(p, q). If λ �= λ′, then (χλ)An
∈ Ωn(p, q).

Proof. Since irreducible characters of Sn have rational values, this is just a
straightforward consequence of Proposition 2.2. �

We start by dealing with the situation where p < q. The proof of the
following proposition is partially based on ideas already explained in the proof
of Theorem 3.1.
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Proposition 4.2. Let n ≥ 5, and let p and q be distinct primes with 2 ≤ p <
q ≤ n. Then the principal p-block of An admits an irreducible character φ of
degree divisible by q such that Q[φ] = Q.

Proof. As usual, we let n =
∑k

j=0 bjq
j be the q-adic expansion of n, and we

set a ∈ {0, 1, . . . , p − 1} and w ∈ N be such that n = a + pw. We aim to show
that under our current hypothesis, Ωn(p, q) �= ∅.

As done in the proof of Theorem 3.1, we start by assuming that the follow-
ing holds:

n �= (bk + 1)qk − a − 1. (�)

We first assume that qk
� pw and that bkqk ≥ 2(a + 1). In this case, we

consider

λ = (bkqk − a − 1, a + 1, 1n−bkqk

).

In the proof of Theorem 3.1, we have seen that λ ∈ Bn(p, q). Hence, if λ �= λ′,
then (χλ)An

∈ Ωn(p, q) by Lemma 4.1. We observe that λ �= λ′ unless

(i) a = 0 and n = pw = 2qk − 3, or
(ii) a = 1 and n = 1 + pw = 2qk − 4.

In these cases, we consider the partition ζ of n defined as follows:

ζ =

{
(qk, 1qk−3) if (i) holds,
(qk − 1, 2, 1qk−5) if (ii) holds.

In both cases (i) and (ii), we observe that p �= 2 and therefore that qk ≥ 5.
It follows that ζ is well defined. We also notice that ζ �= ζ ′. Using techniques
completely similar to the ones adopted to prove Theorem 3.1, we deduce that
Hqk

(ζ) = ∅ and thus that ζ ∈ Bn(p, q) by Proposition 2.1. Using Lemma 4.1,
we conclude that (χζ)An

∈ Ωn(p, q).
We now assume that qk

� pw and that bkqk ≤ 2a + 1. Proceeding exactly
as in the proof of Theorem 3.1, we observe that n = b0 + q = a + pw and we
choose λ to be the following partition of n:

λ =

⎧
⎪⎨

⎪⎩

(a, a, 1n−2a) if w = 1,

(q − 1, a + 1, 1n−q−a) if w ≥ 2 and b0 < q − 1,

(a + p, α + 1, 1p−α−1) if w ≥ 2 and b0 = q − 1,

where α = (a − 1)/2.
Since q ≤ 2a+1 and n ≥ 5, we deduce that a ≥ 2. Moreover, a+p−1 > p−α.

This is enough to deduce that λ �= λ′ and therefore that (χλ)An
∈ Ωn(p, q) by

Lemma 4.1.
Let us now suppose that qk | pw. This forces n = a+pw = b0 +bkqk, where

necessarily a = b0. We let μ be the partition of n defined by
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μ =

⎧
⎪⎨

⎪⎩

(a + p(w − 2), p, p) if qk �= 3,

(4, 2) if qk = 3 and a = 0,

(3, 3, 1) if qk = 3 and a = 1.

It is very easy to check that μ �= μ′. From the proof of Theorem 3.1, we know
that μ ∈ Bn(p, q). Hence we conclude that (χμ)An

∈ Ωn(p, q) by Lemma 4.1.
To conclude the proof, we now drop the hypothesis (�), and we analyze

the case where n = (bk + 1)qk − a − 1. Let ν be the partition of n defined as
follows:

ν =

{
(qk − 1, a + 1, 1bkqk−2a−1) if a �= 0,

(qk, 1bkqk−1) if a = 0.

As shown in the proof of Theorem 3.1, we have that ν ∈ Bn(p, q). Moreover,
it is not difficult to check that ν �= ν′ unless

(i) a = 0 and bk = 1, or
(ii) a = 1 and bk = 1.

Outside cases (i) and (ii), we have that χν ∈ Ωn(p, q) by Lemma 4.1.
In case (i), we have that n = pw = 2qk − 1 and in particular p �= 2. Then

we consider

δ =

{
(qk − p, 3, 2p−2, 1qk−p) if qk > p + 3,

(6, 2, 1) otherwise.

The partition δ is well defined as qk ≤ p + 3 implies that n = 9, p = 3,
and q = 5. In this case, it is easy to check that (6, 2, 1) ∈ B9(3, 5) and that
χ(6,2,1) ∈ Ω9(3, 5).

If qk > 3, then h1,1(δ) = p(w − 1) and h2,2(δ) = p. This implies that
Cp(δ) = ∅ and therefore that χδ lies in the principal p-block of Sn. We also
have that qk does not divide h1,1(δ) and h2,2(δ). Moreover, we observe that
h1,2(δ) = qk − 2, h2,1(δ) = qk + 1, and h3,1(δ) = qk − 1. This is enough
to deduce that |Hqk

(δ)| = 0, and therefore to conclude that δ ∈ Bn(p, q) by
Proposition 2.1. Since δ �= δ′, Lemma 4.1 implies that (χδ)An

∈ Ωn(p, q).
In case (ii), we have that n = pw + 1 = 2qk − 2, hence again p �= 2. We

consider γ = (qk − 3, 2, 1qk−1). Exactly as before, we verify that γ ∈ Bn(p.q)
and that γ �= γ′. This implies that (χγ)An

∈ Ωn(p, q) by Lemma 4.1. �

We now turn to analyze the case where q < p. In order to do this, we need
to introduce the following notation. Given n = a + pw =

∑k
i=0 bkqk as above,

we let a =
∑k

i=0 akqk be the q-adic expansion of a.

Proposition 4.3. Let n ≥ 5, and let p and q be distinct primes with 2 ≤ q <
p ≤ n. Then the principal p-block of An admits an irreducible character φ of
degree divisible by q such that Q[φ] = Q unless one of the following holds:

(i) n = p = 2q − 1, or (ii) n = 8, p = 7, and q = 3, or (iii) n = 6, p = 5,
and q = 2.
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Proof. We start by assuming that a = 0. In this case, pick λ = (bkqk, 1n−bkqk

)
and we have that λ ∈ Bn(p, q) by [1, Lemma 3.7]. Moreover, a simple calcu-
lation shows that if n �= 2bkqk − 1, then λ �= λ′ and hence (χλ)An

∈ Ωn(p, q)
by Lemma 4.1. On the other hand, when n = 2bkqk − 1, then necessarily
w �= 2, bk = 1 and hence n = pw = 2qk − 1. In this setting, we choose μ =
(n− (q −1), 1q−1). It is easy to see that Cp(μ) = ∅ and that Cq(μ) = (q, 1q−1).
Hence, χμ lies in the principal p-block of Sn and |Cq(μ)| = 2q − 1 > b0. It fol-
lows that μ ∈ Bn(p, q) by Proposition 2.1. Moreover μ �= μ′ unless k = 1. Hence
using Lemma 4.1, we conclude that (χμ)An

∈ Ωn(p, q) unless n = p = 2q − 1.
In this latter case, it is not possible to find an irreducible character of the
principal p-block of An, whose degree is divisible by q. Suppose for a contra-
diction that such a character φ exists and let λ be a partition of n such that
φ | (χλ)An

. Then Cp(λ) = ∅ and hence λ = (n−x, 1x) for some 1 ≤ x ≤ n− 2.
Since q divides φ(1), we have that q divides χλ(1). It is well known that
χ(n−x,1x)(1) =

(
n−1

x

)
. It follows that q divides χλ(1) if and only if x = q − 1.

Hence λ = (q, 1q−1) = λ′ and Q[φ] = Q[
√

p] by [2, 2.5.13].
We now turn to study the case where 1 ≤ a ≤ p − 1.
If pw > bkqk, then we consider μ to be the partition of n defined by

μ =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(bkqk − 1, a + 1, 1n−(bkqk+a)) if n �= (bk + 1)qk − 1,

(a, 2, 1p−2) if n = (bk + 1)qk − 1, q = 2, w = 1,

and a = p − 3,

(bkqk − 2, a + 1, 1n−(bkqk+a−1)) otherwise.

From [1, Lemma 3.9], we know that μ ∈ Bn(p, q). It is easy to check that
μ = μ′ if and only if

(i) n = 1 + pw = 2qk − 2, or
(ii) n = 8, p = 7, and q = 3.

In all other cases, (χμ)An
∈ Ωn(p, q) by Lemma 4.1.

If n = 1+ pw = 2qk − 2, then we pick ρ = (qk − 3, 2, 1qk−1). If qk �= 4, then
ρ is well defined. We observe that Cp(ρ) = (1) and that Cqk(ρ) = ρ. Using
Proposition 2.1, we deduce that ρ ∈ Bn(p, q). Using Lemma 4.1, we conclude
that (χρ)An

∈ Ωn(p, q) as we clearly have that ρ �= ρ′.
On the other hand, if qk = 4, then n = 6 and p = 5. In this case, we have

Ω6(5, 2) = ∅. Similarly, if n = 8, p = 7, and q = 3, then direct verification
shows that Ω8(7, 3) = ∅.

Finally, if pw < bkqk, then we let ω be the partition of n defined by

ω =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(a, a − akqk + 1, 1n−2a+akqk−1) if ak > 0,

(n − 2, 2) if ak = 0 and a = 1,

(a, 1wp) if ak = 0 and a > 1 and n �= bkqk,

(a, 2, 1wp−2) if ak = 0 and a > 1 and n = bkqk.
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By [1, Lemma 3.11], we know that ω ∈ Bn(p, q). Moreover, it is easy to check
that ω �= ω′. Hence (χω)An

∈ Ωn(p, q) by Lemma 4.1. �

Theorem B is a direct consequence of Propositions 4.2 and 4.3.
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