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Erratum to: A note on the Brück conjecture
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Abstract. In the article “A note on the Brück conjecture” (Arch. Math. 95
(2010), 257–268), the proofs of our results Theorem 1.4 and Theorem 1.6
mainly depend on Lemma 2.6, which is wrong. In this corrigendum, we
give a correct proof of Theorem 1.4. Theorem 1.6 can be proved similarly;
so we omit its proof.
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The following counterexample for Lemma 2.6 in [2] is due to Professor Igor
Chyzhykov, to whom we wish to express our gratitude.

Example. Let f(z) = ezp

, p ∈ N, take p = 1 for simplicity, and Eθ = {0}. Then
the inequality |f(rkeiθk)| ≥ AM(rk, f) is equivalent to rk cos θk ≥ rk + log A.
Since A is a constant, we have θk → 0 ∈ Eθ as rk → +∞.

Unfortunately, in [2], the proofs of our results Theorem 1.4 and Theorem
1.6 mainly depend on Lemma 2.6. We express regret for these mistakes. In the
following, we give a correct proof of Theorem 1.4. Theorem 1.6 can be proved
similarly, and its proof is hence omitted. To prove Theorem 1.4, we need some
lemmas here.

Lemma A. Let

p(z) = pnzn + pn−1z
n−1 + · · · + p0, q(z) = qnzn + qn−1z

n−1 + · · · + q0,
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where n is a positive integer, pn = αeiθ, qn = βeiϕ, α ≥ β > 0, θ, ϕ ∈ [0, 2π).
If pn �= qn, then for any given ε > 0, there exists some r0 > 1, such that for
all z = re−i θ

n satisfying r ≥ r0, we have

Re{p(re−i θ
n )} > α(1 − ε)rn

and

Re{p(re−i θ
n ) − q(re−i θ

n )} > (α − β cos(θ − ϕ))(1 − ε)rn.

Proof. Since Re{pn(re−i θ
n )n} = αrn, we can easily prove this conclusion. �

Lemma B. ([1]) Let f(z) be a meromorphic function with ρ(f) = α < +∞,
then for any given ε > 0, there exists a set E ⊂ [0,+∞) with finite linear
measure mE < ∞, such that for all z satisfying |z| = r �∈ [0, 1] ∪ E, and r
sufficiently large,

exp{−rα+ε} ≤ |f(z)| ≤ exp{rα+ε}.

Lemma C. ([3]) If fj(z) (j = 1, 2, . . . , n) and gj(z) (j = 1, 2, . . . , n) (n ≥ 2)
are entire functions satisfying

(i)
∑n

j=1 fj(z)egj(z) = 0;
(ii) The orders of fj are less than that of egk−gh for 1 ≤ j ≤ n, 1 ≤ h < k ≤

n, then fj(z) ≡ 0 (j = 1, 2, . . . , n).

Proof of Theorem 1.4. Without loss of generality, we can suppose that η = 1.
Denote g(z) = f(z) − a, then ρ(g) = ρ(f) = ρ and

Δnf(z) = Δng(z) =
n∑

j=0

(−1)n−jCj
ng(z + j),

where C0
n, C1

n, . . . , Cn
n are non-zero integers. By assumption, we have

Δnf(z) − a

f(z) − a
=

∑n
j=0(−1)n−jCj

ng(z + j) − a

g(z)
= ep(z), (1.1)

where p(z) is a polynomial with 0 ≤ d = deg(p) ≤ ρ. Now set

p(z) = pdz
d + pd−1z

d−1 + · · · + p0,

where pd �= 0, pd−1, . . . , p0 are constants, pd = αde
iθd , αd > 0, θd ∈ [0, 2π).

Firstly, we prove that ρ ≥ 1. Otherwise, we have ρ < 1 and hence p(z) ≡
C ∈ C. By Lemma 2.3 stated in [2], for any given ε1 (0 < 2ε1 < 1 − ρ),
there exists a set E1 ⊂ (1,∞) of finite logarithmic measure, so that for all z
satisfying |z| = r �∈ [0, 1] ∪ E1, we have

∣
∣
∣
∣
Δng(z)

g(z)

∣
∣
∣
∣ ≤ |z|n(ρ−1)+ε1 . (1.2)
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Chose an infinite sequence of points {zk = rkeiθk} such that

|g(zk)| = M(rk, g) ≥ exp{rρ−ε1
k }, rk �∈ E1. (1.3)

From (1.1)–(1.3), we get a contradiction that

|eC | ≤
∣
∣
∣
∣
Δng(zk)

g(zk)

∣
∣
∣
∣ +

|a|
M(rk, g)

≤ rk
n(ρ−1)+ε1 + o(1) = o(1).

Secondly, we assert that ρ ≤ λ(f−a)+1. Otherwise, we have ρ > λ(f−a)+1
and hence ρ(g) > λ(g)+1. It follows from the Hadamard factorization theorem
that,

g(z) = h(z)eq(z),

where q(z) is a polynomial such that

q(z) = −(qlz
l + ql−1z

l−1 + · · · + q0),

where ql �= 0, ql−1, . . . , q0 are constants, ql = βle
iϕl , βl > 0, ϕl ∈ [0, 2π), and

h(z) = zmW (z), where m is the order of zero of g(z) and W (z) is the Weierst-
rass canonical product of the nonzero zeros of g(z) such that ρ(h) = ρ(W ) =
λ(g) < ρ − 1 = l − 1.

Rewrite (1.1) as

a

h(z)eq(z)
= ep(z) −

∑n
j=0(−1)n−jCj

nh(z + j)eq(z+j)−q(z)

h(z)
.

Observe that for each j ∈ {0, . . . , n},deg(q(z + j) − q(z)) = l − 1, and
ρ( a

h(z)eq(z) ) = l, then by the equation above, we can easily get l ≤ d. Thus
we have d = l.

We claim that pd = qd. Otherwise, pd �= qd, and we may assume that
αd ≥ βd > 0. In what follows, set q∗

j (z) = q(z + j) + qdz
d, p∗(z) = p(z) − pdz

d.
Then we obtain from (1.1) that

ep(z) − ae−q(z)

h(z)
=

∑n
j=0(−1)n−jCj

nh(z + j)eq∗
j (z)

h(z)eq∗
0 (z)

. (1.4)

Set ρ1 = ρ(h), then by Lemma B, for any given ε2 (0< 2ε2 < min{ρ− ρ1,
1}), there exists a set E2 ⊂ [0,+∞) with finite linear measure, such that for
all z satisfying |z| = r �∈ [0, 1] ∪ E2, and r sufficiently large,

exp{−rρ1+ε2} ≤ |h(z)| ≤ exp{rρ1+ε2}. (1.5)

From Lemma A and (1.5), for r �∈ [0, 1] ∪ E2, r → ∞, we have
∣
∣
∣
∣
∣
∣

ae−q(re−i
θd
d )

h(re−i
θd
d )

∣
∣
∣
∣
∣
∣
= o(|ep(re−i

θd
d )|). (1.6)

Notice that for 1 ≤ j ≤ n, q∗
j (z) − q∗

0(z) = q(z + j) − q(z) and hence
deg(q∗

j (z)−q∗
0(z)) = d−1. Applying Lemma A again, for r �∈ [0, 1]∪E2, r → ∞,

we get from (1.4)–(1.6) that
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1
2

exp{(1 − ε2)αdr
d} ≤ 1

2

∣
∣
∣
∣e

p(re−i
θd
d )

∣
∣
∣
∣ <

∣
∣
∣
∣e

p(re−i
θd
d )

∣
∣
∣
∣ −

∣
∣
∣
∣
∣
∣

ae−q(re−i
θd
d )

h(re−i
θd
d )

∣
∣
∣
∣
∣
∣

<
1
2

∣
∣
∣
∣e

p(re−i
θd
d )

∣
∣
∣
∣ =

1
2

∣
∣
∣
∣
∣
∣
∣

∑n
j=0(−1)n−jCj

nh(re−i
θd
d + j)eq∗

j (re−i
θd
d )

h(re−i
θd
d )eq∗

0 (re−i
θd
d )

∣
∣
∣
∣
∣
∣
∣

≤ 1
2

exp{rρ1+ε2}
n∑

j=0

Cj
n

∣
∣
∣
∣h(re−i

θd
d + j)eq∗

j (re−i
θd
d )−q∗

0 (re−i
θd
d )

∣
∣
∣
∣

≤ 2n−1 exp{2rρ1+ε2} exp{rd−1+ε2} < exp{rd− 1
2 },

which is impossible.
Now we prove that pd = qd. By (1.1), we obtain

∑n
j=0(−1)n−jCj

nh(z + j)eq∗
j (z)

h(z)eq∗
0 (z)

= epdzd

(

ep∗(z) − a

h(z)eq∗
0 (z)

)

.

Considering the order of each side in the equation above, we get

ep∗(z) − a

h(z)eq∗
0 (z)

≡ 0. (1.7)

This gives
n∑

j=0

(−1)n−jCj
nh(z + j)eq∗

j (z) = 0. (1.8)

From (1.7), h(z) has no zeros, and thus it must be a constant function.
Since d = l = ρ(g) > λ(g) + 1, we have d ≥ 2. Therefore, for 0 ≤ j < k ≤
n,deg(q∗

j (z) − q∗
k(z)) ≥ 1. Applying Lemma C to (1.8), we get a contradic-

tion that (−1)n−jCj
n = 0, j = 0, 1, . . . , n. Hence, we prove that 1 ≤ ρ(f) ≤

λ(f − a) + 1.
Finally, applying the Hadamard factorization theorem, we can complete

the proof of Theorem 1.4.
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