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A note on termination of the Baer construction
of the prime radical

M. A. CHEBOTAR, P.-H. LEE, AND E. R. PUCZYLOWSKI

Abstract. The well known Baer construction of the prime radical shows
that the prime radical of an arbitrary ring is the union of the chain of
ideals of the ring, constructed by transfinite induction, which starts with
0 and repeats the procedure of taking the sum of ideals that are nil-
potent modulo ideals in the chain already constructed. Amitsur showed
that for every ordinal number « there is a ring for which the construc-
tion stops precisely at a. In this paper we construct such examples with
some extra properties. This allows us to construct, for every countable
non-limit ordinal number «, an affine algebra for which the construction
terminates precisely at «. Such an example was known due to Bergman
for a = 2.
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In this paper we consider associative algebras over a fixed field F. In what
follows the term “algebra” will mean F-algebra not necessarily with unity. For
a given algebra A without unity, we denote by A* the algebra obtained from
A by the adjunction of a unity. For an algebra A with unity, we set A* to be
A itself.

To denote that I is a two-sided ideal (left ideal) of an algebra A we write
I < A (respectively, I <; A). Obviously if L is a left ideal of A, then the
two-sided ideal of A generated by L is equal to LA*.

Denote for a given algebra A by W(A) the sum of all nilpotent ideals of A.
Since a left (right) ideal of A is nilpotent if and only the two-sided ideal it
generates is nilpotent, W(A) is also the sum of all nilpotent left (right) ideals
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of A. Moreover, it is clear that a € W(A) if and only if the principal left ideal
A*a of A is nilpotent.
Define inductively for ordinal numbers « the ideals W, (A) as follows.

o Wy(A)=0.

e Suppose that a > 0 and W;3(A) are defined for all 5 < a.

(a) If o is a limit ordinal number, then W, (4) = U4, Ws(A).

(b) If ais not a limit ordinal number, then W, (A) is the ideal of A containing
Wo—1(A) such that W, (A)/Wa_1(A) = W(A/W4_1(A)), or equivalently
W, (A) is the sum of all ideals (left ideals) I of A such that I is nilpotent
modulo W,_1(A).

Thus, for a non-limit ordinal number «, we have a € W, (A4) if and only if
the principal left ideal A*a of A is nilpotent modulo W, _1(A4).

It is well known that the above defined chain of ideals of A stabilizes at
the prime radical P(A) of A. It is called the Baer construction of the prime
radical.

In [1] Amitsur constructed examples showing that for every ordinal number
a > 0 there is an algebra A such that A = W, (A) # W3(A) for every 5 < a.
In such a situation we say that the Baer chain of A terminates at «. There
is also an example due to Bergman [4] of an affine algebra of which the Baer
chain terminates at 2.

In this note we construct another, and simpler as we believe, example giving
Amitsur’s result that satisfies some extra conditions. Applying it we extend
Bergman’s result by constructing for every countable non-limit (in particular
finite) ordinal number « an affine algebra A such that the Baer chain of A
terminates at o.

We start with collecting some basic properties of W, (A) which will be
needed later. Some of them can be easily verified by applying straightforward
induction arguments. For instance, f(W,(4)) C W,(f(A4)) for any algebra
homomorphism f: A — A’. Moreover, if I <1 A is nilpotent, then I C W, (A)
and W, (A/I) = W,(A)/I for any o > 0. More properties of W, (A) are listed
in the following propositions.

Proposition 1. Let A be an algebra and o an arbitrary ordinal number.
(1) IfL<; A, then Wo(A)NL C W,(L).
2) IfI<A, then W (I) = INW,(A) and so Wy, (I)<A and Wy, (I) C Wa(A).
3) IfL<; A, then LW, (L) C W,(A4).
4) IfL <, A and W, (L) = L, then (LA*)?> C W, (LA*) and so Way1(LA*)
= LA*.

Proof. Note first that (4) is a consequence of (2) and (3). Indeed, if W, (L) =
L <, A, then L <; LA* <9 A and L? = LW,(L) C W,(LA*) by (3). Since
Wo(LA*) < A by (2), we have (LA*)? C L2A* C W, (LA*), which obviously
implies that W41 (LA*) = LA*.

To prove (1)—(3), we proceed by induction on «. All of these are clear for
« = 0. Thus assume that o > 0 and they are satisfied for ordinal numbers
smaller than «. Clearly they are also satisfied if « is a limit ordinal number,
so assume that it is non-limit.

S~~~
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(1) Take any I € LNW,(A). Then the left ideal A*! of A is nilpotent modulo
Wa—1(A). Since W,_1(A) N L C W4_1(L) by the induction assumption, the
left ideal A*] of L is also nilpotent modulo W,_1(L). Consequently I € W, (L)
and we are done.

(2) In view of (1) it suffices to show only that W, (I) C W, (A). Take any
ideal K of I such that K™ C W,_1(I) for some n. Set K = A*K A* <t A. Then
K? CIKIC K andso K** C W,_1(I) € W4_1(A) by the induction assump-
tion. Hence K C K C W, (A). Consequently the inclusion W, (I) C W,(A)
holds.

(3) Let K be an ideal of L such that K™ C W,_1(L) for some n. Then
LK <, A and (LK)" C LK™ C LWy 1(L) € Wa_1(A) by the induc-
tion assumption. Consequently LK C W,(A). This obviously implies that
LWo (L) € Wa(A). O

Proposition 2. If A = @;c1A;, then W, (A) = ®ic1Wa(A;) for every a.

Proof. Since A; <1 A for each i € I, we have that W, (A;) C W,(A) by Prop-
osition 1 (2) and so @;erWa(A;) € W,(A) for every a. Note that A is an
ideal of @, A}. Hence W, (A) is also an ideal of @;c1 A} by Proposition 1 (2).
This implies that W, (A) = ®,erJ; for some J; < A;. Obviously each canonical
projection of A onto A; maps W, (A) onto J;. Hence J; C W,(A;) and so
Wa(A) C ®ierWa(A;). Thus the result follows. O

In our construction we shall employ some infinite matrix algebras.

For a given algebra A, we denote by M(A) the algebra of all column-
finite matrices indexed by positive integers with entries in A, and by M/(A)
the subalgebra of M(A) consisting of all matrices with finitely many nonzero
entries. Note that M7(A) <; M(A). Obviously M/(A)/M7(I) ~ Mf(A/I)
and M(A)/M(I)~ M(A/I) for any ideal I of A.

For given positive integers ¢, j and given m € M(A) we denote by m;; the
(i, 7)-entry of m and by e;; the matrix in M/ (A*) with 1 as its (4, j)-entry and
zeros elsewhere.

Note that if A is an algebra without unity, then M (A) < M(A*), M(F) is
a subalgebra of M(A*), M(A*) = M(A)+ M(F) and M(A)NM(F)=0.

We shall need the following lemma proved in [2]. We duplicate its short
proof here for completeness.

Lemma 3. Let A be a Jacobson radical algebra and L a left M/ (A)-submodule
of M(A*) such that L £ M(A). If L is nilpotent, so is A.

Proof. Since L ¢ M(A), there is a matrix m € L such that mg € A*\ A for
some positive integers s,t. Now A is Jacobson radical, so there is b € A* such
that bmg = meb = 1. Then Abe,sm = {Z] abmgjei; | a € A} C L. Note
that e;smAbers C Aeys and bA = Ab = A, so Abe;sm is a subalgebra of M (A)
contained in L. Moreover the map abessm — abeismey = abmgrers = aeqy is
an epimorphism of Abeg;m onto Aey ~ A. These show that A is nilpotent if
L is nilpotent. O

We shall also need the following lemma.
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Lemma 4. Let T be a subalgebra of M(A) containing MF(A). Then M7
(Wa(A)) CWo(T) C M(Wy(A)) for every ordinal number c.

Proof. We proceed by induction on a. For o« = 0 the result is obvious. Thus
assume that a > 0 and it holds for ordinal numbers smaller than «. It also
holds if « is a limit ordinal number, so assume that « is non-limit. Note
that M7 (W, (A)) is the sum of ideals M7 (I) where I is an ideal of A which
is nilpotent modulo W,_1(A). Now each such M/ (I) = Y M/ (I)ey, and
M/ (I)en, is aleft ideal of T which is nilpotent modulo M7/ (W,_1(A)) € W,_1
(T) by the induction assumption. Consequently M7 (W, (A)) € W (T).

Take any ideal I of T which is nilpotent modulo W,_1(T) and set [;; =
{m;; | m € I} for arbitrary positive integers 4,j. Then I;je; = e;;lej; <
eiiTe;; = Ae;; since M7¥(A) C T. Thus I;je;; = e;lej; is nilpotent modulo
eiz’Wa—l(T)eji = a_l(A)e” since Mf(Wa_1(A)) - Wa_l(T) - M(Wa_l
(A)) by the induction assumption. Hence I;; is nilpotent modulo W,_1(A)
and so I;; C W, (A) for arbitrary positive integers ¢, j. Consequently W, (T') C
M(W4(A)) and we are done. O

Now we are ready to prove our first main result. For a given ordinal num-
ber a we denote by card(«) the cardinality of the set of all ordinal numbers
smaller than a.

Theorem 5. Let S be a non-nilpotent algebra such that dim pS = Ny and
W(S)=S. Then, for every ordinal number « there exists an algebra A, such
that

(a) dim pA, < max{Rg,card(a)};
(b) Wa(Ay) = Ay and Ay /W5(A,) is not nilpotent for § < «;
() Aa/Wa-1(An) = S if a is non-limit.

Proof. Applying the regular representation of S* we get an embedding of S
into Endp(S*) ~ M(F), so we may assume that S C M(F).

We proceed by induction on «. Obviously Ag = 0 and A; = S satisfy
the requirements for a = 0,1. Thus assume that a > 1 and we have already
constructed A, for v < a. If o is a limit ordinal, we take Ay, = ®y<ady.
Then dim pA, < card(a)max{Rg,card(a)} = max{Xg,card(a)}. In view of
Proposition 2, we have W, (Aa) = ®y<caWa(Ay) = By<ady = A, and, for
B < a, Wa(Aa) = By<aWp(Ay) = (1<pdy) ® (Dp<y<aWs(4,)), and so
Aa/W5(An) ~ Bpcycady/Wa(A,). Note that Agi1/Wa(Apsy1) ~ S is not
nilpotent by the induction assumption. Hence A,/W;3(As) is not nilpotent
either.

Thus suppose that « is a non-limit ordinal number. Let A, be the sub-
algebra of M(A,_1") generated by M/(A,_1) and S. Since M/ (A,_1) <
M(Ay—1"), we have A, = T + S where T = M/ (Ay_1) + M7 (A4_1)S <
Ay. Now dim pS = Rg and dim pMS(A,_1) = Rodim pA,_; < Romax{Ry,
card(e — 1)} = max{®, card(a)}, so dim gpA, < max{Ng,card(a)} + Nomax
{Rg,card(a)} + Rg = max{Rg,card(a)}. Moreover, M7 (Ay_1) = Mf(W,_,
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(Ap—1)) € Wo_1(T) by Lemma 4 and W,_1(T) € W,_1(As) by Proposi-
tion 1 (2). Hence Mf(Ay_1) € Wo_1(An). Now Wy 1(Ay) < Ay, s0 T =
Mf(Aafl) + Mf(Aafl)S c Wozfl(Aa)-

In fact, we have W, _1(A,) = T. Assume on the contrary that W,_1(A4,) €
T and let 8 be the smallest ordinal number such that Wg(A4,) € T'. Clearly 8
is not a limit ordinal number. Note that Wz_1(Aq—1)<<Aa—1" by Proposition 1
(2). Thus I = M(Ws_1(An-1)) < M(An—1") and M(A,—17)/I is canonically
isomorphic to M ((Aa—1/Wp-1(Aa-1))*) = M(Aa—1/Wp_1(Aa-1)) + M(F).
Consider the canonical epimorphism M(Ay—1") = M(Ag—1/Wp_1(Aa-1)) +
M(F). Let T be the image of T'in M (Ay_1/Wps_1(Aa_1)). Then T contains
M7 (Ap—1/Ws-1(As-1)) and so we get that M/ (W (Aa—1/Ws-1(Aa-1))) C
W (T) by Lemma 4. Since T <1T + S, we have W(T) C W (T + S) by Proposi-
tion 1 (2) and so MF (W (Aq_1/Ws_1(Aa_1))) € W(T+S). Now Ws_1(A,) C
T <1 Ag, so it follows from Lemma 4 and Proposition 1 (2) that Ws_1(4,) =
Ws_1(T) C I. Then Wp(A,) is a sum of ideals of A, which are nilpo-
tent modulo I and so (Wg(Aq) + I)/I C W((Aa + I)/I). On the other
hand, (Wg(Aq) +I1)/I € (T'+ I)/1, for otherwise we would have Wz(Ay) C
T+1C M(Aa—1) and so Wg(Ay) € Au N M(An—1) = T, a contradiction.
Hence W((Ay + I)/I) € (T + I)/I. By the canonical isomorphism between
M(Aq—1")/T and M(Ap—1/Wp_1(Aa—1)) + M(F), we have that W(T + S) ¢
T. Thus there exists a nilpotent left ideal L of T' + S that is not contained
in T and so L € M(Ay—1/Wps—1(Aa—1)). Then it follows from Lemma 3 that
An—1/Ws_1(An—1) is nilpotent, contradicting (b) since 8—1 < a—1. Therefore
Wo—1(An) = T and so Ay /Wa—1(As) = Ao/T ~ S = W(S). Consequently
Wa(An) = Aq and A, /Wp(A,) is not nilpotent for any § < a. O

In particular, when « is finite or countably infinite, we have

Corollary 6. Let S be a non-nilpotent algebra such that dim pS = Wy and
W(S) = S. Then, for every countable ordinal number o > 0 there exists an
algebra A, such that

(a/) dim pA, = Ro;

(0) Wa(Aa) = Aa and Ao /Ws(Aa) is not nilpotent for f < «;

(¢) Au/Wo_1(Ay) =~ S if a is non-limit.

Proof. Let A, be an algebra satisfying the conditions (a), (b), and (c¢) in The-
orem 5. In view of the proof of Theorem 5, we may assume further that for
each 7 < o A, contains a subalgebra A, satisfying the conditions (a), (b), and
(¢) for «y in place of a.. Since « is countable, we have dim A, < ¥g by (a). On
the other hand, since o > 0, some subalgebra A, of A, can be mapped homo-
morphically onto S by (c). Hence dim pA, > Xy and so (a') dim pA, = Ng
holds. g

It is not hard to find countable-dimensional non-nilpotent algebras S such
that W(S) = S. Among these the simplest examples is S = >0 (xF[z]/2"
F[z]), where F[z] is the algebra of polynomials in indeterminate z over F.
Another example of such an algebra is the following Zassenhaus algebra.
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Let S be the linear space over F' with the basis x4, where ¢ are rational num-
bers larger than 0 and smaller than 1. Define z,24 = ®p4q, when p+¢ < 1 and
0 otherwise. One easily checks that S is an idempotent algebra and W (S) = S.

Note that, choosing specific S in the above theorem, we can get that the
resulted algebras A, have some additional properties. For instance, if we take
S to be idempotent, then all of these A, are idempotent.

We conclude this note by applying Markov’s idea [3] to obtain our second
result.

Theorem 7. For every countable ordinal number a > 0 there exists an algebra
A, with unity generated by two elements such that P(Ay) = Wai1(An) #
Wa(Ay).

Proof. Let R = F(x,y) be the algebra of polynomials over F in non-commut-
ing indeterminates x,y. Then L = Rz <; R, LR = RtR<<Rand R/LR ~ F[y].
Moreover, L is a free F-algebra (without unity) with the set of free generators
x,yx,y*x,. ... By Corollary 6 there is an F-algebra A such that dimpA = X,
A = W,(A) and A/W,(A) is not nilpotent for any v < «. Hence L can
be mapped homomorphically onto A, that is, L/I ~ A for some I < L. Let
J =LIR<R. Then I? C JNLand JNL = LI(Rx + Ry + F) N Rz =
LIRx+ LI =LIL+ LI C I, so the canonical isomorphism of (L + J)/J onto
L/(JNL) maps (I+J)/J onto I/(JNL). Consequently, setting L = (L+.J)/J
and [ = (I + J)/J, we get that L/I ~ L/I ~ A. It is clear that R = R/J
is an F-algebra with unity generated by two elements Z,#, the images of x,y
in R. We claim that R is a candidate for the required A,. Since 12 = 0 and
L/I ~ A =W,(A), we have W, (L)/I = W, (L/I) = L/I and so W,(L) = L.
Hence W,+1(LR) = LR by Proposition 1 (4) and so LR C W,.1(R) C P(R)
by Proposition 1 (2). On the other hand, R/LR ~ R/LR ~ F[y] contains
no nonzero nilpotent elements, so LR = P(R) = W,41(R). Let 3 be the
smallest ordinal number such that Ws(R) = P(R) = RZR; then 8 < a + 1.
Now Z is not contained in any WW(R) for v < (3, so 3 is not a limit ordinal.
Since Z € W3(R), L = Rz is nilpotent modulo Ws_1(R) N L C Wgz_1(L) by
Proposition 1 (1). If 3 = 1, then L would be nilpotent, contradicting that
L/I ~ A is not nilpotent. Hence 3 > 1. Note that the isomorphism of A
onto L/T maps Ws_1(A) onto Ws_1(L/I) = Wz_1(L)/I, since I? = 0. Thus
A/Ws_1(A) ~ (L/T)/(Ws_1(L)/I) =~ L/Wg_1(L) is nilpotent. Hence 8 —1 >
a and so 8 = a + 1. Consequently P(R) = W, 11(R) # Wa(R). O

From Theorem 7 it follows that for every countable non-limit ordinal num-
ber 3 > 2 there exists a finitely generated algebra of which the Baer chain
terminates at 3. The same obviously holds for § = 0 or 1. (One can take for
([ = 0 any finitely generated semiprime algebra and for § = 1 any finite-dimen-
sional non-semiprime algebra.) However, we do not know whether the same is
true also for countable limit ordinal numbers.

The algebra A, that we constructed in the proof of Theorem 7 satisfies
the property (Wea41(Aa)/Wa(A4))? = 0 by Proposition 1 (4). One might ask
whether it is possible to construct the desired algebra A, so that W,4+1(A,)/
W, (A,) is not nilpotent (as we have seen for infinitely generated algebras it
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can be even idempotent). The answer for a = 0 is affirmative. As shown in [4,
Lemma 8.1.16] there exists a finitely generated group G such that the group
algebra A = K[G] of G over any field K of nonzero characteristic has a non-
nilpotent W (A) and by [4, Lemma 8.4.13] P(A) = W(A) for such an algebra
A. We do not know the answer for a > 0.

Thus we leave the following questions open.

Question 8. Does there exist, for every countable limit ordinal number «, a
finitely generated algebra of which the Baer chain terminates at o?

Question 9. Does there exist, for every countable ordinal number o, a finitely
generated algebra A, such that P(As) = Wat1(Aa) # Wa(As) and Wa iy
(Aa)/Wo(Aq) is not nilpotent?

Open Access. This article is distributed under the terms of the Creative Commons
Attribution Noncommercial License which permits any noncommercial use, distrib-
ution, and reproduction in any medium, provided the original author(s) and source
are credited.
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