Algebra Univers. (2023) 84:1
© 2022 The Author(s)
1420-8911/23,/010001-15

published online November 28, 2022 I Algebra Uni li

https://doi.org/10.1007/500012-022-00797-y gebra Umversalis
Check for
updates

On the number of universal
algebraic geometries

Erhard Aichinger and Bernardo Rossi

Abstract. The algebraic geometry of a universal algebra A is defined as the
collection of solution sets of systems of term equations. Two algebras A;
and Ay are called algebraically equivalent if they have the same algebraic
geometry. We prove that on a finite set A with |A| there are countably
many algebraically inequivalent Mal’cev algebras and that on a finite
set A with |A| there are continuously many algebraically inequivalent
algebras.
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1. Introduction

Universal algebraic geometry, introduced in [19,7,11], is based on the notion
of algebraic sets. Given a universal algebra A = (A;(f;)icr), a subset B of A"
is algebraic if it is the solution set of a system of (possibly infinitely many)
term equations in the language of A. Following [18], we denote the collection
of the algebraic subsets of A™ by Alg,, A and we define the universal algebraic
geometry of A by Alg A := J, cy Alg, A. Clearly, for a universal algebra A,
Alg A is completely determined by its clone of term functions (cf. [9,20]). We
define the universal algebraic geometry of a clone C on a set A by AlgC :=
Alg(A;C). Following [18], we say that two clones C and D on the same set A
are algebraically equivalent, C ~, D, if AlgC = AlgD. In [18,22] one finds
examples of different clones that are algebraically equivalent; in fact Téth and
Waldhauser [22] proved that on the two element set there are only finitely
many algebraically inequivalent clones. Pinus showed that on each finite set
there are only finitely many universal algebraic geometries closed under taking
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unions [18,6]. The aim of this note is to provide infinite families of algebraically
inequivalent clones on a finite set.
Analysing the construction of 2% clones on {0,1,2} in [14], we obtain:

Theorem 1.1. Let A be a finite set with |A| > 3. Then there are 2%° alge-
braically inequivalent clones on A.

The proof will be given in Section 5.
A clone C is called a Mal’cev clone if it contains a ternary function such
that for all a,b € A,

d(a,b,b) = d(b,b,a) = a,

and it is called constantive if every unary constant function on A is in C. Using
Idziak’s construction from [13], we prove:

Theorem 1.2. Let A be a finite set with |A| > 4. Then there are exactly Rg
algebraically inequivalent constantive Mal’cev clones on A.

The proof will be given in Section 4. It relies on the following fact:

Theorem 1.3. Let p be a prime, and let n € N. Then there are exactly Xy
algebraically inequivalent clones that contain Pol(Z,y2, +).

The proof will be given in Section 3.
In Table 1 we summarize our current knowledge on the number of alge-
braically inequivalent clones on a finite set.

2. Notation

We write N for the set of positive integers and for n € N, [n] := {1,...,n}. For
a set A, the i-th component of a € A™ is denoted by a; and a(i), and for an
algebra A with universe A, we will use the notions clone, Pol,,(A) and Clo, (A)
as they are commonly used in universal algebra [9,17]. For k € N with k& < n,
we define the k-th n-ary projection 7Tl(€n)2 A" — A by wlgn) (a1,...,an) = ag
for all @ € A", and we set Jy = {71',(6”) | n € Nand & < n}. For a clone C
on A, C[" denotes the set of n-ary functions in C. For k € N, for o: [k] — [n]
and for f € C¥| we define f, € C" by f,(z1,...,2,) == J(@oys o o))
for all x1,...,2, € A, and we call f, a minor of f. If t is a k-ary term in the
language of a universal algebra A, we write t, for the term t(zq (1), ..., To())-
Observe that in this case (t,)* = (t4),.

Let A be a set and let C be a clone on A. For n € N and for X C A"
we say that X is algebraic with respect to C if there exist an index set I and
two families (p;)ier, (¢i)ier of functions in CI" such that X = {& € A" | Vi €
I:pi(x) = qi(x)}. We define Alg,, C to be the collection of all the subsets of
A™ that are algebraic with respect to C and we define the algebraic geometry
of C by AlgC := J,,cy Alg, C. For an algebra A, we set Alg A := Alg Clo(A).

For n € N and for X C A", we define V¢(X) to be the intersection of
all the elements of Alg, C that contain X as a subset. Since the intersection



On the number of universal algebraic geometries Page 3 0of 15 1

Vol. 84 (2023)

swa(qoad uado jusseidar syrew uorjseng) owiLid o 0} pawmnsse st d IaquInu oy J,

(€717 w109y ],) Oy [€1°T] 0% I < w (4 «Mz)[od surejuop

ojIuL| (9T 7 ‘C1] onurg saggarenbs u ‘(+ ‘“7z)o[) surejuo))

(¢'1 wozooYT,) O [€1°T] o ¥ < U A00 [RIN ‘OATJURISUO))

Sl 8] oruryg € > u ‘A0 RN

[9°81] eyrurg i oATyIppe Afetoryenbyy

l (1] on@ ¢ < U ‘9ATIUR)SUO))

(T'T Wo109Y 1) 04Z [71] onC g u

2] onurg [1g] o c=u

SI¥~. o[IpouI SOUO[D JO IOQUILLN SOUO[D JO IaqUUN N 198 JUSWId[R-U TR UO SUO[D d) Jo A)rodorg

S~ O[POUL SOUOTD TPNS JO IOQUILT O} SISI[ UUIN[0D PIIY) [} PUR SOUO[D [Yous Jo
IaquuInu oY} $310dal UWN[OD PUOISS Y ‘ISPISUOD dM SAUO[D 9} Jo sorjredord oy} S)SI] UWN[0D ISIY oY, T ATV,



1 Page 4 of 15 E. Aichinger and B. Rossi Algebra Univers.

of a collection of elements of Alg, C is an element of Alg, C, we infer that
Ve(X) € Alg,, C. The following lemma will be used to assess whether a set X
is algebraic with respect to a clone C, which is equivalent to X = V¢ (X).

Lemma 2.1. Let A be a set, let C be a clone on A, let n € N, let X C A™, and
let a € A™. Then we have

a€ Ve(X) = (Vf.g€Cl: flx = glx = f(a) = g(a)).

Proof. “<”: We assume that for all f,g € Cl" with f|x = g|x, we have
f(a) = g(a), and we show that then a € V¢(X). To this end, we show that for
each B € Alg, C with X C B, we have a € B. Since B is algebraic with respect
to C, there exist an index set I and two families (p;);cr, (¢i)ier of functions in
Cl"l such that B = {x € A" | Vi € I: pi(x) = ¢;(x)}. Since X C B, we have
pilx = qi|x for all ¢ € I. Therefore, the assumption yields p;(a) = ¢;(a) for
all 2 € I, and thus a € B.

“=7”: We assume that there exist f,g € C[" such that f|x = g|x and
f(a) # g(a). Then B := {x € A" | f(x) = g(x)} satisfies B € Alg, C, X C B,
and a ¢ B. Thus, a ¢ Ve(X). O

3. Countably many algebraically inequivalent constantive
expansions of Z,,,:

Let A = (A;+,—,0,(fi)icr) be an expanded group. Following [3], a function
f+ A" — Ais absorbing if f(ai,...,a,) = 0 for all ai,...,a, € A with
0e {al,...,an}.

Lemma 3.1. Let p be a prime, let n,d,k € N withd > 2 and k > d+1, let Ay
be the algebra (Zyy2;+,—,0, fa), where fq: mez — Ly is defined by

d
fa(za, ... zq) :an:L‘j forxy, ..., x4 € Lppe,
j=1

and let g € Polp(Ay). If g is absorbing, then g is the constant zero function.

Lemma 3.1 states that the algebra A, is d-supernilpotent (cf. [5]). We
provide a proof that makes no use of the notion of supernilpotency.

Proof. Let C4 be the set of all operations on Z,,> that are induced by a sum
of monomials of the form az;’' ...z} ", where ny,...,n,. € N, ;,,...,x; are
pairwise distinct variables, a € Z,,>, and the following property is satisfied:
(r=0)or (r=n;=1)or (2<n;+---+n, <d and np divides a). (3.1)
Tt is clear that {4, —, 0, f4} C Cg4, that the projection clone satisfies Jz,,2 € Cq,
and that Cy4 contains the constant functions. Furthermore, it is straightforward
to verify that for ty,ts,...,tq € Cq we have that t; +to € Cq, t1 — ta € Cy
and fy(t1,...,tq) € Cq. Hence Pol(Ay) C Cyq. We assume that g € Polg(Ay)
is absorbing, and consider the representation of g as a sum of monomials,
each one satisfying (3.1). Since g is absorbing, g(0, s, ..., z}) is the constant
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0-function. Thus, the sum of those monomials of g that do not involve xz;
induces the constant zero function. Therefore, there exists a representation
of g as a sum of monomials of the above form, each of them involving the
variable x1. A similar argument applies to all the other variables zo, ..., zg.
Therefore, there exists a (possibly empty) sum of monomials that induces
the same polynomial function as g such that each monomial involves all the
variables x1, ...,z and satisfies (3.1). If x?ll .. .x?: is such a monomial, then
r > k, and therefore ny + -+ +n, > k. Since k > 3, (3.1) implies d >
ny + - -+ n, > k, contradicting the assumption k£ > d + 1. Hence g is induced
by the empty sum of monomials, and therefore it is the constant O-function. [J

Proof of Theorem 1.3. For each d € N\ {1}, let A and f4 be as in the state-
ment of Lemma 3.1. For d € N\ {1}, for m € N and for X C Z],, we use
Va(X) as a shorthand for Vpg(a,)(X). Let [, € N with [ > i > 2. We claim
that Pol(A;) 7aig Pol(A;). For proving this, we let

Q:={acZ,|3secll:a(s)=0}

and show that V;(Q) # Vi(Q); as a consequence Pol(A;) a1 Pol(A}).

First we prove that (1,...,1) ¢ V;(Q). To this end, we consider the term
equation fi(z1,...,2;) ~ 0. We have that f;(1,...,1) = np and filg = 0.
Hence Lemma 2.1 yields (1,...,1) & V;(Q).

We now prove that V;(Q) = Z;pz. To this end, let us consider an equa-
tion of the form t1(x1,...,2;) = to(x1,...,2;) with t1,t2 € Pol;(A;). This
equation is equivalent to (t1 —t2) (x1,...,2;) =~ 0. Hence it suffices to consider
equations of the form #(x1,...,2;) =~ 0. If #(x1,...,2;) = 0 is satisfied by all
elements of ), then the function ¢ is absorbing and has arity greater than i.
Lemma 3.1 implies that ¢ is the constant zero function. Therefore, the equation
t(xy1,...,x;) ~ 0 is satisfied by all elements in Zi”ﬂ. Hence Lemma 2.1 yields
(1,...1) € V;(Q) and therefore V;(Q) # Vi(Q).

We conclude that (Pol(A;));en 1} is an infinite family of algebraically
inequivalent clones. O

4. Countably many algebraically inequivalent constantive
Mal’cev clones on finite sets with at least 4 elements

We report a construction from [13, Section 3]: Let A be a finite set such that
|A] > 4 and let C be a constantive clone on A with a Mal’cev term p. The
construction picks an element 1 € A and an element 0 ¢ A and constructs a
new clone C® on the set A® := AU {0}.

For all k € N and for all f € C, the operation f@: (A®)* — A® is defined
by

f(xlw"axk) if(xla"'axk)eAka
0 otherwise.

oz, ... o) = {
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A binary operation - on A? is defined by

0 if (z,y) € A2,
1 ifx=y=0,
x ifx e Aandy=0,
y ifx=0andye€ A

Finally, C® is defined as the clone on A% generated by {f® | f € C}U{-}
and all unary constant operations.

Lemma 4.1. Let A be a finite set with |A| > 4, let C be a constantive clone on
A and let f € C®. Then

flax =0 or there exists f €C such that flax = f. (4.1)

Proof. Let K be the set of all unary constant functions on A®. We will show
that all projections on A satisfy (4.1), and that for all k,n € N, for all n-ary

se{f¥|feCtu{}uK

and for all k-ary t1,...,t, that satisfy (4.1), also s(t1,...,t,) satisfies (4.1).
From this, we conclude that every function in C® satisfies (4.1).

Clearly, all the projections satisfy (4.1).

Let k,n € N, let 1,...,t, be k-ary functions on A% that satisfy (4.1),
and let s be an n-ary function on A® from {f® | f € C} U{-} UK. We will
show that s(t1,...,t,) satisfies (4.1).

We first consider the case that s = f© with f € CI"l. If there exists i € [n]
such that t;| 4+ = 0, then by the definition of f®, f®(t1,...,t,)|ax = 0, and
hence s(ty,...,t,) satisfies (4.1). If for all i € [n], there exists ; € CI¥l such
that t;| 4» = £;, then by the definition of f® we have

S(t,eotn)ar = fP(t1, oo tn)|ar = f(d1,---,9n) €C.

Therefore s(t1,...,t,) satisfies (4.1).

Now we consider the case that s is the function - (and n = 2). Let ¢y, to
be k-ary functions on A® satisfying (4.1). We show that ¢ - £5 satisfies (4.1).
Since t1,to satisfy (4.1), we have to consider the following cases.

Case 1: t1| 4x = ta| 4» = 0: In this case, the definition of - yields ¢y -ta| 4x =
1. Since C is constantive, t; - ta| 4+ € C, and thus ¢; - to satisfies (4.1).

Case 2: t1| 4+ = 0 and there exists o € C[¥l such that to|4» = f5: In this
case, the definition of - yields t1 - ta| 41 = t5. This implies that t; - to)ar €C,
and thus ¢; - to satisfies (4.1).

Case 3: to| 4 = 0 and there exists ] € C*l such that tilax = t1: In
this case, the definition of - yields ¢; -t»| 4» = £;. This implies that t1 -to| 4+ € C,
and thus ¢; - to satisfies (4.1).

Case 4: There exist §i,go € CFl such that gi|ax = g1 and gl ax = go:
In this case, the definition of - yields 1 - t2|4» = 0, thus ¢; - t2 satisfies (4.1).

Finally, let us consider the case s € K (and n = 1). Let a € A® be the
unique function value of s, and let ¢ be a k-ary function on A® that satisfies
(4.1). Clearly, s(t)(z1,...,2;) = a for all z1,...,z, € A®. If a € A, since C is
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constantive, we have that s(t) satisfies (4.1). If a = 0, then s(¢)(x1,...,25) =0
for all (z1,...,71) € AF. Thus, s(t) satisfies (4.1). O

Lemma 4.2. Let A be a finite set with |A| > 4, let C be a constantive clone on
A, let f € (CO)F and let a,b € AF. Then f(a) =0 if and only if f(b) = 0.

Proof. If f(a) # 0, then f|4x # 0. Thus by Lemma 4.1, there exists f € Csuch
that f|4» = f, and therefore f(b) = f(b) € A, which implies f(b) # 0. O

Lemma 4.3. [13, Section 3] Let A be a finite set with |A| > 4 and let C be a
constantive Mal’cev clone on A. Then C® is a constantive Mal’cev clone on a
set of cardinality |A| + 1.

Proposition 4.4. Let A be a finite set with |A| > 4, and let C1,Cs be two con-
stantive clones on A. If Ci and Co are not algebraically equivalent, then CY’
and CSB are not algebraically equivalent.

Proof. Without loss of generality, we assume that there exists B C AF that
is algebraic with respect to C; but not with respect to Co. Note that then
B # AF. Since Cy is constantive, B is not empty. Then there exists a € A*\ B
such that a € V¢, (B).

Let By := BU ((A®)*\ AF). We claim that

By € AlgCP. (4.2)

To prove (4.2), let ¢ ¢ By. By Lemma 2.1 it suffices to show that there are
two functions py,ps € CP such that pi|p, = p2|p, and pi(c) # pa(c). Since
c € A"\ B and B is algebraic with respect to C;, Lemma 2.1 implies that there
are f1, fo € Cgk] such that fi|p = fa|p and fi(c) # fa(c). We set p; = f{ and
p2 = f5. Then p1|p, = p2|B, and p1(c) # pa(c), which concludes the proof of
(4.2).

We now claim that

a € Voo (Bo). (4.3)

Suppose that a ¢ Vee (Bo). Then Lemma 2.1 implies that there are fi, fo €

(C)F such that f1|p, = f2|B, and fi(a) # f2(a). Since B C By we infer that
file = f2|p- From Lemma 4.2 and B # (), we deduce that fi|p = f2|p # 0.
Moreover, by Lemma 4.1, there are fl,fg € CL’“] such that fi|ax = fl and
falar = f>. Therefore, f1|3 = f2|B and fl(a) + fg(a). Hence by Lemma 2.1,
a ¢ Ve, (B), contradicting the choice of a.

From (4.2) and (4.3) we obtain AlgC{" # AlgCS. O

Proof of Theorem 1.2. We proceed by induction on n = |A|. For the base case
n = 4, we use Theorem 1.3 with n = 1 and p = 2. For the induction step we
let n >4 and {C; | i € N} be a collection of pairwise algebraically inequivalent
constantive Mal’cev clones on a set of cardinality n. Then Proposition 4.4 and
Lemma 4.3 imply that {CZ@ | i € N} is a collection of pairwise algebraically
inequivalent constantive Mal’cev clones on a set of cardinality n + 1. 0
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5. Continuously many algebraically inequivalent clones on sets
with at least 3 elements

Let Z = {0,1,2}. For n € N and for i < n, a function f: Z" — Z de-
pends on its i-th argument if there exist @ € Z™ and b € Z such that
fla) # flar,...,a;-1,b,ai11,...,a,). If f depends on exactly one of its ar-
guments, then f is called essentially unary. The essential arity of f is defined
by essArity(f) := |{¢ € [n] : f depends on its i-th argument}|. Let F be a
set of finitary functions on Z. We say that f belongs to F up to inessential
arguments if there exist ] € N, 1 <41 < --- < 4; < n and a function g € Fl
such that f(z1,...,2n) = g(x4y,...,2;,) for all @ € Z™. We note that then
essArity(f) = essArity(g).
Let Dy := ) and for each m € N\ {1}, let

D= {(1,2,...,2),...,(2,...,2,1)}.

For each n € N, let F, be the set consisting of all the functions f: Z™" — Z
such that

f(Z") € {0,1}, and (5.1)
FH{1}) € D (52)
We set F':= J,,cn Frn and
F' .= U {f: Z"™ — Z | f belongs to F up to inessential arguments} U J.
neN

Lemma 5.1. The sets F' and F' satisfy the following properties:
(1) For all f € F with essArity(f) < 1, we have f = 0.
(2) For allm € N and for all f € F, with essArity(f) > 0, we have that
essArity(f) =n and n > 2.
(3) For all f € F" with essArity(f) = 1, we have f € Jz.
(4) For alll,n €N, for all g € Fy and for all p: [l] — [n], we have g, € F},.
(5) Forallk,n €N, forall f € F}, and for all o: [k] — [n], we have f, € F},.

Proof. (1) Let n € N, let f € F,, with essArity(f) < 1 and let x € Z". We
prove that f(x) = 0. If essArity(f) < 1, then there exists ¢ € [n] such that
for all j € [n]\ {¢} the function f does not depend on its j-th argument. Let
us define f’ € Z% by f'(y) = f(y,...,y) for all y € Z. We prove that f’ = 0.
To this end, let a € Z. Since (a,...,a) ¢ D, we have f'(a) = f(a,...,a) =
0. Moreover, since for all j # 4, f does not depend on its j-th argument,
f(x) = f(as,...,x;) = f'(x;) = 0. This concludes the proof of (1). (2) Let
n € N and let f € F,. If f is not constantly zero, then there exists a € D,,
such that f(a) = 1. Changing any one of the coordinates of a to 0, the value
of f changes from 1 to 0. Hence f depends on all of its arguments and (1)
implies that it cannot be essentially unary. This concludes the proof of (2).
(3) Let f € F! with essArity(f) = 1. Seeking a contradiction, we suppose
that f is not a projection. Then f belongs to F' up to inessential arguments.
Thus, there exist 1 < j; < --- < jr < n and f € F such that f(xq1,...,2,) =

f(xj,,...,xj5) for all @ € Z"; then essArity(f) = essArity(f) = 1. Thus, (1)
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yields f = 0, contradicting essArity(f) = 1. (4) Let us assume that the image
of pis {j1,...,Jx} C [n], with j; <--- < ji, and let us define

h:= {((le,. e ), 9(Z s - - 7xp(l))) | (z1,...,2,) € Z"}.

We first prove that h is a functional relation. To this end, let x,y € Z™ be
such that (xj,,...,25,) = (Yj1,.--,Yj.). Since {ji,..., i} is the image of p,
if (25,,...,25,) = Wjrs-- Y5 ), Wwe have (2p1), .., Zp0)) = Wp1)s -+ Yp))s
and therefore g(z,1),. .. 7xp(l)) = 9(Wp1), - - - ,yp(l)). This concludes the proof
that h is a functional relation. Now we prove that h € Fj,. Condition (5.1) is
clearly satisfied since g € F}. Next we prove that h satisfies (5.2). To this end,
we let & € A" with g(z,1),...,2,0)) = 1 and show that (z;,,...,2;,) € Ds.
Since g € Fy and g(z,(1),---,7,0)) = 1, exactly one of ,1),..., 7, is equal
to 1, and all the others are equal to 2, which can be expressed formally by
saying that there exists a € [I] such that z,,) = 1 and z,;) = 2 for all
b e [I] \ {a}. We have to show that exactly one of z;,,...,z;, is equal to 1.
Since j; < --- < jx and {j1,...,Jx} is the image of p, there exists a unique
i € [k] with j; = p(a), and this is also the unique ¢ € [k] with x;, = 1. For
each r € [k] \ {i} there exists b € [I] \ {a} such that j, = p(b), and therefore
xj, = x,p) = 2. Thus, (z;,,...,2j,) € Dg, and so h satisfies (5.2). This proves
that h € Fj,. Since j; < --- < ji and g,(a) = h(aj,,...,a;,) foralla € A", g,
belongs to F' up to inessential arguments. Hence g, € F),. This concludes the
proof of (4). (5) Let k,n € N, let f € F] and let o: [k] — [n]. We prove that
fo € F). By the definition of F’, there exist [ € N, g € F} and 7: [I] — [k]
injective and increasing such that f(yi,...,yx) = 9(yr(1),---,¥r@) for all
y € Z*. Therefore, for all € Z™ we have

fa’(xlv cee 7xn) = f(xa(l)a v 7xa(k)) = g(xO'(T(l))7 oo 71.0'(7'(”))'

Since g € Fj, (4) implies that g,or € F), and thus f, € F). This concludes
the proof of (5). O

Lemma 5.2. The set F' is a clone.

Proof. We prove that I’ is closed under ¢, 7, A, V and * as they are de-
fined in [15] (cf. [10,20]). To this end, let f € F). Lemma 5.1(5) yields that
CfelF, 1feF,,AfeF, ,andVfecF) . LetgcF/ andlet h be the
function defined by h(x) = (f * g)(x) = f(g(x1,-- -, Tm), Tmtls- - Tntn—1)
for all £ € Z™*+"~1. We prove that h belongs to F'. If f is constant, then h
is a constant mapping with the same function value as f. Hence h is a minor
of f, and thus by Lemma 5.1(5), h € F’. If f is a projection, then either h
is a projection or h = g. In both cases h belongs to F’. If g is a projection,
then h is a minor of f. Hence Lemma 5.1(5) yields h € F’. Finally, let us
assume that both f and g belong to F' up to inessential arguments and f is
not constant. Then thereexist 1 < j; <+ < Jpr <, 1 < iy < - <y <,
f € Fy z}nd g € F,, such that for all x € Z™ and for all y € Z™ we have
f(:E) = f(x]i?' s 71'j,,L/) and g(y) = g(yila s 7yi,,,bl)' It jl > 27 then for all
x € Z™"1 we have h(z) = f(mmﬂl,l,...,xmﬂn,,l). Thus, h is a minor
of f and Lemma 5.1(4) yields h € F'. Let us now assume that j; = 1 and let
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iL be defined by E(fla sy xm’—&-n’—l) = ]E(g(xla s »mm’)’mm’—i-la ceey xm’—&-n’—l)
for all & € Z™*+"' =1 We now prove that h € F. Since f belongs to F,
h satisfies (5.1). We now prove that h satisfies (5.2). To this end, let a €
Zm'+1'=1 he such that h(a) = 1. Then, since f satisfies (5.2), we infer that
(9(a1y -y Qm: )y Qmig1y - -« s @mrgnr—1) € Dyps. Moreover, since g satisfies (5.1)
and (5.2), we have that (a1,...,am) € Dy and (amys1, - Gmiani—1) =
(2,...,2). Thus, there exists r € [m'] such that a, = 1 and for all k& €
[m' 4+ n' — 1]\ {r} we have a; = 2. This proves that a € D,,r4, —1. Thus,
h satisfies (5.2), and so h € F. Moreover, we have that for all & € Z"™+7~1

h(xlv s 7$m+n71) = f(g(xll Yt ‘rim/)a Tm+tja—1s--- ,$m+jn/71)~
Therefore h belongs to F' up to inessential arguments, and so h € F’. Therefore,
I’ is closed under . O

We make use of the following construction from [14] (cf. [20, Chapter 3]).
For each i € N'\ {1}, the function g;: Z* — Z is defined by

1 if (zq,...,2;) € Dy,
0 otherwise.

gi(l‘l,...,l‘i) = {

For each I C N\ {1}, Z; is defined as (Z; (g;)icr)-

Lemma 5.3. Let I C N\ {1}, let k € N and let g € Clog(Z;). Then we have:
(1) If g is constant, then g = 0.
(2) If g is essentially unary, then g is a projection.
(3) If g depends exactly on the arguments iy < --- < i; with | > 2, then the
following two conditions are satisfied:
(a) For allb € Z* we have g(b) # 2.
(b) For all a € Z* with (a;,,...,a;) ¢ D;, we have g(a) = 0.

Proof. Equations (5.1) and (5.2) imply that for all ¢ € N\ {1}, g; € F. Thus,
Lemma 5.2 yields that for all I € N\ {1}, Clo(Z;) C F’. Since g € Clog(Z;) C
F’, then either g € Jz or g belongs to F' up to inessential arguments. If ¢
is a constant, then it cannot be a projection. Hence it belongs to F' up to
inessential arguments. Thus, by Lemma 5.1(1), it is the constant zero func-
tion. This proves (1). Statement (2) follows directly from Lemma 5.1(3). We
now prove (3). Let us assume that g depends on its arguments iy < -+ < i,
let b € ZF and let @ € Z* be such that (a;,,...,a;) ¢ D;. Since | > 2, g is
not a projection. Since g € F’, g belongs to F' up to inessential arguments.
This, together with Lemma 5.1(2), implies that there exists § € F} such that
g(z1,.. ., 21) = §(xiy, ..., 2y) for all x € Z*, and § depends on all of its argu-
ments. Since § € F, (5.1) implies that g(b) = §(bs,,- .., b;,) € {0,1}. Moreover,
since (asy,-..,ai,) ¢ Dy, (5.2) and (5.1) yield g(a) = g(as,,...,a;) = 0. This
proves (3). O

Proposition 5.4. Let I C N\ {1}, let i € N\ {1} and let

g; = {(.231,. . ,J),‘,Z‘H_l) S Viam ‘ Tiy1 = g(a:l, ce 7$z)}
Then g7 € AlgZ; if and only ifi € I.
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Proof. If i € I, then g7 € AlgZ; by definition. We now assume that g7 €
AlgZ; and prove that i € I. If g7 € AlgZy, since (1,...,1) ¢ g?, Lemma 2.1
implies that there exist fi,fy € Clojy1(Zy) such that fi|ge = falge and
fi(1,...,1) # fo(1,...,1). We now prove that one of the two is a projection
and the other one depends on at least two of its arguments. Seeking contradic-
tions, let us suppose that this is not the case. We distinguish cases according
to the essential arities of fi and fs.

Case 1: f1 and fao are constant: In this case fi(1,...,1) = fa(1,...,1).

Case 2: f1 is constant and fo is essentially unary: In this case, Lemma
5.3 yields that f; is the constant 0 function and f5 is a projection. Let a =
(1,2,...,2,1) € Z**L Since g(a1,...,a;) = 1, a € g?. Lemma 5.3 yields
fi(a) =0 and fi(a) € {1,2}. Hence fi(a) # fa(a). Thus, filse # falge.

Case 3: f1 is essentially unary and fo is constant: This case is symmetric
to Case 2.

Case 4: fy is constant and fo depends on at least two of its arguments:
In this case Lemma 5.3 yields fi(1,...,1) =0 = fa(1,...,1).

Case 5: f1 depends on at least two of its arguments and fo is constant:
This case is symmetric to Case 4.

Case 6: f1 and f2 are both essentially unary: In this case Lemma 5.3(2)
implies that both f; and fs are projections. Thus, we have fi(1,...,1)=1=
fa(l,...,1).

Case 7: f1 and fo both depend on at least two of their arguments: In this
case Lemma 5.3(3) yields f1(1,...,1) =0= fo(1,...,1).

Thus, we have proved that one among f; and f> is a projection, while the
other one depends on at least two of its arguments. Without loss of generality,
let us assume that fy is a projection and that f; depends on at least two of
its arguments. Let

T:={acZ" |ai, =1and (a1,...,a;) € D;}.

Note that 7' C ¢?. Let j € {1,...,7,7+ 1} be such that fo(z1,...,2i41) = z;
for all € Z**!1. We claim j = i + 1. Seeking a contradiction, let us suppose
that j <i. Let « € T be such that «(j) = 2. Then, since fi|r = fa|r, we have
fi(x) = 2. On the other hand, Lemma 5.3(3) implies that fi(x) # 2. Thus we
get the desired contradiction and deduce that fy is the (¢ + 1)-th projection.
Next, we prove that f; does not depend on its (i + 1)-th argument. Seeking a
contradiction, let us suppose that f; depends on its (¢+ 1)-th argument. Then,
since f1 depends on at least two of its arguments, there exists j € [i] such that
f1 depends also on its j-th argument. Let a € T be such that a(j) = 1.
Since fi|lr = fa|r, we have that fi(a) = fa2(a) = a;4+1 = 1. On the other
hand, Lemma 5.3 implies that fi(a) = 0 because a; = a;41 = 1. From this
contradiction, we conclude that f; does not depend on its (i + 1)-th argument.

Let f: Z' — Z be defined by f(x1,...2;) := fi(z1,...,2;,21). Since fi
does not depend on its (¢ + 1)-th argument, for each b € g?, we have

fbry...yb;) = fi(br,...,bi,b1) =

5.3
fi(br, .. biv1) = fa(br, - big1) = bigr. (5:3)
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We show that g; = f. To this end, let ¢ € Z*. Then (cy,...,c;, gi(c)) € g,
and thus (5.3) yields f(c) = gi(c). Since f € Clo;(Zy), we deduce that g; €
Clo;(Zy). We now apply [20, Theorem 3.1.4] and deduce that i € I. O

Corollary 5.5. On the set Z = {0,1,2} there are exactly 2%° algebraically in-
equivalent clones.

Proof. Let Lz be the set of all clones on Z and let ¢: P(N\ {1}) — Lz /~aig
be defined by I — Clo(Z;)/~aig. Proposition 5.4 yields that for all I # J €
P(N\ {1}) we have Clo(Zy) ~aiz Clo(Zy) if and only if I = J. Therefore, 1 is
injective. Hence there are at least 28 algebraically inequivalent clones on Z.
Since by [20, Theorem 3.1.4] there are at most 2% clones on Z, we can conclude
that there are exactly 280 algebraically inequivalent clones on Z. O

Proof of Theorem 1.1. We first show that for a set A and an element u ¢ A,
AU {u} has at least as many algebraically inequivalent clones as A. To this
end, let A be a finite set with |A| > 3, let £4 be the set of all clones on A,
let u ¢ A, let A% = AU {u}, let Lo be the set of all clones on A%, and let
®: L4 — L0 be defined by

®(C) = J{F: (A%)" — A% | flan €C}.
neN
We first prove that for all C € L4, ®(C) is a clone on A®. Clearly, all the
projections belong to ®(C). Let f € ®(C)M, let ty,...,t, € ®(C)*l. Then

f(tla s atn)|Ak = f(t1|Ak, cee atn|Ak) = f
The definition of ® yields f|an,t1|ax,...,tn|ax € C. Thus, the function
flan(t1| g%, -« tn]ar) belongs to C and f(ty,...,t,) € ®(C). Therefore, ®(C)
is a clone on A®.
Next, we prove that ® satisfies

VC € La,¥n € N,YB C (A®)": B Alg®(C) « BN A" € AlgC. (5.4)

For proving (5.4), let C € L4, let n € N, let B C (A®)" and let us assume that
B € Alg,, ®(C). We prove that BN A™ € Alg,, C. To this end, let b € A"\ B. By
Lemma 2.1 it suffices to prove that there are fl, fg € C such that fl APAB =
folannp and f1(b) # fo(b). Since B € Alg,, ®(C) and b ¢ B, Lemma 2.1 yields
that there exist f1, fa € ®(C) such that fi|p = f2|p and fi1(b) # f2(b). Let
Jf1 = filar and let fo = fao|an. Then clearly fi, fo € C, filarnp = f2|lannB
and f1(b) # fo(b). Thus, BN A™ € AlgC.

Let us now assume that BN A" € AlgC. We prove that B € Alg,, ®(C).
Let a € (A®)™\B. By Lemma 2.1 it suffices to show that there are f1, fo € ®(C)
such that fi|g = fo|p and fi(a) # f2(a). We split the proof into two cases.

Case 1: a € A™: In this case Lemma 2.1 implies that there are g;, g2 € C
such that g1|pna» = g2|Bnan and g1(a) # g2(a). Then for i € {1,2}, we set

fi(x) = {gl(m) ifxe A,

An(tl‘Ak,...,tn|Ak).

u otherwise.
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By the definition of ®(C), both f; and fy belong to ®(C), fi|p = f2|p and,

since a € A", fi(a) # f2(a).
Case 2: a ¢ A™: Let vy, v € A with vy # vy. For ¢ € {1,2}, we define

u ifxe (A®)"\ (A" U{a}),
fz(m) =4I ifx e An7
v, ifxe{a}.

By construction, we have that fi|an, fa|an € C. Hence f1, fa € ®(C). Moreover,
fils = f2|B and fi(a) # fa(a). Thus, we can conclude that B € Alg ®(C).
Equation (5.4) implies that for allC,D € L4, if D oa1g C then (C) g (D).

Since by Corollary 5.5 there are 280 algebraically inequivalent clones on
the set {0, 1,2} and since there are at most 2% clones on a finite set, we deduce
that on each finite set A with |A| > 3 there are exactly 2% algebraically
inequivalent clones. O
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