Algebra Univers. (2021) 82:20
© 2021 The Author(s)
1420-8911,/21/020001-20

published online February 13, 2021 I Algebra Uni li

https://doi.org/10.1007/500012-020-00707-0 gebra Universalis
Check for
updates

Reflections and powers of multisorted
minions

Erkko Lehtonen® and Reinhard Poschel
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1. Introduction

In the famous “wonderland paper” by L. Barto, J. Oprsal and M. Pinsker (the
first version appeared in 2015), a new algebraic notion saw the light of day:
the reflection of an algebra (applicable also to a single function) [3, Defini-
tion 4.1]. This notion was introduced for the primary purpose of investigating
the computational complexity of constraint satisfaction problems (CSPs).
From the algebraic point of view, reflections generalize at the same time
both subalgebras and homomorphic images; however, they no longer preserve
arbitrary identities but only so-called hl-identities, nowadays also known as
minor identities. Furthermore, for the operations of an algebra, instead of
clones, a weaker notion had to be considered where composition of functions
is no longer required: the so-called minions (also called minor-closed classes
or clonoids [1,5,9,11]). The well-known Galois connection Pol-Inv (for clones
and relational clones, induced by the property of preservation of a relation by a
function) does not work well for describing these minions as Galois closures. It
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turned out that the Galois theory introduced by Pippenger [9] for minor-closed
sets of functions provides the right tool for minions: instead of (invariant)
relations one has to consider pairs of relations.

Already Pippenger dealt with functions f: A™ — B between two sets (an
approach which was later also used for so-called promise constraint satisfaction
problems, PCSPs [2,4]). Therefore it was natural to ask if and how all these
notions work for multisorted algebras (i.e., algebras with several base sets) in
general, in order to provide a systematic algebraic treatment of everything that
pertains or might pertain to reflections. This was done in [7] where Birkhoff-
like theorems were established for multisorted algebras and minor identities,
and in [8] where the Galois connection Pol-Inv is generalized to the multisorted
case, yielding mPol-mInv with minions as Galois closed sets.

In the present paper we use results from [7] and [8] in order to treat
one of the main results of the wonderland paper, namely, the characterization
of the ERP-closure (see [3, Theorem 1.3] and also [2, Corollary 9.5]), also for
multisorted algebras. In particular, we ask how this ERP-closure can be char-
acterized from the relational point of view (i.e., by constructions on invariant
relation pairs of minions). To this end, we introduce reflections (and coreflec-
tions) also for relation pairs (see Section 3), and these new concepts turn out
to provide a suitable tool for enlightening reflections from the relational point
of view.

The paper is organized as follows. In Section 2, we review basic concepts
and well-known results related to multisorted operations and algebras, minors,
reflections, and relation pairs that will be needed in the subsequent sections.
In Section 3, we define reflections and coreflections as well as liftings and
flattenings of relation pairs and establish a few auxiliary results.

The main results are given in Section 4. At first, we define the opera-
tors E, R, P (extensions, reflections, direct powers) and for each of them we
show how they can be characterized via invariant relation pairs (Propositions
4.4, 4.6, 4.7). Combining the above, we then characterize the RP-closure in
Theorem 4.12. We would like to underline that this result is of interest on its
own right if one wants to consider only algebras of a fixed type. Finally, with
Theorem 4.13 we put forward the multisorted counterpart of the wonderland
theorem [3, Theorem 1.3] (see also [2, Corollary 9.5]); this also includes the
characterization via relational constructions (cf. Theorem 4.13(b)(ii)).

We would like to mention at this point that usual (one-sorted) algebras
as well as clones are special cases of multisorted algebras and special cases of
minions, respectively. Therefore all results of this paper can be (re)interpreted
and used for the classical case, too. It is possible to characterize clones C as
minions with special properties for its invariant relation pairs mInvC (and
Inv C can be defined from mInv C'). This is, however, not in the main focus of
the current paper and therefore will not be considered and proved here.
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2. Preliminaries

Multisorted operations

We start by briefly recalling basic concepts in the theory of multisorted sets
and multisorted operations. We follow the presentation of [7,8], which is largely
based on the terminology used in the book by Wechler [12], and we refer
the reader to those publications for precise definitions, further details, and
explanations not given here.

We denote by N and N, the set of nonnegative integers and the set of
positive integers, respectively. For n € N let [n] := {1,...,n}.

We write W (S) for the set of all words over a set S; this includes the
empty word €. We denote by |w| the length of a word w € W(S) and by |w|s
the number of occurrences of a letter s € S in w.

Let S be a set of elements called sorts. An S-indexed family of sets is
called an S-sorted set. Let A = (Ag)ses and B = (B;)ses be S-sorted sets.
We say that A is an (S-sorted) subset of B and we write A C B if A, C By for
all s € S. The wunion, intersection, and direct product of S-sorted sets A and
B, as well as powers of A are defined componentwise: AU B := (A4 U By)ses,
AN B := (A, N By)ses, and A x B := (A, x By)ses, AF := (AF),c5 for any
EeN. Let Sy:={seS|As #0} be the set of essential sorts of A.

For a word w = s182...8, € W(S), let A, := As; X Ag, X -+ X A, .
Note that A. = {0}. A pair (w,s) € W(S) x S is called a declaration over S.
A declaration (w,s) with w = s1...s, is reasonable in A if A; = () implies
Ag, = 0 for some i, or, equivalently, if A,, # () implies A5 # ). Note that the
declaration (e, s) is reasonable in A if and only if As # 0.

Any function of the form f: A,, — As is called an S-sorted operation on
Aj; the pair (w, s) is necessarily a reasonable declaration in A. The pair (w, s)
is called the declaration of f, the word w is called the arity of f, and the
element s is called the (output) sort of f. The elements of S occurring in the
word w are called the input sorts of f. We denote the declaration and arity of
f by dec(f) and ar(f), respectively.

We denote the set of all S-sorted operations of declaration (w,s) on A
by Op(®+®) (A). Let Op(A) be the set of all S-sorted operations on A, i.e.,

op(4) = { 0p™ ) (A) | (w,s) € W(S) x S } .

An S—sorted-mapping f from A to B, denoted by f: A — B, is a family
(fs)sES of maps fs: As — Bs.

Minors, reflections, powers

Definition 2.1. Given an S-sorted operation f: A,, — As withw =s1...8,, a
word u = uy ... Uy, € W(S) such that {s1,...,s,} C {u1,...,un} and a map
o: [n] — [m] satisfying s; = uq(;) for all i € [n] (sort compatibility), define the
function f¥: A, — A, of declaration (u, s) by the rule f¥(a) := f(ao), for all
ac A, ie.,

f:; (ah...,am) = f (ag(l),...,aa(n))
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for all a; € Ay, (1 <i <m). Such a function f¥ is called a minor of f. A set
F C Op(A) is minor-closed or a (multisorted) minion if it contains all minors
of its members. For F' C Op(A), we denote by (F) the minion generated by
F, i.e., the smallest minion containing F'.

Definition 2.2. Let A and B be S-sorted sets. A reflection of A into B is a
pair (h,h') of Sp-sorted mappings h = (hs)sesy, M = (h})sesy, hs: Bs — As,
hl: As — Bs. Reflections of A into B exist if and only if Sg C Sa.

Assume that Sp C Sy and (h, k') is a reflection of A into B. If (w, s) €
W(S) xS is a declaration that is reasonable in both A and B and f: A,, — As,
then we can define the (h, h')-reflection of f as the map f(, py: Bw — B, that
is the empty map if B, = () and is otherwise given by the rule

Sy (b, b)) = B (f (hsy (b1) - hs,, (b))
for all (b1,...,b,) € By, which we may write briefly as

fnnry (b) = B (f (huw(b)))
for b = (b1,...,b,) € B,,. We say that an S-sorted operation g is a reflection
of f if g is an (h, h')-reflection of f for some reflection (h,h').
Let F' C Op(A). If dec(f) is reasonable in B for all f € F, then the (h, h')-
reflection of F is defined as Fiy, vy := { f(n,n1y | f € F'}. Sets of operations of
the form F, 5,y for some reflection (h, k') are called reflections of F.

Definition 2.3. Let f € Op(A) and I an arbitrary index set. Define f®! €
Op(AI ) by componentwise application of f to indexed families, i.e., for all
(a])ier € AT (1< j <),

el ((a})iel,...,(a?)ig) = (f (a%,a?,...,a?))iel.

We refer to f®1 as a direct power of f. For F' C Op(A), let F®! := { f®1 |
f € F}. If the index set I is finite, then f®7 is called a finite direct power of
f. Whenever I = [k] for some k € N, we may write simply f®¥ and F®* for
e and FOIK,

The following two propositions show that reflections and direct powers
of minions are minions.

Proposition 2.4. [8, Proposition 5.2] Let A and B be S-sorted sets. Let F C
Op(A), and let (h,h") be a reflection of A into B such that Fy, ) is defined.
If F is a minion, then F(y, jry is a minion.

Proposition 2.5. Let A be an S-sorted set, and let F C Op(A) be a minion.
Then for any k € N, F®* is a minion.

Proof. Let g € F®F with dec(g) = (w,s), w = s1...5,. Then g = f®* for
some f € F with dec(f) = (w, s). It is straightforward to verify that for all
U=uj...uy € W(S)and o: [n] — [m] such that f¥ is defined, it holds that
(foF) = (f»)®k. Thus F®* is minor-closed if F' is minor-closed. O



Vol. 82 (2021) Reflections and powers of multisorted minions Page 5 of 20 20

Multisorted algebras and identities

A (multisorted similarity) type is a triple 7 = (5, X, dec), where S is a set of
sorts, ¥ is a set of function symbols, and dec: & — W(S) x S is a mapping.
If f e X and dec(f) = (w,s), we say that f has arity w and sort s. A
(multisorted) algebra of type T is a system A = (A;$A), where A is an S-
sorted set, called the carrier (or the universe) of A, and ¥4 = (fA);cx is a
family of S-sorted operations on A, each f4 of declaration dec(f). Denote by
Alg(7) the class of all multisorted algebras of type 7.

Homomorphisms, subalgebras, and direct products of multisorted alge-
bras are defined in the expected way. Let A = (A, %4) and B = (B, XB) be
multisorted algebras of type 7 = (5, %, dec). For a reflection (h,h’) of A into
B, the algebra B is called the (h, h')-reflection of A if fB = (fA)(h,h/) for all
f € 3. The algebra B is a reflection of A if B is an (h, h’)-reflection of A for
some reflection (h,h') of A into B.

Let K be a class of multisorted algebras of a fixed type. Denote by S IC,
HIC, P, and RK the class of all subalgebras, homomorphic images, direct
products, and reflections of members of I, respectively.

Terms can be defined in the setting of multisorted algebras much in the
same way as in the classical one-sorted case. One has to be a bit more careful
in defining identities. In contrast to the one-sorted case, it is not sufficient to
define an identity to be a pair of terms; one also has to specify the variables
that are to be valuated when one decides whether an identity holds in an
algebra. With this in mind, the definition of a multisorted algebra satisfying
an identity can be laid out in the expected way. For further details, see [7,
Section 3.

We consider terms of type 7 = (5, %, dec) over the standard set of vari-
ables X = (Xg)ses with X5 := {2f | i € Ny }. A term is called a minor
term (also known as a term of height 1) if it contains exactly one occurrence
of a function symbol. Thus a minor term is of the form fo(1)...o(n) where
f € ¥ with dec(f) = (w,s), w = $1...8,, and o: [n] — X is a map sat-
isfying o(i) € X,, for all ¢ € [n]; this term will be denoted by f,. A word
U= uj...u, € W(S) is a feasible arity for f, if for every i € [n] it holds
that if (i) = 2}’ then |uls, > j. If u is a feasible arity for f,, then we can
define the term operation of arity u induced by f, on A, denoted by (f*)* and
defined by (fg)A: Ay — Asa (fal-L)A(ah EER am) = fA(au(l), ERR ay(n))a where
v(i) = ¢ if and only if o(i) = z}' and £ is the position of the j-th occurrence
of s; in u.

Example 2.6. In order to illustrate the notions introduced above, consider the
multisorted similarity type 7 = (5,3, dec), where S = {1,2,3}, ¥ = {f},
dec(f) = (12321,2). Then faiz3xiz3zl is a minor term of type 7 over the
standard set X of variables. We can write this term as f, witho: [5] — X, 1 —
i, 2 23 3 — 23, 4— 22, 5 — 1. The word u = 333221333221333221 €
W (S) is a feasible arity for f, (because u has at least 3 occurrences of 1, at least
2 occurrences of 2, at least 4 occurrences of 3, and so on). Given an algebra A =
(A; $A) of type 7 (that is, ¥4 = {fA} and f# is an operation of declaration
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(12321, 2) on A), the term f,, induces the term operation (f*)A of arity u on A,
defined by the rule (f*)2(a1,as,...,a18) = f(ais,as,ar,as,a12) (because
the 3rd occurrence of 1 lies at the 18th position in u, the 2nd occurrence of 2
at the 5th position, and so on).

An identity is a triple (57, ¢1,t2), usually written as t; ~g/ to, where ¢;
and t9 are terms of type 7 over X and S’ C S such that the sorts of the variables
occurring in the two terms belong to the set S’. An algebra A satisfies the
identity ¢, ~gs to if the terms ¢; and ¢ have the same (output) sort and take
the same value under every valuation of variables from X, in A,, s € S'. A
manor identity is an identity where the two terms are minor terms. An algebra
A satisfies a minor identity f, g/ g, if and only if for any (equivalently, for
one) u =uy...un € W(S) with {u,...,un} = 295" that is a feasible arity for
both f, and g it holds that (fA)% = (g”)u.

The satisfaction relation induces a Galois connection between multisorted
algebras and minor identities. For a class IC of algebras, let mId IC be the set of
all minor identities satisfied by every algebra in I, and for a class J of minor
identities, let Mod 7 be the class of all algebras satisfying every identity in
J. This Galois connection was investigated in [7], where it was shown that
the Galois closed classes of multisorted algebras (minor-equational classes) are
precisely the reflection-closed varieties.

Theorem 2.7 [7, Theorem 5.2]. Let K be a class of multisorted algebras of a
fized type. Then Mod mld K = RP K.

Relation pairs

Let A be an S-sorted set and m € N. An m-ary S-sorted relation on A is a
family R = (Rs)scs where Ry C A™ for every s € S. (Note that for m > 0,
the only m-ary relation on the empty set is (), and that there are precisely two
O-ary relations on any set: ) and {#}.) An m-ary S-sorted relation pair of A is
a pair (R, R') where R and R’ are m-ary S-sorted relations on A. Denote by
Relp(m) the set of all m-ary S-sorted relation pairs on A and by Relp(A4) the
set of all S-sorted relation pairs on A, i.e.,

Relp(A) := U Relp(™ (A).
meN
Let f: Ay — A with w := s1...5,, and let (R, R’) be an m-ary S-
sorted relation pair on A. The operation f preserves the relation pair (R, R’)
(or f is a polymorphism of (R, R’), or (R, R’) is an invariant relation pair of
f), denoted by f > (R, R'), if for all (a1;,a2i,...,ami) € R, (i=1,...,n), it
holds that

(f (a117a12a-~-7a1n)7f(a2170'22;---aa2n)7--~7f(am17am2;---aamn)) € R;

The preservation relation > induces a Galois connection between S-
sorted operations and S-sorted relation pairs on A, consisting of the maps
mPol: P(Relp(4)) — P(Op(4)) and mInv: P(Op(A)) — P(Relp(A4)) given
by

mPol(Q) := { f € Op(4) |[V(R,R') € Q: f > (R, R') },



Vol. 82 (2021) Reflections and powers of multisorted minions Page 7 of 20 20

mInv(F) := {(R,R') € Relp(A) |Vf e F: f> (R,R)},

for any F' C Op(A) and @ C Relp(A).

The closed sets of operations and relation pairs with respect to this Galois
connection were described in [8] as the minor-closed classes of operations (i.e.,
minions) and the so-called minor-closed classes of relation pairs, respectively.

Analogues of the “elementary operations” ¢, 7, pr, X, and A on relations
(see [6, Section I1.2.3], [10, Subsections 1.1.7 and 1.1.9]) can be defined for
S-sorted relation pairs (see [8, pp. 70-71]) by applying each operation compo-
nentwise and in parallel in each sort. A relation pair (R, R') is a relazation of
(R,R) if RC Rand R’ D R'. For an arbitrary equivalence relation o on [m],
let 83" := (0,'5)ses, where

o1 = { (a1, ... am) € AT | (i,j) €0 = a; =a;}.

Relation pairs of the form (52”, 52”) are called diagonal relation pairs. A set QQ C
Relp(A) of relation pairs is minor-closed if it contains the diagonal relation
pairs and is closed under the elementary operations (, 7, pr, X, A, relaxations,
and arbitrary intersections. For @ C Relp(A), we denote by [@] the minor-
closure of @), i.e., the smallest minor-closed set of relation pairs on A that
contains Q.

Theorem 2.8 [8, Theorems 4.10, 4.16]. Let A := (As)ses be an S-sorted set,
and assume that the sets Ay are all finite.

(i) Let F C Op(A). Then F = mPol Q for some Q C Relp(A) if and only if
F is a minion. Consequently, (F) = mPolmlnv F' for any F' C Op(A).

(ii) Let @ C Relp(A). Then Q = mInv F for some F' C Op(A) if and only if Q
is minor-closed. Consequently, [Q] = mInv mPol Q for any Q C Relp(A).

3. Reflection, coreflection, lifting, and flattening of relation
pairs

As explained in the introduction, our main goal is to formulate a multisorted
analogue of the wonderland theorem [3, Theorem 1.3] (see also [2, Corol-
lary 9.5]). A part of this theorem concerns whether a relational structure can
be obtained from another by special relational constructions; this condition
is referred to as pp-constructibility (see [3, Definition 3.4, Corollary 3.10] and
also [2, Definition 4.9]).

In this section, we will introduce a few constructions on multisorted re-
lation pairs: reflection, coreflection, lifting, and flattening. We will later (in
Theorem 4.13) see that these new concepts—in particular, coreflection and
flattening—may serve as building blocks for an analogue or generalization of
pp-constructibility (see Remark 4.15 for details).

Reflection and coreflection

In this subsection, we introduce a pair of new concepts that forms a counterpart
to reflections of operations: reflections and coreflections of relation pairs. These
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prove to be useful for describing reflections of minions in terms of invariant
relation pairs.

Definition 3.1. Let A and B be S-sorted sets, and let (h, h’) be a reflection of A
into B. Let (R, R') be an S-sorted relation pair on A. The (h, h')-reflection of
(R, R') is the S-sorted relation pair (R, R) 5y on B given by (R, R') .5y =
(h=Y(R), '(R')), where h='(R) := (T})ses and I/ (R') := (T')ses with

7 VISR, B £ 0, o[PS (R, B #0,
T (07 ist = 03 s (Z), ist = @,

and

h'(R) = {(a1,. .., am) € B{" | (hs(ar), ..., hs(am)) € R},
ho(R) = { (h(ar), ..., hi(am)) | (a1, ... am) € R}

Let (T, T") be an S-sorted relation pair on B. The (h, h')-coreflection of (T, T")
is the S-sorted relation pair (T,77)"") on A given by (T,7")hh")
= (h(T),W=YT")), where h(T) := (Rs)ses and h/~H(T") := (R.)ses with

R Jhs(Ts), ifBs #0, R KN, ifBs # 0,
c Q)v lst - @, s @, lfBS = @

Let @ C Relp(A) be a set of relation pairs on A. The (h, h')-reflection
of Q is the set Qnpy == { (R, R )(hn) | (R, R') € Q} of relation pairs on B.
We define (h, h')-coreflections of sets of relation pairs analogously. A relation
pair (a set of relation pairs) is called a reflection (a coreflection) of another
relation pair (set of relation pairs) if the former is the (h, h')-reflection ((h, h')-
coreflection) of the latter for some reflection (h, h').

Proposition 3.2 [8, Proposition 5.4]. Let A and B be S-sorted sets, (R, R') €
Relp(A), (T,T') € Relp(B), and let (h,h') be a reflection of A into B. Let
f € Op(A), and assume that dec(f) is reasonable in B. Then the following
statements hold.

(i) If f > (R, R') then fo, nry &> (R, R') 0oy -

(i) If fonpy > (T,T") then f > (T,T7)M),
(iii) If F C Op(A) and dec(f) is reasonable in B for all f € F, then

mIny Fy ) = { (T, T") € Relp(B) | (T, T")""") € mIny F } .

The last statement can be written in alternative form. For a set @ C
Relp(A) of relation pairs, denote by Relax(Q) the set of all relaxations of
members of Q.

Proposition 3.3. Let A and B be S-sorted sets, let F C Op(A) and assume
that dec(f) is reasonable in B for all f € F, and let (h,h") be a reflection of
A into B. Then mInv Fy, 1y = Relax((mInv '), ).
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€

)
)

Proof. Let (T,T') € mInv F{j, 55y. By Proposition 3.2(iii), (h(T), '~ (T"))
mInv F, so (h=*(h(T)),n' (W ~(T"))) € (mInv F), pry. Since T € h=H(h(T
and 77 2 B/'(K'=H(T")), (T,T’) is a relaxation of (h=t(h(T)),h' (K'~1(T"))
hence (T, T") € Relax((mInv F) 3, jry)-

For the converse inclusion, let (T, T") € Relax((mInv F);, 5/y). Then there
exists (T,T") € (mInv F)( vy such that T C T, T 2T, and (T,T') =
(R, R")(pny = (h"1(R), W (R)) for some (R,R’) € mInv F. Thus f > (R, R’)
for all f € F. By Proposition 3.2(i), f(,n) > (h~'(R), k' (R)) for every f € F,
SO (T, T') € mInv Fj, . By Theorem 2.8(ii), mInv F{j, 5y is minor-closed and
hence contains all relaxations of its members; therefore (T,7") € mInv F, (h,h!)-

0

)

Lemma 3.4. For any @ C Relp(4), we have mPol Q = mPol Relax Q.

Proof. Since Q C Relax @, we have mPolRelax@Q C mPol@ by the basic
properties of Galois connections. In order to prove the converse inclusion
mPol@ C mPolRelax @, let f € mPol@, and let (R, R') € Relax@. Then
(R, R’) is a relaxation of some (T,7") € Q. Since R C T and 7" C R’ and
f > (T,7T"), it is clear that f > (R, R’). Therefore f € mPol Relax Q. O

Lifting and flattening

We now define another pair of useful concepts, two maps that provide trans-
lations between relation pairs defined on a multisorted set A and ones defined
on a finite power of A: lifting and flattening.

Definition 3.5. The sets A™ and (A¥)" are obviously in a one-to-one corre-
spondence via the lifting map fi: A™® — (A¥)™ and its inverse, the flattening
map by: (A*¥)" — A"F defined by

ﬁk(alla'"7alk‘a"'7an17"'aank) = (((1117"'7alk)a"'a(anl7"'7ank))a

be((arn, .- a1k) s (@nts ooy ank)) = (@115 -+, Qg -+, Gty oo, Ang) -

The lifting and flattening maps induce maps between the power sets
P(A™*) and P((A*)") in the natural way: for any o C A" and o C (AF)",
define ;0 := {fxa | a € o} and byo := {bra | a € ¢ }. For relation pairs of
suitable arities, we write (R, R') := (8 R, fxR’) and bx(R, R') := (bi R,bpR’).
For a set @ C Relp(A) of relation pairs of arbitrary arities, define
8.Q = {#(R,R) | (R, R’) € Q and the arity of (R, R') is divisible by k },
and for T C Relp(A¥), define
i T := {bp(R,R) | (R,R') € T}.

Lemma 3.6.
(i) For any (R, R’) € Relp(A) with arity divisible by k and for any (T,T") €
Relp(A*), we have b (R, R') = (R, R') and b (T, T") = (T, T").
(i) For any @ C Relp(A), [Q] = puteQ]]
(iii) For any f € Op(A) and (T,T') € Relp(A*), we have f&* > (T,T') if
and only if f > bp(T,T").
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(iv) For any M C Op(A) and (T,T') € Relp(4*), (T,T') € mInv M®* jf
and only if by (T,T") € mInv M.
(v) For any M C Op(A), mInv M®* = f; (mInv M).

Proof. (i) Obvious.
(ii) Let o € [Q] be m-ary. Then g x --- X g is a km-ary member of [Q]. By
~———

k
(i), 0% -+ - x o =brfle(0 x -+ X @) € bpfe[Q]; hence o =pr; (0% - x0) €
[Prir[Q]], so we have [Q] C [brix[@]]. The converse inclusion holds because

brti[Q] = { 0 € [Q] | the arity of  is divisible by k } C [Q];
hence [pr2:[Q]] € [[Q]] = [Q]-

(iii) Assume f is n-ary and (T,7") is m-ary. Since f* is defined as the
coordinatewise application of f to k-tuples in A*, it is easy to see that for any
a' € (AF)™ (i=1,...,n), we have b, f&F(al,... a") = f(bral,..., bra").

Assume first that f®* > (T,7"), and let b',... . b" € b, T; then it holds
that b’ = bpa’ for some a' € T (i = 1,...,n). Since f&* > (T,T'), we have
feF(al,...,a") € T'. Consequently f(bral,...,bga") = b, f®*(al,... ,a") €
bpT'. Therefore f > by (T,T").

Assume now that f > by (7,7"), and let al,...,a" € T. Then we have
bral, ..., bpa™ € by T, so by fOF(al,... a") = f(bral,... ,bpa") € bxT". There-
fore f®*(al,... a") € T'; hence f®F > (T,T").

(iv) Follows immediately from part (iii).

(v) The following logical equivalences hold by parts (i) and (iv) and by
the fact that the arity of by (7, T") is a multiple of k:

(T, T") € mInv M®* <= by(T,T") € mInv M
<~ ﬁkbk(T, T/) (S ﬁk(mInV/\/l)
< (T,T") € t(mlInv M). O

Lemma 3.7. For any Q C Relp(A¥), p,Q] = [br[Q]].

Proof. Clearly biQ C bi[Q], so the inclusion [prQ] C [px[Q]] holds. For the
converse inclusion [bx[Q]] C [br@Q], it suffices to show that bi[Q] C [brQ].
For this, we need to prove the following: if (R, R'), (T,T") € [Q] such that
(R, R),bi(T,T") € @], then also by((R,R'), bp7(R, R'), bxpr(R, R'),
bp((R,R') x (T,1")), bi((R, R') A (T, T")) are in [p,Q); if (R;, R;) € [Q] such
that by (R;, R}) € prQ] for i € I, then also bx(),c; (R, R}) € prQ]; if (R, R') €
[Q] such that by (R, R') € [brQ] and (T',T") is a relaxation of (R, R’), then also
bi(T,T') € prQJ; and for any diagonal relation pair (J,",d;") on AF. we have
b1 (05", 07") € [r[Q]]. Most of this is routine verification, and for illustration
we only provide a detailed proof of by7(R, R') € [hxQ].
So, assume (R, R') € [Q)] is m-ary and by (R, R’) € [0, Q]. We have

bR =bi{ (az,a1,as,...,a,) | (a1,...,a,) € R}

= {br(as,as,as,...,ay,) | (a,...,a,) € R}
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= {bg(az,as,as,...,ay) | bp(ay,...,ay) €pR},

which is a result of a permutation of the rows of by R, which can be obtained
from b, R by a suitable application of the operations ¢ and 7. An analogous
statement with the same permutation of rows holds for b, 7R’. Consequently,
b (R, R') € (R, R')] C Pr@).

As for the other statements, it is straightforward to verify that

(R, R') = " 0x(R,R)),

bepr(R, R') = PTr41,...,mk be(R, R'),
(R, R) x (T, T") = bi(R, R") x by (T, T"),
b

) X )
K(R, R) AT, T")) = by(R, R') Aoy (T, T"),
bkﬂ (Ri, R}) = ﬂ bk(Ri, R;);

i€l iel
if (T, T") is a relaxation of (R, R’) then v, (7,T") is a relaxation of by (R, R');
and by (0,",63") = (5’“7",(5’57") where ¢ is the equivalence relation on the set
{1,...,km} given by i ¢’ j if and only if [i/k] o [j/k] and i = j (mod k) ([z]
stands for the least integer greater than or equal to x). Therefore our desired
conclusion follows. O

4. Results

Equipped with the tools introduced in the previous sections, we are now ready
to develop our main results. Note that if A := (Ag)ses is an S-sorted set
in which the components Ag are all finite, then [Q4] = mInvmPol@Qa by
Theorem 2.8. We will build our theory under this finiteness assumption.

Definition 4.1. Let A and B be S-sorted sets, and let M; C Op(A) and Mo C
Op(B) be minions. A mapping A\: M; — M,y is a minion homomorphism
if for every f € M, dec(f) = dec(\f), and for every minor f¥, we have
(Mg = Af5)-

Definition 4.2. Let My, My C Op(A). We say that My is an extension of M,
if My C Ms.

Definition 4.3. We define the operators E, R, P, Pg, as follows. Let F' C Op(A)
for some S-sorted set A, and let F be a collection of sets of operations on some
S-sorted set. Let P F' be the set of all direct powers of F', and let Pg, F' be the
set of all finite direct powers of F, i.e., Pg, F' := { F®* | k € N}. Let RF be
the set of all reflections of members of F. Let EF be the set of all extensions
of members of F.

We can express the operators R and P in a more algebraic way as fol-
lows. Given a set M C Op(A), we can view M as an S-sorted algebra A
whose carrier is A and fundamental operations are the members of M, more
precisely, as the algebra Ay = (A; (fAM)rem) of type 7 = (S, M, decp)
with decpy: M — W(S) x S, f + dec(f), and fA = f for every f € M.
On the other hand, given an S-sorted algebra A = (A; (f*)ser), let us denote
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by Fa the set of fundamental operations of A, i.e., Fao := {fA | f € I}.
Obviously Fa,, = M for any M C Op(A), but the algebras Ap, and A are
not generally the same.

With the above notation, we have F’ € P F' if and only if there is some
set I such that I = F(a,yr. We have F' € RF if and only if F' = Flar),

for some F € F and for some reflection (h,h').

n')

Recall that a reflection (h, h’) of A into B is a pair of maps h = (hs)sesy,
W = (h.)sesy, hs: Bs — Ag, hl,: Ay — By for all s € Sp, i.e., forall s € S
such that B # 0 (see Definition 2.2).

Proposition 4.4. Let A and B be S-sorted sets, and assume that the compo-
nents As and By are all finite. Let My := mPol@Q 4 and My := mPolQp
for Qa C Relp(4) and Qp C Relp(B). Then the following conditions are
equivalent.

(I) My € EM;.
(IT) @B € [Qal.
Proof. The condition My € EM; is equivalent to M; C M. Since the

operators of a Galois connection are order-reversing, the latter condition is
equivalent to Qp C [@p] = mInv My C mInv My = [Q4]. O

Lemma 4.5. Let Qp C Relp(B), and let (h,h') be a reflection of A into B.
Then Qp C mInv(mPol Qg“h ))(h,h/).

Proof. The inclusion Q") € mInv mPol Q{""") obviously holds by the basic
properties of Galois connections. Proposition 3.2(iii) implies @Qp C

mInv(mPol Q")) - O
Proposition 4.6. Let A and B be S-sorted sets, and assume that the compo-

nents As and By are all finite. Let My := mPol@Q4 and My := mPolQp for
Q4 C Relp(4) and Qp C Relp(B). The following conditions are equivalent.

(I) My € RM;.
(IT) There exists a reflection (h,h') of A into B such that

i) Q") C [Qa) and
(i) [Qalwmny C [@B]-

Proof. (I) = (II): Assume that My € RM;. Then there exists a reflection
(h,h’) of Ainto B such that My = (M1)(s,n). By Theorem 2.8(ii) and Propo-
sition 3.2(iii), we have
[@p] = mIny My = mInv (M), ) = {(T, ) | (T, T ") € mInv M, } :
which implies
5" < 1@e)™") S minv My = [Qa).

Furthermore, by Proposition 3.3,

[Qp] = mInv (Ml)(h,h') = Relax(mInv M) 5
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= Relax ([Qa](n.ny) 2 [Qal(h.n)-
(IT) = (I): Assume that there exist a reflection (h,h’) of A into B such
that Q") C [Qa] and [Qa](hnn C [@5). Then
My = mPol Qp = mPol[@p] € mPol[Q ], 1y = mPol Relax[Q a](,n)
= mPolmlInv (M1);, 5y = (M1) g ) »

where we have applied Proposition 2.4, Theorem 2.8, Proposition 3.3, and
Lemma 3.4, as well as basic properties of Galois connections together with the
inclusion [Qa]n,ny € [@B]-

Conversely, from the inclusion Qg’"h/) C [Qa] we get

mPong’h,) 2 mPol[Qa] = mPol Q4 = My,

which implies

(h,h)
(mPolQB )(h7h,/) 2 (Ml)(h,h’) .
Thus by Lemma 4.5 and basic properties of Galois connections,
Qp C mlnv (mPong’h/))(h ) C mlnv (M1)(h,h/) ,

)

and, consequently,

My = mPol Qp D mPol mInv (Ml)(h,h/) = (Ml)(h,h/) )
We conclude that My = (M) pr); hence Mo € RM;. O
Proposition 4.7. Let A and B be S-sorted sets, and assume that the compo-
nents As and Bs are all finite. Let My := mPolQ 4 and My := mPolQp

for Qa C Relp(A4) and Qp C Relp(B). Then the following conditions are
equivalent.

(I) Moy € Py M.

(I) There exists an integer k € Ny such that B = A* and #;[Qa] = [QB].
Moreover, these conditions imply the following:
(IIT) There exists an integer k € N such that B = A* and prQp] = [Q4]-

Proof. (I) = (II): Assume My € Pg, M;. Then there exists an integer k € N
such that My = M®": hence B = A*. By Lemma 3.6(v) we have

[Q5] = mInvmPol Qg = mInv My = mIny M$*
= fr(mInv My ) = i (mInv mPol Q4) = #x[Q4]-

(IT) = (I): Assume there exists an integer k& € N such that B = A* and
£:[Q4] = [@p]. By Lemma 3.6(v), we have

mInv My = mInv mPol Qp = [@Qp] = #x[Q 4]
= #(mInv mPol Q) = #;,(mInv M;) = mInv MFF.

Consequently, My = mPol mInv My = mPol mInv M?k = M?k, ie., My €
Psin M.
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(III) = (I): By Lemmas 3.6(ii) and 3.7 we have [Qa] = [Dbrfix[Qa]] =
Pr@B]] = Pr@s]- 0

Lemma 4.8. For any set Q C Relp(A) and for any reflection (h,h') of A into
B it holds that (Q(h)h/))(h*h/) C Relax @ C [Q].

Proof. An element (T,T") € (Qun)") is of the form ((R, R') p) ")
for some (R, R') € Q. Since T = h(h"Y(R)) C Rand T' = k'"Y(W(R')) 2 R/,
(T, T") is a relaxation of (R, R'), so (T,T") € RelaxQ C [Q]. O

Proposition 4.9. Let A and B be S-sorted sets, and assume that the compo-

nents As and By are all finite. Let My := mPolQ4 and Ms := mPolQp for

Q4 C Relp(A4) and Qp C Relp(B). The following conditions are equivalent.
(I) My € ERM;.

(IT) There exists a reflection (h,h') of A into B such that ngh’hl) C [Qa].

Proof. (I) = (II): Assume My € ER M. Then there exists a minion M} such
that M5 € My and M, € RM;y. Let Qp := mInv M}; obviously M} =
mPol @ /. By Proposition 4.6, there exists a reflection (h, h') of A into B such
that Qg/h ) C [@4]. Since M} C My, we have Qp C mInv My C mInv M), =
Q@p'. By taking (h, h')-coreflections, we obtain Qg”’h ) C ng,’h ) C [Qa]

(IT) = (I): Assume there exists a reflection (h,h’) of A into B such that
QW) C [Qal. Let Qpr == Qp U [Qalnp) and M}y := mPolQp:. Since
Qp C Qp by definition, we have M} = mPolQp C mPolQp = Ma,
so My € EM). Tt remains to show that M), € RM;. For this, it suf-
fices to show that Q4 and @Qp/, together with the reflection (h,h’), satisfy

the conditions of Proposition 4.6(IT). Condition (i) holds because Qg,’h/)

QU U ([Qal ) ™) C [Qa]U[Qa] = [Qa4] by Lemma 4.8. Condition (i)
holds because [Qa]n,n) € @p: by definition, so [Qa],ny € [@p/]- O

Remark 4.10. From this point on, we have to make the small technical as-
sumption that the S-sorted sets A and B satisfy Sp C S4. This is due to the
fact that reflections of A into B exist if and only if Sp C S (see Definition 2.2)
but minion homomorphisms may exist between minions on A and B regardless
of the essential sorts. For example, consider S = {1}, A = {0,1,2}, B = 0;
hence Sx = {1} = S, Sp = 0. Let M; := {cé") | n €Ny} COp(A) (constant
operations of all arities taking value 2), My := {0 | n € N. } C Op(B)
(empty functions of all arities). The sets M; and My are minions, and the
maps A\: My — My, & — 00 and p: My — My, 00 — ¢ are minion
homomorphisms.

Lemma 4.11. Let A and B be S-sorted sets such that Sp C Sa. Let My C
Op(A) and My C Op(B) be minions, There exists a surjective minion homo-

morphism of My onto My if and only if there exists an algebra B € RP A pq,
with FB = ./\/lz,

Proof. For notational simplicity, write A := A, . Assume first that the map
A1 My — My is a surjective minion homomorphism. Let B = (B, (fB) re ;)
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be the algebra of the same type as A x4, with fundamental operations fB = \f
for every f € Mj. By definition, Fig = M. It remains to show that B € RP A
which is equivalent to B € Modmld A by Theorem 2.7. Let f, ~g/ g be a
minor identity satisfied by A. This means that for any v € W(S) with Imu =
S’ that is a feasible arity for both f, and g,, we have (f4)* = (¢”)%. Since
A is a minion homomorphism, (fB)% = (Af2)% = M(f2)%) = M(¢™)4) =
(Ag™)% = (¢B)%. Hence B satisfies f, ~s g.. We conclude that B satisfies
every identity satisfied by A, that is, B € Mod mId A.

Assume now that there exists an algebra B € RP A = Mod mld A such
that Fg = M. Define the map A\: M; — My by the rule f — fB for all
f € My. The map A is surjective onto Fg = My by definition. We claim that
A is a minion homomorphism. We have dec(f) = dec(Af) for all f € M; by
definition. Let now f € My, and let w = u; ... u,, and o be such that the minor
fis defined. Then f* € My and f = fA and (f2)% = f2 = ((f*)*)*, where
t:m] — S, i+ u;, so A clearly satisfies the identity f, ~g/ (f¥),, where S’
is the union of the sets of input sorts of f and fY. By our assumption, also B
satisfies this identity, so (fB)* = ((f*)B)“. Hence (A\f)¥ = (\f2)% = (fB)* =
(f9BY = (f9)B = M(fH)A) = A(fY), and we conclude that ) is a surjective
minion homomorphism. O

Theorem 4.12. Let A and B be S-sorted sets such that Sg C Sa. Let My :=
mPol Q4 and Ms := mPolQp for Qa4 C Relp(A) and Qp C Relp(B).
(a) The following conditions are equivalent.
(i) M2 € RPM;.
(ii) There exists a surjective minion homomorphism X\: My — Ma.
(b) Assume that the components As and Bs of A and B are all finite. Then
the following conditions are equivalent.
(1) My € RPg, M.
(ii) There exist an integer k € N and a reflection (h,h') of A¥ into B
such that
(1) bkQ%™) C[Qa) and
(2) (#:[Qa]) .1y € [@B]-
Proof. (a) This is Lemma 4.11.
(b) (i) = (ii): Assume My € RPg,, M;. Then there exists M) € Pg, M1
such that My € RM]. By Proposition 4.7, there exists k € N, such that
! = mPol Q4+ for some Q4x C Relp(AF) satisfying fix[Qa] = [Qx]; this
together with Lemma 3.6(ii) implies [Qa] = rtr[Qa]] = [Px[@ax]]. By Propo-
sition 4.6, there exists a reflection (h, k') of A* into B such that Qg’h/) C [Qax]
and [Qax](n,ny € [@B]. Putting these equalities and inclusions together, we
get

bR Q") C b [Qar] € Pr[Qur]] = [Qal,
(8.[@al) 1y = [Qar] ) € [@B]-

(ii) = (i): Assume that there exist an integer k¥ € N; and a reflection
(h,h') of A¥ into B such that kaSBh’h) C [Qa] and (£x[Qa])(n,n) C [@B]. Let
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Q ax = t1[Q4]. By Lemma 3.6(v) we have Q 4 = fix(mInv M;) = mInv/\/l?lC
$0 Q 4» is minor-closed by Theorem 2.8, i.e., [Q4x] = Q 4x. By Proposition 2.5,
M?k is a minion, so M‘?k = mPolmInv M = mPol Q4x. By the above
equalities and inclusions and Lemma 3.6(i) we have

QU = Q") C 14[Qa] = Qar = [Qur,
[Qar](nny = (B:[Qa]) (n,nr) € [@B].

Now Proposition 4.6 yields My € RM?k C RPgn M. O

As announced in the introduction, the following theorem can be consid-
ered as the multisorted analogue of the wonderland theorem [3, Theorem 1.3]
(see also [2, Corollary 9.5]).

Theorem 4.13. Let A and B be S-sorted sets such that Sg C Sa. Let My :=
mPol Q4 and My := mPolQp for Q4 C Relp(A4) and Qp C Relp(B).

(a) The following conditions are equivalent.
(i) M2 € ERP M;.
(ii) There exists a minion homomorphism A: My — Ma.
(b) Assume that the components As and Bs of A and B are all finite. Then
the following conditions are equivalent.
(1) MQ S ERPﬁn Ml.
(ii) There exist an integer k € N and a reflection (h,h') of A* into B
such that ka(h ) C[Qal

Proof. (a) Assume Mo € ERP M. Then there exists M5 € RP M; such that
M), C Ms. By Lemma 4.11, there exists a surjective minion homomorphism
A: My — M,,. By extending the codomain of A\, we get a minion homomor-
phism from M to Ms.

Assume now that A\: M; — My is a minion homomorphism. Let M} :=
Im A. Now A is clearly a surjective minion homomorphism of Mj into M}, so
by Lemma 4.11, M} € RP M;. Since M} C My, we have My € ERP M;.

(b) (i) = (ii): Assume My € ERPg, M;. Then there exists k € N such
that My € ER M?k. By Proposition 4.7, we have M?k = mPol Q 4» for
Q 4+ = Hx[Qa]; moreover [br[Qax]] = [Qa]. By Proposition 4.9, there exists
a reflection (h,h’) of AF into B such that Qg’hl) C [Qax]. Consequently,
k(@5 ") € hilQar] € brlQar]) = Q.

(i) = () Assume k € N and (h,}') is a reflection of A* into B satis-
fying b,QY") C [Qa]. Let Qar := £x[Qal; we have Qur = #,(mlnv M) =
mInv M$* by Lemma 3.6(v), 50 [Q4x] = Q 4x. Then Q (1) = g (kasgh’h/)) -
Be[@Q4a] = Qar = [Qar], from which it follows by Proposition 4.9 that My €
ERM$* C ERPg, M. O

Under the additional hypothesis that there are only a finite number of
sorts, the four conditions of Theorem 4.12 become equivalent, and so do those
of Theorem 4.13. This is a consequence of the following result.
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Proposition 4.14. Let A and B be S-sorted sets. Assume that Sp is finite, all
components As and By (s € Sp) are finite, and S C Sa. Let My C Op(A)
and Ms C Op(B) be arbitrary sets of operations, not necessarily minions.
Then the following conditions are equivalent.

(i) My € RPgy, M1,

(ii) My € RP M;.

Proof. (i) = (ii): Trivial.

(ii) = (i): Assume that Mo € RP M is a reflection of an infinite power
of Mj. Then there exists a reflection (h,h’) from AX (for some infinite set
K) to B such that My = (MK )(h ). We are going to construct a finite
subset k& C K and a reflection (h,h') from A* to B such that (f®k) (0,
(f2K) (o pry for each f € My; therefore My = (MP™) 0y = (MPF ) fuir)s
which will finish the proof. We recall the following notation. For f € /\/l1 with
dec(f) = (w,s), w = s1...5,, a multisorted map h = (hy)ses: B — C, and
b:= (b,...,by) € By = B,, X --- x By, , let hy(b) := (hs, (b1), ..., hs, (bn))-
For a = (a;)jex € AX let prj(a) :=a;, j € K, and let pry(a) := (aJ)Jek be
the projection (restriction) onto the coordinates in k.

Now we define h := pry, o h, i.e., hy(b) := pry(hs(b)) for b € B, s € Sp.
The subset k& will be chosen below in such a way that it satisfies

P R (B) = g% (hu(e)) = % (hu()) = g% (hule))  (4.1)

for all f,g € My with dec(f) = (w, s), dec(g) = (v, s) and all b € By, ¢ € B,.
Note that f®*(h. (b)) = prk(f®K( w(b)))-
We define the multisorted map b’ = (h))ses, : A¥ — B as follows:

W, (fOK (hy(b))) ifg = fOF ( w ) for some f € My
R (€) == with dec(f) = (w, s)and b € B,,, (4.2)
Vs otherwise,

where 7, is an arbitrary fixed element of By, s € Sg.
Because of the property (4.1), A’ is well defined. We therefore have

(P55 iy (0) = B (55 (R (0)) ) = L (F55 (o (B)) = (F55) ) (D),

ie., (f®k)(,~L Ry = (f®5) (h.nr), which finishes the proof as mentioned above.
It remains to find a subset k C K with property (4.1).

Assume without loss of generality that S = {1,...,p} for some p € Ny
and B; = {d;1,d;2,...,d;p,} for each i € Sp. So

d:= (dll,...,dlnl,n-’dplw"?dpnp)

is a tuple of length ¢ := >""_, n; containing all elements of B. For any (w, s) =
(s1...8n,1) € W(Sp) x Sgp and b = (by,...,b,) € B, = Bs, X --+ X Bg_,
define the mapping ob: [n] — {(i,7) | i € Sg, j € [n:] } by the rule i — (s;,7)
if and only if b; = d,, ;.
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Then for any f € M, with dec(f) = (w, s) and any h: B — A" (we need
here only L = k or L = K, and h = h or h = h, resp.) we have

fEF (hw(b)) = fEF (hu(d)) forb € B,,. (4.3)

Here fbe denotes the minor (f®%)¥, where the arity wis1...1...p...p (each
sort i appears n; times). With the definition of a minor (Definition 2.1), (4.3)
can be checked easily. Note that pr;(h,(d)) € Ay, = Ap X --- x Ap X -+ %
Ay x - x A, (each A; appears n; times), i.e., there exist at most |A,| =
|AT* x -+ x Ap”| different (-tuples prj(hyu(d)), j € K, where, in particular,
|A,| is finite since all A;, B;, and Sp are finite. Therefore one can choose a
finite subset k& C K (with |k| < |Ay|) such that for all j € K there exists
an i € k such that pr;(h,(d)) = pr;(h.(d)), the latter being pr; (hy(d)).
Hence any f$5(h,(d)) is uniquely determined by its projection onto k, i.e.,
by f&F (hu(d)). Consequently, (4.1) follows immediately from (4.3). O

Remark 4.15. A comparison of the wonderland theorem [3, Theorem 1.3] with
our Theorem 4.13 suggests the following generalization of the notion of pp-
constructibility in the multisorted setting. For relational structures Q4 C
Relp(A) and Q@p C Relp(B), we say that Q4 mc-constructs Qp, or that
Qp is mec-constructible from @4, if there exist an integer £ € N, and a
reflection (h,h’) of A* into B such that kagL’hl) C [Q4]. (The “mc” in
“mc-constructible” connotes “minor-closed”.) Thus, condition (ii) in Theo-
rem 4.13(b) asserts that @ p is me-constructible from @ 4.

Acknowledgements

The authors would like to thank the anonymous reviewer for the valuable
suggestions that helped improve the presentation of this paper.

Funding Open Access funding enabled and organized by Projekt DEAL.

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in
this article are included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in the article’s
Creative Commons licence and your intended use is not permitted by statutory regu-
lation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Vol. 82 (2021) Reflections and powers of multisorted minions Page 19 of 20 20
References

[1] Aichinger, E., Mayr, P.: Finitely generated equational classes. J. Pure Appl.
Algebra 220, 28162827 (2016)

[2] Barto, L., Bulin, J., Krokhin, A., Oprsal, J.: Algebraic approach to promise
constraint satisfaction. arXiv:1811.00970v3 (2019)

[3] Barto, L., Oprsal, J., Pinsker, M.: The wonderland of reflections. Israel J. Math.
223, 363-398 (2018)

[4] Brakensiek, J., Guruswami, V.: Promise constraint satisfaction: structure theory
and a symmetric Boolean dichotomy. In: Czumaj, A. (ed.) Proceedings of the
Twenty-Ninth Annual ACM-SIAM Symposium on Discrete Algorithms. STAM,
Philadelphia, PA, pp. 1782-1801 (2018)

[5] Couceiro, M., Foldes, S.: On closed sets of relational constraints and classes of
functions closed under variable substitutions. Algebra Univ. 54, 149-165 (2005)

[6] Lau, D.: Function Algebras on Finite Sets. A Basic Course on Many-Valued
Logic and Clone Theory. Springer, Berlin (2006)

[7] Lehtonen, E., Poschel, R., Waldhauser, T.: Reflection-closed varieties of multi-
sorted algebras and minor identities. Algebra Univ. 79, 70 (2018)

[8] Lehtonen, E., Poschel, R., Waldhauser, T.: Reflections on and of minor-closed
classes of multisorted operations. Algebra Univ. 79, 71 (2018)

[9] Pippenger, N.: Galois theory for minors of finite functions. Discret. Math. 254,
405-419 (2002)

[10] Poschel, R., Kaluznin, L.A.: Funktionen- und Relationenalgebren. Ein Kapitel
der diskreten Mathematik. VEB Deutscher Verlag der Wissenschaften, Berlin
(1979)

[11] Sparks, A.: On the number of clonoids. Algebra Univ. 80, 53 (2019)

[12] Wechler, W.: Universal Algebra for Computer Scientists. EATCS Monographs
in Theoretical Computer Science, vol. 25. Springer, Berlin (1992)

Erkko Lehtonen

Technische Universitat Dresden
Institut fiir Algebra

01062 Dresden

Germany

e-mail: e.lehtonen@fct.unl.pt

and


http://arxiv.org/abs/1811.00970v3

20 Page 20 of 20 E. Lehtonen and R. Pdschel Algebra Univers.

Centro de Matemadtica e Aplicacoes, Faculdade de Ciéncias e Tecnologia
Universidade Nova de Lisboa

Quinta da Torre

2829-516 Caparica

Portugal

Reinhard Poschel

Technische Universitat Dresden

Institut fiir Algebra

01062 Dresden

Germany

e-mail: Reinhard.Poeschel@tu-dresden.de

Received: 14 January 2020.
Accepted: 27 November 2020.



	Reflections and powers of multisorted minions
	Abstract
	1. Introduction
	2. Preliminaries
	Multisorted operations
	Minors, reflections, powers
	Multisorted algebras and identities
	Relation pairs

	3. Reflection, coreflection, lifting, and flattening of relation pairs
	Reflection and coreflection
	Lifting and flattening

	4. Results
	Acknowledgements
	References




