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An explicit example of an iteration group in the ring of formal
power series

WOJCIECH JABLONSKI

Abstract. We give an example of some iteration group in a ring of formal power series over
a field of characteristic 0. It allows us to obtain an explicit formula for some one-parameter
group of (truncated) formal power series under an additional condition. Consequently, we
are able to show some non-commutative groups of solutions of the third Aczél-Jabotinsky
differential equation in the ring of truncated formal power series.
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1. Introduction

Let k be a field of characteristic 0 with the prime field g C k which is isomor-
phic to the field Q of all rational numbers. Assume that (G, +) is a commuta-
tive group. For s € NU {oo} by k[x]s we denote the set

S

Zajxj ta; €k for j € {0} UN

§=0
If s < oo it is the ring of all s-truncated formal power series over k. Otherwise
k[2z]~ is the ring of all formal power series over k, so we have k[z] = k2] .
More details about k[x]s are presented in the next section. Let I'* C k[z]s be
the set of all s-truncated formal power series which are invertible with respect
to substitution o in k[z]s. Clearly (I'*,0) are groups for all s € NU {oo}.

A non-empty family F = (F})ieq C I'® satisfying

Ft1+t2 = Ftl Oth for tl,tz eG

is called a one-parameter group of (s-truncated) formal power series. A charac-
terization of one-parameter groups of formal power series can be found among
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others in [2]. In the case when F > Fy(z) = c¢1(t)x + ijz ¢;j(t)z? and either
the set F'; = {c1(t) € k* : t € G} is infinite or the family F = {F,:t € G} is
finite, one can find S € I'* such that

Fi(z) = S~ (e (t)S(x)) for t € G.

The case when F'; is finite but F is infinite is much more complicated and no
explicit form of such a group is known. A possible and known description uses
sequences of polynomials defined recursively (see [2,3]).

It was proved in [3,5,6] that each element F > & = F}, for ty € G of a
one-parameter group (F});cq is a solution of the third Aczél-Jabotinsky formal
differential equation

do

dx

where H(x) = a;;,, (2)]t=0 is the so-called infinitesimal generator of the group
(Fi)tec (assuming that (Fy)ieq is formally differentiable). In [3] all groups
of solutions of (1) are described in the ring k[z]s over an arbitrary field k
of characteristic 0. Those descriptions are based on recurrent constructions of
two sequences of polynomials over g. Earlier results (see [5]) were proved in the
ring of formal power series (only the case s = 0o) over C. It is known (see [3,5])
that for s = oo all possible groups of solutions of (1) are commutative. The
situation for finite s is different (cf. [3]) and then also non-commutative groups
of solutions appear.

Here we will construct some two-parameter family of formal power series.
This will allow us to give explicit forms of groups of solutions of (1) for a specific
form of the generator H. In particular cases we obtain also explicit forms of
non-commutative groups of solutions of (1).

H = (Ho®), (1)

2. The rings of formal power series and truncated formal power series

In the ring k[x] of formal power series Z;io cjz’ over k we define the order
of a formal power series by

ord [ Y ¢ja7 | =min{j € {0} UN:¢; #0},
7=0

where min () := oco. In the ideal m = (z) = xzk[z] of formal power series f with
ord f > 1 we define a substitution in the following way:

(fog)(z lec] (Zdlx)
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for f(x) = Zj‘;l cjz) € m and g(z) = Z(;il djz? € m. Then f is invertible

with respect to substitution if and only if ord f = 1, whence,
I'*={feckfz]:ordf=1}.

It is a group under substitution o with unit element L;(z) = .

Let s € N be a positive integer. The ring k[z]s of s-truncated formal power
series is the quotient ring k[z]/m*™! where

m*t = 2Tk z] = {f € k[x] ord f > s+ 1}.

To each coset f 4+ m** with f(z) = Y272 ;a7 € k[z] we associate the s-
truncation f¥! of f given by

() = chxj € k[z]s C k[z] C k[z].

Jj=0

In k[z]s we introduce operations of addition, multiplication and substitution
in the following way:

(fi+ f2)(@) = fi(z) + fa(2),
(fr- f2)(@) = (f1- f2)l) (),
(fro fa)(@) = (f10 f2)l)(x)

for f1, fo € k[z]s. Then I'* is the set {f € k[z]s : ord f = 1}. It is a group
under substitution, with unit element L;.

It is known that if 7rlk : Tk — T for k > [ are natural projections defined
by Il-truncation, then the group I'*° can be treated as the projective limit of
(I'*)sen, that is T°° = lim. I'* with the canonical projections 7 : > — I'..
Moreover, for s € NU {oco} we put I'j := ker7§.

For a fixed positive integer n by E, C k* := k\ {0} we denote the set
of all roots of order n of 1 € k, that is the set of all roots of the polynomial
2" —1 € klx] in k. A root ¢ € E,, is called primitive of order n > 2 provided
c is not a root of any polynomial z* — 1 for 1 < k < n. By a semicanonical
form of order I € N in I'* we mean any f(x) = Z;zo cjir129 L where 1 is
either the greatest positive integer with rl + 1 < s for finite s, or r = co. Let
N be the family of all semicanonical forms in I'* of order [ and let ¢ € E; be
a primitive root of order I. Put L.(x) = cx € I'*. Then (see [1, Fact 2.2])

NP={feTl®: foL.=L.of},

and thus N is a subgroup of I'*. Note that N = I's.
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3. Descriptions and properties of the substitution

We will need two descriptions of the substitution law in I'*. Fix k,[ € Z with
E<lLPwlkil={neZ:k<n<l}and |[k,ool={n€Z:n>k} We
assume that 0° = 1, |k,I| =0 for k> 1, >, ya; =0 and [],.yar = 1.

We begin with the following lemma, which is here an important tool in the
construction of an iteration group given in the next section.

Lemma 1. (see [4]) Fiz s € NU{oo}, s > 2. If Fy(z) = >_;_, a;a" € k[z]s,
Fy(x) =i biat € k[z])s and (Fy o Fy)(z) = >0 _, dypx™ € k[z]s, then

n=1
n k
n:Zak Z Hbvj fOT n e |1,S|, (2)
k=1 TREVi.n j=1

for every positive integer n, where
k
Vin = {vk = (v1,...,V) € |17n\k : Zvi =n } for 1<k <n.
i=1

For example, for n = 1,2, 3, from (2) we get
d1 = albl, d2 = a1b2 + G,Qb%7 d3 = a1b3 + 2a2b1b2 + G,gbi’
We prove now the characterization of substitution in the subgroup N;°. For
a fixed integer I > 1 we put Ny ={j € N:j = 1modl}.
Corollary 1. Fizr € NU{oo}, I € N. If Fy(z) = Y7_j ajia?/tt! € N and
Fy(x) = YT _gbjuna?'™ € MY then (Fy o By)(x) = Y)_gdjpa? e €
M’r‘l-{-l and

kl+1

dniy1 = ZakHl > T bvjirr for ne iz, (3)

Vkl+1 evkz+1 nl+1 J=1

where
kl+1
ol — kl41 |
Vkl+1,nl+1 = § Vki+1 = (V1,~-7Vkl+1) € |0,’/L7k‘ e Z Vi = n—k
=1
for1<k<n.

Proof. Since N is a subgroup of I'"'+1, consequently (Fj o Fy)(x) € N
In order to compute d,;11 for n < r, define

ki1
7l . kl+1
Vet 1nir1 = {Ukl+1 = (v1,. .+, Vpi41) € N Z v; =nl+ 1}, k€ |0,n|.

i=1
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It is a subset of Viit1 niy1. We put ar = by, = 0 in (2) for k € |2, 7|\ N;. Since
(Fy o Fy)(z) € N/ s0

nl+1 ki+1

k n
dnl+1 = Z ag Z H bvj = Zakl+1 Z H bvjv
k=1 k=0

VpEVi,nit+1 J=1 T141 € Vgt mipr J=1

Furthermore, for Tgi11 = (v1,...,Vp41) € ‘7kll+1,nl+1 weput v; =vil+1€N,
with v; € [0,n|. Then
kl+1 ki+1
nl+1=> (yl+1)=1> vi+kl+1,
j=1 j=1

hence Y 50 vy = n — k, thus v; € [0,n — k| for all j € [1,kl + 1|. Finally,

kl+1

dnit1 = Z Akl+1 Z H by,

5kl+1€‘7k1+1,nz+1 J=1
kl+1

k=0
n
= k41 byi41-
J
k=0

Thi1 €Viig1,mipr I=1

4. The construction

Now, we construct a general example. For fixed [ > 1 and k£ > 0 we define the
so called [-fold factorial
k

(kl+ 1) =[]l + 1),

Jj=0

assuming additionally (—I+ 1)!; := 1. For [ = 1 it coincides with the standard
notion of factorial. Moreover, we introduce the following binary operation on
k* x k:

(y1,92) © (21, 22) = (Y121, 5122 + y22it) for (y1,92), (21, 22) € k" x k.
Then (k* x k,©) is a group isomorphic to (fl"’l, o), where
it .= {1z + et e ekt ek }.

This group is non-commutative and (E; x k, ¢) is a commutative subgroup of
(k* x k,o). Observe that for [ = 1 we have I'> = I'? as well as the family

TV = {r 4 et e T iy € k)

is a commutative group which is isomorphic to ({1} x k,©) = (k,+).
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Proposition 1. Fiz r € NU {co}, | € N. The family ( (() (@ ) ,
#1,%2 (z1,22)€k* Xk

4 n—1I+1); 22
F((,Q,zg)(x) = Z <(( ) S Zn21) e for (21,20) € K x K, (4)

n!
n=0 1

18 a mon-commautative two-parameter iteration group in /\/fl+1 if and only if

(n—1)I+1)y A l+ 1)),
(n— k) ((k — 1)z+l1)!z B 2 H

o 1
Vki+1 6Vkl+1,nl+1 I=

(5)

holds true for allmn € N and k € |0, n|.

Proof. Fix a positive integer [. We have to show that

) _ ) *
(y1,y2)0(21,22) F(yl,yz) o F(ZMZQ) for (y1,12),(21,22) € K" x k (6)

holds if and only if (5) is satisfied for n € N and k € |0, n|. Put

(n=1)l+ 1)!1 20

| n—1
uz 21

Cnis1(21,22) = for (z1,22) € k* x k, n € {0} UN.

On account of Corollary 1 condition (6) is equivalent to

Z Ci+1 (Y121, Y122 + yzzHl) i
n=0
kl+1
T T )
:chl+1(y1ay2) chl+1(21722)33ﬂ+1
_ j=0
kl+1
— Z ZCkHl Y1,Y2) Z H Cuji (21, 22) 2" od 272
n=0 \ k=0 ”kl+1€‘7kl,z+1,m+1 3=0
We have
I+1 ((n— D)1+ 1)l (y122 + y22i )"
Cnir1 (Y121, Y122 + 122y ) = ol (y121)" 1 )
((n—=DI+1)Y Z": <n) (yo2i™)" -+ (rz2)"F
n! = \k (yrz0)"

B YV R I S

F(n— k)l yF-T  n=(Dk=T°
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ki+1 _ o
Moreover, > . " vj =n — k for Uiy = (v1, ..., vki41) € Vi i1.mi41, hence
n kl+1
> cria(yr, v2) > I v (21, 22)
k=0 Jj=1

Vkl+1€V 141, kl41

S (k=11 v (v - DL+, 2y
Z k! k—1 Z H vj—1
k=0 : z

.|
Y1 ﬁkl+1€‘7;fz+1_nl+1 j=1 vj: 1
(k- 1)1 +1)l (- 1)1 AN S
Z Z H ykfl L (F k=1
k=0 Vi1 €Vt ni j=1 1 1
Thus (6) is equivalent to the system (5) for every n € N and k € |0, n|. O

Remark 1. Note, that if { = 1, (5) holds true for every n € N and k € |0,n/. It
is a consequence of the equality

Z 1:(;:) for n e N, k €]0,n

— Al
Vi+1€Vii1 nt

(the number of all compositions of the number n — k into k + 1 non-negative
integers, or, which is the same, the number of all compositions of the num-
ber n + 1 onto k + 1 positive integers).

Corollary 2. Fizr € NU {oo}, | € N. If the equalities (5) hold for n € N and
. . ) .
k € |0,n|, then the iteration group (F(Z17Z2)(x))(zl,zQ)ek*xk defined by (4) is

isomorphic to (D1, o).
Proof. Observe that (see the proof of Proposition 1) the coefficient functions

Cni+1 of the iteration group F = <F o depend on two vari-

(21722)(‘%)) (21,22)€k* xk
ables (z1,22) € k™ x k. Moreover,

71'{}:1 (F((Q’ZQ)) () = 212 + 2xtt! e T+t for (z1,22) € k* x k.

This implies that the projection ﬂ'lf{ |7 is injective. Whence ﬂl’i‘”l'l  F — T+

is an isomorphism. O

Since ({1} x k,©) is a subgroup of the group (k* x k,¢) and ({1} X k, ) is
isomorphic to (k,+), from Proposition 1 and Corollary 2 one can derive the
following result.

Corollary 3. Fizr € NU{oo} and | € N. The family (G} )tek,

Ggl)(x) = F((ll?t)(x) = XT: (((nlw -t”> " for tek, (7)

n!

1s a commutative one-parameter iteration group in ./\/'['H'1 if and only if (5)
holds for n € N and k € |0,n|. It is isomorphic to (k,+).



W. JABLONSKI AEM

Remark 2. Fix r € NU {oo}, I € N and assume that condition (5) holds for

n € N and k € |0,n|. For the group (Gi)tek we have

@ r _ |
oG, (z) = Z <((”1)Z+1)-ltn—1> 2" for t € k,

ot (n—1)!

n=

G
hence H(z) = agz (7)]t=o = x'*! is the infinitesimal generator of (G,El))

tek’

Tt is known, that (5) is valid for [ = 1 (see Remark 1). We show now that
(5) also holds true for an arbitrary positive integer [ > 2 and some values
k€ |0,n|.

Lemma 2. Condition (5) is trivially satisfied for k € {0,n}. Moreover, it is
valid for alln € N and k € |0,n|, for which n — k < 4.

The proof of the above lemma is very technical and seems to be natural,
but we present it for the convenience of the reader.

Proof of Lemma 2. For k = n we have vrilﬁ—l,nl—i-l = {(0,...,0)}, whereas for
k =0 we have f}ll,nl—s-l = {(n)}. Thus (5) is valid for k € {0,n}.
For k=n—1and U,_1y41 = (U1, -, Vin-1)141) € V(ln—l)l+1,nl+1 we have

Z(n DLy, = — (n — 1) = 1. There are (n — 1)l + 1 sequences with one

element equal to 1 and all remaining ones equal to 0. Hence
(n—1)I+1
— 1)l +1)!
(n—2)l+ 1)} 3 [ - birbh

. v;i)!
7(n—1)l+1€\/(n Di+1,nl+1 J=1 ( J)
= (=21 + Dl (= DI+1) - 1= (= DI+,

Now, for k = n — 2 and D(,—9yi41 = (U1, V(n—2)i41) € V(lniZ)lH}an
exactly one of the following two possibilities holds:
(a) either one element of the sequence 7, _oy; 41 is equal to 2 and the remain-
ing ones are equal to 0; there are (n — 2)l 4+ 1 such sequences,
(b) two elements of the sequence V(n—2)14+1 are equal to 1 and the remaining

ones are equal to 0; there are (("_22)l+1)

Thus

such sequences.

(n—2)14+1

((n—3)+ 1) 3 11 (v =D+ DY

_ - e (v))!
V(n—2)1+1€V(0 _2y141 nit1

((n3)l+1)!l.((( 2)l+1)- l;1+<(n_2)l+1>.1)

2
((’fl — 1)l + 1)'[
2! '
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= il
For k =n —3 and U(,_gy41 = (V1,. -+, Vn—3)i+1) € V(n73)1+17nl+1 exactly
one of the following possibilities holds:

(a) one element of the sequence ¥(,,_3y41 is equal to 3 and the remaining
ones are equal to 0; there are (n — 3)l + 1 such sequences,

b) one element of the sequence 7(,,_3y;41 is equal to 2, another one is equal

(n—3)l+

to 1 and the remaining ones are equal to 0; there are ((”7‘?“1) - 2 such
sequences,

c) three elements of the sequence 7(,,_3y;41 are equal to 1 and the remainin

(n—3)l+ g

ones are equal to 0; there are (("7?‘;’)”1) such sequences.

Then

(n—3)l4+1
(0~ )1+ 1)} ) [ et

7(n73)1+1€‘71’ J=1

(n—3)1+1,nl+1
— (n—4) 1), (((n—3)l+1) . (1“)357?”1)
+2. ((n—3)l+1) S+l N <(n—3)l+1> _1> _ ((n—l)l—i—l)!l.

2 2 3 3!

Finally, for k = n — 47 P(n74)l+1 = (1/1, ey V(n74)l+1) S ‘//\Y(lnf4)l+1,nl+1
exactly one of the following possibilities holds:

(a) one element of the sequence (,,_4y;41 is equal to 4 and the remaining
ones are equal to 0; there are (n — 4)l 4+ 1 such sequences,
(b) one element of the sequence V(n—4)141 18 equal to 3, another one is equal

to 1 and the remaining ones are equal to 0; there are ((”_?ZH) -2 such
sequences,

(c) two elements of the sequence 7, _4);4+1 are equal to 2 and the remaining
ones are equal to 0; there are (("7?”1) such sequences,

(d) one element of the sequence T(,, _4y;41 is equal to 2, two others are equal

to 1 and the remaining ones are equal to 0; there are ((”7?“1) - 3 such
sequences,
(e) four elements of the sequence 7(,,_4);11 are equal to 1 and the remaining

ones are equal to 0; there are (("7?”1) such sequences.
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Then

—4)1
(n—5)+ 1)} > H $

V(n—4)l+1 eV(n 4)1+1,nl+1

— (n=5)+ 1)} - (((n_4)l+ . Lrne 1!1)(3” 1)

+2.<(n4§)l+1> .(l+1)§!21+1)+<(nz;)l+1>.(1+21>2

() () ) e

This completes the proof. O

Remark 3. Observe that on account of Lemma 2 condition (5) holds true for
n <5 and k € |0,n|.

Since (5) is always satisfied with [ = 1, we obtain what follows.

Corollary 4. Fiz s € NU {oo} with s > 2. Then

Z’n.
2_1m"+1 for (z1,20) € k* x k,

(1)
F(Zl722) ( )
n=2

s a non-commutative two-parameter iteration group of invertible formal power
series. It is an injective embedding of the group T'? into I'S. In particular,

GV () = F)y (2) = 2+ ta? Zt" ntL o for t €k,

s a commutative one-parameter iteration group of formal power series over k

1)
with infinitesimal generator H(x) = 6% (7)|t=0 = 22.

Th (F( ) )
e group (21,22) (21,20)€k* xk

isomorphic to (k,+).

is isomorphic to I'?, whereas (Ggl)) 1s
tek

In order to describe solutions of some special case of the Aczél-Jabotin-
sky differential equation we need the following groups (see [3]). For I,s € N
with and 2/ + 1 < s let us consider the product E; x k't with an operation
5 (B x K'Y x (B x Y — By x kL

(1, (¢)jeqiyuls—i+1,s)8(d1, (dj) jeqiyu)s—i+1,s])

= (erds, (crd; + dicj) jepufs—i41,5)
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for (c1, (¢;)jeqrpufs—t+1,s)s (A1, (dj)jeqyuis—is1,s) € Er x K1 Similarly, if
l,s e Nwith I+ 1 < s < 2[, we use the product E; X k' with an operation
3:(E; x k') x (E; x k') — E; x k' defined by

(c1, (¢)jets—ir1,5)3(d1, () jefs—t1,s]) = (crd, (c1dj + dles) jeps—i41,5))

for (c1, (¢j)jels—i+1,5])s (A1, (dj) jels—141,5]) € E1 x k!. Observe that for [ > 2 the
groups (E; x k'1,3) and (E; x k',3) are not commutative provided {1} C E;.
From [3] one can derive the following result.

Lemma 3. [3, Corollaries 5 and 6] Fiz r € NU {occ} and a positive integer .
Assume that (Gy)ier, Gi(r) = x + tz!tt + Z;ZQ i1 (O € N with
some cji41 - k — k for j €|2,7|, is a one-parameter group of solutions of the
differential equation

d® i

dz *
in the ring k[z]s, where either rl +1 < s < (r+ 1)l + 1 for finite r or s = 00
otherwise.

= (@(z))™" (8)

(i) For s = oo the family (éd,t)(d,t)eElxk,

o0
éd,t =dx +tz"T + Z dejir(d™ )z
=2

is the group of all solutions of (8). It is isomorphic to (E; X k,).

i) For s € |2l + 1, 0| the famil (é )
(i) | 00| f v Btidentityede (distids—141,.0ds)EE Xk T!

defined by
. r—1 rl
Gy iy, (@) = diz + 8™ 4y “dicju (A )™+ Y dja?
j=2 Jj=s—1+1
S
+(d167«l+1(d1_1t) + drl+1)zrl+1 + Z djl‘j,
Jj=ri+2

is the group of all solutions of (8). It is isomorphic to (E; x k't1,3).
(iil) For2 <Il+1 < s < 2] the family (édl,ds_prl,m,ds)
defined by

(d1,ds—141,..-,ds)EE x k!

s

2 — E o

Gdladsfl#»lv-“vds (x) =dix + dJ‘T
j=s—1+1

is the group of all solutions of (8). It is isomorphic to (E; x k',3).
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Applying Corollary 4 we give an explicit form of the group of all solutions
of the third Aczél-Jabotinsky formal differential equation (AJ) in the case
H(x) = 22, that is

do
et = () )

Putting I = 1, thus d = 1, we obtain:

Corollary 5. (i) The family (Ggl))tek,

Ggl)(x) =z +ta® + Z gt for t €k,

n=2

is the group of all solutions of (9) for s = oco. It is isomorphic to (k,+) and
so commutative.

(ii) The family (@Ei,)c))(t,c)ek%

s—2
@8)6) (z) =z + ta? + Zt"m"“ + (c+tHa® for (t,c) € k2,
n=2
is the group of all solutions of (9) for s € N, s > 3. It is isomorphic to (k*, +)
and so commutative.
(iii) The family T2 = {x+ta%: t € k} is the group of all solutions of (9) for
s = 2. It is isomorphic to (k,+) and so commutative.

According to Corollary 3, similar results for solutions of the formal differ-
ential equation (8) can be proved under the assumption that (5) holds true.

Corollary 6. Fiz an integer | > 2 and assume that (5) holds for n € NU {0}
and k € 10, n|.

(i) The family (Gggt))(d,t)eElxk

! = (((n—=1I4+1); " nl
6o =3 ( )

n!
n=0

o0 _ ' n
=dz+ta' T + Z (((n Q'H_ Dl diil) 2" for (d,t) € By x k,
n=2 :

is the group of all solutions of (8) for r = oco. It is isomorphic to (E; X k, o)
and so commutative.

.. . ~(
(11) The family (GEd)l,t,ds_l_#l,‘..,ds))(d1,t7dsfz+17m,ds)€EzXkl+1’
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r—1 n rl

1 )
ng)l,t,dsfm,...,ds)( ) =dix + ot 4 Z - — 2 g Z djz’+
Jj=s—Il+1

t’r‘l+1 S .
<drl+1 + 7 )»TTZH + Z dja? for (dy,t,ds—i41,-..,ds) € By x kT
1 j=rit2

is the group of all solutions of (8) for a finite integer s > 21+ 1, where r € N
is such that rl+1 < s < (r+1)l+ 1. It is isomorphic to (E; x k"",3) and so
non-commutative provided {1} C Ej.

(iii) The family {cx + cs_j12* 1 + . .+ csx® i c € Ejycs_141,...,¢s €k}
is the group of all solutions of (8) for s € |l + 1,2l|, which is isomorphic
to (E; x k', 3) and so non-commutative provided {1} C E;.

Remark 4. We know that (5) holds true for all n € N and k& € |0,n|. Since
the proof of this fact uses a completely new approach, it will be proved in
a separate paper.
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