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Continuous dependence of the weak limit of iterates of some
random-valued vector functions

DaAwiD KOMOREK

Abstract. Given a probability space (£2,.4,P), a complete separable Banach space X with
the o-algebra B(X) of all its Borel subsets, an operator A: Q@ — L(X, X) and £: Q@ — X we
consider the B(X) ® A-measurable function f: X x Q@ — X given by f(z,w) = A(w)z+§&(w)
and investigate the continuous dependence of a weak limit 7f of the sequence of iterates
(f™(x,))nen of f, defined by fo(wi) = xvfn+1(wi) = f(f"(z,w),wny1) for x € X
and w = (w1, ws,...). Moreover for X taken as a Hilbert space we characterize 7/ via the
functional equation

o (u) = / ! (A(w)u) o (1) P(dew)
Q

with the aid of its characteristic function ¢f. We also indicate the continuous dependence
of a solution of that equation.
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1. Introduction

Fix a probability space (€2, A, P) and a separable Banach space X. By B(X) we
denote the family of all Borel subsets of X. A map f: X x Q — X measurable
with respect to the product algebra B(X)® A (shortly: B(X) ® A-measurable)
is called a random-valued function or an rv-function. By f™ we denote the n-th
iterate of f, given by

fUr,w) =2 and f"(z,wi,...wn) = F(f" Hz,wi,. .. Wn_1),wWn)
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forn € Nz € X and w = (wy,ws,...) from Q defined as QY. Note that
the map f": X x Q*° — X is B(X) ® A,-measurable, where A,, denotes the
o-algebra of all the sets {(wi,wz...): (w1,...,wy) € A} and A belongs to the
product o-algebra A". Since f™ depends only on the first n coordinates of w,
we can identify f™(-,w1,...,wy,) with f*(-,w). So f™ is an rv-function on the
probability space (2°°, 4,,,P>°) and also on (2", A", P™). These iterates were
defined by K. Baron and M. Kuczma [2], and independently by Ph. Diamond
[7] to solve iterative functional equations. In particular they form forward
type iterations and are the prototype of random dynamical systems. A result
on almost sure (a.s., for short) convergence of (f"(x,:))nen for X = [0,1]
can be found in [17, Sec. 1.4 B]. A simple and useful criterion for a weak
convergence of distributions of f"(x,-),n € N to a probability Borel measure
7/ independent of 2 € X for X being a Polish space was proved in [1] and
applied to some linear inhomogeneous functional equation.

One of the most important cases of rv-functions is the so called random
affine map (see e.g. [11]), which is given by

(7, w) — n(w)z + (W), (L.1)

where 7 : Q@ — R, € : @ — X are A-measurable. These maps are related to
perpetuities, see for instance [11,12,16]); they are also applied to refinement
type equations [15]. Substituting a random vector 7 into a random operator,
we will consider rv-functions of the form

(z,w) — Aw)z + (W), (1.2)

where A(w): X — X is a continuous and bounded operator for w € Q. A
function (1.2) will be called a generalized random affine map or GRAM, for
short. However, the main motivation to study such rv-functions is the work of
K. Baron [5], where a special case of map (1.2) with the same operator A(w)
for any w was examined.

The first aim of the present paper is to give some natural conditions under
which the sequence of iterates of GRAM’s f converges in law to 7/, and to
establish the continuity of the operator f — 7/ by showing how 7/ change if
A and £ do. This extends the main result of [3] as well as [4, Theorem 1] and
[14, Theorem 5.2].

In the case when X is a real Hilbert space a characterization of a limit
distribution 7/ by its characteristic function ¢/ via the linear functional equa-
tion ¢/ (u) = @/ (A*(u)) - ¢*(u) was established in [5]. Referring to that paper
we will show that the function ¢/ for GRAM’s f is only one solution of the
equation

o (1) = () / o (A" (w)u)P(dw)
Q

in a class of characteristic functions. Moreover, we will indicate continuous
dependence in such a characterisation of the limit distribution.
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2. Notions and basic facts

Throughout the paper (X, | -||) is a separable Banach space and (2, 4, P) is a
given probability space. We write B(X) for a space of all Borel and bounded
functions endowed with the supremum norm || - || and C'(X) for its subspace
containing all continuous (and bounded) functions. A space of all linear and
continuous operators A: X — X will be denoted by L(X,X). We use the
symbol M;(X) to denote the space of all probability measures defined on
B(X). For short, we will write [¢@du instead of [, o(z)u(dz) for Bochner
integrable ¢ and p € M;(X) if there is no confusion. We also consider a
family of all measures with finite first moment given by

M) = {we M0 [ ot soutas) < oo

for some 7o € X. (Clearly M31(X) does not depend on (.) Recall that a
measure p* v is a convolution of measures p and v if

wxv(B) = //J(B — xz)v(dx) for every B € B(X).

We write p, to denote a probability distribution of the random variable .
Random variables y: Q — X, (: 2 — Y are called independent if

Hx,¢) = Hx & Hgs

where fi( ¢ is their joint probability distribution. We say that a sequence ()
of measures from M;(X) converges weakly to p if [ fdp, —— [ fdu for

every f € C(X). We introduce the symbol dpjs to denote the Fortet—-Mourier
metric (also known as the bounded Lipschitz distance) given by

[ tan- | sav

and additionally dy to denote the Huthinson metric given by

it (1.) =sup{ [ ran— [ gav]: s L%’m(X)},

Lipy(X) ={f € B(X): [f(z) = f(y)| < |z —y| for 2,y € X}.
Note that the distance between some measures in the Huthinson metric may
be infinite. It is known (see [9, Theorem 11.3.3]) that weak convergence is
metrizable by the Fortet—Mourier norm.

With an rv-function f: X x @ — X we may associate a linear operator
P: M;(X) - M;(X) by the formula

Putt) = [ [ La(f o) Pde)nin), (2.1)

P =sup{ e Lipi(X), [flloe < 1},

where
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which will be used in this paper. It can be shown that P is the Markovian
transition operator for the distribution m, of f™ given by

n(x, A) =P ({w € Q% f*(x,w) € A}),
ie.
Pry(z,A) = mpaa(z, A) forze X, Ae B(X).

By the convergence in distribution or in law of the sequence of iterates
(f™(z,"))nen we mean that the sequence (m,(z,:))nen converges weakly to
a probability distribution.

Following [1] and [13] we consider a family of rv-functions f: X x Q@ — X
which satisfy:

(Hy) There exists Ay € (0,1) such that

| 1@0) = F)Plda) < Aglle =yl for xy €X
and

/ I|f(z,w) — z||P(dw) < oo for some (thus all) z € X.
Q

A simple criterion [13, Corollary 5.6], cf. [1, Theorem 3.1], for the conver-
gence in distribution of iterates of rv-functions reads as follows:

Proposition 2.1. Assume that an rv-function f: X x Q — X satisfies (Hy).
Then for every x € X the sequence of iterates (f™(x,-))nen converges in dis-
tribution and the limit ©/ does not depend on x. Moreover nf € M} (X) and

di (o (2, ), 77 < /four—ﬂmmm

_1_
forneNandx € X.

The geometric rate of convergence allows us to formulate a result concerning
the continuity of f —— 7/. We cite a part of [14, Theorem 4.1] that will be
useful in the next section.

Proposition 2.2. Assume that rv-functions f, g satisfy (Hy) and (Hy), respec-
tively. Then for limit distributions 7! and w9, occurring in Proposition 2.1,
we have

1 1
f g < . . .
dy(r!,m9) < mm{1 = wlg)f(ozg(a:),il Y :clg)f(af(a:)}, (2.2)
where
ap(x) = sup/ / If (A" (z,w), @) — g(h" (2, w), ®)||P(dw) P> (dw) (2.3)
n€Ng J Qoo

forhe{f, g}
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Remark 2.5. By condition (Hy) we mean (Hy) in which all functions f’s are
replaced by g’s. A similar convention will be used considering condition (Uy)
in the next section.

3. Continuous dependence of the limit distribution of generalized
random affine maps

Fix A: Q@ — L(X, X) and A-measurable £: Q@ — X. Since X is separable, we
may consider equivalently the weak, strong (in Bochner’s sense), and Borel
measurability of the random variable . To get some results concerning the
convergence in law of GRAM’s (1.2) we need to show that (1.2) is an rv-
function. To do this we will introduce the following;:

Definition 3.1. We call a map A: Q@ — L(X,X) a random operator, if it is
A-measurable, i.e. A~1(B) € A for every Borel subset B of L(X, X).

Proposition 3.2. If A: Q — L(X,X) is a random operator, then a function
A()z: Q@ — X is A-measurable for every x € X.

Proof. Fix x € X and define ¢, : L(X,X) — X by ¢,(T) = Tz. It is obvious
that ¢, is linear, and since
12 (T = T || < ]| - | T
it is bounded (thus continuous). Now fix B € B(X) then we have
{weQ:Aw)zxe B ={weN: p,(A(w)) € B}
={we:Aw) €y, (B)} €A
U

Remark 3.3. One can show that for a separable space X if A(-)x: @ — X is A-
measurable for every x € X and A(w): X — X is continuous for every w € Q2
then a map A: Q x X — X with A(z,w) = A(w)z is A @ B(X)-measurable.
Moreover, £ extended to £: X x Q@ — X by £(z,w) = &(w) is A ® B(X)-
measurable. Since the sum of A ® B(X)-measurable functions on separable
values is also A ® B(X)-measurable it follows that f: Q x X — X given by
(1.2) is an rv-function.

The main result of this section concerns the continuous dependence of the
limit of iterates of GRAM’s. We will formulate it for a family of rv-functions
f: X x Q — X which satisfy:

(Uf) The function f: X x @ — X has the form f(z,w) = Ap(w)z + &¢(w),
where &7 : Q — X is A-measurable,

Bl = /S 1€7() [B(dw) < oo,
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and Ap: Q — L(X, X) is a random operator satisfying

E[[A; ()N = /Q [[Af(w)[[P(dw) <1

where ||Af(w)|| is the operator norm of Af(w).

Theorem 3.4. Assume that rv-functions f,g satisfy (Uy) and (Uy), respec-
tively. Then the sequences of iterates (f™(x,))nen, (¢™(x,"))nen are conver-
gent in law to the probability distributions mf, 79 € M1(X), respectively, the
limits do not depend on x € X, and

d f’ g min{ ! ( EH§9|| >7
n(ro ) < T O \T- 2,0

1 Ellés| )}
atf)r,
L —E[Ag ()l (1 —E[AsO)ll
where o = E[[As(-) = Ag()ll, 5 =Ellgr — &l
Proof. At the beginning let us observe that (Uy) implies (Hy). Indeed,

/ I£o.) = Flp)P() < =l [ 1A7(@)[P(de) for xy X

[ 1. pe) = [ lese)Ipa) <

By Proposition 2.1 we infer that there exist probability distributions =/, 79 €
M1(X) such that for every z € X the sequences (f™(x,))nen, (9" (x,))nen
are convergent in law to 7/, 79, respectively.

The rest of the proof runs similarly to the proof of [14, Theorem 5.2] which
concerns (1.1). For the convenience of the reader we repeat the relevant compu-
tations after appropriate changes for the case of GRAM’s, thus making our ex-
position self-contained. So fix k € N and let us define Ay : 2 — L(X, X)) and
& Q% — X by Ap(w) = Ap(wr), &e(w) = &f(wr), where w = (wi,wa...) €
Q°°, and observe that for w € 2> and z € X

n—1 n—2
fr@,w) = (O An-i(w)a + ) Ani(w)er (W) +
=0 =0
n—3
+ (O Ai(W)éa(w) + (W)n—1(w) +&n(w)
=0

where
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and o is a composition. From that

n n—k

Z@An z gk 1 )+§n(w)

k=2 1=0
Then

lg(f"(0,w),@) = £(f"(0,w), )|

<Ag(@) = Ap(@ (
+116(@) = & @)l

and from the inequality

@An ’L gkr 1

w)€p—1(w)

+ ||€n(w)||>

< [1€k—1( ||1_[||A

we have

lg(f"(0,w),@) = F(f(0,w), D) < [[Ag(@) = As (@)
(Z 1661 HHIIA )+ 11€n( )II) +11&(@) = &£ @)
)

k=2 =

Since ||Ex—1]l, [A&()]l, - - -, [|A=(-)|| are independent it follows that

/ lg(f"(0,w),@) = F(f"(0,w), W)[[P* (dw)P(dw)
Q> JQ

/ 14(@) - A @) | (Zugkl

x HIIAz‘(w)II+||§n(w)I>P°°(dw)+/Q||§g(w)—éf(w)llP(C@)

= QZEII& 1l HEIIA |+ Eléall + 5

n+1

= Elgl - EJA O 48

k=2
1— (EA,OD"
= aBl|¢rll—=—Fm— A
TET-ElA ()l
Therefore for the function af(x) given by (2.3) we obtain

Ell&sll
mlg(af( z) < af(0) < am

+ .

+ 4 for r € X.
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A similar inequality holds for ay(z). Taking Ay = E[A;(-)[|, Ay = E[AL()]|
and applying Proposition 2.2 we finish the proof. O

Corollary 3.5. Assume that rv-functions f,g have the form
flz,w) = Arx + & (w), g(z,w) = Agz + &4(w)

with Ay, Ay € L(X, X) such that ||Af|| <1, [|Ag]| <1 and &f,&q: Q@ — X such
that B||§¢|| < oo, E||&y|| < oo. Then the sequences of iterates (f™(z,-))nen,
(g™ (x,-))nen are convergent in law to the probability distributions nf, 79 €
MI(X), respectively, the limits do not depend on x € X, and

N a
d ﬂ'f,ﬂ'g)gmln{ ( 9T _a+8),
a( T JA T \T— A,

1/ By )}
T8, (1—||Af||°‘+5 !

where a = [|[Ay — Ag|l, B=E|&r — &l

Corollary 3.5 given above extends the main result of [3] as well as [4, The-
orem 1]. Due to this result we can generalize [4, Theorem 3| and [5, Theorem
3.1]; see Theorems 4.10, 4.22.

4. Characterisation of the limit distribution

Let (2, A, P) be a probability space. In this section X is a separable real Hilbert
space with the inner product (-|-). However in cases when it is not needed we
will emphasize it. We define a characteristic function ¢f of the rv-function f,
assuming that the iterates (f"(x,))nen converge in law and the limit does not
depend on ; in such a case we denote by 7/ the distribution of the limit, i.e.

(o) .

Definition 4.1. A function pX: X — C given by

¢X(u):/)(ei(u|2)ux(dz)

is called a characteristic function of the X-valued random variable x with
distribution g, .

Definition 4.2. A function ¢/: X — C given by
o (u) = / i) 11 (d2)
b'e

is called a characteristic function of the rv-function f.
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The problem of characterization of the limit distribution 7/ via a functional
equation for its characteristic function ¢/ was considered in [5]. The author
showed that for the rv-function f given by

flz,0) = Az + €(w)

with A € L(X,X) such that [|A]] < 1 and a random variable £: Q@ — X
such that E||¢|| < oo its characteristic function ¢/ is the only solution of the
equation

ol (u) = T (A" (w) - ¥ (u),

where A* stand for the adjoint operator to A, which satisfies (A*u|z) = (u|Az)
for every u,z € X. Our goal is to generalize this result to GRAM’s. First we
give some preceding facts, which will be needed in the general setting.

Lemma 4.3. Let X be a Banach space. Assume that a random operator A: Q —
L(X,X) and a random variable £: Q — X are independent. If x € X, then
A()z: Q— X and &: Q — X are independent.

Proof. Fix x € X. Let us define 7,.: L(X,X) x X — X? by

(T, y) = (T, y).

Observe that 7, is well defined, continuous in product topology (by the conti-
nuity of T') and thus B(L(X, X)) ® B(X)-measurable. Denote the distribution
of A(-)z by paz. We claim that pag¢)(B) = pae)(t; H(B)) for B € B(X?).
Indeed we have

faee)(B) = P({w : (Aw)z,§(w)) € B}) = P({w : 72 (A(w), €(w)) € B})
=P({w: (Aw),€W)) € 7 1(B)}) = pag) (77 ' (B).

)
It remains to show that pa, @ pe(B) = pp @pe(r, H(B)) for B € B(X?). Define
B, ={z: (7,y) € B} and now we have the follovvlng

e ® pe(B) = /X e (By) e (dy) = /X s (T (Z.9) € BY)pe(dy)
- /X P({w: (Aw)z.y) € BY)pe(dy)
- /X P({w: (Aw).y) € 75 (B) iae(dy) = ja ® pre(r (B)).

Finally by the assumption of independence we obtain

f(rze)(B) = piae) (7, (B)) = pa @ pe(7;, H(B)) = piae ® pe(B),
which ends the proof. O
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Lemma 4.4. Let X be a Banach space and n € N. Assume that A: Q —
L(X,X) is a random operator and ¥: Q" — X, £: Q — X are random vari-
ables. Define 1, : Q° — X, Api1: Q° — L(X, X)), &1: Q° — X by

Pn(w) = P(wi, ..., wn), Api1(w) = AMwn11), Ent1(w) = §(wnt1)
and Appy1: Q> — X by
Aﬂ}n—&-l(w) = n+1( )d)n( ) (Wn+1)'l/)(wlv cee ,wn),

where w = (w1, wa,...) € Q™. If Aty and &,41 are independent, then A, 11
and &,+1 are also independent.

Proof. Fix B € B(X?). Put

W(Wla s awn+1) = A(wn-l‘l),(/)(wh s ,wn)
and
C(Wl, ce awn-l‘l) = (77(“}17 cee awn-i-l)a g(wn+1))
for wy,...,wp41 € Q. Then

(A1 Enia)(B) = P“({(wl,u@ o) i C(wry e wng) € B)})
— prtl ({(wl, vy wnt1) €W, wntt) € B)})
:P"®P({(w1,...,wn+1) (W W) € B})

= /nIP’({wn_,_l :C(wiy .. wpe1) € B)})d]P’"(d(wl,...,wn))

= A M(Aw(wla--<7wn)7€) (B)Pn(d("")l? ctr 7Wn))

S~

HAg(wr,eron) @ pe(B)P™ (d(wy, . .., wn)),

when the last equality holds due to Lemma 4.3. Therefore
M(Awn+len+l)(B) :/

- / HAdp(wr,..., wn)(By)Pn (d(w17 s 7“’"))“& (dy)

/X KAy (wrs.. Mn)(By)/J‘E (dy)IPn (Wla o awn)

= /XIP’" ®P({(u1,...,wn+1) (Wi, .. wnt1) € By})#&(dy)
:/ ]P’°°<{(w1,w2 ) in(wiy e wng) € By})ug(dy)
(

P> {w t AYng1(w) € By})ug(dy) = PAi, s @ Be, iy (B),

which ends the proof. O

I
o
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Corollary 4.5. Let X be a separable Banach space. Assume that an rv-function
f: X xQ — X is given by (1.2), where A: Q — L(X, X) is a random operator
and £: Q — X is a random variable. If A and £ are independent, © € X and
n €N, then Apy1(:) f™(z,): Q% — X with

ATL-‘rl(w)fn(x? w) = A(wn-l-l)fn(xa Wi, - .- 7wn)
and &ni1: O — X with &1 (w) = {(wn41) are independent.
Having proved independence we also have to characterise the probability
distribution of the sum of independent random variables. It is well known that

such a distribution can be described as the convolution of each random variable
distributions. More precisely, we have:

Theorem 4.6. Let X be a separable Banach space. If n: Q@ — X, £: Q — X
are independent random variables, then
Hne = Hn * [g-
Definition 4.7. If A: Q — L(X, X) is a random operator, then a map A*: Q —
L(X, X) satisfying
(A" (w)z|y) = (z|A(w)y) for every w € Q,x,y € X
is called an adjoint random operator to A.

Lemma 4.8. A function A*: X xQ — X given by A*(z,w) = A*(w)z is B(X)®
A-measurable.

Proof. According to Remark 3.3 it is enough to show that A*(-)x: Q — X is
A-measurable for every z € X. Fix x € X and observe that (z|A(w)y): & — R
is A-measurable for every y € X. By the Riesz Representation Theorem for
every linear functional y*: X — R there exists y such that

v (A (w)z) = (A (w)zly) for every w € Q.

Therefore from the A-measurability of (z|A(-)y): @ — X we conclude that
A*(-)x is weak measurable. Since X is separable, we may conclude that A*(-)z
is strong measurable and consequently A-measurable. O

Remark 4.9. Note that ||[A*(-)]|: © — [0, 00) is A-measurable due to the equal-
ity
[A(w)]| = [[A*(w)]| for every w € Q.

The following theorem characterizes the limit distribution of GRAM’s and
it generalizes [5, Theorem 3.1] (see Remark 4.12).

Theorem 4.10. Assume that an rv-function [ has the form (1.2) with a ran-
dom operator A: Q — L(X,X) and a random variable £: Q@ — X such that



764 D. KOMOREK AEM

E|A()] < 1, E||§]| < oco. Moreover, assume that A and & are independent.
Then the characteristic function ©f of f is the only solution of the equation

P (1) = ¢5(0) | (A" @B, (41)
which is continuous at zero, bounded and fulfills ©¥ (0) = 1.
Lemma 4.11. Let (2, A,P) be an arbitrary probability space. Suppose that the

independent and identically distributed random wvariables (;: @ — R, i € N
fulfil the following properties

1. ¢G>0
2. 0<EG < 1.

Then the sequence (]}, (i)nen converges a.s. to zero.

Proof. To show convergence we will consider three cases:
LIfE¢ = 0= [, Gi(w)P(dw), then ¢; = 0 a.s., so is [T}, ¢;.
II. Assume that 0 < E¢; < 1 and P(¢; =0) = p > 0. Then

(o o)

_ P({w €0:¢(w)#0, forevery i € {1,...,n} })
= ﬁp({w €N:Gw)# 0}) =1-p"

Define a set A, = {w e Q: [[, ¢i(w) # 0} and observe that A,41 C A,
and

A= ﬁAnD{wEQ: ﬁ(z(w);é()}
n=1 i=1

By the continuity of the measure it follows that

P({WEQ: ﬁ@(w) %O}) =0.

III. Now assume that 0 < E¢; < 1, and P(¢; = 0) = 0. From Jensen’s inequality
we have Elog (; <logE(; < 0. Observe that

n

HCz‘ — oloellini ¢ — (6% ?:110g4i>n.

i=1
If —oo < Elog ¢y then by the independence of (/s we can apply the Strong
Law of Large Numbers, hence for 0 < ¢ < |Elog (3| there exists N, € N such
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that

1 n
— E log(; < Elog(y +¢€ for every n > N.
n

i=1

Therefore for the same n > N, it holds that
(6% i IOgCi)n < e’n(]ElogC1+e)'

Passing with n to the limit we obtain
H G20 a.s. (4.2)
n=1

If Elog¢; = —oo, then we can apply theorem [10, Theorem 2.4.5], from
which we conclude that

1 n
— Z log (; —= —00 a.s.
n

i=1

Hence
1
n n
1 \xn s
<H Ci) = en Limlogl M7 a.s.
n=1
Summarizing we get convergence in all cases. O

Proof of Theorem 4.10. A random operator A: Q@ — L(X,X) can be consid-
ered as an rv-function A: X x Q@ — X due to its measurability (see Sect. 3)
and consequently we can associate it with a linear operator ) given by

Qu(B) = /X/Q]lB(A(w)a:)]P’(du))u(d;zc)7 for B € B(X).

Now let us define 72/ : X x B(X) — [0,1] by
M (z, B) = PP ({(wi,wa . ..) : A(wni1) f(x,w1,...,w,) € BY)
and observe that
M (x,) = Qnl(x,-) for every x € X.
Indeed, for fixed x € X, B € B(X) it holds that
Mz, B) = P ({(w1,wa . ..) : A(wni1)f(z,w1,...,w,) € B})

= /Qoo 1p(AMwni1) (@, w1, .. ywpn) )P (d(wr,wsa .. )
= ; / _ 1p(A@) " (x,w1,... ,wn))P(dw)P>(d(w,ws .. .))

_ / / 15(A@)y) ! (, dy)P(dm) = Q! (v, B).
QJX
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So now, by Corollary 4.5 and Theorem 4.6 we see that

777]:-&-1(‘7;’ ) = ﬂ-r/)f(wv ) * e = Q7T£(.’L‘, ) * g

It can be easily shown that the Markov operator () has the Feller property. To
do this let us see at first that

z) = /Q B(AW)2)P(dw).

For a fixed ¢ € C(X) take an arbitrary zo € X and note that for every
(p)nen such that z, “—2 zy we have Y(A(w)z,) “— P(A(w)xg) for
every w € €. Let us define ¢, (w) = ¢Y(A(w)zy,) and ¢o(w) = Y (A(w)x). Since
lon ()] < ||Y]|eo for w € Q, n € N we can apply the Lebesgue Dominated
Convergence theorem and hence

Q" d(an) = /Q on (@) P(dw) 272 /Q 0(@)P(dw) = Q" (z0).

Because g, (n)nen and 1 are arbitrary, we have Q*(C(X)) C C(X). From
that and [18, Theorem 1.1, Ch. III] we can pass n to the limit and we obtain

= Qn’ * e

Now from the definition of the characteristic function we make the following
computations

of (u) = /X e WAt (dz) = /X WD Qrs e (dz)
_ /X /X ) Qref (da e (dy)
= [ [ et e Qn (anuctn)
= [ [ @t et g (ay)
/ / { / ei(“A(w)I)]p(dw)} 1) e (4 e (dy)
/ 1) 1 (dy) - / / @A) 1 f (42 P(dw)
) [ [ 0@ n)law) = ) [ (A @)l

This shows that ¢/ satisfies (4.1).

Tt remains to show the uniqueness of the solution of (4.1). To do this, let us
assume that ¢ is a bounded, continuous at zero solution of (4.1) and ¢(0) = 1.
Then observe that
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/ / S(A) Y wr, .. wi1)u)x

p((AT)" (w17~- wn) JB(dw) .. . P(dwn),

where
(A*) (wi,...,wi)u = A*(w;) o...oA*(wr)u.
It follows that for every n € N we can write

= [ IO g @), (13)

Since [[A*(w)|| = ||A(w)]| for every w € €, we have E||A*(-)| = E[A()] < 1.
Taking (;(w) = [|[A*(w;)|| for w = (w1, ws,...) € Q> we see that

IA")" (@)ul| < full HCi(w)

By Lemma 4.11 we conclude that the sequence (||(A*)"()(u)||)neN converges
a.s. to zero.

Fix n € N and let us define random variables 7, 0,,: Q°° — C, respectively,
by

(W) = [T (A7) @) and 6, (w) = (A7) (w)u).
i=1

Hence we can rewrite (4.3) as

o(u) = /OO O (W) (W)P?(dw), neNue X

and thus we obtain

() (W)~ [ ()P ()

(OS]
< [ 18ne) = 11 (o) P2(d)
< [ Ioale) 1P (a).

Observe that |0, (w) — 1] < ||¢]leo + 1 and (0, )nen converges a.s. to 1, by the
continuity of ¢ at zero. Therefore, from the Lebesgue dominated convergence
theorem it can be concluded that

/xw (W) — 1P (dw) 222, .
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Hence passing with n to the limit we obtain

= lim /mng (A H(w)u) P> (dw), (4.4)

n—oo
which completes the proof. O

Remark 4.12. Note that under the assumptions of Theorem 4.10 the following
statements hold:

(i) The characteristic function ¢/ is the only solution of the equation (4.1),
which is Lipschitz, continuous at zero and ¢(0) = 1.

(ii) If A does not depend on w, i.e. A(w) is the same as w changes, then ¢/ is
the only solution of the equation (4.1), which is continuous at zero and
©(0) =1.

To show assertion (i) observe that for a function ¢ which is a solution of (4.1)
and M > 0, a Lipschitz constant of ¢, the following inequalities hold,

/ (AT @) — 1P () < /Q M) (@) [P ()
< lull MEIA ()",

which yields (4.4).
When (ii) holds, the formula (4.3) reduces to

Hso (A u)p((A")"u)

for any n € N. Passing with n to the limit we obtain

H@ (A u)((A") ). (4.5)

O

Remark 4.13. Note that the expression (4.4) is in fact the formula of the unique
solution ¢ of (4.1). In particular, when A is independent of w, this solution
takes the form (4.5) and it can also be found in [5, Theorem 3.1].

We now give an example of a GRAM which satisfies the assumptions of
Theorem 4.10.

Ezxample 4.14. Let us consider random variables £: Q@ — X and k: Q@ — N.
Take a countable family of linear bounded operators T;: X — X, i € N. We
define A: Q — L(X, X) as

A((.«J) = Tm(w)v for w € .
Then the following statements hold:

(i) A is a random operator.
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(ii) If £ and & are independent, then so are £ and A.
(iii) The expected value of A is equal to

E[AC =D me({iDITil-
i€N
(iv) The adjoint random operator A* has the form
A (w) = Ty()-
Assertion (i) follows from the fact that A can be rewritten in the form
w) = Zﬂm_l({i})(w)ﬂ, for w € Q.
i€N

Hence it can be easily seen that A is A-measurable. To show statement (ii)
assume that £ and k are independent and observe that ps has the form

uA<A>:P<U{w:m(w)zi}m{w:TieAQ
_ZgN{w k(W) = i} N {w: Ty € A})
and -
P({wi k() = i} N {w: T € 4}) = {ﬁ’({“ e e

= ps({i})or,(A).

A) =" me({i})or,(4)

ieN
Now fix B € B(L(X, X)) ® B(X), define By € B(N) ® B(X) as
Br ={(i,y) e Nx X: (T;,y) € B}

From that

and observe that
B ={y € X: (T;,y) € B} = (Br)’,

where B* = {y € X: (x,y) € B}, x € L(X, X). An easy computation shows
that

e
L(X, X) ieN
’uf /j,,{ dl) Mk & /J'g(BT) = lu("ivf) (BT)

I
t@\

(w: (k(w),€(w)) € Br) =P(w: (Tyw).{(w)) € B))
= pae)(B).
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Statement (iii) is obvious. Finally to show (iv) fix ¢ € N and observe that for
w € k1({i}) we have

(A*(@)zly) = (2[Tiy) = (T aly) for every z,y € X.
Therefore A*(w) = T} for w € k=1 ({i}). From that we obtain
A*(w) = Z ]l,{71({i})(w)Ti* = T:(w)7 for w e Q.
ieN
By statements (i)—(iv) we can consider an rv-function f of the form
f(d?,bd) = Tn(w)x + E(UJ)
and if we assume additionally that
Dom{iDIT] <1 and  EJJ¢]| < oo,
€N
then Theorem 4.2 allows us to claim that (provided that x and £ are indepen-
dent) the characteristic function ¢/ is the only solution of the equation

pu) = () Y pe{ih)e(Tiu), ue X, (4.6)

i€N
which is bounded, continuous at zero and ¢(0) = 1. 0
It is worth pointing out that if we consider the class of solutions ¢ of the
equation (4.1) (or in particular of (4.6)) which do not have to be either bounded

or Lipschitz, then such a class can contain more than one solution, which is
shown in the example given below.

Ezample 4.15. Fix a € R such that |a| > 1 and p € (O7 ﬁ) and let X = R.
Let operators T;: R — R, € {1,2} be given, respectively, by

1
Tz = ax, Tor = —x.
a

Set a random variable x: 2 — N with the following distribution
pe({1) =p, ({2} =1-p.
It can be easily seen that for a random operator A given by
Aw) =Ty = L1y (@) T + Lo-1 g2y (W) T2

we have

1 a2-1 1
E|AG) | =la| - p+|-|0l—-p < +———+—=1.
IACH = o+ |1 0= < e

Observe furthermore that A and A* have the same distribution.
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Now consider a random variable {: 2 — R, independent of x, with e = do.
Then ¢¢ = 1. It is easy to check that ¢ = 1 and it is a solution of the equation

e(u) = pplau) + (1= p)e (). (4.7)

However it is not unique in a family of continuous at zero functions ¢ which
satisfy ¢(0) = 1. To this end, take a function ¢o: R — R with

vo(u) = [u]'os1a1(*F") 4 1.

Let us see that ¢ is continuous on its domain, ¢(0) =1 and

1=-p

peo(aw) + (1= p)po (= ) = pluf 5 (5*) - o] 101 (57)
+(1 _p)|u\10g|a\(%) . \a|*10g|a\(%) +1
= Ju081a1(F7) 41 = po(u),

so o/ is not the unique continuous solution of the equation (4.7) having value
1 at zero. ]

For GRAM’s f given above, the natural question arises whether an operator
(A, &) — ¢ is continuous and what kind of continuity it has. Before we
formulate an appropriate result, we present some additional facts in which
(X, p) is a metric space and

Lipa(X,Y) = {p € B(X,Y): [o(z) — o)l < ap(z,y), =,y € X}

for a € (0,00), and B(X,Y) is a set of all bounded functions acting on X into
Y.

Definition 4.16. Let (X, p) be a separable and complete metric space and let

(Y|l - |) be a Banach space. We denote a metric dg’y on M;(X) by the
formula

a5 o) = s { | [ ctoutan) - [ otaptan

tp € Lipl(X,Y)}.

Proposition 4.17. Assume that spaces X andY are nontrivial. Then the metric
dﬁ’y is independent of the choise spaces X and Y, and moreover d)h(,’y(,u, v)=

dy(p,v) for every p,v € My(X).

Proof. Fix u € Lipi(X) and z¢ € Y such that ||zg]] = 1. Put pg(x) = u(z) -z
for x € X, then ¢y € Lipi(X,Y) and it is integrable in Bochner’s sense with
respect to any probability measure, so we have
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‘ /X u(z)p(de) — /X u(z)v(dz)

LE (/ w(@)u(da) — /Xu(a:)u(dm)>H

~ lwoll
XY
<dy" (b,v).

H / o(2)p(dz) / o(@)v(dz)

Since u is arbitrary, we can take the supremum on the left hand side of the
inequality and as a consequence we obtain dy < d)h(,’
Now fix ¢ € Lipi(X,Y) and p,v € M;(X). Then there exists y* € Y*

such that [[y*|| = 1 and
v ([ etomtan - [ «p(w)v(daz))\

H [ etantan) ~ [ olaian

by the Hahn—Banach theorem. Applying the Hille Theorem (see e.g. [8, The-
orem 6 Ch. II]) we deduce that

v ([ womian - [ etaman)
=‘ [ v eetout@n - [ v o ptamias)

and since y* o ¢ € Lip;(X) we finally obtain dy > dﬁ’y. ]

<dg(p,v),

Lemma 4.18. If u € X \ {0} and a function ¢¥: X — C is given by (z) =
e'wl?) then ¢ € Lip), (X, C).

Proof. Since (u]z) € R for every u,z € X, it follows that

[4(2) = $(y)| = |1 — ei(“'y)‘ = V2 — 2cos ((ul2) — (uly))
—9 sinM < Q.M < |lul| - |z — -
2 2
Then the proof is completed. O

Proposition 4.19. Let f,g: X x Q — X be rv-functions. Assume that the it-
erates (f™(z,-))nen, (f™(x,"))nen converge in law to ©/ and 79, respectively,
and the limits /w9 do not depend on x. Then the following inequality for the
characteristic functions ¢! and @9 holds

o7 (w) = ¢ (w)] < llull - du(x 7, 79), (4.8)
for every u € X.

Proof. Fix u € X \ {0} and define ¢: X — C as 1)(z) = €'(*1?). Then ﬁ¢ €
Lip1(X,C), by Lemma 4.18. Using Proposition 4.17 we see that
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1
f — eilulz) e ul=) o
o’ (u) — ‘/ / w9 (dz)

< dy (!, 79) = dy (!, 79).
This ends the proof. O
Remark 4.20. Inequality (4.8) can not be strengthened by
Hapf—angoo < dy(rf, ), (4.9)
which is shown in the example given below.

Ezxample 4.21. Fixa € R. Forn € Nlet &,: 2 — X be a random variable with
uniform distribution on the interval [a,a+ 1]. (Obviously, we assume such
&,'s can be constructed. It is possible for instance on the space (2, A, P) as a

unit interval with Lebesgue measure.) Define rv-functions f,,g: X x Q@ — X
by

fn(aj?w) = gn(w)7 g(gc,w) = a.

Observe that the k-th iterate of f, satisfies f¥(x,wi,...,wr) = & (wi) and
g*(z,w) = a. So we can write

i (A) =P ({(w1,ws,...) € Q% fE(z,w1,...,wp) € A})
=P ({(w1,ws,...) € Q°: &y (wi) € A})

= P({wk e 0: §n(wk) € A}) = / nﬂ[a’n+L]dx = 7Tf"(A).
N w

Additionally let us see that

T (A) = 0,(A) = 79(A).
The characteristic functions of the above distributions have the following forms

ol (u) = / i (de) = B giua (ei“% — 1)
R xn ’
o) = [ e (an) =
R

For every ¢ € Lip; (R) we have the following computation

/IR c(a)m! (dz) — /R c(a)m9 (dz)

n/c(x)-]l[aa+ 1yde — c(a)
R
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n/c(w)~1[aa+ ]dx—n/c(a)ﬂl[a)wr;]dx
R R "

< / | 1 I
n r—a 11axr = .
> = [a7a+5] m

Taking supremum over all ¢ € Lip; (R) we obtain

n— 00
— 0.

dy (m fn ,m9) <

or every u € X, but

1
2n
It is easily seen that o/ (u) "% 9 (u) f
u)

for every n € N. From that

||<pfn - ‘ngoo >1 for every n € N.

Therefore the sequence ((pf")n N is not convergent to ¢Y in the supremum
norm | - ||so- O

Now we turn to formulating the second theorem of this section that ex-
tends [4, Theorem 3]. We note that in this theorem a real separable Hilbert
space X is considered and ¢f, 9 denote the characteristic functions of 7/, 7/,
which result from Theorem 3.4. The announced theorem is a straightforward
consequence of Theorem 3.4 and Lemma 4.19, and reads as follows.

Theorem 4.22. Assume that rv-functions f,g satisfy (Uy) and (U,), respec-
tively. Then

g | | E|l&,|
o7 (1) = (w)] < ] 'mm{l —EJA Ol (1 E||Ag<~>||“+ﬁ> ’

1 Ell&s |l )}
1=E[lAg()ll (1—E||Af(')a+ﬁ ’
where a = E|[Ay(-) — Ag()l, B=E|&r — &l

Remark 4.23. The main results of [4,5] concern rv-functions of the form f(z,
w) = Az + {5(w) with A € L(X, X). In particular the author examines a kind
of continuity of the operator &y —— ©f. Note that this is one case in our
results, when o = 0. Under appropriate assumptions we have

Bll&r = &ll
1 —[|A]]

dH(’]Tf,’iT ) =

as well as

/() = ()| =TIl ~ &
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