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Isometry groups of six-dimensional nilmanifolds
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Abstract. We determine the 6-dimensional nilpotent metric Lie algebras such that the Lie
algebra n has a descending series of ideals invariant under all automorphisms of n and the
dimension of the consecutive members of the series decreases by one. We call them metric
Lie algebras having a framing determined by ideals. We classify the isometry equivalence
classes and determine the isometry groups of connected and simply connected Riemannian
nilmanifolds on 6-dimensional nilpotent Lie groups having a Lie algebra n as their Lie
algebra.
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1. Introduction

Let n be a real nilpotent Lie algebra and N be the connected simply con-
nected Lie group having Lie algebra n. We call (n, {.,.)) a metric nilpotent Lie
algebra if it is given an Euclidean inner product (.,.) on n. An inner product
(.,.) on n determines a left-invariant metric (.,.)y on N and conversely. Hence
(N, {.,.)n) becomes a Riemannian manifold. We denote by O.A(n) the group
of orthogonal automorphisms of the Lie algebra n consisting of the automor-
phisms of n which preserve the inner product on n. A connected Riemannian
manifold M which admits a transitive nilpotent Lie group of isometries is
called a Riemannian nilmanifold. It is pointed out in [10, Theorem 2(4)], that
every Riemannian nilmanifold M can be identified with the unique nilpotent
Lie subgroup N of the group Z(M) of isometries of M acting simply transi-
tively on M, equipped with a left-invariant metric. Furthermore, Z(N), the
group of isometries of (N, (.,.)n), is the semi-direct product N x OA(n) of
the group OA(n) and the group N itself. From this observation it follows
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that the determination of the isometry equivalence classes of connected sim-
ply connected nilmanifolds and their isometry groups can be carried out by
the investigation of the classes of isometrically isomorphic metric nilpotent
Lie algebras. Applying this procedure the isometry equivalence classes and the
isometry groups of connected simply connected nilmanifolds of dimension at
most 5 are established in [5,7,9]. In the classes of 6-dimensional nilmanifolds
the isometry equivalence classes and the isometry groups on two-step nilpo-
tent Lie groups, respectively on five-step nilpotent Lie groups, this means on
filiform Lie groups, are accomplished in [3], respectively in [6].

In this paper we deal with 6-dimensional metric Lie algebras having nilpo-
tency class three or four. In [5, Sect. 3], the metric Lie algebras (n, (., .)) having
a decomposition into an orthogonal direct sum of 1-dimensional subspaces such
that each orthogonal automorphism of (n,(.,.)) preserves this decomposition
play an essential role. We say that these metric Lie algebras have a framing. It
turns out in [5] that there is a strong connection between a special class C of
framed metric Lie algebras and their ideal structures. Namely the framing of a
metric Lie algebra in C can be constructed in a natural way using a descending
series of ideals n = n(® > n) 5... 5™~ 5 n( = {0} invariant under all
automorphisms of n with dim(n®) — dim(n@*+%) = 1,4 = 0,...,n — 1. This
type of framings we call framing determined by ideals. Every filiform metric
Lie algebra of dimension at least four allows a framing determined by ideals
(see [5, Theorem 4]).

Applying the classification of 6-dimensional nilpotent Lie algebras given in
[4], Sect. 3 is devoted to the thorough study of the ideal structures of these Lie
algebras and to the determination of the 6-dimensional nilpotent metric Lie
algebras having a framing determined by ideals. We obtain that 6-dimensional
indecomposable nilpotent Lie algebras with the exception of six classes possess
a suitable series of ideals (cf. Proposition 3.1).

In Sect. 4 we systematically apply the method of classification of the classes
of isometrically isomorphic metric Lie algebras given in [5]. We describe the
isometry equivalence classes and determine the group of isometries of con-
nected simply connected nilmanifolds on 6-dimensional indecomposable Lie
groups such that their Lie algebras have a framing determined by ideals.

Among the classes of nilmanifolds having nilpotency class n > 2, the geo-
metric properties of filiform nilmanifolds have been considerably improved.
In particular the characterization of totally geodesic subalgebras is given in
[1,2,8]. Our results can be utilized for the enquiry of the totally geodesic sub-
algebras of 6-dimensional nilmanifolds having nilpotency class n € {3,4}.

2. Preliminaries

The lower central series of a nilpotent Lie algebra ¢ is £ = S°% > S >
- D 8¢ > ST D ... D {0} such that ST = [¢,574],j € N. A Lie
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algebra / is called k-step nilpotent if S¥¢ = {0}, but S¥~1¢ # {0} for some
k € N. If an n-dimensional Lie algebra ¢ is (n — 1)-step nilpotent then it is
called filiform. The metric Lie algebra is a Lie algebra equipped with an inner
product, the automorphisms preserving the inner product are called orthogonal
automorphisms.

Definition 2.1. An orthogonal direct sum decomposition n = Vi & --- @ V,
on one-dimensional subspaces Vi, ..., V,, of a metric Lie algebra (n,(.,.)) is
called a framing, if any orthogonal automorphism of (n,(.,.)) preserves this
decomposition. An orthonormal basis {G1,Ga,...,Gy} of (n,(.,.)) is adapted
to the framingn=V; ®&---dV, if V; =RG, for i = 1,...,n. The metric Lie
algebra (n, (.,.)) is called framed, if it has a framing.

The following concept originates from the assertion in Lemma 3 in [5].

Definition 2.2. An n-dimensional metric Lie algebra (n,(.,.)) has a framing
determined by ideals, if the Lie algebra n = span(G1, ..., G},) has a descending
series of ideals n' = span(G,,...,G,), i = 1,...,n, which is left invariant
under all automorphisms of n.

In this paper we consider 6-dimensional metric nilpotent Lie algebras hav-
ing a framing determined by ideals.

Tt is proved in Section 3.1 in [5] that the group OA(n) of orthogonal au-
tomorphisms of a framed metric nilpotent Lie algebra (n,(.,.)) is a subgroup
of the group Zs X - -+ X Zs, where the number of factors is less than or equal
to dimn. Hence the connected component of the isometry group Z(N) of the
connected simply connected Riemannian nilmanifold (N, (.,.)) is isomorphic
to the Lie group V.

We often use the following (see [5, Lemma 1]).

Lemma 2.3. Let (n,(.,.)) and (n*,{.,.)*) be isometrically isomorphic framed
metric Lie algebras of dimension n with framingsn =RG; & --- PRG,, and

= RG] & --- @ RG}, where (Gy,...,Gy), respectively (GF,...,G) are
orthonormal bases. If the commutators [.,.] of n and [.,.]* of n* are of the
form

Gy, G Za”Gk and G}, G] Za iGr hdk=1,...n

then afj = ia*i)j for alli,j, k =1,...,n. Particularly, if a¥ i *fj > 0 then
E _  xk
Qij = @i

We denote by ES a 6-dimensional Euclidean vector space with a distin-
guished orthonormal basis € = {E1, Fa, F3, Ey, E5, Eg}. The classification of
metric Lie algebras up to isometric isomorphisms proceeds in the following way
given by [5, pp. 371-372]: we apply the Gram-Schmidt process to the ordered
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basis {Gg, G5, G4, G3,G2,G1} in the metric Lie algebra ([, (.,.)) to get an or-
thonormal basis {F, F, F3, Fy, F5, Fg} expressed by F; = >} a;,Gr, air €
R, such that a;; > 0. After this, we define a Lie bracket on E® with the same
structure coefficients with respect to its distinguished basis £ as that of the
metric Lie algebra (I, (.,.)) with respect to its basis F. The obtained metric
Lie algebra (n, (.,.)) on ES is isometrically isomorphic to (I, (.,.)). Finally, we
examine under which conditions on the real parameters of metric Lie alge-
bras on E8 we receive a one-to-one correspondence between the equivalence
classes of isometrically isomorphic metric Lie algebras and a family of metric
Lie algebras on ES.

3. Framed metric Lie algebras of dimension 6

In this section we investigate nilpotent Lie algebras of dimension 6 and we wish
to determine which Lie algebras in this class have a framing determined by
ideals. We deal with Lie algebras which are not direct products of Lie algebras
of lower dimensions. According to [4, pp. 646-647], the non-isomorphic Lie
algebras in this class are the Lie algebras Lg;,¢ = 10,...,26, with respect
to a basis {x1,x2,...,26}. The 6-dimensional filiform nilpotent Lie algebras
L6 14, -+, Lg1s are treated in [6], hence we omit these Lie algebras in our
consideration. The 6-dimensional 2-step Lie algebras are the Lie algebras Lg 5,
and Lg 26. The corresponding Lie algebras do not have a framing determined
by ideals, because their characteristic ideal is only the centre. The set of their
isometric isomorphism classes are studied in [3]. Therefore our list (3.1) doesn’t
include these two Lie algebra classes.

For the remaining cases we use the following basis changes: for Le i1,
Lg12: 71 — Gr,29 — Go,x3 — Gyu,24 — Gs,25 — G3,26 — Gg, for
Le3: w1y — Gi,x2 — Gg,x3 — Gy,24 — Ga,x5 +— Gs,26 — Gg, for

%’19: T, +— GQ,S(}Q — Gl,l'g — G3,$(}4 — G4,LL'5 — G5,LL'6 = Gg, for
Lg,23, Leos: w1 +— Gi,m0 +— Go,w3 — Gy, 14 — G3,75 — Gg, 16 — G,
for all other Lie algebras: x; — G;,i = 1,...6, to obtain the ordered bases
(Gs, G5,G4,G3,G2,G1) as orthonormal basis adapted to the framing of the
corresponding metric Lie algebras. After applying the basis changes we obtain
Lie algebras [g;, ¢ = 10,...,13, 19,20,21, 23,24, 25, given by the following
non-vanishing commutators:

l6,10 : [G1,G2] = G3,[G1,G3] = G, [G4, Gs5] = Gg;
l6,11 : [G1,G2] = G4, [G1,Ga] = G5, [G1, Gs] = Gg, (G2, G4] = G,
G2, G3] = Gg;

(3.1)

= G4; [G17G4] - G5; [GlaG5] - GG? [G3aG2] = G5’

[ ]
[ ]
[ ]

l6,12 : [G1,G2] = G4, [G1,Ga] = G5, [G1,G5] = G, [G2, G3] = Gg;
lo13 | ]
[ ]
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.10 [Ga, G1] = G4, [G2, G3] = G5, [G1,G4] = G, [G3, G5] = eG;

l6,20 : [G1,G2] = G4, [G1,G3] = G5,[G1,G5] = Ge, [G2, G4] = Gb;

l6.21 : [G1,G2] = G3,[G1, Gs] = G4, [G1,G4] = Gg, [Ga, Gs] = G5,
(G2, Gs] = eGg;

lg,23 [G1, Ga] = G4, [G1,G3] = G5, [G1,G4] = Ge, [G2, G3] = G;

l6.24 : [G1,Gs] = G3,[G1, Gs] = G5, [G1,G4] = €Gg, [Ga, G3] = G,
(G2, G4] = G;

lo,25 : [G1,G2] = G4, [G1,Ga] = Ge, [G1,G3] = G5

such that ¢ € {-1,0,1}.

Proposition 3.1. Among the 6-dimensional indecomposable metric Lie alge-
bras the metric Lie algebras (g5, (.,.)), j = 11,...,18,20,23,25, (1§39, (.,.)),
(1520, (.,-)) have a framing determined by ideals.

Proof. According to Theorem 1 in [5, p. 5], the filiform metric Lie algebras
Le i, for k =14,...,18 have a framing determined by ideals.

In the Lie algebras lg 5, k = 11,12,13 the center is Z(lg 1) = span(Gg), the
commutator subalgebra is S'(lg ;) = span(Gy, G5, Gg), the second member of
the lower central series is S*(lg ) = span(Gs,Gg). In the Lie algebras lg,
I = 11,13 the centralizer C(S'(lg;)) is span(Gs, G4, G5, Gg), the centralizer
C(S8?(lg,;)) is span(Ga,Gs, Gy, G5, Gg). For the Lie algebra lg 1o the preim-
age 7 1(Z(Ig12/S%(Is.12))) of the center of the factor algebra Ig12/S%(lg 12)
in lg12 is span(Gs,G4,G5,Gg) and the centralizer C(S'(lg12)) is
span(Gg, Gg, G47 G5, Gs)

In the Lie algebra [§79 the center is Z(I§59) = span(Gs,Gg), the com-
mutator subalgebra is 81([6 59) = span(Gy, G5, Gg), the second member of
the lower central series is 82( §19) = span(Gg), the centralizer C(S'(I579))
is span(Gs, G3, Gy, G5, Gg). The preimage of the center of the factor algebra
(5, 19/Z([6 19) in (5, 19 is T H(Z(1 6, 19/Z (1§ 6, 79))) = span(G3, Gy, G5, Gg).

In the Lie algebra [g 20 the centre is Z(ls20) = span(Gg), the commuta-
tor subalgebra is S'(lg20) = span(Gy, G5, Gg), the centralizer C(Sl([G’QO)) is
span(Gs, G4, G5, Gg), the commutator [l 20,C(S*(Ig 20))] is span(Gs, Gg). W
denote by lg 20 the factor Lie algebra lg 20/Z(lg 20) = span(G1, Gz, G, Gy, CT)
with the Lie brackets [G1,Gs] = G4, [G1,G3] = Gs. The factor Lie algebra
C(Sl( 6,20)) = C(Sl( 6720))/Z(l6720) is the Lie algebra span(G73, G74, GT;) The
centralizer C(C(S*(Is20))) of C(S(Is.20)) in lg 20 is span(Ga, G, Gy, G5). The
preimage Wﬁl(é(C(sl( 6 20))) in 16 20 18 span(Gg, G3,Gy, Gs, GG)

In the Lie algebra [§3) the centre is Z(I§3]) = span(Gs, Gg), the commu-
tator subalgebra is Sl([g Z0) = span(Gs, G4, G5, Gg), the second member of
the lower central series is S*(I§3)) = span(G4, G5, Ge), the third member of
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the lower central series is S*(I§3]) = span(Gg), the centralizer C(S*(I537)) is
span(Gg, Gg, (;47 G5, GG)

In the Lie algebras (g i, & = 23,25 the center is Z (s ;) = span(Gs, Gg), the
commutator subalgebra is S'(lg ;) = span(Gy, G5, Gg), the second member of
the lower central series is S?(l ;) = span(Gg) and the centralizer C(S* (g x))
is span(Ga, G, G4, G5, Gg). The preimage 7 (Z(lg 1,/Z(ls 1)) of the center
of the factor algebra lg 1,/Z(ls 1) in ls 5 is span(Gs, G4, G5, Gg).

Hence the subspaces span(G;,---,Gg), ¢ = 1,...,6, of the Lie algebras
l6,115 6,125 6,13, [gj& l6,20, [EE?, l6,23, l6,25 form a descending series of charac-
teristic ideals. Therefore the metric Lie algebras listed in the proposition have
a framing determined by ideals (see Lemma 3 in [5]).

The metric Lie algebra belonging to [g19 does not have a framing deter-
mined by ideals, since the characteristic ideals of [g 109 are the centre Z(lg,10) =
span(Gg), the commutator subalgebra S'(lg10) = span(Gs,Gs), the
centralizer C(S'(lg10)) = span(Ga, Gs,G4,G5,G6) and the preimage
7Y Z(l6.10/Z(l6.10))) = span(Gs, G4, G5, Gg) of the centre of the factor Lie
algebra [6,10/Z([6,10) in [6,10-

A framing determined by ideals does not exist for the metric Lie alge-
bra belonging to 5,9, € € {—1,1}, because the characteristic ideals of [§ 19
are the centre Z(I§ 9) = span(Gs), the commutator subalgebra S'(I§ 19) =
span(Gy, Gs, Gg), the centralizer C(S'(I§ 19)) = span(G2, G4, G5, Ge).

The characteristic ideals of [§,;, ¢ € {—1,1} are the centre Z(I§4) =
span(Gg), the commutator subalgebra S'(I§ 5;) = span(G3, G4, Gs, Ge), the
second member of the lower central series S?(I§ 5,) = span(G4, G5, Gg). Hence
the metric Lie algebra corresponding to [§ 4, ¢ € {—1,1} does not allow a
framing determined by ideals.

The metric Lie algebra belonging to 5,4, € € {—1,0,1} does not have
a framing determined by ideals, because the characteristic ideals of [§ 5, are
the centre Z(I§,,) = span(Gs,Ge), the commutator subalgebra S'(1§,,) =
span(Gs, G5, Gg), the centralizer C(Sl([a%)) = span(Gs, G4, G5, Gg). O

4. Isometry classes of metric Lie algebras

Firstly, we consider the 6-dimensional Lie algebras [s 11 and lg 12.

Definition 4.1. Let {F1, Ey, E5, E4, E5, Eg} be an orthonormal basis in the
Euclidean vector space E®. We denote by ng 11(a;, 3;), aq, 85 € R,i = 1,..,4,
j =1,...,6 with o; # 0 the metric Lie algebra defined on E® given by the
non-vanishing commutators

[Er, Eo) = a1Es + f1Es + B2FEs, [Ev, Ey) = aoFEs + B5FEs, [E2, E3] = BsEs,
[E1, E3] = B3Es + BaFs, [E1, E5] = asEs, [E2, E4] = auFEs.
(4.1)
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Let ng12(v, 85), 04,05 € Ryi=1,...,4,57=1,...,5 with a; # 0 be the metric
Lie algebra defined on E® given by the non-vanishing commutators

[E1, Es] = an Ey + 1 Es + 2 Es, [E1, E4] = aoEs + f5Eg, [Ea2, B3] = oy Fg,
[E1, B3] = B3E5 + [B4Fs, [E1, Es] = asEg. (4.2)

The bracket operations (4.1) and (4.2) satisfy the Jacobi identity.

Theorem 4.2. Let (.,.) be an inner product on the 6-dimensional Lie algebra
l6,11, respectively lg 12.

1. There is a unique metric Lie algebra (ng11(cv,3;),(.,.)) which is iso-
metrically isomorphic to the metric Lie algebra (Ig 11, (.,.)) with a; > 0,
i=1,...,4, and such that one of the following cases is satisfied

1. at least two of the elements of the set {B1, B3, B4, O5, Be} are positive

with the exception of the pairs {f1, s} and {fBs, Bs},

2. 1 >00rfPs>0, 83 =0s=0=0,

3. B3>0 0rfs>0, 01 =0s=05=0,

4. B4>0, p1 =05 =05 =06 =0,

5 bi=0s=p1=0=0=0.
There is a unique metric Lie algebra (ng12(as, 55),(.,.)) which is iso-
metrically isomorphic to the metric Lie algebra (Ig 12, (.,.)) with a; > 0,
i=1,...,4 and such that one of the above cases 1.—5. holds with B¢ = 0.

2. The group OA(ng11(, 8;)) of orthogonal automorphisms of the metric

Lie algebra (ng 11(cv, B;), (.,.)) is the following group:

(a) in case 1. the group OA(ng11(ay,B;)) is trivial,

(b) in case 2. one has OA(ng11(as,5;)) = {TE; = E;,i = 1,2,4,5,6,
TE3 =cE5, e = £1} ~ Zo,

(c) in case 3. one has OA(ng11(a, B;)) = {TEy = Ey, TE; = Es,
TEZ = EEl',i = 1,3,4,6, g = :tl} ~ ZQ,

(d) in case 4. one has OA(ng11(;,5;)) = {TEy = E, TE3 = Es,
TE5 = E57TEZ‘ = €Ei,i = 1,4:,67 g = :|:1} ~ ZQ,

(e) in case 5. one has OA(ng11(a,3;)) = {TEy = E2,TE; = Es,
TE; = ElEi,i = 1,4,6,TE3 = €3E3, €1,€3 = :|:1} ~ Zo X L.

3. The group OA(ng12(a;, 55)) of orthogonal automorphisms of the metric

Lie algebra (ng12(cv, B;), (.,.)) is the following group:

(a) in case 1. the group OA(ng12(0y, B;)) is trivial,

(b) in case 2. one has OA(ng 12(a;, 3;))={TE1=FE,TE3=F3,TE; =
eF;i=2,4,5,6, ¢ = £1} ~ Zo,

(c) in case 3. one has OA(ng 12(c, B;)) ={TE;=FE,, TE;=FE5,TE; =
{:‘Ei,i = 1,3,4,6, g = :l:].} ~ ZQ,

(d) in case 4. one has OA(ng 12(a;, 3;)) = {TEs=E4, TEs=FEs, TE; =
eF;i=1,2,3,5, ¢ = %1} ~ Zs,

(e) in case 5. one has OA(ng12(, 8;)) ={TE; =e1E;,i=1,3,TE; =
e9E;,j=2,5,TE, = e162Ey, k =4,6, €1,60 = £1} >~ Zy X Zs.
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Proof. According to Proposition 3.1 we apply the Gram—Schmidt process to
the ordered basis {Gg, G5, G4, G3, G2, G1} and we obtain an orthonormal basis
{F\,Fs, F3, Fy, F5, Fs} of 511 and lg 12 such that the vector F; is a positive
multiple of G; modulo the subspace span (G;;j > i) and orthogonal to span
(Gj;j > i). Hence the orthogonal direct sum RF; & --- @ RFg is a framing
of (lg11,(.,.)) and (I 12, (.,.)). Expressing the vectors of the new basis in the
form F; = Zi:z a1 Gy with a;; > 0 we receive for ([6,117 <.7 >) and ([6,127 <.7 >)

[F1, Fy] = a1 Fy + 31 F5 + (2 Fs, [F1, Fy] = aaF5 + (5 Fs,
[F1, B3] = B3F5 + (4T, [F1, F5] = a3Fs, (4.3)
and for (Ig 11, (., .))
[Fo, F3) = BsFs,  [Fa, Fa] = auFe, (4.4)

for (Ig,12, (., -))

[Fy, F3] = auFg, (4.5)
with o > 0,i= 11. .4, ar~1d B; € R, J =1,... ,Q. Changin the orthonormal
basis: F1 = —I, Fy = Iy, F3 = —F3, Fy = —F4, 5 = F5, Fy = —Fg we obtain
for (Ig,11, (,.)) and (ls 12, (., -))

[F1, B3] = a1 Fy — B F5 + B2 F, [F1, Fy] = asF5 — B Fg,
[Fy, F3] = B3F5 — BaF, [Fy, F5] = asFs,
and for (Ig 11, (., .))
[Fy, 3] = BsF, [Fy, Fy] = ayFg,
for (Ig,12, (., -))
[y, Fs] = ayFy.
Simi}arly7 for ([~6711, <,>)~ the change of the basis: F| = —F|,F, = F»,F3 =
Fy By = —F, Fy — Fy, Fy — —F yields
[Py, Fs] = a1 Fy — 1 F5 + BoFs,  [Fi, Fia] = aoFs — BsFs, [Fy, F5] = asF,
[Py, F3) = —B3F5 + BaF, [Fy, 3] = —B6 %, [Fy, Fy] = ayFg,
and foi" (lg.12, (-, Z) the change of the basis: Fy = Fy, Fo = —Fy, Fy = F3, Fy =
—Fy, F5 = —F5, Fg = —F§ gives
[F\, B3] = a1 By + 1 Fs + BoFg, [y, Fy] = aoFs + BsFs,  [F1, F5] = a3,
[Fy, Fs] = —B3F5 — BaFe, [Fy, F5] = auF.

Hence there is an orthonormal basis such that in commutators (4.3) and (4.4)
as well as (4.3) and (4.5) we have o; > 0,4 = 1,...,4 and one of the cases
1. — 5. in assertion 1. is satisfied. This proves the existence of the metric Lie
algebras (Ig,11, (.,.)) and (Is12, (.,.)) having properties as in assertion 1.
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Let the linear map 7" : ng 1. (a;, B;) — ne k(a, 5;), k = 11,12, be an isomet-
ric isomorphism. The decomposition R By @R E; R E3s PR E; PR Es B R Fg
is a framing of both Lie algebras, where a;,a; > 0, ¢ = 1,...,4. Hence by
Lemma 2.3 we have a; = o}, i = 1,...,4 and |B}| = B; for j = 1,...,6. Let
T(E;) = ¢;E;, e, = 1,4 = 1,...,6. Using the commutation relations (4.3),
(4.4) and (4.5) we obtain from [T'E;,TE;] = T[E;,E;], i,j = 1,...,6, for
([6,117 <., >) and ([6712, <., >) the equations

189 (1 By + B1Es + 03E6) = area By + Pres Es + Pace B,

163 (03E5 + B Es) = BsesEs + face Eg, €165 (sFg) = azegEg,  (4.6)

164 (2 E5 4 B5Eg) = aaes Es + fse6 e,

and for (I 11, (.,.)) the equations

983 (B5FEs) = BoceFo, e2e4 (asEg) = aueqEs, (4.7)

and for (Ig 12, (., .)) the equation
eses (auFg) = auegEg. (4.8)
From (4.6) and (4.7) it follows 169 = &4, €164 = €5, €165 = €264 = Eg.
Then one has e5 = e5 = 1, 61 = €4 = €g. Using these relations we have

€169 = g¢. Therefore one has 85 = (5.

If 81 = B > 0or 85 = B > 0, then we get additionally e1e2 = €5 or 164 = &g,
which yields that ¢; = 1,7 =1,2,4,5,6.

If B3 = B4 > 0 or B = B > 0, then we have additionally 135 = €5 or
€93 = €g. Hence one has e9 = e5 =1 and €1 = €3 = €4 = €.

If By = B} > 0, then we get £163 = £¢, which gives that eo = &3 = e5 =1 and
€1 = &4 = €p-

Using these relations in assertion 1. of the Theorem

in case 1. we obtaine; =1,i=1,...,6,

in case 2. we have ¢, = 1,1 =1,2,4,5,6,

in case 3. we get e5 =e5 =1 and €7 = €3 = g4 = &g,

in case 4. we have eg = e3 =¢c5 =1 and 1 = g4 = g,

in case 5. we obtain eo = e¢5 =1 and €1 = g4 = &¢.

From (4.6) and (4.8) it follows 169 = &4, €164 = €5, €165 = €283 = &g.
Then one has 1 = €3, €2 = €5, €162 = €4 = €. Using this we have €165 = ¢4
and hence one has 85 = (5.

If By = B) > 0 or 85 = B > 0, then we get additionally 165 = €5 or
€164 = €g, hence in both cases we obtain e = e3 = 1 and g3 = g4 = 5 = &g.

If 83 = B4 > 0, then we have in addition e1e5 = 5, which gives 9 = €5 = 1,

€1 = €3 = &4 = €g-

If 84 = ) > 0, then we get additionally €165 = €4, which yields ey, = g = 1,
1 = E&9 = E&3 = &5.

Applying these relations in assertion 1. of the Theorem
in case 1. we obtain ¢, = 1,71 =1,...,6,
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in case 2. we get e1 = €3 =1 and €5 = g4 = €5 = &g,

in case 3. we obtain e =e5 = 1 and 1 = g3 = g4 = &g,
in case 4. we have ¢4 = eg =1 and ¢1 = g5 = €3 = €5,
in case 5. we get €1 = €3, €2 = €5 and €169 = €4 = €g.

Hence the system of Eqs. (4.6) and (4.7) as well as (4.6) and (4.8) are
satisfied with ﬁ;- =p;,7=1,...,6,in cases 1. —5. of the Theorem. This proves
the uniqueness of the Lie algebras ng 11(a, §;) and ng 12(a;, §;) in cases 1. — 5.
This yields assertion 1.

If the map T'(FE;) = €;F;, ¢; = £1, ¢ = 1,...,6, is an orthogonal auto-
morphism of ng 11(cv, 8;), respectively ng 12(c, 5;) then the system of equa-
tions given by (4.6) and (4.7), respectively (4.6) and (4.8) is satisfied with
a; > 0, = 1,... ,4,6;- = B5,7 = 1,...,6. Therefore the conditions for
€i,t = 1,...,6, are the same as above. Taking this into account the group
of orthogonal automorphisms of ng11(ay,5;) and ng12(a;, B;) in case 1. is
trivial, in cases 2. — 5. is isomorphic to the group given by 2b—2e and 3b—3e.
This proves assertions 2 and 3. O

Corollary 4.3. Let (Ng x(v;, 55),(.,.)), k = 11,12, be the connected and sim-
ply connected Riemannian nilmanifold corresponding to the metric Lie algebra
(n.k(cvi, B), (-,.)), k = 11,12, The isometry group of (Ng,11(a, 5;),(.,.)) is
Z(Ng,11 (i, B5))
Zo X Ly % Ng 11(0i, B5) if B;=0,7=1,3,4,5,6,
Zy % Vg 11(cv, B5) if Br>0o0r B5>0,03 =04=06=0,

or B3>0 or s> 0,01 =B1=05 =0,

or 84>0,8;=0,j=1,3,5,6,
Ng.11 (v, ;) if f1>0,83>0, or B >0,84 >0,

or ﬁl > O,ﬁﬁ >0, or ﬂ3 > O,ﬁ4 > 0,

or 63 > O,ﬂ5 >0, or 64 > 0,ﬂ5 > 0,

or B4 >0,0s >0, or 85 > 0,08z > 0.

The isometry group of (Ng 12(cv, 55), (.,.)) is

Z(Ne12(0vi, B5))

Lo X Lo X N6,12(Oéi,ﬁj) if B1 =03 =04 =p05=0,

Zo X N6,12(ai,ﬁj) Zf 51 >0 or 65 > O,ﬁ:j = ﬁ4 =0,
or B3>0,01 =pa=05=0,

= or B4 >0,01 =pP3=05=0,

N6,12(Ozi,,3j) Zf ﬂl > O,ﬁg > 07 or ﬁl > 0,,34 > 0,
or B3 >0,8, >0, or 3> 0,35 >0,
or B4 > 0,05 > 0.

Secondly, we consider the 6-dimensional Lie algebra [ 13.
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Definition 4.4. Let {E1, Es, E5, E4, E5, Es} be an orthonormal basis in the
Euclidean vector space ES. Denote by ng13(cv, 3;), i, 3; € Ryi = 1,...,4,
j =1,...,7 with a; # 0 the metric Lie algebra defined on E° given by the
non-vanishing commutators

[E1, Es] = B1Es + BoEs + f3Es,  [Er, E3] = 04233 Ey + BaEs + B5 K,
[E1, B4 = on E5 + (s Eg, [E1, E5] = oo Eg, (4.9)
[E3, E»] = asE5 + (7 Es, [E4, Es] = au Eg.

The bracket operation (4.9) satisfies the Jacobi identity.

Theorem 4.5. Let (.,.) be an inner product on the 6-dimensional Lie algebra
l6,13-

1. There is a unique metric Lie algebra (ng13(cv,B;),(.,.)) which is iso-
metrically isomorphic to the metric Lie algebra (I 13, (.,.)) with a; > 0,
1=1,...,4 and such that one of the following cases is satisfied

1. at least two of the elements of {1, 52,03, B4, Ps, Br} are positive
with the exception of the pairs {51, B3}, {84, Bs}, {Ba, B}, {86, 07},

2. f1>00rfP3>0, 02 =ps=0s=Pr=0,

3. B2 >0, p1 =03 =P0s=ps=0r=0,

4. ﬂ4>0 01”ﬁ6>0 or 37 >0, ﬂlzﬁzzﬂgzo,

5. 1 =p2=p3=0s=P06=pPr=0.

2. The group OA(ng13(, B;)) of orthogonal automorphisms of the metric

Lie algebra (ng 13(cv, 85), (.,.)) is the following group:

(a) in case 1. the group OA(ng13(cy, B;)) is trivial,

(b) in case 2. one has OA(ng 13(cv, B5)) = {TEy=FEs, TE3=E5,TE;=
Es,TE;=¢cFE;,i=1,4,6, e = +1} ~ 7o,

(c) in case 3. one has OA(ng13(, 3;)) ={TEs=FEs, TE,=E4,TEs=
E&TEI‘:EEi,i = 1,3,5, g = :|:1} ~ ZQ,

(d) in case 4. one has OA(ng,13(v;, 5;)) ={TE1 = E1,TE;=FE3, TE; =
EEi,i = 3,4,5,6, €::|:].} ~ ZQ,

(e) in case 5. one has OA(ng13(a;, 5;)) = {TEy = Eo, TE, = e1Ey,
TE; = e3F;,i = 3,5,TE; = e1e3E;,j = 4,6, 1,63 = £1} ~ Zy X
Zo.

Proof. According to Proposition 3.1 we utilize the Gram—Schmidt process to
the ordered basis {Gg, G5, G4, G3, G2, G1} which yields an orthonormal basis
{Fy, Fy, F3, Fy, F5, Fs} of lg13 such that the vector F; is a positive multiple
of G; modulo the subspace span (G,;j > ¢) and orthogonal to span (G,;j >
). The orthogonal direct sum RF; @ --- @ RFp is a framing of (lg 13, (.,.)).
Expressing the vectors of the new basis in the form F; = Zzzi a;, G, with
ai; > 0 we get

o
[F1, Fy) = B1Fy + BoF5 + B3Fs,  [F1, F3] = ; > Fy + BuFs + BsFs,
4
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[F1, Fy) = o Fs + (6 Fg, [F1, F5] = oo Fg, (4.10)
[F3, F] = agFs + (7 Fs, [Fy, Fo] = auFs

with a; > 0,7i=1,...,4and 3; € R, j =1,...,7. Changing the orthonormal
basis: F1 = —Fl,FQ = F27F3 = —F3,F4 = F4,F5 = —F5,F6 = FG we obtain

-~ ~ ~ ~ -~ oy ~ ~ ~
[F1, Fy]l = =1 Fy + BoFs — B3 Fg,  [Fi, F3) = 2143F4 — BaF5 + B F,
[ﬁ1,ﬁ4] = OZ1F5 - ﬂﬁﬁ%a [Flaﬁf)] = 042}’:167
[F37F2]:a3ﬁ5_ﬁ7ﬁ67 [F47F2]:a4ﬁ6'

Similarly, the change of the basis: Fi=F.,Fy=Fy, Fy=—Fy,F, = —Fy, F5 =
—F5,F6 = —F6 giVES

-~ ~ ~ ~ -~ oy ~ ~ ~
[F1, Fy| = =1 Fy — poFs — B3 Fs,  [Fi, F3) = 25 By + BuFs + Bs Fs,

o
[F1, Fy] = a1 F5 + BsFs, [Fy, F5) = asFg,
[F3, Fy) = azF5 + B Fs, [Fy, B5] = ayFg.

Hence there is an orthonormal basis such that in commutators (4.10) we have
a; > 0,7=1,...,4 and one of the cases in assertion 1. is satisfied. This proves
the existence of ng 13(cy, 8;) with the properties in assertion 1.

Let the linear map 7" : ng 13(v;, ;) — ne,13(a;, #;) be an isometric isomor-
phism. The decomposition R F1 &R E; SR E3BR E4ER E5®&R Ejg is a framing
of both Lie algebras, where a;,af > 0, i = 1,...,4. According to Lemma 2.3
we have a; = af, i = 1,...,4 and |B}| = B;, j = 1,...,7. Let T(E;) = &, F;,
g; =+1,4=1,...,6. Using the commutation relations (4.10) we obtain from
[TE;,TE,|' =T[E;,Ej], i,j =1,...,6, the equations

162 (81 Es + B5Es + B5Es) = PreaEy + PoesEs + Bae6Es,

Aoy
€1€3 < 2[43E4 + B1Es +5§E6> =

Q03
Qg

e4Ey + PaesEs + BsegEs,  (4.11)

e1e4 (a1 E5 + B5Es) = anes Es + BeecEs, c165 (a2 Es) = azeeEg,
e3e2 (a3E5 + 0L Eg) = ases Es + BregEg, €482 (aaEs) = auceEs.

From (4.11) it follows €165 = €4, €164 = €362 = €5, €165 = €469 = €. Hence
one has e = 1, 63 = €5, €163 = €4 = &g. Using these relations we have
g1€3 = 6. Therefore one has 8} = fs.

If B = B > 0 or B3 = g5 > 0, then we have additionally 160 = &4 or
€169 = €g. Hence one has e9 = e3 = e5 =1 and €1 = €4 = €.

If By = B} > 0, then we get in addition e162 = €5, which gives ey = g4 = €6 = 1,
€1 = €3 = ¢€s5.

If By = By > 0or B = B > 0 or By = 85 > 0, then we get additionally
€163 = €5 OT €164 = €¢ OF €369 = £¢. Hence in these cases we obtaine; =9 =1
and E3 = &4 = €5 = Eg-
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Using these relations in assertion 1. of the Theorem

in case 1. we get ¢, = 1,9 =1,...,6,

in case 2. we obtain e5 =e3 =¢5 =1 and g1 = g4 = &g,

in case 3. we have e5 = ¢4 = ¢ =1 and €1 = €3 = €5,

in case 4. we obtain €1 =9 =1 and €3 = ¢4 = 5 = &g,

in case 5. we get 65 = 1, €3 = €5 and €163 = 4 = €.

Hence the system of Eq. (4.11) is satisfied with 3} = §;,j = 1,...,7 in cases
1.—5. of the Theorem. Therefore the uniqueness of the Lie algebra ng 13(c, 5;)
in cases 1. — 5. is proved. This yields assertion 1.

If the map T(E;) = ¢;E;, e; = 1, i = 1,...,6, is an orthogonal automor-
phism of ng 13(c;, 5;), then the system of equations given by (4.11) is satisfied
with o; > 0,7 =1,...,4, ﬂ; = B, =1,...,7. Therefore in cases 1. — 5. the
conditions for €;,7 = 1,...,6, are given above. Taking this into consideration
the group of orthogonal automorphisms of ng 13(c;, ;) in case 1. is trivial, in
cases 2. — 5. is isomorphic to the group given by 2b—2e. This proves assertion
2. O

Corollary 4.6. Let (Ng13(ay,05;),(.,.)) be the connected and simply connected
Riemannian nilmanifold belonging to (ne 13(cvi, 3;), (-, .)). The group of isome-
tries of (Ng 13(cvi, B;), (-, .)) is
Z(Ng3(as, 85))
Zo X T % Rg13(0, B;) if B3 =0,5 =1,2,3,4,6,7,
Za % Ng 13(vi, 55) if B >00r f35>0,3;=0,j =2,4,6,7,
or B2 > 0,0, =0,j=1,3,4,6,7,
or B4 >0 or Bg >0 or B7; >0 and
p1=p2=p5=0,
= ¢ N 13(, 35) if 51 >0,02>0, or 1 >0,84 >0,
or #1>0,08s >0, or f1 > 0,87 >0,
or o >0,03 >0, or B2 >0,84 >0,
or B2 > 0,86 >0, or 2 > 0,87 >0,
or B3> 0,04 >0, or B3 >0,8s >0,
or B3 > 0,067 > 0.
We treat the 6-dimensional Lie algebra [§79.
Definition 4.7. Let {F1, Es, E5, E4, E5, Eg} be an orthonormal basis in the
Euclidean vector space E°. Denote by ngjg(ai,ﬁj), a, B € Rii=1,23,j =

1,...,5 with o; # 0 the metric Lie algebra defined on E® given by the non-
vanishing commutators

[E2, E1] = an By + 1 E5 + 32 Eg, [E1, B3] = B3Es5 + B4Fs, (4.12)
[E1, E4] = ao B, [Es, B3] = agEs + (5 E.
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The bracket operation (4.12) satisfies the Jacobi identity.

Theorem 4.8. Let (.,.) be an inner product on the 6-dimensional Lie algebra
(G35-
1. There is a unique metric Lie algebra (nﬁzlg(oz“ﬁ]) (.,.)) which is iso-
metrically isomorphic to the metric Lie algebra (1539, (.,.)) with a; > 0,
1 =1,2,3, and such that one of the following cases is satisfied
1. at least three of the elements of the set {01, B2, Ps, B4, Bs} are posi-
tive with the exception of the triples {B1, B2, B35} and {Bs, By, B5},
2. at least two of the elements of the set {B1, B2, 05} are positive and

B3 = P1 =0,
3. at least two of the elements of the set {Ps, B4, B5} are positive and
p1=p2=0,

p1>0, B3>0, B2=p0s=05=0,
B1>0,84>0, B=03=0=0,
B2 >0, 03>0, 8 =0,=05=0,
B2 >0, 4>0, 51 =03=05=0,
b1 >0, ﬂj =0,7=2,3,4,5,
9. B >0,8,=0,5=1,34,5,
10. B3 > 0, ﬁj:O,j:LQ 4,5,
11. B4 >0, 3, =0, j =1,2,3,5,
12. B5 >0, 3; =0, j =1,2,3.4,
13. B; =0, j=1,2,3,4,5.
2. The group OA(ngjg(ai,ﬁj)) of orthogonal automorphisms of the metric
Lie algebra (ng79(as, 35), (., .)) is the following group:
(a) in case 1. the group OA(nGTY (v, B;)) is trivial,
(b) in case 2. one has OAnGT9 (v, B;)) = {TEy = E1,TE3 = E3,TE; =
eF;,i=2,4,5,6, ¢ = :I:l} Zo,
(c) in case 3. one has OAnGT9 (v, B;)) = {TEs = E3,TEy = E4,TE; =
€E;i=1,2,5,6,c= %1} = Z,
(d) in case 4. one has OAnGT9 (v, B;)) = {TEs = By, TEs = E5,TE; =
€E;i=1,2,3,6,c= %1} ~ Z,
(e) in case 5. one has OAnGTY (v, B;)) = {TEs = Ey, TEs = Eg, TE; =
eB;,i=1,3,4,5, e = £1} ~ Zo,
(f) in case 6. one has OAMGTY(as, 35)) = {TE1 = By, TEy = E, TE, =
By, TEs = Eg,TE; = ¢E;,i = 3,5, ¢ = +1} ~ Zy,
(g) in case 7. one has (’)A(ngjg(ai,ﬂj)) ={TE, = E1,TE; = E5,TE; =
By i =2,3,4,6,c = +1} ~ Zy,
(h) in case 8. one has OAMGT4(as, 3;)) = {TE; = e1E;,i = 1,3, TE; =
EQEJ,] = 2 6 TEk = €1€2Ek,k’ = 4,57 £1,€2 = :|:1} ~ ZQ X ZQ,
(i) in case 9. one has OA(nGT(ay, B;)) = {TE1 = E1, TE; = e3E;,i =
2,4,6,TE3 = €3E3,TE5 = 5253E5, £9,E3 = :tl} ~ Zg X ZQ,

XN O
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(j) in case 10. one has OAMETY (v, B;)) = {TEy = E4, TE; = 1 E;,i =
1 2 6 TE3 = 83E3,TE5 = 5153E5, £1,E3 = :tl} Zg X Zg,
(k) in case 11. one has OAn§TY (v, 8;)) = {TE; = e1E;,i = 1,5, TE; =
EQEJ,j—2 6 TEk—Elé'QEk,k—?) 4 €1, = :|:1} ZQXZQ,
(1) in case 12. one has OA(n§39 (i, 8 )) = {TEs = E3,TE, = &1 F1,
TE = EQE“Z = 2 5 6 TE4 = 8182E47 €1,E2 = :tl} ~ Z2 X Zg,
(m) in case 13. one has (’).A(nﬁ (i, 8;)) = {TEy = e1E1,TE; = e3F;,
1 = 2,6,TE3 = €3E3,TE4 = 5152E4,TE5 = €2€3E5, £1,€2,
63::|:1}ZZQ XZQ XZQ.

Proof. According to Proposition 3.1 the application of the Gram—Schmidt pro-
cess to the ordered basis {Gg, G5, G4, G3, G2, G1} yields an orthonormal basis
{F\, Fs, F3, Fy, F5, Fs} of [gjg such that the vector F; is a positive multiple of
G; modulo the subspace span (Gj,j > 1) and orthogonal to span (Gj;5 >1).
The orthogonal direct sum RFy @ -- @ RFp is a framing of (57 19, (.,.)) and the

vectors of the new basis can be written into the form F; = Zk:i a;1 G with
aq; > 0. Hence we receive
[Fo, F1] = a1 Fy + 1 F5 + (2 F, [F'1, 3] = B3F5 + B4, (4.13)
[F1, F4] = o Fg, [Fy, F3] = asFs + (51
with ; > 0, ¢ = 1,2,3 and ﬂj € R, ]—1 ,5. The changes of the or-
thonormal basis: F1 = ~F‘1,F2 FQ,Fg = Fg,F4 = F4,F5 F5,E6 = F@,
respectively Fy = —Fy,Fy = Fy,F3 = —F3,Fy = —Fy, F5 = —F5,Fg = Fg,
respectively F1 = —Fl,FQ —FQ,F:_), = Fg,F4 = F4,F5 —F57F6 = —F6 give

[Fy, Fi] = a1 Fy — B1Fs — o I, [Fy, F5] = —BsF5 — B4 F,

[F1, Fy] = aa B, [Fy, F5] = asFs + 35 Fs,
respectively

[Fy, Fi] = a1 Fy + B F5 — B2 F, [Fy, F5] = —BsF5 + BaF,

[Fhﬁzﬂ = a2156, [ﬁz,ﬁs} = a3F5 — 55F67
respectively

[y, Fi] = a1 Fy — 31 F5 — o I, [Fy, Fs] = B3F5 + BuF,

[Fy, Fi] = axFs, [Fy, Fs] = asFs + s Fg.

Hence there is an orthonormal basis such that in commutators (4.13) one has
a; > 0,17 =1,2,3, and one of the cases in assertion 1. holds. This proves the
existence of ngjg(ai, B;) having properties as in assertion 1.

Let the linear map T : n§79(ay, 3;) — n§79(aj, 3)) be an isometric iso-
morphism. The decomposition R F; & R Fy @ REg PREL;PRE; BR Eg is a
framing of both Lie algebras, where «;, o > 0, i = 1,2,3. Hence by Lemma
2.3 we have a; = o, i = 1,2,3 and 3| = B;, j = 1,...,5. Let T'(E;) = &, E;,
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g; =+1,4=1,...,6. Using the commutation relations (4.13) we obtain from
[TE;,TE,|' =T[E;,Ej], i,j =1,...,6, the equations

e9¢1 (a1 By + B1E5 + 8y FEs) = cnes By + fre5Es + BaesE,
e1e3 (B5E5 + B1Eg) = BsesEs + BaceEs, €164 (a2Eg) = anecEg,  (4.14)
e9e3 (asEs + B5Eg) = ases Es + B5e6 Fe.

It follows ege1 = €4, €164 = €g, €263 = €5. Hence one has g5 = &¢.

If 81 = B > 0, then we get additionally ese; = &5, which yields e = 3,
c9 = e¢ and g4 = €5.

If By = B4 > 0, then we have additionally eye1 = €6, which gives ¢ = 1 and
E9g = &4 = E4.

If B3 = B > 0, then one has in addition €163 = &5, which yields ¢4 = 1 and
€1 = €E2 = €p.

If By = B} > 0, then we get additionally 165 = €5. Hence one has ¢; = ¢35,
€9 = €, €3 = &4.

If 85 = G5 > 0, then we have additionally eae5 = €6, which gives e3 = 1 and
E9 — &5 — €p-

Applying these relations in assertion 1. of the Theorem

in case 1. we obtain¢; =1,i =1,...,6,

in case 2. we get €1 =e3 =1 and €3 = ¢4 = €5 = &g,

in case 3. we have e3 = ¢4 =1 and g1 = 9 = &5 = &g,

in case 4. we get ¢4 = e5 =1 and €7 = g9 = €3 = &g,

in case 5. we obtain eo =g =1 and €1 = €3 = g4 = €5,

in case 6. we have 61 = g9 = ¢4 = ¢4 = 1 and €3 = €5,

in case 7. we receive €1 = €5 = 1 and €9 = €3 = g4 = &g,

in case 8. we get €1 = €3, €9 = g6 and €169 = £4 = €5,

in case 9. we have €1 = 1 and €9 = g4 = ¢¢, €263 = €5,

in case 10. we obtain ¢4 = 1 and €1 = €9 = €g, €263 = €163 = €5,

in case 11. we have €1 = e5, €0 = gg and €169 = €3 = &4,

in case 12. we get €3 = 1 and €5 = €5 = ¢, €162 = €4,

in case 13. we obtain 5 = g¢, €169 = &4, €283 = €5.

Hence the system of Eq. (4.14) is satisfied with 8} = f;,7 = 1,...,5 in
cases 1. — 13. of the Theorem, which proves the uniqueness of the Lie algebra
n579(ay, 3;) in assertion 1.

If the map T(E;) = ¢;E;, ¢, = £1, i =1,...,6, is an orthogonal automor-
phism of ngjg(ai, B;), then the system of equations given by (4.14) is satisfied
with o; > 0,7 = 1,2,3, 3; = 3;,j = 1,...,5. Therefore in cases 1. — 13. we
obtain the above conditions for ¢;,7 = 1,...,6. Hence the group of orthog-
onal automorphisms of ng’:lg(ai,ﬂj) in case 1. is trivial, in cases 2. — 13. is
isomorphic to the group given by 2b—2m, which proves assertion 2. O
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Corollary 4.9. Let (Ngﬁg(ai,ﬁj), (.,.)) be the connected and simply connected
Riemannian nilmanifold corresponding to (n§39(i, 85), (.,.)). The isometry
group of (N§18(vi, B;), (-+-)) is
Z(NG19(ai, )
Ly x Ly X Ly x R§T0(as, B5) if B; =0,5=1,2,3,4,5,
Zy % Ty % N30, B;) if By >0,8;=0,5=234,5,
or B2 >0,8; =0,7=1,3,4,5,
or 33>0,8; =0,7=1,2,4,5,
or B4>0,8;=0,7=1,2,3,5,
or 35 >0,8;=0,j =1,2,3,4,
Zy x N§79 (i, B5) if B1>0,062>0,03=084=0,
or 1 >0,05 > 0,05 = 4 =0,
or e > 0,05 > 0,05 = B4 =0,
or B3> 0,08, > 0,01 = B2 =0,
or B3>0,05 > 0,01 = B2 =0,
or 4> 0,05 > 0,01 = 2 =0,
or 1 >0,03>0,02 =4 =35 =0,
or $1>0,04> 0,02 =3 =05 =0,
or B2 > 0,03 > 0,01 = s =05 =0,
or B2 > 0,084 >0,01 =3 =05 =0,
NETO (v, B;) if B1>0,082>0,03>0,
or 1 >0,82> 0,84 >0,
or /1 >0,083 > 0,84 >0,
or 1 >0,03>0,85 >0,
or 1 >0,0,>0,85 >0,
or Bs>0,03 > 0,84 >0,
or e > 0,03 >0,85 >0,
or o> 0,84 > 0,085 > 0.

We consider the 6-dimensional Lie algebra [g 2.

Definition 4.10. Let {E4, Es, E3, E4, E5, Eg} be an orthonormal basis in the
Euclidean vector space ES. Denote by nga0(cvi, 8;), i, 3; € Ryi = 1,...,4,
j =1,...,5 with a; # 0 the metric Lie algebra defined on E° given by the
non-vanishing commutators

[E1, Bs] = an By + p1Es + B2 Eg,  [E1, Es) = Bals, [E2, E3] = (5L,

[Er, B3] = aoEs + B3 Eg, [E1, Bs) = asEg, [Ea, Ey) = oy Fg.
(4.15)
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The bracket operation (4.15) satisfies the Jacobi identity.

Theorem 4.11. Let (.,.) be an inner product on the 6-dimensional Lie algebra
l6,20-

1. There is a unique metric Lie algebra (ng 20(cv,B;),(.,.)) which is iso-
metrically isomorphic to the metric Lie algebra (Is,20, (., .)) with a; > 0,
1=1,...,4 and such that one of the following cases is satisfied

1. at least two of the elements of the set {01, B2, B3, Ba, B5} are positive
with the exception of the pairs {01, s} and {Ba, G5},

B1>0o0rBs>0, B2 =p3=05=0,

P2 >0 o0r P35 >0, 01 =p03=0=0,

B3>0, 01 =02=01=0=0,

5. b1 =02=pP3=014=05=0.
2. The group OA(ng20(cvi,B;)) of orthogonal automorphisms of the metric
Lie algebra (ng 20(cvi, B;), (.,.)) is the following group:

(a) in case 1. the group OA(ng 20(cy, B;)) is trivial,

(b) in case 2. one has OA(ng20(a;, 5;)) = {TEs = E4,TE; = Es,
TE =cE;i=123,6c=+1}~7Zs,

(c) in case 3. one has OA(ng20(a;,B3;)) = {TEy = Ey,TEs = Es,
TEi:eEEi,?; = 1,3,4,6, g = :|:1} ~ Zg,

(d) in case 4. one has OA(ng 20(cv, B5)) = {TE1=FE1, TE3=FE5,TE;=
E5,TE6 = Eﬁ,TEZ' = €E1',i = 2,4, g = :tl} ~ ZQ,

(e) in case 5. one has OA(ng 20(vi, 5;)) ={TEs = E5,TE; = 1E;,i =
1, 3,6,TE2 = EQEQ,TE4 = 8182E4, €1,E2 = il} =~ ZQ X ZQ.

- LN

Proof. According to Proposition 3.1 we apply the Gram—Schmidt process to
the ordered basis {Gg, G5, G4, G3,G2,G1} and obtain an orthonormal basis
{Fy, Fy, F3, Fy, F5, Fs} of [ 90 such that the vector F; is a positive multiple
of G; modulo the subspace span (G,;j > ¢) and orthogonal to span (G,;j >
). The orthogonal direct sum RF} @ --- @ RFp is a framing of (lg 20, (.,.))-

Expressing the vectors of the new basis in the form F; = Zzzi a;, G, with
aq; > 0 we get
[F1, Fo] = oy Fy + 01 F5 + BoFs,  [Fh, Fu) = BuFs, [Fa, F3) = BsFg, (4.16)
[F1, F3] = aaF5 + (B3 F%, [F1, F5] = asFs, [Fy, Fy] = auF
with a; > 0,7 = 1,...,4and 3; € R, j = 1,...,5. The change of the or-
thonormal basis: F; = Fy,Fy = —Fy, F3 = F5,Fy = —Fy,F5 = F5,Fg = Fg
gives
[F1, o) = a1 Fy — B Fs — BoFs, [Fi, Fia] = —BuFs, [Fa, F3] = —BsFe,
[Fy, Fs] = asFs + 35 Fg, [Py, Fs) = asFg, [Fy, Fy] = auFg.
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Similarly, changing the orthonormal basis: F\ = —F\,F, = F»,F3 = —F3,
F4 = —F4,F5 = F5,F6 = _FG we obtain

[F‘l,FQ}:Q1F4—ﬂ1F5+BQF67 [F17F4]:_64F‘6a [ﬁ‘QaF‘3]:ﬂ5Fﬁ,
[Flaﬁ’:ﬂ = 042F5 - ﬁSF& [FDFS] = CVSFGa [F2»F4] = 01415&

Hence there exists an orthonormal basis such that in commutators (4.16) we
have o; > 0,7 = 1,...,4 and one of the cases in assertion 1. is satisfied. This
proves the existence of ng 20(cv;, 3;) with the properties in assertion 1.

Let the linear map T : ng 20(, B) — ng,20(a), ﬁ;) be an isometric isomor-
phism. The decomposition R £1 &R E;BR E3BR EyER E5 BR Eg is a framing
of both Lie algebras, where a;,a > 0,7 = 1,...,4. Hence by Lemma 2.3 we
have a; = aj, i =1,...,4 and |3}| = B;, j = 1,...,5. Let T(E;) = &, E;, e; =
+1,4=1,...,6, then we obtain from [TE;, TE;|' = T[E;, Ej], i,j = 1,...,6,
using the commutation relations (4.16) the equations

e162 (a1 Ey + B1E5 + $yFg) = anesBy + P15 E5 + PaegFe,
e1e3 (o Bs + B5Es) = caaes Es + PaceEs, e164 (B4F6) = BaceFs,  (4.17)

e1e5 (a3Eg) = aseeEs, €263 (B5Eg) = PBse6Es, €264 (aEg) = aueeEs.

From (4.17) it follows e1e69 = €4, €163 = €5, €165 = €264 = &g, which yields
es =1,61 = €3 = ¢€¢.

It By = B4 > 0or By = By > 0, then we have additionally e1e5 = g5 or
€164 = €g, which gives that ¢4 =5 =1 and €1 = €9 = €3 = €¢.

If By = B4 > 0 or B5 = B > 0, then we get additionally 169 = g4 or e9e3 = &¢.
Hence one has eg =e5 =1 and e = €3 = ¢4 = €4.

If B3 = % > 0, then we have £163 = €6, which yields that ey = e3 = €5 = ¢ =
1 and g5 = 4.

Using these relations in assertion 1. of the Theorem

in case 1. we obtaine; = 1,i=1,...,6,

in case 2. we have ¢4 = e5 = 1 and €] = g9 = €3 = ¢,

in case 3. we get €5 = €5 = 1 and €1 = g3 = €4 = &g,

in case 4. we obtain 61 = e3 = e5 =g = 1 and &5 = &4,

in case 5. we get €5 =1, €1 = €3 = g and €162 = 4.

Hence the system of Eq. (4.17) is satisfied with 8} = 3;,7 = 1,...,5 in
cases 1. — 5. of the Theorem, which proves the uniqueness of the Lie alge-
bra ng 20(a;, B;). This shows assertion 1.

If the map T(E;) = ¢;E;, ¢, = £1, i =1,...,6, is an orthogonal automor-
phism of ng 20(av;, 55), then the system of equations given by (4.17) is satisfied
with o; > 0,7 =1,...,4, ﬁ; = fj,7 = 1,...,5. Therefore in cases 1. — 5. the
conditions for €;,7 = 1,...,6, are given above. Hence the group of orthogo-
nal automorphisms of ng 20(cv;, 3;) in case 1. is trivial, in cases 2. — 5. it is
isomorphic to the group given by 2b—2e and assertion 2 is proved. O
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Corollary 4.12. Let (g 20(cvi, 3;), (., .)) be the connected and simply connected
Riemannian nilmanifold corresponding to (ng20(cu,B;),(.,.)). The isometry
group of (Ne 20(avi, B85), (-, -)) is

Z(Ne,20(cis 55))

Zio X Ly X NG’QO(ai,ﬁj) if B; =0,7=1,2,3,4,5,

Ziy % N 20 (i, B) if 1 >00r B4>0,8=03=0;=0,
or B2 >0o0r f5>0,01=03=01=0,
or B3> 0,01 =02=0s=03=0,

Ng.20(0s, B5) if f1>0,82>0, or 51 >0,63 >0,
or 51 > 07ﬁ5 >0, or 52 > 07ﬁ3 > 0,
or 62 > 0,ﬁ4 > 0, or 63 > 0,ﬁ4 > 0,
or ﬂg>0,ﬁ5 >0, or ﬂ4>0,ﬁ5 > 0.

We consider the 6-dimensional Lie algebra [6 21

Definition 4.13. Let {E1, Es, B3, Ey, E5, Eg} be an orthonormal basis in the
Euclidean vector space ES. Denote by ngzg(ai,b’j),ai,ﬁj e Rii=1,...,4,
j =1,...,6 with a; # 0 the metric Lie algebra defined on E° given by the
non-vanishing commutators

[E1, Bo) = oy Es + 1By + B2 Es + B3 s, [E1, Ey] = azEg, (4.18)
[E1, B3] = aoEy + 4E5 + (5 Es, [Es, B3] = auE5 + (s Eg.

The bracket operation (4.18) satisfies the Jacobi identity.

Theorem 4.14. Let {.,.) be an inner product on the 6-dimensional Lie algebra
(G21-

L. There is a unique metric Lie algebra (n§3) (v, B;),(.,.)) which is iso-
metrically isomorphic to the metric Lie algebra (1533, (.,.)) with o; > 0,
1=1,...,4 and such that one of the following cases is satisfied

1. at least two of the elements of the set {01, B2, Ba, Bs, Be} are positive
with the exception of the pairs {f1, 05} and {B2, Bs},

2. f1>00rPs>0, B2 =p01= 06 =0,
3. f2>00rfPs>0, 1 =p0s=05=0,
4. 84> 0, By =pPo=p5=06=0,

5. 81 =0=04=05=0=0.

2. The group OAnG3] (v, Bj)) of orthogonal automorphisms of the metric
Lie algebra (ng,:ﬁ(ai,ﬁj), (.,.)) is the following group:
(a) in case 1. the group OAMEF) (v, B;)) is trivial,
(b) in case 2. one has OAnGS) (v, B;)) = {TE1 = Ey,TE5s = Es,
TE; = eEi,i = 2,3,4,6, ¢ = +1} ~ Zy,
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(c) in case 3. one has OAnGZ] (v, B;)) = {TEy = Ey, TE, = Ey,
TE; =¢F;,i=1,3,5,6 5—:|:1} Zo,

(d) in case 4. one has (’).A(nﬁ (i, 3j)) = {TE3 = E3,TEs = Fg,
TE; =¢E;,i=1,2,4,5, E—:tl} Zo,

(e) in case 5. one has (’)A(nﬁ (i, Bi) = {TE; = e1E;,i = 1,5,
TEj = €2Ej,j = 2,4 TEk = ElﬁgEk,k = 3,6751762 = :|:1} ~
ZQ X ZQ.

Proof. Invoking Proposition 3.1, we apply the Gram—Schmidt process to the
ordered basis {Gg, G5, G4, G3, G2, G1} and we receive an orthonormal basis
{F\, F5, F3,Fy, F5, Fg} of [gz? such that the vector Fj is a positive multiple of
G; modulo the subspace span (G;;j > i) and orthogonal to span (G,;j > 7).
The orthogonal direct sum RF} @ - - - ®RFy is a framing of (31, (.,.)) and the
vectors of the new basis has the form F; = Zgzi a;x G with a;; > 0. Using
this we have

[Fh, Fo] = o Fs + 1 Fy + BoF5 + (3 F, [F1, Fy] = a3Fs, (4.19)
[F1, F3] = apFy + B4F5 + B5 Fs, [Fa, F3] = auF5 + BsFs

with o; > 0,7 =1,...,4and 3; € R, j =1,...,6. Changing the orthonormal
basis: F1 = _Fl,FQ = F27F3 = —F3,F4 = F4,F5 = —F5,F6 = _FG we obtain

[Fy, F5] = a1 F5 — 31 Fy + BoFs + B5F, [Fy, Fy] = asFg,

[y, F5] = axFy — B4F5 — B5Fg, [Fy, 5] = ayFs + Bs Fs.
Similarly, the change of the basis: Fy = —F\,F, = —Fy,,Fy = F3,F, =
—Fy, F5 = —F5, Fg = Fg gives

[Fy, F5] = a1 F5 — 31 Fy — BoFs + B F, [Fy, Fy] = asFg,

[y, F5] = o Fy + B4F5 — B Fg, [Fy, 5] = auFs5 — Ps Fg.

Hence there is an orthonormal basis such that in commutators (4.19) we have
a; > 0,7 =1,...,4 and one of the cases in assertion 1. holds. Therefore the
existence of n§3] (v, B;) with properties given by assertion 1. follows.

Let the linear map T : n§3(as, 3;) — n§5 (al, f3;) be an isometric isomor-
phism. The decomposition R £1 GR E3®R E3s®R E4 SR EsPR Eg is a framing
of both Lie algebras, where o, > 0,4 = 1,...,4. Hence by Lemma 2.3 we
have a; = af, i =1,...,4 and |B}| = B;, j = 1,...,6. Let T(E;) = &;E;, &; =
+1,¢=1,...,6, then we obtain from [TE;,TE;]' =T[E;,E;], i,7=1,...,6,
using the commutation relations (4.19) the equations

e162 (1 B3 + B1 By + B5E5 + B5Es) = cnesEs + freaEy + o5 Es + (B3e6Fe,
163 (a2 Fy + B)Es + 5 Ee) = coea By + Pacs Es + Bse6Fs, (4.20)
e1e4 (a3Eg) = azeeEs, €263 (uEs + B5Es) = aues Es + o6 Eg.
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Hence we obtain €169 = €3, €163 = €4, €164 = €g,E263 = €5, which yields

€1 = €5, €9 = €4, €162 = €3 = £g. Using these relations we have €165 = .

Therefore one has 85 = 3.

If 5y = 05 > 0 or B5 = B > 0, then we have additionally €169 = g4 or

€163 = €g, which yields that ¢y = e5 =1 and €5 = €3 = ¢4 = €¢.

If B2 = B4 > 0 or B = B > 0, then we get additionally e1e9 = 5 or eq9e3 = €.

Hence one has eo = ¢4 =1 and 1 = 3 = g5 = &¢.

If B4 = 3} > 0, then one has in addition e1e3 = &5, which gives e5 = g6 = 1,

E1 = €9 = &4 = &5.

Applying these relations in assertion 1. of the Theorem

in case 1. we obtain¢; =1, =1,...,6,

in case 2. we have e; =e5 =1 and e3 = £3 = g4 = &g,

in case 3. we receive 9 = ¢4 = 1 and €1 = €3 = €5 = &g,

in case 4. we obtain e3 = eg =1 and 1 = g3 = 4 = €5,

in case 5. we get that €1 = €5, €0 = €4, €169 = €3 = €.

Therefore the system of Eq. (4.20) is satisfied with 8} = 3;,j = 1,...,6 in cases

1.—5. of the Theorem and the uniqueness of the metric Lie algebra n‘é?{ (a4, B5)

with properties given by assertion 1. follows. The proof of assertion 1. is done.
If the map T(E;) = ;E;, e; = 1, i = 1,...,6, is an orthogonal automor-

phism of n§3) (@i, 4;), then the system of equations given by (4.20) is satisfied

with a; > 0,4 = 1,...,4, 8} = B;,j = 1,...,6. Hence for ¢;,i = 1,...,6,

we have the same conditions as above. Taking this into account the group of

orthogonal automorphisms of ngj‘}(ai, B3;) in case 1. is trivial, in cases 2. — 5.

it is isomorphic to the group given by 2b-2e. This proves assertion 2. O

Corollary 4.15. Let (X530 (as, 35), (., .)) be the connected and simply connected
Riemannian nilmanifold corresponding to (n§39 (ci, 85), (-.)). The isometry

group of (N33 (0, 3)). (. is

(N 621(0417@))

Zo % T x NE (0, ;) if Bj =0, =1,2,4,5,6,

Zy x N5 (i, B5) if B1>0o0r B35 > 0,02 = PB4 = Ps =0,
or o> 0o0r s> 0,81 =4 =05=0,
or 34>0,01 =32 =05 =03 =0,

621 (i, ) if f1>0,82>0, or 1 >0,084 >0,
or 1 >0,86 >0, or B2 > 0,84 >0,
or 52>07ﬁ5>0, or ﬁ4>07ﬁ5>0,
or 64>0,ﬁ6>0, 0T65>0,ﬁ6>0.

Finally we deal with the 6-dimensional Lie algebras [g 23 and g 25.
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Definition 4.16. Let {E1, Es, E3, E4, E5, Eg} be an orthonormal basis in the
Euclidean vector space E®. We denote by ng o5(cv;, 85), i, B; € Ryi = 1,2,3,
j = 1,2,3 with o; # 0 the metric Lie algebra defined on ES given by the
non-vanishing commutators

[Ev, E) = o Ey + 1 Es + B2 Es, [Ei1, B3] = aoEs + (f3Fg, [E1, Es] = asFg.
(4.21)

Denote by ﬂG,gg(Oéi,ﬂj),Ozi,ﬂj eRi=1,...,4,5 = 1,2,3 with «; # 0 the
metric Lie algebra defined on E°® given by (4.21) and by the additional com-
mutator

[EQ, Eg] = 044Eﬁ. (422)

The bracket operations (4.21) as well as (4.21) and (4.22) satisfy the Jacobi
identity.

Theorem 4.17. Let {.,.) be an inner product on the 6-dimensional Lie algebra
l6,23, respectively lg 25.
1. There is a unique metric Lie algebra (nga5(cv,3;),(.,.)) which is iso-
metrically isomorphic to the metric Lie algebra (Ig 25, (.,.)) with a; > 0,
1 =1,2,3, such that one of the following cases is satisfied
1. at least two of the elements of the set {1, 2,03} are positive,
2. f1>0,02=pP5=0,
3. P2> 0,01 =pP5 =0,
4. B3> 0,01 =p2 =0,
5. 1= P2 =p3=0.

There is a unique metric Lie algebra (ng 23(cv, 55), (.,.)) which is isometri-
cally isomorphic to the metric Lie algebra (s 23, (., .)) with a; > 0,1 =1,2,3,4,
and such that one of the above cases 1. —5. is satisfied.

2. The group OA (ng23(ay,85)) of orthogonal automorphisms of the metric
Lie algebra (ng 23(cv, B5), (., .)) is the following group:
(a) in case 1. the group OA(ng 23(cv, B;)) is trivial,
(b) in case 2. one has OA(ng23(ay,B)) = {TE2 = E;,TE; = Ejs,
TE(; = E6,TE1' = EEi,i = 1,4,5,6 = :l:l} ~ ZQ,
(¢) in case 3. one has OA(ng23(;,5;)) = {TE1 = E\,TE3 = Es,
TE5 = E5,TEZ‘ = EEi,i = 2,4,676 = :|:1} >~ ZQ,
(d) in case 4. one has OA(nga3(cv,3;)) = {TEs = E3,TE, = Ej,
TE; =eE;,i=1,2,56c=+1} ~ Zy,
(6) i case 5. one has 0./4(116723(0[1'75]‘)) = {TEg = Eg,TEi = €1Ei,
1= 1,5,TEj = EQEj,j = 2,6,TE4 = €1€2E47€1,€2 = :l:].}ZZQXZQ.
3. The group OA(ng 25(cv, ;) of orthogonal automorphisms of the metric
Lie algebra (ng 25(v, 35), (., .)) is the following group:
(a) in case 1. one has OA(nga5(, 5;)) = {TEy = E1,TE; = ¢E;,
i=2,3,4,5,6,c = £1} ~ Zs.
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(b) in case 2. one has OA(ng 25(cy, B)) = {TE1 = e1E1,TE; = e2E;,
i= 2,3,6,TEj = €1€2Ej,j = 4,5,61,82 = :|:1} ~ o X L.

(c) in case 3. one has OA(ng25(;, 5;)) = {TEWw = E1,TE; = e2E;,
i= 2,4,6,TEj = €3Ej,j = 3,5,62,63 = :|:].} ~ Loy X L.

(d) in case 4. one has OA(ng 25(;, B;)) = {TE1 = e1E1,TE; = e3F;,
i= 2,5,6,TE]' = €1€2Ej,j = 3,4,51,62 = il} ~ Ty X L.

(e) in case 5. one has OA(ng 25(ay, ) = {TE1 = e1E1,TE; = e2E;,
i = 2,6,TE3 = e3b3,TEy = €162y, TE; = e1e3F5,¢€1,¢9,
53::|:1}EZQXZQXZQ.

Proof. According to Proposition 3.1 the application of the Gram—Schmidt pro-
cess to the ordered basis {Gg, G5, G4, G3, G2, G1 } yields an orthonormal basis
{F1, Fy, F3, Fy, F5, Fs} of 103, respectively [g o5 such that the vector F; is a
positive multiple of G; modulo the subspace span (G;;j > i) and orthogonal
to span (Gj;j > ). The orthogonal direct sum RF; & --- & RFy is a fram-
ing of (Ig 23, (.,.)), respectively ([ 25, (.,.)). The vectors of the new basis have
the form F; = Zi:i a;x Gy with a;; > 0. We get for the metric Lie algebras

([6)23, <., >) and ([6,257 <., >)
[F1, Fo] = an Fy + B1Fs 4 B2 Fe, [Fi, F3] = aaFs + B3Fs, [F1, Fu] = ag(FG, )
4.23

and for (Ig 23, (.,.)) in addition
[F2, F3] = auFs, (4.24)
where a; > 0,¢=1,2,3,4 and 8; € R, j = 1,2,3. Changing the orthonormal
basis: F1 = —Fl,FQ = —FQ,F3 = F3,F4 = F4,F5 = —F5,F6 = —F6 we obtain
[F1, F5] = a1 Fy — 1 F5 — B2 F, [F, F3] = asFs + B3 Fg,
[F17F4]:a3ﬁ67 [F27F3]:a4ﬁ‘6‘
Similarly, the change of the basis: F = —F17F2 = Fy, Fs = F3,F4 = —Fy, Fy =
—F5, F6 = F6 yields
[F1, B3] = a1 Fy + 1 F5 — B2 F, [F, F3] = asF5 — B5Fg,
[F17F4]ZQ3F6, [F27ﬁ3]:a4ﬁ6'
Hence there is an orthonormal basis such that in commutators (4.23) and
(4.24) we have o; > 0, 7 = 1,...,4 and one of the cases in assertion 1. is
satisfied. Consequently the existence of ng 23(c;, 5;), respectively ng 25(cv, 3;)
with the properties in assertion 1. is proved.

Let the linear map 7" : ng . (ai, 35) — ne (v, 35), k = 23,25, be an isomet-
ric isomorphism. The decomposition R F1 @R E; R EsPRE; PR Es B R Eg
is a framing of both Lie algebras, where a;,a; > 0, ¢ = 1,...,4. Hence by
Lemma 2.3 we have a; = af, i = 1,...,4 and |3}| = g, for all j = 1,2,3.
Let T(E;) = ¢;E;, ¢; = 1, 9 = 1,...,6. Using the commutation relations
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(4.23) and (

ng 25 (i, 35)
e162 (1 By + B1Es + B5Es) = c1e4 By + B1e5E5 + Pag6 Fe, (4.25)
163 (o Es + (3F¢) = aaes s + P36 Fg, €164 (3Eg) = azee Eg,

4.24) we obtain from [TE;,TE,|' = T[E;,E,], i,j = 1,...,6, for
and ng 23(cv;, B;) the equations

and in addition for ng 23(ay, 8;) the equation
E92E€3 (044E(3) = 0[4€6E6. (426)

From (4.25) and (4.26) for the metric Lie algebra ng 23(ay, §;) we get €162
€4, €163 = €5, €164 = €263 = €g. Then one has €3 = 1, ¢ = &5, €5 = &g.
If py = B} > 0, then we get additionally e1e2 = &5, which gives 9 = €3 = g6 =
1, €1 = &4 = €5.
If B3 = 5 > 0, then we obtain £162 = £¢. Hence one has ey = g5 = &5 = 1,

€9 = &4 = €p.
If B3 = B4 > 0, then we get additionally €163 = €6, which yields e5 = g4 = 1,
€1 = €9 = €5 = €g-
Using the conditions for 8;,j = 1,2,3 given in assertion 1. of the Theorem
incase 1. wegete; =1,i=1,...,6,
in case 2. we obtain e =63 =cg =1 and g1 = g4 = €5,
in case 3. we have €1 = e3 =e5 = 1 and €5 = g4 = ¢,
in case 4. we obtain e3 = ¢4 =1 and 1 = g9 = g5 = &g,
in case 5. we get e3 =1, 61 = €5, €2 = € and €165 = 4.
For the metric Lie algebra ng o5(cv, 3;) from (4.25) it follows e1e9 = €4,
€163 = €5, €164 = €. Then one has g5 = 4.
If 1 = ] > 0, then we get additionally 169 = 5. Hence one has €5 = €3 = ¢4
and €4 = €5.
If B = B4 > 0, then we get additionally 160 = €4, which gives ¢; = 1,
Eg = &4 = Ep, €3 = E5.
If B3 = B4 > 0, then we get additionally e1e3 = €6, which yields that e =
es = ¢ and €3 = 4.
Applying these relations in assertion 1. of the Theorem
in case 1. we obtain 61 = 1,69 = €3 = g4 = €5 = &g,
in case 2. we get €5 = €3 = €4, €4 = €5 and €165 = &y,
in case 3. we have €1 = 1, e5 = ¢4 = €6 and €3 = ¢35,
in case 4. we get 9 = €5 = €¢, €3 = €4 and €169 = &y,
in case 5. we obtain €5 = £¢, €169 = €4 and €163 = €5.
Hence in both metric Lie algebras the system of Eq. (4.25) is satisfied with
ﬂ;- = B;,i=1,2,3, in cases 1. —5. This proves the uniqueness of the Lie algebra
ng 23(, 0;), respectively ng 25(cv;, 8;) in cases 1. — 5., which gives assertion 1.
If the map T(FE;) = ¢;E;, e; = +1, i = 1,...,6, is an orthogonal automor-
phism of ng 25(cvi, 8;), respectively ng 23(cv;, 8;), then the system of equations
given by (4.25), respectively (4.25) and (4.26) is satisfied with 3} = 3;,j =
1,2, 3. Therefore in cases 1. — 5. for ¢;,¢ = 1,...,6 we have the conditions as
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above. Hence the group of orthogonal automorphisms of ng 23(c;, 3;), respec-
tively ng 25(cv, 0;) in cases 1. — 5. is isomorphic to the group given by 2a-2e,
respectively 3a—3e. This proves assertions 2 and 3. 0

Corollary 4.18. Let (Ng x(cv,3j),(.,.)), k = 23,25, be the connected and sim-
ply connected Riemannian nilmanifold corresponding to the metric Lie algebra
(ng,k(i, B5), (-, .)), k= 23,25. The isometry group of (N¢ 23(, 55),(.,.)) is

Z(Ng 23(cxs, B5))

Loy X Ly X Vg a3(, B5) if f1=P02=03=0,

Za % Ng 23(0vi, () if B1>0,062 =33 =0,
or 32> 0,01 =33 =0,
or 33> 0,01 =32 =0,

Ne,23 (i, B) if f1>0,082>0,0r 31 > 0,8 >0,
or 3 > 0,063 > 0.

The isometry group of (Ng 25(cv, 585), (.,.)) is

Z(Ng,25(vi, 35))

Ly X Ly X Ly % N 25(cvi, Bj) if b1 = Pa=p3=0,

Ty x Ty % Vg 25(vi, B5) if f1>0,062=p5=0,
or B2 > 0,81 = B3 =0,
or B3> 0,01 = B2 =0,

Zg % Rg 95(ay, B5) if 1 >0,082 > 0,0r 1 > 0,03 >0,
or B3 > 0,063 > 0.
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