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Finite dimensional varieties over the Heisenberg group

LASzZLO SZEKELYHIDI

Abstract. Spectral analysis and synthesis studies translation invariant function spaces, so-
called varieties over topological groups. The basic building blocks are the finite dimensional
varieties. In the commutative case finite dimensional varieties are spanned by exponential
polynomials. In non-commutative situations no relevant results exist. In this paper we con-
sider finite dimensional left translation invariant linear spaces of continuous complex valued
functions over the Heisenberg group. Using basic knowledge about Lie algebra we describe
all left varieties of this type. In particular, it turns out that those function spaces are spanned
by exponential polynomials as well.
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1. Introduction

Given a commutative topological group G a linear space of continuous complex
valued functions on G is called a variety if it is closed with respect to uniform
convergence on compact sets and with respect to translation. Varieties are
the basic building blocks of spectral analysis and spectral synthesis. Spectral
analysis for a variety means that each nonzero subvariety contains a finite
dimensional nonzero subvariety, and spectral synthesis means that all finite
dimensional subvarieties span a dense subspace in each subvariety. The basics
of the theory can be found in [3]. In the non-commutative case, however,
no general results are available. In this paper we consider a delicate non-
commutative group: the Heisenberg group. We give a complete description of
all finite dimensional left invariant closed linear spaces of continuous complex
valued functions on this group in Theorem 6. In particular, in Theorem 8 we
show that these function spaces are spanned by exponential polynomials. In

Research supported by OTKA Grant K-134191.

® Birkhduser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00010-022-00911-4&domain=pdf
http://orcid.org/0000-0001-8078-6426

378 L. SZEKELYHIDI AEM

Sects. 6 and 7 we describe the particular form of the generating functions of
two and three dimensional varieties. It turns out that nontrivial varieties exist
only if the dimension is at least three.

2. The Heisenberg group

The three dimensional Heisenberg group structure is defined on the set H =
R x R x R by the following operation: for (x,y,t) and (u,v,s) in H we let
(x,y,t) - (u,v,8) = (x +u,y +v,t+ s+ zv).

Then H is a group with identity (0,0,0) and the inverse of (z,y,t) is (—z, —y,
—t+zy). This group is obviously noncommutative, the commutator of (z,y,t)
and (u,v,s) is

(x7y>t) ’ (’U,,U,S) ’ (—.’IJ, -y, —t+ xy) : (_ua —V, =5+ uv) = (0,07{E7) - Uy)

Using the Euclidean topology on R x R x R the Heisenberg group H is a locally
compact topological group—in fact, it is a Lie group.
If we identify (z,y,t) with the matrix

1 x t
0 1 yf, (1)
0 0 1

then we set up an isomorphism between H and the subgroup of GL(R,3)
consisting of all matrices of the given type. Indeed,

1 x t lus le4+yt+av
0 1 yl-({01v]=10 1 y+s
0 0 1 001 0 0 1

We shall denote the Lie group of these matrices with H as well. The Lie algebra
of H can be identified with the algebra of matrices of the form

0 « t
0 0 y|. (2)
0 0 O

This Lie algebra will be denoted by b. It is well-known, that the exponential
map from h onto H is bijective.
The Lie algebra h of H has the basis

0 1 0 0 0 0 0 0 1
A=10 0 O, B={|0 0 1], C=10 0 0 (3)
0 0 O 0 0 0 0 0 0

with the commutation relations

[A,B]=C, [A,C]=B,C]=0.
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It follows that [[X, Y],Z] = 0 for any three matrices X,Y,Z in h. By the
Campbell-Baker-Hausdorfl formula (see e.g. [2, Proposition 1.3.2], p.25), it
follows that for any matrices X,Y in h we have

eXe¥e Xe ™V = XV, (4)

and

eXeY — XHY+3[XY] (5)

3. Varieties

The space of all continuous complex valued functions on H will be denoted by
C(H), and will be equipped with the topology of compact convergence. Its dual
can be identified with the space M.(H) of all compactly supported complex
Borel measures on H. The space M (H) is equipped with the convolution:

/Hfd(/pkl/):/R/R/Rf(x—|—u,y+v,t—|—s+mv)du(w,y,t)du(u,v,s)

whenever fisin C(H) and p, v are in M (H). With this convolution—together
with the linear operations—M(H) is an algebra. The space C(H) turns into
a left module over M (H) under the action

u*f(x,y,w:/ a4y +o,t+ s+ uy) du(u, v, )
H

corresponding to left translation on H. Closed submodules of this module will
be called varieties.

Proposition 1. The closed subspace of C(H) is a variety if and only if it is
closed under left translation.

Proof. Suppose that V is a variety in C(H), and f is in V, (u,v,s) is in H.
If 64,5, denotes the point mass supported at the singleton (u,v,s), then we
have

Ouw,s * f(2,9,1) =/ fle+py+qt+r+py) diu.sp, qr)
H
:f(x+u,y+v,t+s+uy) :f((U,U,S) : (Ivyat))a

which is the left translate of f by (u, v, s). As V is a variety, the function ¢, , s*
fisin V' hence V is left translation invariant. The converse statement follows
from the fact, that point masses span a weak*-dense subspace in M.(H),
hence if convolutions with point masses from the left leave V invariant, then
the same holds for their finite linear combinations and their weak*-limits as
well, which implies that V is a variety. 0
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As an illustration we describe all one dimensional varieties in C(H). If V' is
one dimensional, then let f be a nonzero function in V. Then for each (u, v, s)
in H there exists a complex number A(u,v, s) such that

flet+u,y+v,t+s+uy) = MNu,v,s)f(x,y,t) (6)

holds for each (z,y,t). Clearly, f(0,0,0) # 0, hence we have that ¢\ = f for
some nonzero complex number c. In particular, A is continuous. It follows that

Mz +u,y+v,t+ s+ uy) = Mu, v, s)\(x,y,t) (7)
holds for each (x,y,t) and (u,v,s). Putting u = s =y = 0 we get
Az, v,t) = A(0,v,0)\(x,0,1).
On the other hand, from (7) we infer with y = v = 0 that
Az,0,8)A(u,0,s) = Mz 4+ u,0,t+ s),
which implies that
Mz, 0,t) = erotet

holds with some complex numbers p,&. Similarly, we obtain from (7) with
r=u=1t=s=0 that

A0,y 4+ v,0) = A(0,v,0)A(0,y,0),
which implies that
A(0,y,0) = e
holds with some complex number v. Finally, we have
Mz, y,t) = M0,,0)\(x,0,t) = et=HyTst,
On the other hand, substitution into (7) yields

@+ u)Fr(y+o)+E(tstuy) _ puutvotes | ppotvy+Et
)

which implies e¢*¥ = 1 for each u,y in R, that is &€ = 0. Finally, we arrive at
Az, y,t) = el Tt is easy to check that indeed, such functions span one
dimensional varieties in C(H) for any choice of complex numbers u, v, hence
we have proved the following result:

Proposition 2. A variety in C(H) is one dimensional if and only if it is spanned
by a function of the form (x,y,t) — e!* 7Y with some complex numbers y, v.
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4. Matrix functional equations

In this section we go on to the describe finite dimensional varieties with di-
mension greater than one. Clearly, finite sums of one dimensional varieties of
the above type may result in higher dimensional varieties — we shall call them
trivial. In other words, a variety is called trivial, if it consists of functions inde-
pendent of the variable ¢. Trivial finite dimensional varieties can be described
easily: they are spanned by finitely many functions of the form

(x7 y7 t) = eua:JrVy?

where u, v are arbitrary complex numbers. Our main goal will be to describe
all nontrivial finite dimensional varieties over the Heisenberg group H.

The problem of describing finite dimensional varieties over H is closely
related to the study of finite dimensional representations of the Heisenberg
group, that is, to the study of the matrix functional equation

where F': H — M(C™) is a function, and M (C™) denotes the algebra of n x n
matrices with complex entries. We note that the functional Eq. (8) provides a
method for creating finite dimensional varieties in C(H). Indeed, if F' : H —
M (C, n) is a continuous solution of (8), and F(z,y,t) = (F;;(z,v, t))Z im12
then

n
Fij(x +u,y+v,t+s+uy) = Z Fir(u,v, s)Fyj(z,y,t)
k=1
holds for each 7,5 = 1,2,...n and for every x,y,t,u,v, s in R, hence every left
translate of the functions in the linear space V' generated by the functions Fj; is
in V, hence the functions Fj; for i,j = 1,2,...,n generate a finite dimensional
variety. Later, in Theorem 6 we shall see that every finite dimensional variety
arises in this way.

Proposition 3. If F': H — M(C"™) is a continuous solution of the functional
Eq. (8) such that F(0,0,0) is invertible, then F(x,y,t) is invertible for each
x,y,t in R, F(0,0,0) = I, the identity matriz, and F is analytic.

Proof. We have, by (8)

F(0,0,0)F(0,0,0) = F(0,0,0), (9)
and multiplying by the inverse of F(0,0,0) we have that F(0,0,0) = I. Now
(8) implies

F(x7 y7 t)F(_:L.7 _y7 _t + :L.y) = F(07 07 0) = ‘[7
hence each F(z,y,t) is invertible. Then the analiticity of F' follows from the

fact that F is a continuous Lie group homomorphism of H into the Lie group
GL(C,n) (see e.g. [1], p. 50). O
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Given F with the above properties G = F(H) is a (linear) Lie group as
well: we shall denote its Lie algebra by g. The following theorem is well-known
(see e.g. [2, Theorem 2.6.1], p.78.)

Theorem 4. The continuous homomorphism F : H — G of the Lie group H
onto the Lie group G induces a Lie algebra homomorphism ¢ : h — g onto g,
which is given by the differential of F' at the identity (0,0,0) of H, denoted by
dF. Further we have

F(exp X) = expdF(X) (10)
for each X in b.

The following theorem describes all continuous solutions F' of the functional
Eq. (8) from H to M(C™) satisfying F'(0,0,0) = I.

Theorem 5. The continuous function F : H — GL(C™) with invertible F (0,0,
0) is a solution of the functional Eq. (8) if and only if there exist matrices
X,Y in M(C"™) such that in the Lie algebra generated by X,Y and [X,Y] the
commutator [X,Y] is central, and for each x,y,t in R

Fz,y,t) = eXoHYyHXYI0-% "

holds.

Proof. First we prove the necessity. Equation (8), together with the continuity
of F' and F(0,0,0) = I (see Proposition 3) implies that F' : H — G is a Lie
group homomorphism. Via simple substitutions in (8) we have

for each x,y,t in R.

Now substituting y = v =t = s = 0 in (8) we get that z — F(z,0,0)
is a one-parameter subgroup in the Lie group G = F(H). Similarly, by the
substitutions x = u =t = s, resp. x = y = u = v we obtain that y — F(0,y,0),
resp. t — F(0,0,t) are one-parameter subgroups in G, as well. On the other
hand, we have

120
(2,0,0)=1010]| =expAux,
001
hence F(z,0,0) = F(exp Az) = exp(dF(A)x), by Theorem 4. Similarly, we
have
F(0,y,0) = exp(dF(B)y), F(0,0,t) = exp(dF(C)t)
for each x,y,t, where C' = [A, B]. Now if we take X = dF(A),Y = dF(B) we

infer

dF(C) =dF([A,B]) = [dF(A),dF(B)],
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as dF' : h — g is a Lie algebra homomorphism. In particular, X, Y satisfy the
conditions of the theorem.
Now we have, by (5),

F(I, v, t) — YU X JX Y]t eXerny%zy[X,Y]e[X,Y]t' (13)

Using the fact that [X,Y] is central, we can write (13) in the desired form

(11).
For the sufficiency we remark, that the assumption on X and Y implies
eX:L’eerszefYy _ B[XJ(:,Yy]7

exactly as in (4). Then we can compute as follows, using repeatedly the pre-
vious identity:
F(.Z‘, n t)F(U, v, S) _ 6erX:er[X,Y]t . eYveXu+[X,Y]s
_ 6erX:1: . 6Y116Xue[X,Y](t+s) _ eer[X:E,Yv] eYveXzeXue[X,Y](tjts)
= Y W) X (atu) LYo bav) — Py oy y 4 0.t + 5+ 20),

and the proof is complete. O

5. Finite dimensional varieties

Now we are in the position to describe all finite dimensional varieties over the
Heisenberg group.

Theorem 6. Let n be a positive integer, and V be an n dimensional variety
in C(H). Then there exist matrices X,Y in M(C™) satisfying the conditions
of Theorem & such that the elements of the matriz function F given by (11)
span V.

Proof. Let f1, fa,..., fn be abasis of V — then there exist continuous functions
a;j: H—C (i,j=1,2,...,n) such that

file +u,y+v,t+s+uy) = Zaij(u,v,s)fj(x,y,t) 1=1,2...,n (14)
j=1
holds for each (z,y,t) and (u, v, s) in H. Indeed, the left side is the left translate

of f; by (u,v,s), which belongs to V', by left invariance. Now we apply the
associativity of the group operation in H to get

fl([(p7Q7r) : (’U,,U,S)} : ($7y7t)) = fl(<p7qar) : [(U,U, S) : (xay7t)]>7
where the left hand side is
filz+u+py+v+qt+s+r+uy+py+p)

:Zaij(eru,quv,r+s+pv)fj(:£,y,t), i:]-v?a"'ana (15)
j=1
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and the right hand side is

n
Zaiﬁ(p’q7r)fj($+’tt,y+v,t+ s+ uy)
j=1

= Z Zaij(p, ¢, r)ojk(u, v, s) fr(z,y,t), i=1,2,...,n (16)

j=1 k=1

Using the linear independence of the functions f; we infer from (15) and (16)

aij(p+an+var+S+pU) = Zaik(paQ7r)akj(u7v7s)7 Za.] = 172a"'an'
k=1
(17)

Let F : H — M(C™) denote the matrix valued mapping such that the 4, j entry
Fij(z,y,t) of F(x,y,t) is a;j(x,y,t), then we have from (17) with z = p,y =
q,t = r the functional Eq. (8), and, by the definition of F', we have F'(0,0,0) =
I. Hence F : H — M(C") is a continuous solution of the functional Eq. (8)
with F(0,0,0) = I. The functions f1, fa,..., fn in the i-th equation of the
system (14) are linearly independent, hence there are elements (xy, yx, tx) in H
such that the matrix (fj (Tk, Yk, tk)?,kzl is regular. Substituting xx, yx, tx in the
i-th equation of the system (14) for z, y,t we have a system of linear equations
for the unknowns a;; for j = 1,2,...,n with regular matrix. It follows, by
Cramer’s Rule, that the elements of the matrix F' are linear combinations of
some left translates of the f;’s, hence they are in V. This means that the
matrix elements of F' span V and the theorem is proved. 0

From this theorem we can see that a variety is trivial if and only if in the
representation (11) we have [X,Y] = 0, that is, if the matrices X, Y commute.
In this case eX and e¥ commute as well, and F can be written in the form

F(z,y,t) ="y,

where XY are commuting matrices. They can be triangularized simultane-
ously, and from well-known results (see e.g. [3, Lemma 12.8.2] p. 181.) it follows
that the elements of F'(z,y,t) are exponential polynomials. On the other hand,
in the case of nontrivial varieties [X, Y] is nonzero, hence eX and ¥ cannot
be triangularized simultaneously. Nevertheless, as we shall see below, even in
those cases the solutions can be described using exponential polynomials.

6. Two dimensional varieties

As an application of our result we show how to describe two and three di-
mensional varieties in C(H). In this section we study the case n = 2, when
the variety V in C(H) is two dimensional. We may assume that the matrix X
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in (11) has Jordan normal form. This means that X has one of the following

forms:
. ay O .. ay 1
Casei) X = , Caseii) X = )

0 as 0 aq

where a1, as are arbitrary complex numbers. If Y has the form
bi1 b12
ba1 b2z )’

[X,Y] = (az — a1) (bgl _812> . [XX,Y]) = (a1 — a2)? <b21 b(1)2>’

hence the requirement [X, [X, Y]] = 0 implies either a; = as, or by = by = 0.
In both cases [X,Y] = 0, hence V is trivial.
In Case ii) we have

vy = (P ) ) = (5 7).

then in Case i) we have

hence [X, [X,Y]] = 0 implies by; = 0 and then

[ b11 b2 _ (0ba2 — b1y
)

On the other hand, we have

(0 —(b11 — bao)?
hence [Y, [X,Y]] = 0 implies by = baa, [X,Y] = 0, consequently V is a trivial
variety. It follows that there are no nontrivial varieties on H with dimension
less then three.

7. Three dimensional varieties

Now we consider three dimensional varieties on H. Again, we assume that X
in Theorem 5 has Jordan normal form, and
b11 b12 b1
Y = | ba1 b2z bas
bs1 bs2 b33
Case (i) In the first case we have three one dimensional Jordan blocks:
aq 00 0 blg(al — ag) blg(al — CL3)
X = 0 a9 0 5 [X, Y] = le(ag — al) O bgg(ag — ag)
0 0 as b31(a3 - al) bgg(ag — ag) 0

)
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and
0 biz(a1 — az)? biz(ay — as)?
[X, [X, Y]] = b21(a1 — a2)2 0 bgg(ag — a3)2
bsi(ay — as)? bsa(az — as)? 0
It is easy to see that [X, (X, Y]] = 0 implies [X,Y] = 0, hence in this case
there is no nontrivial variety.

Case (ii) In the second case we have two Jordan blocks—one is two dimen-
sional, and the other is one dimensional:

aq 10
X = 0 aq 0
00 as
Then [X,Y] =
ba1 bao — b1y bis(ar — az) + bas
0 —ba1 baz(ar — as) )
bsi(az —a1) bsa(as —a1) — bsy 0
and [X,[X,Y]] =
0 —2b21 (a1 — a3) (b13 (a1 —a3) + 2b23)
0 0 baz(a1 — a3)2 :
bsi(ar —as)® (a1 — as)(bs2(a1 — as) + 2b31) 0
The condition [X , [ X, Y]] = 0 implies ba; = 0, and we have
0 bao — b1y biz(ar — az) + bas
(X,Y] = 0 0 baz(ar — as) ;
bzi(az —a1) bsa(as —ar) — b3y 0
and [X,[X,Y]] =
0 0 blg((ll - ag) + 2b23
(al — a3) 0 O b23(a1 — a3)
bzi(a1 — az) bsa(ar — ag) + 2b3; 0

Each entry of [X , [ X, Y]] must be zero. First we assume that a; = a3, then
we have

0 bay — b1y bos
xX,vl={o o o],
0 —bs3 0

and [X, [X, Y]] = 0, further [Y, [X, Y]] =

—basbs1 —b3y + 2b11bag — bisbs1 — b3y — bagbsa bag(2b11 — bag — bss)
0 —ba3b31 0
0 —b31(b11 — 2b22 + b33) 2ba3b31
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If bog # 0, then b33 = 0, and

0 —(b11 — ba2)? — bagbsa boz(2b11 — baz — bas)
Y, [X,Y]] =10 0 0
0 0 0
As b23 7£ 0, we must have b22 = 2b11 - b33, and b32 = 7% With
this choice we have
agz 1 0 b11 b2 b3
X=10 a O0],Y=(20 2511—b332 bas |,
0 0 a 0 —lmbul g,

0 b11 —bsz  bos
X,v]=|0o o0 0,
0 0 0

and the corresponding variety is nontrivial. We note that with the simple
choice a3 = by; = b1a = b1z = b3z = 0 and by3 = 1 we have the generators of
the Lie algebra § of the Heisenberg group H.

If b3; # 0, then bo3 = 0 and we must have bgs = 2bos — by, further

bis = —%. With this choice we have
ag 1 0 b1 bi2 —7(13111,_3?22)2
X=10 a 0],Y=1]o0 baa 0 g
0 0 a 0  2byy — by b33
0 bap—b11 O
x,vj=[o o o],
0 0 0

and again, the corresponding variety is nontrivial.
Now we consider the case when a; # ag. In this case [X, (X, Y]] = 0 implies
that b13 = le = 623 = b31 = b32 = 0. We have

aq 1 0 b11 b12 0 0 b22 - b11 0
X=|0 a 0|, Y=[0 byp 0| [XY]=]0 0 01,
0 0 as 0 0 b33 0 0 0

and [X, [X, Y]] = 0. On the other hand,

0 —(bao —b11)2 0
[}/’ [Xa YH =10 0 0],
0 0 0

hence the requirement [Y, [X, Y]] = 0 implies b11 = ba2, and [X, Y] = 0, hence
in this case there is no nontrivial variety.
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Case (iii) Let

ay 10
X=[0a 1],
00 aq
then
ba1 bz — biy bag — bia
[X,Y] = | bs1 bs2 — o1 bzz — b2 |,
0 —b3 —b3o
and
b31 bza — 2ba1 b11 + b3z — 2bao
(X,[X,Y]]=( 0 —2bs ba1 — 2bs2
0 0 b31
Now [X, [X, Y]] = 0 implies by; = b3; = bzo = 0, hence
b11 b1 b3 0 baa — b11 baz — b1
Y=/ 0 babas], [X,Y]=1]0 0 b3z — baa |,
0 0 b33 0 0 0

and, again [X, (X, Y]] = 0 implies b11 + b33 = 2bss. On the other hand, in this
case we have
0 —(b11 — ba2)? —3(b11 — baa)(b12 — b23)
0 0 —(b11 — b22)2
0 0 0

The requirement [Y,[X, Y]] = 0 implies b1; = baz, and then also bgz = bao,
and we conclude

b11 bi2 b3 0 0 bag — b1
Y= 0bubs|, [Xx,Y]=[00 0 ,
0 0 by 00 0

hence the corresponding variety is nontrivial. It can be checked that this variety
is spanned by the functions

<;01(377y7t) = ea1:£+b11y’
502(x7y7t) = yea1w+b11y’
@3(z,y,t) = e T ((bgg — by1)bigy® + 2ba3(2(bss — b1t + bray® — 22)).

8. Exponential polynomials

It is well-known that if G is a commutative group, then every finite dimen-
sional variety in C(G) consists of exponential polynomials. In fact, exponential
polynomials can be characterized by the property that they are exactly those
functions which are included in some finite dimensional variety. On the real
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line complex exponential polynomials are the elements of the function alge-
bra generated by the complex exponential functions and complex polynomials.
In the non-commutative case the situation is not so simple. Nevertheless, we
have seen above that trivial finite dimensional varieties consist of exponential
polynomials, and even in the nontrivial cases in three dimensional varieties the
matrix elements of the function F(z,y,t) are exponential polynomials. Now
we will show that this is the case for every finite dimensional variety over the
Heisenberg group. For this we shall use the following result.

Theorem 7. FEvery matrixz in M(C™) is the sum of a semisimple and a nilpotent
matriz, which commute.

We recall that a matrix is called semisimple, if it is diagonaziable, that
is, similar to a diagonal matrix, and it is called nilpotent, if some power of
it is zero. Clearly, being semisimple or nilpotent is similarity invariant. If the
matrix A is the sum of Ag and A,, where A, is semisimple and A,, is nilpotent,
then A = A, + A, is called the Chevalley—Jordan decomposition of A.

Theorem 8. Fvery finite dimensional variety over the Heisenberg group con-
sists of exponential polynomials.

Proof. Let V be an n-dimensional variety in C(H) and let F: H — GL(C,n)
be of the form (11) so that the matrix elements of F' span V. It is enough to
show that the matrix elements of F' are exponential polynomials. We have

F(x, v, t) _ 6erXer[X,Y}t

for each x,y,t in R. Here the matrices X,Y satisfy the conditions of Theo-
rem 6. Clearly, it is enough to show that the matrix elements of y — €Y', the
matrix elements of z — eX*, and also the matrix elements of ¢ — el Yt are
exponential polynomials. We show this for  — e¥¥, the proof is similar in the
other cases.

Let Y =Y, +Y,, be the Chevalley—Jordan decomposition of Y, where Y is
diagonizable and Y, is nilpotent, moreover Y,Y,, = Y,, Y. Let P be an invertible
matrix such that PY,P~! = D is diagonal, and we write N = P~1Y,, P. We
have

—1 -1
PleYvp = plePYe Py PYn Py p — p=1.Dy Ny p

In general, the matrix elements of Z are the linear combinations of the matrix
elements of P~'ZP, hence it is enough to show that the matrix elements of
eP¥ and the matrix elements of e!V¥ are exponential polynomials.

If the diagonal elements of D are vy (i = 1,2,...,n), then the matrix e
is a diagonal matrix with diagonal elements e”#¥ (i = 1,2,...,n). As N is
nilpotent, we have N = 0, and

Dy

1
'anlynfl’

1
Ny T4 Ny+=N32 4+ op ——
e +Ny+ Ny + +(n_1).
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that is, the matrix elements of e/¥¥ are polynomials of y of degree at most n—1.
It is clear, that the matrix elements of eP¥ - eN¥ are linear combinations of
the exponential functions e*#¥ with polynomial coefficients of degree at most
n — 1. The proof is complete. O
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