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Regular solutions of a functional equation derived from the
invariance problem of Matkowski means

TIBOR Kiss

Abstract. The main result of the present paper is about the solutions of the functional
equation

F<$;y)+f1<x>+f2<y>=G<gl<z>+92<y>>, 2,y €1,

derived originally, in a natural way, from the invariance problem of generalized weighted
quasi-arithmetic means, where F, f1, fo,91,92 : I — R and G : g1(I) 4+ g2(I) — R are the
unknown functions assumed to be continuously differentiable with 0 ¢ ¢ (I) U g5(I), and
the set I stands for a nonempty open subinterval of R. In addition to these, we will also
touch upon solutions not necessarily regular. More precisely, we are going to solve the above
equation assuming first that F' is affine on I and g1 and g2 are continuous functions strictly
monotone in the same sense, and secondly that g1 and g2 are invertible affine functions with
a common additive part.
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Keywords. Invariance of means, Invariance problem, Generalized weighted quasi-arithmetic
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1. Introduction

Before we define the key concepts and formulate the main problem, we will
introduce some notions and conventions that will be indispensable later. In our
main equation and the many related results, we will have functions, constants,
etc. that are distinguished only by numbering. For brevity, whenever the index

The research of the author was supported by the UNKP-20-4 New National Excellence
Program of the Ministry for Innovation and Technology from the source of the National
Research, Development and Innovation Fund, by the Project 2019-2.1.11-TET-2019-00049,
which has been implemented with the support provided from the National Research, Devel-
opment and Innovation Fund of Hungary, and by NKFIH Grant K-134191.

® Birkhduser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00010-022-00880-8&domain=pdf
http://orcid.org/0000-0001-7617-8882

1090 T. Kiss AEM

k appears as a subscript of a function, a constant, etc., it should be understood
that the statement or condition in question is fulfilled for any index k, where
k is running on the two-element set {1,2}.

Let J C R be a non-empty open subinterval. A function f : J — R will be
called affine on some subinterval U C J if it fulfills Jensen’s Equation on U,
that is, if

u,v € U.

(Y _ S0+ )
( 2 ) - 2 ’

We shall say that f is locally affine on J or locally constant on J if f
is affine or constant on some subinterval U C J of positive length different
from J. If f is neither affine (resp. constant) nor locally affine (resp. locally
constant) on J, then it will be called nowhere affine (resp. nowhere constant)
on J.

We say that a two-place function M : J x J — R is a two-variable mean
on J or, shortly, a mean if

min(u,v) < M(u,v) < max(u,v), u,v € J.

Elementary examples of means are the harmonic mean and the geometric
mean over the set of positive reals, and the arithmetic mean. Rather than
giving furter examples, we immediately introduce a general family of two-
variable means, which covers the previous examples and which, incidentally, is
also the object of our investigation.

A mean M : JxJ — R will be called a generalized weighted quasi-arithmetic
mean if one can find continuous functions f,g : J — R strictly monotone in
the same sense such that

M(u,v) = (f +9) 7' (f(u) + 9(v)), wvel (1.1)

where the functions f and g are called the generators of the mean in question. If
the generators differ on J in an additive constant, then we come to the notion of
quasi-arithmetic means. To see that our previous examples are indeed of such
a type, set fi=¢:=id"!, fi=¢g:=In, and f:=g:=1id, respectively. (Obviously,
the exponent —1 here stands for the multiplicative inverse.)

The class of generalized weighted quasi-arithmetic means was introduced in
2010 by Matkowski [27]. Motivated by this, means of the form (1.1) are often
referred to as Matkowski means and, to indicate the generators too, denoted
by My 4. Note that, by the definition, any Matkowski mean is continuous and
strictly monotone, furthermore is symmetric or balanced if and only if it is a
quasi-arithmetic mean [19,27].

A mean M : J x J — R will be called invariant with respect to the pair of
means (N, K) : J x J — R? if the invariance equation

M(N (u, ), K(u,v)) = M(u,v), w,veJ
is fulfilled.
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The most frequently cited (and an easy-to-check) example of this phenome-
non in the literature is the invariance of the geometric mean with respect to the
pair of arithmetic and harmonic means. A less trivial example is the arithmetic-
geometric mean appearing already in Lagrange’s and Gauss’s works, which is
invariant with respect to the pair of arithmetic and geometric means.

As more and more families of means have been introduced, over the last
20 years, the invariance problem has again become an area of active research.
Without being exhaustive, we list some related papers. Interested readers can
find a more detailed discussion of the invariance equation in [11, Dardczy—
Péles] and in the survey [16, Jarczyk—Jarczyk].

The invariance of the arithmetic mean with respect to a pair of two quasi-
arithmetic means under two times continuous differentiability of the generators
was solved by Matkowski in 1999 [24]. As this regularity condition is not nat-
ural for the underlying problem, it was gradually weakened in the following
years by Darozy, Maksa, and Péles in the papers [8] and [10]. The final answer
using only the necessary conditions was given in 2002 by Dardczy and Péles
[11].

The invariance equation for three quasi-arithmetic means was investigated
by Burai [5,6], by Jarczyk and Matkowski [17], and by Jarczyk [15], where, in
the last paper, the unnecessary regularity conditions were eliminated too.

A paper closely related to the present investigation is [3], where, under
four times continuous differentiability of the generators, the authors solved
the problem of invariance of the arithmetic mean with respect to a pair of
Matkowski means.

More studies on the invariance problem concerning different classes of
means can be found in [2, Bajak-Péles], [25,26,28,29, Matkowski],
[7, Blasinska—Glazowska—Matkowski|, [13, Glazowska—Jarczyk—Matkowski],
[12, Domsta—Matkowski], and [31, Pales—Zakaria).

2. The invariance equation and its reformulation

To make our underlying problem more manageable, relying only on continuity
and strict monotonicity of the generators, we are going to give an equivalent
formulation of the invariance equation of Matkowski means. This new equation
will concern the composition of the initial generators and, like the original
equation, will still contain six unknown functions. Then, under differentiability
and a technical condition, we derive a system of two functional equations, in
which the individual equations contain only 3—3 unknown functions, such that
one of these will be common.

The following result states the relation between the invariance problem
and our main equation mentioned in the abstract. Note that the domain of
the latter is not necessarily a rectangle symmetric with respect to the diagonal.
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Theorem 1. Let (mq,mz),(n1,n2), (k1,k2) : J — R? be such that the
coordinate-functions of each ordered pair are continuous and strictly mono-
tone in the same sense. Then the invariance equation of Matkowski means

Miny ms (Mnl,n2 (u,v), My ko (u, 11)) =My m, (u,0), wved (21)

holds if and only if for the composite functions

k1 + ko 1 _ _
F::—mzo( ! 5 2) , flszmlokll, f2::m20k21, (2.2)
G:=mj o (ny +ny)~ 1, g1:=ny o kl_l, go:=n3 0 k;l
we have
T+
F(55E) + 1(@) + £2(9) = Glor () + 92() (2:3)

forallz € ky(J)andy € ko(J).

Proof. Assume first that Eq. (2.1) holds on J x J, and let x € ki(J) and
y € ko(J) be arbitrary. The functions k; and ko are continuous and strictly
monotone, therefore we uniquely have u,v € J with ki (u) = = and ko(v) = y.
Then v = k; '(x) and v = k;'(y). Applying Eq. (2.1) for the pair (u,v),
expanding the Matkowski means included in it by definition, and, finally, ap-
plying the function m; + mso on both sides, we get

my o (ny +ng) ™" (1 (u) + na(v)) +mag o (k1 + k) ' (k1 () + ka(v))
= my(u) + ma(v).
Using the definition of w and v, an obvious reformulation yields that
—ma o (ki +k2) "M@ +y) +my o ki (@)

+ma o ky H(y) = my o (n1 +n2) (g o kTN (2) + n2 0 k3 (y)).

Replacing « + y in the argument of v o (81 + (2) by 2- %, and applying the
definition of the functions in (2.2), we obtain that (2.3) is valid.
To prove that the validity of (2.3) implies the validity of (2.1), just reverse

the above argumentation. O

It is important to note that Eq. (2.3), considered on an interval of the form
10, o[ with « > 0, has previously appeared in the paper [18] of Jarai, Maksa,
and Péles under the setting —F o 1id = f; = f> and g:=g1 = go. In [18] the
authors solved the related equation assuming that G and g are continuous and
strictly monotone.

Now we simplify our problem further. Unfortunately, to do this, in the rest
of the paper we have to assume that ki(J) = ko(J) =: I holds, where due
to the properties of J, kq, and ko, the set I is a non-empty open subinterval
of R. Without this, by the way, though not a natural technical condition, we
could not derive the following system of equations. On the other hand, let us
point out that, to prove the next result, we do not yet require continuity of
the derivatives.
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Theorem 2. Let (F, f1, f2,G,g1,92) be a solution of (2.3) such that each
coordinate-function is differentiable on its domain with 0 ¢ ¢} (I)Ugh(I). Then
the system of functional equations

o(H) (W1 (x) + ¢1(y) = Ta(x) + T1(y), .
{ () (o) — aly) = Wala) — Wofy), VST Y
holds, where
_1 / i _ ki an .__ﬁ k— 1f2
—2F7 UYp: _9/1 +(=1) g d Wy 7 +(-1) 92. (2.5)

Proof. Differentiating (2.3) with respect to « and y separately, and putting ¢
defined in (2.5), we obtain that

‘P(x ;— y) + fi(z) = G'(g1(z) + 92(v)) g} () and

o(F2 L) + 14) = G (01(2) + 92(0) 95 ()

hold for all z,y € I, respectively. Multiplying the first and the second equa-
tion by g4(y) and —gj(x), respectively, and then adding up side by side the
equations so obtained, we get

() (0h0) — 61(0) = Fo)6h(x) — F@)gh(y), (ry) €Tx T (26)

This equation implies that

@(wTer) (95(z) — g1 (W) = fa(x)g1(v) — fily)ga(x), (z,y) €I x 1. (2.7)

Dividing Eqgs. (2.6) and (2.7) by ¢1(z)¢5(y) # 0 and g} (y)g5(x) # 0, re-
spectively, we obtain

T4y 1 1 faly)  fi(z)
— = — and
(% >(gi(:v) ga<y>) By gi(@)
T4y L1 N file) fily)
()G ww) " b dw
for all z,y € I. Taking the sum of the above equations and subtracting the

second equation from the first, and then applying definition (2.5), we get the
first and the second equation of (2.4), respectively. O

Remark 3. Note that ¥g 411 = % # 0 and g —1; = % # 0 hold on I. Thus,
by (2.5) of Theorem 2, we have

2 ’ \IJQ—F(—l)jil\Ifl

v g M LT ‘ ot

F' =2 ! =
2 g_] J 71)2 + (_1)]711#1
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The individual functional equations of system (2.4) has a rich literature. In
the rest of this section we recall the related results.

The upper equation of (2.4) Actually, this equation contains only two un-
known functions, so, by substituting z = y, we immediately obtain that ¥,
must be of the form ;. Thus it can be reformulated as

o(* ; D)W1) + 1) = pl@)in (@) + pp)inly), zyel  (28)

A functional equation of a similar form was studied by Lundberg in [23].
The functions involved were complex valued and, in essence, infinitely many
times differentiable. Five years later, in order to solve the equality problem
of two-variable functionally weighted quasi-arithmetic means (or shortly, Ba-
jraktarevié¢ means) and quasi-arithmetic means, Daréczy, Maksa, and Pales [9]
solved the above equation. Moreover, they determined the solutions under nat-
ural conditions needed to formulate their initial problem, to be more precise,
o was supposed to be continuous and strictly monotone and 1 was positive
on its domain.

The best result known today concerning the above equation was obtained in
[20]. In [20] Eq. (2.8) is totally solved under the continuity of ¢ and assuming a
reqularity property of the zeros of the function 1. More specifically, the validity
of the inclusion I\ Zy, C cljoconv(I\cl; Zy, ) is required, where Z,, denotes
the zeros of 11 in I and the operators conv and cl; stand for the convex hull
and the closure with respect to I, respectively. At first glance, this inculsion
condition may seem artificial or technical, but notice that it is trivially satisfied
provided that v is continuous or injective. Hence, instead of the above general
inclusion condition, we are going to formulate the corresponding theorem of
[20] under the continuity of . For our purposes, this will be enough.

Theorem 4. Let p,11 : I — R be continuous functions. Then (p, 1) solves
Eq. (2.8) if and only if either
(4.1) there is an interval L C I such that 1 = 0 on I\ L and ¢ is constant
on X(L+1), or
(4.2) there exist constants a,b,c,d,y € R with ad # bc such that exactly one of
the conditions
(a) v <0 and

csin(kx) + d cos(kz)

o) = e et @ (@) = asin(sa) + beos(ra) £0, or
(b) 4 =0 and
o(z) = Zﬁi‘; and i(z) =az+b#£0, or
(¢) v>0 and
() = CSblkr) £ deosh(nz) ) sinh(sz) + beosh(ka) £ 0

asinh(kx) + bcosh(kx)
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holds for all x € I, where k:=+/]7|.

The lower equation of (2.4) The first remarkable investigation concerning
this equation is due to Aczél [1]. In 1963, he solved the equation under the
assumption ¥ = id. Keeping this condition, and even assuming that the right-
hand side is the difference of two not necessarily equal functions, in 1979,
Haruki [14] obtained the same result as Aczél.

In the early 2000s, the equation reappeared in the paper [11] of Daréczy
and Pales,where, motivated by the underlying problem, the authors studied it
assuming that Wy = pi)s.

Later, in 2016, by Balogh, Ibrogimov, and Mityagin [4], and then, in 2018,
by Lukasik [22], literally

@(m ; y) (Y2(2) = ¥a(y)) = Va(2) = Va(y), (z,y € 1) (2.9)

was considered under the assumption that ¥ and ¥y are three-times differen-
tiable and continuously differentiable functions, respectively.

The result requiring the weakest regularity conditions known today can be
found in [21], where the same solution was obtained as in [4,22] but assuming
only that ¢ is continuous. To make this result easier to formulate, we introduce
the following notation. For a subset H C I, define

H_(I):={zel|z<infH} and Hy(I):={zel|supH <z}

Obviously, if H is empty, then H_(I) = Hy(I) = I, furthermore, we have
inf H = inf I or supH = supl, if and only if H_(I) = 0 or H, (1) = 0,
respectively.

Theorem 5. Let p, 19, Us : I — R be such that ¢ is continuous. Then (¢, 1, Us)
solves Eq. (2.9) if and only if either

(5.1) there exist A* € p(I), a closed interval K C I, and u* € R such that
Uy = A*ho+p* on I, the function vy is constant on K_(I) and K (I),
and ¢ = A* on the interval L(K +I), or

(5.2) there exist constants a*,b*,c¢*,d*,v* € R with a*d* # b*c* and p*, \* €
R such that exactly one of the conditions

(a) v* <0 and
c*sin(k*z) + d* cos(k*x
() = *‘.(*) i (*)
a*sin(k*x) + b* cos(k*x)
Yo(x) = —a* cos(k*x) + b* sin(k*x) + \*,
Uy(x) = —c* cos(k*x) + d* sin(k*x) + p*,
(b) v* =0 and
4 d Po(z) = La*z? + b x + \¥,
@) = g + b* and Uo(z) = §C*$2 +d*r 4 pt,

and

or

or
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(¢) v* >0 and

¢*sinh(k*x) 4+ d* cosh(k*x)
a* sinh(k*z) 4+ b* cosh(k*x)
Yo(x) = a* cosh(k*x) + b* sinh(k*z) + \*,
Uy(x) = ¢* cosh(k*x) + d* sinh(k*z) + p*

and

~

p(r) =

holds for all x € I, where K*:=+/|7*|.

The above results will be used to determine solutions that can be relevant
to the invariance problem. But first, to handle the cases that arise, we need to
discuss solutions that include affine functions.

3. Solutions with affine member

For the functions ¢1,¢92 : I — R, U C I, and = € I, define the sets

Ur(z) ={y €U | gi(z) + g2(y) € 1(U) + g2(U)} and
Us(w) :=={y € U | g1(y) + g2(x) € 9:1(U) + g2(U)}.

Then, obviously, U C U;(z) = Ua(x) whenever z € U.

Lemma 6. If g1,g2 : I — R are continuous functions strictly monotone in the
same sense and U:=]a,b[C I for some a < b, then the following statements
hold.

(1) Ifae I (resp. be I), then U C Ug(a) (resp. U C Uk (b)).

(2) If a € I (resp. b € I), then there exists x € I with x < a (resp. with
b < x) such that Uy (z) # 0.

(3) If x € I with x < a (resp. b < z) and Uy(z) # 0, then, for all u € [z, al
(resp. for all uw € [b,x]), we have Uy(x) C Ug(u).

(4) For all x € I with x < a (resp. with b < ), we have a < inf U (x) (resp.
sup Ug(z) < b). Furthermore, if Ug(z) # 0, then sup Ug(z) = b (resp.
a = inf Uy (x)).

Proof. For brevity, let H:=g¢;(U) + ¢g2(U). We perform the proof under the
assumption a € I and for the index k = 1. The proof of the other sub-cases
can be done analogously. For consistency, in some steps, the strictly increasing
and strictly decreasing cases will be treated in parallel.

Due to the facts that U is a non-empty open subinterval of I, and g; and gs
are continuous, strictly monotone, g1(a) + ¢g2(U) and H are non-empty open
intervals as well. On the other hand, if g1 and go are strictly increasing or
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strictly decreasing, then

inf g1(a) + g2(U) = inf H = g1(a) + g2(a) € R and

supgi(a) +g2(U) <sup H, or

supgi1(a) + g2(U) =sup H = g1(a) + g2(a) € R and
inf g1 (a) + g2(U) > inf H,

respectively. These show that (1) holds.

To show (2), indirectly assume that, for all € I with < a, the sum
g91(z) + g2(y) is not contained in H for all y € U. The two-place function
(z,y) — g1(z) + g2(y) is continuous on ]inf I, a [ x U, hence the image of this
product by the function in question is a subinterval of R. Moreover, by the
strict monotonicity of g; and g3, the image is of positive length. Therefore, in
view of our indirect assumption, it follows that we have either g1 (z) + g2(y) <
inf H or sup H < g1(x) 4+ g2(y) for all z € ]inf I, a[ and for all y € U.

If g1 and go are strictly increasing and the first inequality holds, then, taking
x — a~ and using the continuity of g;, we get that g2(y) < g2(a) holds for
all y € U. This contradicts the fact that go is strictly increasing. If the second
inequality is valid, then necessarily sup H € R, and, particularly, for all y € U
and for all x €]inf I, a[, we have g1(y) + ¢g2(y) < sup H < g1(x) + g2(y). This
reduces to g1(y) < ¢1(z), which is a contradiction again.

The proof of (2) for the strictly decreasing case can be easily constructed
by modifying the preceding reasoning.

To prove (3), let € I be such that z < a and Uy (z) # 0. For any y € U (),
the function £ — g1(£) + g2(y) is continuous on [z, a]. Then, by the choice of
y, we have g1 (z) + g2(y) € H and, by statement (1), g1(a) + g2(y) € H. Hence,
due to the Darboux Property of & — g1(£) + g2(y), (3) follows.

To prove the first statement of (4), take z € I with x < a. If Uy (z) = (), then
there is nothing to prove, hence we may assume that U; (z) # (). Furthermore,
assume indirectly that inf Uy (z) = a holds. Then, for some ry > 0, we have
a+r € Up(x) for all 0 < r < rg. Hence g1 () + g2(a+r) € H. Consequently, if
g1 and go are strictly increasing or strictly decreasing, by continuity, it follows
that g1(a) < g1(x) or g1(x) < g1(a), respectively, contradicting that = < a.

The second statement of (4) is obvious. O

Now, keeping the previous notation, let
U+::{Z' el | Ul(fﬂ) N UQ(I) 7é @}

By U C U™, the set UT is non-empty. Furthermore, by (2) and (3) of
Lemma 6, this inclusion is strict whenever U # I, and U™ is a subinterval of
I. Thus, roughly speaking, U™ is a proper continuation of the interval U in I
provided that U # I.
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Proposition 7. Let F' : I — R be a function affine on some non-empty open
subinterval U C I, and g1,92 : I — R be continuous functions strictly mono-
tone in the same sense. If (F, f1, fo, G, g1,92) solves functional Eq. (2.3) then
there exist an additive function B : R — R and constants A\, Ay € R, such
that

1
fk:_§F+Bogk+)\k and G=B+A (3.1)

hold on UTN(2U —U)NI and on g1 (U)+g2(U), respectively, where A:=X\1 + \a.

Proof. First, we are going to show that the formulas concerning the functions
fr and G in (3.1) hold on U and on ¢1(U) + ¢2(U), respectively.

Define {:=F + 2f; on U. Expressing f from here, substituting it back
into (2.3), and using the fact that F' is affine on U, we obtain that

_bh@)+bly)
2 ) b

Putting u:=g;(x) and v:=¢2(y), and using that g; and g2 are continuous and
strictly monotone, it follows that

2G(u+v) =ty 0g  (u) + £y 092_1(1))7 (u,v) € g1(U) x g2(U).

G(g91(2) + g2(v)) yeU.

Then, in view of the celebrated Theorem 1 of [30, Rad6—Baker], there exist
B* : R — R additive and A}, A5 € R such that

1 1
o=B"ogi+ A, and G =3B +s(A+X)

hold on U and on g1(U) + g2(U), respectively. Define B::%B*7 )\k:%)\z, and
let A:=A1 4+ \o. Then, expressing fi in terms of £; and F', we obtain the desired
decompositions listed in (3.1).

Now we are going to extend the form of fj to the subinterval V:=U* N
(2U —U)NI. If U = I, then UT = I, hence, in this case, there is nothing to
prove. Therefore assume that this is not the case and let x € V be any point.
We may assume that = ¢ U, moreover, without loss of generality, it can be
assumed that z <infU € I.

Then Uy (z) N Uz(x) # () and there exists v € U such that 3(z 4+ v) € U.
Let w € Uy (z) NUz(z) be any point and y:=max(u,v) € U. Then

Tty
2

eU and ye€ Ui(z)NUs(z).

Indeed, if u < v, then the first inclusion is trivially fulfilled and the second
inclusion is implied by the fact sup Uy (z) = supU. If v < u, then the second
inclusion holds automatically, furthermore, since U is an interval, the validity
of the first inclusion is trivial.
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Applying (2.3) for (z,y) and using that F is affine on U and the definition
of y, the left hand side of (2.3) can be written as

P 4 fi@) + hl) = 2(F@) + F) + (@)

1
—§F(?J) + Boga(y) + Ao

SF@) + fi(0)+ Boga(y) + o
Thus
%F(x) + f1(z) + Boga(y) + A2 = G(g1(x) + 92(y)) = B(g1(x) + g2(y)) + A

follows, which, after subtracting B o ga(y) from both sides and using that
A — Xy = A1, implies that

i) = =5 F(@) + Bogi(@) + A

To get a similar conclusion for fs, apply Eq. (2.3) for the pair (y,z) and
perform the same reasoning. O

Corollary 8. Let F : I — R be affine and g1,92 : I — R be continuous func-
tions strictly monotone in the same sense. Then (F, f1, f2,G,g1,92) solves
functional Eq. (2.3) if and only if there exist B : R — R additive and A1, Ao, A €
R with A = Ay + Ag such that (3.1) of Proposition 7 holds with U:=I.

Proof. The statement is a direct consequence of Proposition7. (At this point,
it is worth noting that the proof of sufficiency does not require that g1 and go
be continuous or strictly monotone.) 0

The following proposition is stated only for a subinterval of I, because we
want to use it later in this form. The statement concerning the whole interval
I is formulated as a corollary after the proposition.

Proposition 9. Let U C I be a nonempty open subinterval, py,pes € R, D :
R — R be an invertible additive function, and g1, g2 : I — R such that gp:=D+
ur onU. If (F, f1, f2, G, g1, g2) solves (2.3) then there exist an additive function
C :R — R and constants A1, Ao € R, such that

fe(@) =Cax+ X and
G(u):Fo%D’l(u—u)+C’oD’1(u—u)+A (3.2)

hold for all x € U and for all u € g1(U) + g2(U), where p:=p1 + po and
AZ:>\1 + AQ.

Proof. If (F, f1, f2,G, g1, g2) solves (2.3), then
Mz +y) = fil@)+ faly), zyelU
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with h(v):=G(Dv + p) — F(3v), where v € 2U. Hence, by Theorem 1 of [30,
Rad6-Baker], it follows that there exist an additive function C' : R — R and
constants A1, Ay € R such that

fe(@)=Cx+ Xy and h(v)=Cv+A

hold for all x € U and for all v € 2U. Using the definition of A and putting
w=Dv+p € D2U) + p = ¢1(U) + g2(U), we obtain the desired formula for
G. O

Corollary 10. Let pi, 0 € R, D : R — R be an invertible additive function,
and define gp:=D + uy, on I. Then (F, f1, f2, G, g1, 92) solves (2.3) if and only
if there exist C': R — R additive and A1, Ao € R such that (3.2) of Proposition
9 holds with U:=1I.

Before we formulate and prove the main result of this section, let us recall
a simple lemma, whose precise proof can be found in [20].

Lemma 11. For any subset H C I, the sum H + I is an open subinterval of T

such that
Her={" . v H =0,
Jinf H +inf I,sup H +sup I| otherwise.

In the sequel, a 6-tuple of functions (F, f1, f2, G, g1, g2) will be called regular
if B, frygr: I = R and G : g1(I) + g2(I) — R are continuously differentiable
with 0 & g1 (I) U g5(I).

In the next proof, diam H stands for the diameter of a set H, more precisely,
diam H:=0 if H = () and diam H:=sup{z —y | z,y € H} otherwise.

Theorem 12. If (F, f1, f2, G, g1,92) is a reqular solution of (2.3), then F is
either affine or nowhere affine on I.

Proof. Let (F, f1, f2,G, g1, g2) be a regular solution of Eq. (2.3) and, indirectly,
assume that F' is locally affine on I. Then, by Theorem 2, (p,%1,¥;) and
(p, 12, Uy) solve the first and the second functional equations of system (2.4),
where the coordinate-functions in question are defined in (2.5) of Theorem 2.

By our indirect assumption, ¢ = %F’ is locally constant on I. Thus, by
Theorem 4 and Theorem 5, it follows that there exist nonempty subintervals
L, K C I different from I and constants A*, u* € R such that v, is identically
zeroon L_(I)UL(I), ¥1 = ¢t holds on I, and ¢ is constant on L':=3(L+1),
furthermore that v is constant on K_(I) and K (I), Uy = A*t)g + p* on I,
and ¢ = A* on K':=%(K +1).

Then I cannot be R, otherwise, by Lemma 11, L’ = K’ = I follows, which
contradicts our indirect assumption. If I is unbounded, then, regardless of the
exact position of L relative to K, we have L' C K’ or K’ C L'. Finally, if
I is bounded, then L' N K’ is an interval of positive length. To see this, it
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is enough to observe that, by Lemma 11, min{diam L', diam K’} > Zdiam I
follows. Consequently, there exists a maximal closed subinterval U # I of I
such that L’ U K’ C U and ¢ is constant on U. We may and do assume that
a:=inf I < min U holds. (The proof for the complementary case is analogous.)
Then, obviously, we have the chain of inequalities

—00 < @ < infU < min{inf L, inf K} =: §.

Define W:=]a, 8. Then, on the one hand, we have W C L_(I) N K_(I),
consequently, for all z € W, we get

1 1
W= oy T gm0 ™
1 1

Yo (x) =d (3.3)

q@ " @)
for some d € R. Solving this system of differential equations, by 0 ¢ ¢} (I) +
g5(I), we obtain that d # 0, and g1 and g, are continuous affine functions on
W with the common slope 2, where condition 0 ¢ g} (I) + g5(I) provides that
d # 0. Thus the conditions of Proposition 9 are fulfilled over the interval W,
hence f1 and f; are affine on W as well.

On the other hand, in view of Proposition 7, one can find € > 0 with
inf U — & > « such that, for all points « € |inf U — ¢, 5[, we have

F(z) =240 gi(x) — 2fi(x) + 2\

for some additive function A : R — R and for some constant A\, € R. The
function G is continuously differentiable, hence, in view of (3.1), A must be
continuous. Thus the above formula yields that F is affine, that is, ¢ is constant
on |infU — ¢, 8. This contradicts the maximality of U. O

4. Regular solutions of (2.3)

In this section, we are going to determine the regular solutions of 2.3). In each
cases, the proof of the sufficiency of the listed functions will be obvious as
a matter of substitution. In contrast, for the necessity part, that is, to get
some information about the shape of the functions in question, we are going
to actively use our previous results. Let us detail the exact schedule below.
Having a regular solution (F, f1, f2, G, g1, g2) of (2.3), by definition (2.5),
consider the triplets of continuous functions (¢, 11, ¥1) and (@, 2, Us), which,
in view of Theorem 2, solve the first and the second equations of system (2.4),
respectively. In view of Theorem 12, F' is either affine or nowhere affine on I,
which exactly means that ¢ is either constant or nowhere constant on 7. In the
case when ¢ is nowhere constant on I, the functions ¥, and 1, can still be zero
and constant on the interval I, respectively. Finally, the complementary case
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will be when ¢ is nowhere constant and 11 or 15 is nowhere zero or constant
on I, respectively.

Motivated by this, having a solution (F f1, f2, G, g1, 92), for the functions
defined in (2.5), we are going to distinguish the following main cases: either

(A) ¢ is constant on I, or
(B) ¢ is nowhere constant on I and either
(B.1) (4.1) of Theorem 4 with L = ) and (5.1) of Theorem 5 with K = ()
hold simultaneously, or
(B.2) at least one of the cases (4.2) of Theorem 4 or (5.2) of Theorem 5
is valid.

As we shall see, solutions satisfying conditions (A) or (B.1) will contain
arbitrary members too. Motivated by this behavior, such solutions will be
formulated within a theorem and case (B.2) will be discussed separately.

Theorem 13. If (F, f1, f2, G, g1, 92) is a reqular solution of (2.3) such that ei-
ther (A) or (B.1) is met then either

(1) g1 and g2 are arbitrary functions and there exist constants A, B € R and
A, A1, A2 € R such that

F(z)=Az+ X, fu(z)=—3F(z) + Bgr(x) + A, and G(u) = Bu+A, or

(2) F is an arbitrary function and there exist C,D € R with D # 0 and
A1, Ao, pi1, b2 € R such that

(@) =Cx+ A\, gu(x) = Dx 4 pp, and G(u) = F(55°) +C*55 + A

holds for allx € T and for allu € g1(I)+g2(I) with p:=p1+ps and A:= 1+ Xs.
Conversely, (F, f1, f2,G,g1,92) with members defined as either in (1) or
(2) solves (2.3).

Proof. If condition (A) holds, then, by (2.5), F is affine on I. Thus, applying
Corollary 8, we obtain solution (1).

If condition (B.1) is valid, then the system (3.3) holds on I. Consequently,
g1 and g9 are continuous affine functions with some common slope D € R with
D # 0. Thus, by Corollary 10, we obtain solution (2).

As we mentioned before, sufficiency of (1) and (2) is a matter of substitu-
tion. g

To treat the sub-case of (B.2) when (4.2) of Theorem 4 and (5.2) of Theorem
5 are valid simultaneously, we need to formulate and prove two lemmas. First
we recall the notion of Schwarzian derivative. Let U C R be a non-empty open
subinterval and f : U — R be an at least three-times differentiable function
with non-vanishing first derivative. Then the Schwarzian derivative of f is
defined by the formula

" 1
sp=d _ §(i)2.

PAPAN



Vol. 96 (2022) Regular solutions of a functional equation 1103

As it is well known, the ,,Schwarzian lines” are exactly the Mdbius trans-
formations or linear fractions, that is, functions g : U — R of the form
cx+d
r)=———, x€lU,
g@) =
with a, b, ¢, d € R such that ad # bc. More generally, it can be shown that if g
is a linear fraction, then

8(go f)=8f (4.1)

holds on U for all functions f on U with appropriate properties. Roughly speak-
ing, the Schwarzian derivative is invariant under linear fractions or, equiva-
lently, linear fractions preserve Schwarzian derivatives.

We shall say that a function f : U — R is a trigonometric fraction or a
hyperbolic fraction if there exist constants a,b,c,d,x € R with ad # bc and
K > 0 such that

esin(kz) + d cos(kx)

fx) =

asin(kx) + bcos(kx)
esinh(kx) + d cosh(kx)
asinh(kz) + bcosh(kz)’

f(z) = z e,

respectively. Obviously, on some subinterval of U, these functions can be
rewritten as gotano(kid) and gotanh o(xid), respectively, with some Mobius
transformation g. Thus, in view of the property (4.1) the next lemma is suitable
to give the Schwarzian derivative of trigonometric and hyperbolic fractions.

Lemma 14. For a given constant k € R with k # 0, we have
Stan(kz) = 2% and Stanh(ky) = —2k>

for allx € R\{% | ¢ € Z} and for all y € R. Furthermore, if k = 0, then
the above formulas hold on R.

Proof. Simple calculation. O

Within case (B.2), at most one of the functions 1, and 5 can be constant
on I, which, by Theorem 4, Theorem 5, and Lemma 14, yields that ¢ = %F/ is
either (B.2.1) a trigonometric fraction, or (B.2.2) a linear fraction, or (B.2.3)
a hyperbolic fraction on I. In addition, following from Lemma 14, we must
have v = v* provided that (4.2) of Theorem 4 and (5.2) of Theorem 5 are true
simultaneously. Motivated by this, for simplicity and tractability, depending
on the exact form of F' = 2y, case (B.2) will be discussed in three parts.

Before we turn to these results, we formulate and prove the following lemma
which will help us to handle the different representations of the function .
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*

Lemma 15. Let U C R be a nonempty open interval, a,b,c,d € R and a*,b*, ¢
d* € R such that ad # be and a*d* # b*c*, and let t € {tan,id, tanh} be defined
on U. Then we have
ct(x) +d  c*t(x) +d*
at(z) +b  a*t(x) +b*’
if and only if there exists p # 0 such that (a,b,c,d) = p(a*,b*, c*,d*).

zreU (4.2)

Proof. The sufficiency is trivial. For the necessity, observe that (4.2) holds if
and only if

a 0
b 0
c 0
d 0

is valid. Solving this equation, we get that (a,b, ¢, d) must be of the form
p(a*,b*, c*,d*), where

& if a* =0,
P=1 o if b* =0,
2 =25 ifa*b* #0.

By condition a*d* # b*c*, the constants a* and b* cannot be zero simulta-
neously. Hence p is well-defined. On the other hand, by condition ad # be,
it follows that a* = 0 or b* = 0 if and only if @ = 0 or b = 0, respectively.
Consequently p # 0, which finishes the proof. O

First we are dealing with the so-called Trigonometric Solutions, that is,
with the case when v = v* < 0.

Theorem 16. If (F, f1, f2, G, g1, 92) is a reqular solution of (2.3) such that,
for the functions defined in (2.5), condition (B.2.1) holds, then there exist
A, B,C,D,T € R with AD # 0, «a,3,081,02 € R with a # 0 and 5, + (2 €
Zm + B, and X\, A1, A2, i1, 2 € R such that F is of the form

F(z) =2AIn|sin(2azx + B)| + 2Bz + A, =z €l

and ezactly one of the following holds true:
(T.1) T? <1 and, for allz € I and u € g1(I) + g2(1),

fe(z) = —Aln|cos(20x + 26;) + T| — Bz + Cln \%y + A,

gr(z) = Dln % + pg, G(u) :—2Aln|T*sinh(%)|

+C* 55 + A
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(T.2) T? =1 and, for allz € I and u € g1(I) + g=(1),

fr(x) = —Aln|cos(20x 4 26;) + T| — Bz + CtanT (az + Bi) + A,
gr(z) = Dtan” (az + Br) + pr, G(u)

=2AIn |57 |+ C*5E + A

(T.3) T? > 1 and, for allz € I and u € g1(I) + g2(1),

fr(x) = —Aln|cos(2ax + 20)) + T| — Bz + C arctan(7 tan(az + 5x)) + A,
gr(x) = Darctan(7 tan(az + Bi)) + px,
G(u) = 2AIn |T*sin(“54) | + CH5E + A,

where 7‘2:|% 1/2, T*:=|T? — 1|72, p=p1 + po, and A:=X\+ A1 + \s.
Conversely, in each of the above possibilities we obtain a regular solution

of Eq. (2.3).

Proof. The proof of sufficiency of (T.1), or (T.2), or (T.3) is a simple calcula-
tion. Therefore we are going to focus on the necessity part.

Assume that (F, f1, f2, G, g1, 92) is a regular solution of (2.3) such that, for
the functions defined in (2.5), condition (B.2.1) holds. To measure the behavior
of the functions ¢, and 9 defined in (2.5), we introduce the following param-
eters. Let p:=1 and q:=0 if ¢ is zero on I and let p € R and qz:=(—1)F"1
otherwise. In this terminology, p = 0 stands for the case when 5 is constant
on I. Furthermore if g, # 0 holds, then 17 # 0 and 9 is not constant on
I. Then, by our assumption, there exist constants a,b,c,d € R with ad # bc,
k>0, and \*, u* € R such that

csin(kx) 4 d cos(kx)

F, =
(=) asin(kx) + beos(kw)’
/ 2
B d
i () wa i sin(kx) + wi i cos(kx) + wo’ an
() = L Oy sin(kx) 4 61,1 cos(kx) + Oy

2 wa  sin(kx) + w1 g cos(kx) + wo
hold for all z € I, where

(w2, w1k, wW0):=(pb + gra, —pa + qib, \*)

and (021,01, 00):=(pd + qrc, —pc + qid, 2p").

To make it easier to handle the different sub-cases, first we are going to
reformulate the right hand side of the above differential equations. Condition
ad # bc provides that

t=wi,+ws, =@ +1)(a®*+b°) >0 and
53:0%,k +03, =" +1)(®+d*) >0,
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therefore there exist py, o) € [0, 27] such that
(cos pg, sin pg) = %(wlk,wg,k) and (cosoy,sinoy) = %(917k,927;€).

We note that, in general, ¢ and s are independent from k, and 01 = 09 =: ¢
and p; = py =: p provided that v; is zero on I. In light of this, we obtain that

() = 2 ! and
I\ = Vit cos(kx —pp)+ T
1 [s cos(kx —op)+ S
/ R I 4.3
o) =~ 3 S e, @3)
where T::%wo and S::ﬁﬁo. Similarly, the function F’ can be written as
y s
Fi(z) = n cos(po — o)
—\/fsin(po —o0p) tan(kx — pg), wx €Tl (4.4)

with po, 0¢ € [0, 27 satisfying the identities
(sin pg, cos pg) = ﬁ(b, a) and (sinog,cosog) = ﬁ(d, c).
Equation (4.4) yields that there exists a constant A € R such that

F(z) = 2AIn|sin(20x + 3)| + 2Bz + X\, z€l, (4.5)
where a:=5 > 0, 8 = po,
ad — be ac+ bd
=—— 40, and Bi=——— .
o 7 A 2(a2 + b2)

It turns out that the exact form of the solutions of the differential equations
in (4.3) strongly depends on the value of T'. Therefore, in the rest of the proof,
we are going to distinguish three cases: 72 < 1 or T? =1 or T? > 1.

Case 1. Assume that T? < 1 holds. Then there exist constants A1, Ag, i1,
2 € R such that

7 tan(ax —1
gr(r) = DIn 7T:angmig’;§+l‘ + . and

fr(x) = —Aln|cos(2ax + 26;) + T| — Bx + C'ln ‘% + A

hold for all 2 € I, where f:= — £, TI:\/ﬁi%
_ sgn(T — 1)
k(a? 4+ b%)V1 -T2
4 T-1
pdsn@ -l

K/t — T2)

(Sv/(a? +b2)(c2 + d2) — 3T(ac + bd)), and
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Substituting &:=ax + B, n:=ay + Ba, p:=p1 + po, and A:=XA+ A1 + Ao, Eq.
(2.3) reduces to
G(DZaEt zient 4 ) 24 lnsin(a(e +y) + B)| + Bla +y) + A

—Aln | cos(20@ + 261) + T| — Br + Cln |Znlozti) 1) |y

7 tan(az+B1)+1
t + —1
—Aln|cos(2ay +202) +T| — By+Cln|%| + Ao
o sin?(£41n) tanf—1 Ttann—1
=Aln (cos 26+T)(cos 2n+T) | +Cln :t:nf-&-l :thZ—H +A

where in the last step, we used that 8, 4+ G2 — 3 is of the form /7 for some
¢ € 7. (To see this, check that sin®(B; + B2 — B) = 0 is valid.) In view of the
identities

Ttané —17tann — 1 Ttan + 7 tann Ttané 4+ 7tann \ —
Ttané + 17tann +1 ( 1+72tan§tann>< 1+T2tan§tan77)
and

sin?(€ +n) 1 (Ttan§+7tann>2
(cos2¢ +T)(cos2n+T) 1 —T2\1+12tantann

x(l ( Ttan& + 7 tann )2)*1
1+ 72tané tann ’

foruemD I 885 £ty 0,(1) 4 (1), we gt
G(u) :—2A1n‘ﬁsmh (%4) |+C’" 4+ A

Thus we obtained the solutions listed in (T.1).
Case 2. Assume that T? = 1 holds. Then there exist Ai, Ag, 11, pto € R such
that

gr(z) = Dtan” (ax + By) + px and
fe(z) = —Aln|cos(2az + 28;) + T| — Bx + C'tan” (az + By) + Ak
hold for € I, where fj:= — &,

C=- 2H(a2+b2 (S\/ 2+ 62)( 02+d2)+T(ac+bd)), and Dfr7£0

Particularly, 81 + 82 = Zm + (8 holds. Substituting &:=ax + (1, n:=ay + (s,
wi=p1 + po, and A:=X+ A1 + Ao, Eq. (2.3) reduces to
G(D(tan™ ¢ +tan™ 1) + p)
= 2AIn|[sin(a(z +y) + B)| + Bz +y) + A
—Aln|cos(2ax +261) + T| — B + Ctan” (ax + 31) + A
—Aln|cos(2ay + 262) + T| — By + Ctan” (ay + 82) + A2

sin® (€-+1) |
E+T)(cos 2n+T)

+C(tan” ¢ + tan” n) + A.

= A1n|(0052
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Using
sin” (€ + )
(cos2¢ + T)(cos2n+T)
for w:=D(tan” & + tan™ n) + p € g1 (1) + g2(I), we get
Glu) = 2A1n [t 4 QU 1 A,

Thus we obtained the solutions listed in (T.2).
Case 8. Finally, assume that T? > 1 holds. Then there exist A1, Ao, ft1, jt2 €
R such that

gr(x) = D arctan(r tan(ax + Og)) + pur  and
fr(z) = —Aln|cos(2ax + 26;) + T| — Bx + C arctan(7 tan(ax + 3;)) + Ak

hold for all z € I, where fj:= — &, T::,/%,

= L(tan” € + tan” ),

- _ Hm;ﬁnéf“)j%(s\/(ﬁ T02) (2 +d2) — %T(ac+ bd))7 and
Asen(THD

ky/t(T? —1)
Particularly, 81 + 82 = Zm 4 ( holds. Substituting &:=ax + 81, n:=ay + B2,
w:=p1 + po, and A:=X\ + A + Ao, Eq. (2.3) reduces to

G(D arctan (%) + p) =2AIn|sin(a(z +y) + B)| + Bz +y) + A

—Aln|cos(2ax + 261) + T| — Bz + C arctan(7 tan(ax + 51)) + M1
—Aln|cos(2ay + 202) + T| — By + C arctan(7 tan(ay + f2)) + Ao

— sin® (6+1) T tan {47 tan
= Aln ‘ (cos 2§+T)(c022n+T) ’ + Carctan (177'2 tan £ tan7Z7) + A
In view of the identity
sin® (€ +7)
(cos2& 4+ T)(cos2n+T)

1 (Ttan§+7tann)2(1 (Ttan£+7tan77)2)*1
- T2 —-1\1—-72tan&tany 1—72tanétann ’

for u = D arctan (%) +p€gi(I)+ g2(1), we get

G(u) =2AIn ]ﬁ sin(Y54)| + C(454) + A.
Thus we obtained the solutions listed in (T.3). O

Now we turn to the case of Polynomial Solutions of Eq. (2.3), that is, when
v =~* =0. As we will see, in terms of F', solutions can be classified into two
groups. In one case, F is a linear combination of an affine function and the
logarithm of an affine function. This group will include four solutions. In the
other case, F' is a second order polynomial, which gives two further solutions.
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Since the behavior of the latter two solutions is fundamentally different, they
will be formulated separately within the theorem.

Theorem 17. If (F, f1, f2,G,g1,92) is a regular solution of (2.3) such that,
for the functions defined in (2.5), condition (B.2.2) holds, then there exist
A, B,C,D € R with AD # 0, «, 3,061,082 € R with a # 0 and (1 + B2 = 0,
and A\, A1, Aa, pi1, o € R such that either F is of the form

F(z) =2AIn2ax+ 3| +2Bx+ X, zel

and either

fr(x) = —Aln|(ax + Bx)? + 1| — Bz + C arctan(ax + (1) + A,
gr(z) = Darctan(ax + fi) + pe,  G(u):=2AIn|sin(“5*)| + C*5= + A,

(P1.1)
or
fr(z) = —2AIn |ax + Bi| — Bz + Clax + k) ™! + A, (P1.2)
gi(@) = D(ax + Br) ™" + pk,  G(u) = 24 [*FH[ + C*5* + A, '
or
fr(x) = —Aln|(az +lﬂk)2 — 1| - Bx + C1n|ziig’;:| + Ak,
ge(z) = Dln | g;’jggﬁ + pur, G(u) = 2A1In | sinh(%£)| + C45E + A,
(P1.3)
or there exist Ay, Ay € R with %(Al + As) = A such that
fre(@) = —AgIn|ox + B[ — Bz + Ag,
gr(r) = (=1)* D n|az + Be| + p, (P1.4)
G(u) = 2AIn |exp(“5F) + 1| = A1 %5 + A,

hold for all x € I and for all u € g1(I) 4+ g2(I) or there exist Ay, By, Dy € R
with D1 Da(A 4 4Ay) = D%A and B + 2By, = 2D;.C such that

F(z) = A2® + 2Bz + A, fe(z) = Apa® + Bra + A,

P2.1
k() = Dz + g, G(u):ﬁA(ufu)2+C(uf,u)+A, (P2.1)
or
F(z) = Az + B)2+2B+ X, fu(z) = —A(z + Br)? — Bz + Cln|z + Bi| + An,
gk(x) = DIn|z + Bi| + pk, G(u) = 2Aexp(“5) + C*5= + A
(P2.2)

hold for all z € I and for all uw € g1(I)+ g2(I), where p:=p1 + o and Ai=\+
A1+ As.

Conversely, in each of the above possibilities we obtain a regular solution
of Eq. (2.3)

Proof. The proof of sufficiency is a simple calculation, therefore we will focus
only on the necessity.
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Similarly to the previous proof, to indicate the behavior of ¥; and s, let
p:=1 and qz:=0 if ¢ is zero on I and let p € R and qp:=(—1)*"! otherwise.
Again, p = 0 corresponds to the case when 15 is constant on I. Furthermore,
if g # 0, then we get the case when 1) and 15 are not constant on I. Then, in
view of our assumption concerning the derivative of F, there exist a,b,c,d € R
with ad # bc such that

cx+d 4
F/ — / —
(CC) ar + b7 gk(x) WQ$2 + W1 kT + WO,k7
1 92$2 =+ 91,]61' =+ 00,;@
fl/f(w) - 75" 2
2 wox? + w1 kT + wok

hold for all = € I, where

and

(w2, w1 k> wo,k):=(pa, 2pb + 2qra, 2qxb + 2)\*) and
(02,011, 00,1):=(pc, 2pd + 2qp.c, 2qpd + 4p1™).

Then, an elementary calculation yields that there exists a constant Ag € R,
such that

Aoz2 + Boz + A if a =0,
() = § 207 T B0 Ao e vel, (4.6)
2ApInjaz + b+ 2By + Ao if a £ 0,
where
< if a = 4 ifq=
04 Ap=42_ T0=0 g pu=tn Te=0 gy
5o ifa#0, 5= ifa#0.

The exact form of the functions g and fi strongly depends on the degree
of the polynomial in their denominators. Therefore we are going to distinguish
two main cases: either wy = 0 or wo # 0.

Case 1. Assume that wy = 0 holds. Then a = 0 or p = 0 holds such that
whenever p = 0 is valid then g; — g2 cannot be constant on I.

(1.1) Suppose that a = 0 and p # 0. Then condition ad # be implies that
bc # 0 and there exist constants A1, Ao, 41, 2 € R such that

gr(r) = DIn |z + Bi| + px and
fr(x) = =A@ + Br)* — B+ Clnlz + Bi| + A
hold for all z € I, where A5=iA07 ﬂk::%, B::% — /\*21)%7

O 1 4p*b% — X*(2bd — cA\*) if g1 — g2 is constant on I,
TAb | p2(4pp b — NF(2pbd — eA¥) — cb?)  otherwise,
and D::3 # 0.
pb

Observe that F' in (4.6) can be reformulated as
F(x) = ARz +B)? +2Bx+ )\, z€cl,
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with 3:=61+32 and \:i=X\g— AB2. Substituting &:=x+ 31, n:=y+ P2, p:=p1 -+,
and A:=X\+ A1 + A2, Eq. (2.3) reduces to
G(DInfen| +p) = Az +y+5)” + B@ +y) + A
—A(z+ p1)> = Br +Cln|z + 81| + M
—A(y+ B2)> — By + Clnly + Bof + As
= A(E+1)? — A2 +1?) + Clnén| + A = 2A¢n + Cln |€n| + A.
Consequently, for u:=D1n |{n| + p € g1(I) 4+ g2(I), we get
G(u) = 2Aexp(“5*) + Oz + A.

Thus we obtained the solutions listed in (P2.2).
(1.2) Suppose that a # 0 and p = 0. Then there exist constants A1, g, 111,
12 € R such that

gr(x) = (—l)k_lDln |ax + Bkl + pr  and
fe(x) = —ApIn|ax + G| — Bx + A
for all x € I, where a:=a # 0, B:=DBjy, D::% #0, Be:=b+ (—=1)*"1\* and
Api=5(ad — be + (=1)" 1 (2ap* — eX¥)).

Observe that 1(A; + As) = Ag =: A and that the function F' in (4.6) can
be written as

F(z) =2AIn |20z + (| + 2Bz + A,

with 8:=01 402, and \:=\g—In4A. Hence, substituting {:=ax+31, n:=ay+0Fs,
w:=p1 + po, and A:=X\+ A1 + Ao, Eq. (2.3) reduces to

G(DIn|&| 4 p) = 24 |z + y) + B] + Bl +y) + A
—AiIn|ax + 61| — Bx + )\
—AsIn|ay + 2| — By + Ao
= 2AM|E + 1| — Ay In|5[ + A,
Consequently, for u:=D In \%| +p€gi(l)+ g2(I), we get
G(u) = 2AIn |exp(“H) + 1| = A1 *5F + A

Thus we obtained the solutions listed in (P1.4).
(1.3) Finally, suppose that a = p = 0. Then, on the one hand, by ad # be,
we must have ¢ # 0. On the other hand, in view of

Remark 18. wo, # 0 follows. Thus there exist constants Ay, Ao, p11, 02 € R
such that

gr(x) = Dpx +pp and  fi(z) = Apa® + Brx + A
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hold for all z € I, where

Ap=155) Byi=(—1)"wg ,(d + (=1)*"2u"),
and Dk.:4w0i,i 75 0.

Observe that the identity D, D2 (A+4A4y) = D} A holds. Note further that
the constants 57~ (B+2B1) and 57— (B+2B2) are equal to each other. Denote
their common Value by C. Substltutlng &=201 2, m:=2a0y, =W + W2, and
A:=X 4+ A\ + A\g, Eq. (2.3) reduces to

GE+n+p) =5AZ+y)°+3B@E+y) + A+ A12” + Biz + A

+ Ay 4+ Boy + Ao
= 4D}D2A<£ +1)*+CE+n) + A

Consequently, for u:=§ +n+ u € g1(I) + go(I), we get
G(u) = ﬁA(u —1)? 4+ C(u— p) + A.

Thus we obtained the solutions listed in (P2.1).

Case 2. Assume now that wo # 0. Then the polynomials appearing in the
denominator in the formulas concerning g and fj, are of degree two and have
a common discriminant

B 4b% — 8a\* if g1 — go is constant on I,
4p2b? — 8pa* + 4a® otherwise.

Accordingly, depending on the sign of A, within Case 2., we are going to
distinguish three further sub-cases.

(2.1) Suppose that A < 0. Then there exist constants A1, Ag, pg, 2 € R
such that

gr(x) = Darctan(ax + i) + ur,  and
fu(x) = —Aln|(ax + By)* + 1| — Bx + C’arctan(ax + Br) + Ak

hold for all x € I, where A:=Aq, B:=By, a:=—"— TRW2 # 0, fBr:= TeRWLEs
D::\/fj # 0, and

1
C’::am(c)\* —2ap*) + P (ad — bc).

Note that F' can be reformulated as

F(z) =2AIn|2azx + 8| +2Bx+ A, x€l
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with 8:=0; + 2 and \:i=)g + 2A1In | V4_pA|. Hence, substituting &:=ax + (1,
ni=ay + Ba, pi=p1 + p2, and A:=X 4+ A\ + A2, Eq. (2.3) reduces to

G (D arctan(=2 §+7’ L)+ n) =24 |a(z +y) + 8] + B(z +y) + A

—Aln|(ozx—|—ﬁl) 1| = Bx 4 Carctan(ax + 1) + M1
—Aln|(ay + B2)? + 1| — By + C arctan(ay + B2) + Ao
= Aln‘wﬁ‘)—inéﬂ’ +Carctan( 5‘“7 ) +A

Consequently, for u:=D arctan (- EJ”’ L)+ € gi(X) + g2(1), we get

C+m? () (i) st (U2)
(E+D0P+1) 14 (1) 1+ tan® () b 7
and hence

G(u):=2AIn|sin(“5*)| + C*5* + A.

Thus we obtained the solutions listed in (P1.1).
(2.2) Suppose that A = 0. Then there exist constants A1, Ag, 1,2 € R
such that

gr(x) = D(az + B) "+ pp  and
fr(x) = =24 o + Bi| — Bx + Clax + Br) ™' + Ak

hold for all z € I, where A:=Aq, B:=By, a:=ws # 0, ﬁk::%ka, D:=—4#£0,
and

Lo\« « b
C:i=— 5(0)\ —2ap™) — a—Z(ad —be).
Observe that I’ can be written as
F(z)=2AIn|2az + 8| +2Bx+ A, z€l

with B:=0;+32 and \:=X\o—In(4p?) A. Hence, substituting &:=az+061, n:=ay+
B2, pi=p1 + p2, and Ai=X 4+ A1 + Ao, Eq. (2.3) reduces to

G (D2 + 1) = 241m|a(e +y) + 8 + Blz +y) + A
—2AIn|ax + 1| — Bz + Clax + 61)71 + M
—2AMn|ay + B2| — By + Clay + f2) " + Ay = 240 In |42
&+n
+O+ A
Consequently, for u::D%;7 +pe€gi(I)+ g2(I), we get
G(u) = 2AIn|“5#| + O + A
Thus we obtained the solutions listed in (P1.2).
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(2.3) Finally, suppose that A > 0. Then there exist constants Ay, Ag, i1, fto €
R such that

gr(z) = Dln|g’;i§23\ + pr  and

fe(z) = —Aln|(az + Bp)? — 1| — Bx+Cln|%| + e

for all x € I, where A:=Ay, B:=By, a:=—= NING. #0, By:= TRWLES D: _ﬁ #0,
and

C:= (eA™ —2ap™) + (ad — be)

1 pb
avVA a2V A
Observe that F' can be written as
F(z) =2AIn]2ax + |+ 2Bz + \, z€l,
with B:=01 + 2 and \:=)\y + 2401n |‘£—§|. Hence, substituting &:=ax + (1,
m=ay + Po, w:=p1 + pa, and A:=X\ + A + A2, Eq. (2.3) reduces to
G(Dn w| +p) =2Al|a(z +y) + B+ Bz +y) + A

—Aln|(az + 41)? — 1| — Bx + Cln|eztbi=l) 4y,

ax+531+1
—Aln|(ay +@2)2 — 1| = By + Cln |28 4 ),
= Aln| |+ Cln | &R0 4,

(&2 1)(712 ) (E+1D)(n+1)

Putting u:=D1In {%| +p € gi1(I) + g2(I), we obtain that

(E+D(n+1)
+n? (- E06m)  Q-ew(5)? . =
@-D0F -1 4 S00 D e 2D /)
consequently
G(u) = 2AIn |sinh(%7*)| + C*5E + A
holds.
Thus we obtained the solutions listed in (P1.3). O

Finally, consider the so-called Hyperbolic Solutions, that is, the case when
v =" > 0 holds.

Theorem 19. If (F, f1, f2, G, g1, 92) is a reqular solution of (2.3) such that,
for the functions defined in (2.5), condition (B.2.3) holds, then there exist
A, B,C,D € R with AD # 0, K > 0, and A\, A\, i, € R such that either F is
of the form

F(x) = Ae 2" 4 2Bx + \, z¢cl

for some |q| =1 and ezactly one of the following holds true:
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(H1.1) there ewist o, Bk, Ax € R with afxAx # 0, B2A = agAy, and B1A =
aqAy such that, for allx € I and u € g1(I) + g2(I), we have

fe(x) = qAre 1" — Bx 4+ C'ln|ae™ " + Bi| + Ag,
gr(x) = Dln\ae‘q"x+ﬁk|+/ﬁk,
G(u) = a?A(exp(*p*) — f1f2) + C*5* + A

(H1.2) there exist |p| ¢ {0,1}, Ag,Ck, D, € R with —§p*A = ¢i Ay, p*C =
qxC, and p*D = qu Dy, such that, for all x € I and u € g1(I) + go(1),
we have

fr(x) = —Ape 29" — By + qClre 9% + Ay,

gr(@) = qDre™ " + g, G(u) = 5= A(MG*)? + C*pF + A,
where (p*a qk)::(lv 1) Zfdjl =0onlI and (p*vqk)::(]-_p2a q+(_1)k71p)
otherwise,

or F is of the form
F(z)=2AIn |ae2'” —B|+2Bzx+ XA, xzel

for some a, 5 € R with a8 # 0 and ezxactly one of the following holds true:

(H2.1) there exist o,y € R with ayae = « and ¥* = 3 such that, for all
rel andue gi(l)+g2(I), we have

fe(x) = —2AIn|age™ + 7| — Bz + Clage™ + )71 + Ay,
gr(x) = D(oge™ +4) "t 4 g,  G(u) =2AIn |1 — 2|+ CU5E + A

(H2.2) there exist ag,y € R with ayag = o, v # 0, and v* +1 = 3, such that,
forallz eI andu € g1(I) + g2(I), we have

fr(@) = —Aln|(age™ +v)? 4+ 1| — Bx + C arctan(ae™ + ) + g,
gr(x) = D arctan(oge™ + ) + L,
G(u) = 2AIn |ysin(*52) + cos(“S2)| + CH5 + A

(H2.3) there exist ag, Vi, Ar € R with ayas = a, 1y2 = 5, and %(Al +As) =
A such that, for allx € I and u € g1(I) + g2(I), we have

fr(x) = —ArIn|ape™ + 41| — Az Infare”™ + 72| — Bz + Ay,
gr(x) = Dln|u\+uk7

ake"’“r'yg
G(u) = 24In |2 exp(“55) —

(H2.4) there exist |p| = 1 and v, Bk, Ak, B € R with 5(141 + As) = A such
that, for allx € I and u € g1(I) + g2(I), we have

AR 4 A

Y2— ’71|

fk(x) = 7Ak In |’y€(71)kp’w: + ﬂk‘ — Brx + )\k;
gr(x) = (~1)*DIn |ye D" 4 G| + g,
G(u) = 2A1n |Byexp(“pF) — Bo| — A2 "5 + A
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with (By, By) = %(2/@4—!— B,B) + *52(B,2kA+ B) and v(f1, B2) =
2 (a, —0) + FE(—f,q)

(H2.5) there exist |p| = 1 and By, Cy, Dy, € R with —#-(By — B1) = A such
that, for all x € I and v € g1(I) + g2(I), we have

fe(x) = CreCV"Pre _ Bra 4\,
gk(x) = D}ge(_l)kpmc + g, G(u) = 2A1n|%| + C% + A,

where B = H—pBQ + 1;”31 and
aB(C, D) = —H2a(Cy, D) — 52a(Ca, Do) = 122 B(Co, Do) + 52B(Ch, Dy).

Proof. For brevity, in this proof, whenever we write ¥; = 0, we mean that
11 = 0 on the whole interval I. The sufficiency of the listed functions is a
matter of substitution.

To show the necessity, let (F, f1, f2, G, g1, g2) be a regular solution of (2.3).
Then there exist constants a,b,c,d € R with ad # bc, k > 0, and \*, u* € R
such that

(d+c)e*® +d—c

F’ =

=) (b+a)er® +b—a’

4e"
!

xr) = ,

() (wWik + w2 k)e2" + 2wg e % + w1k — Wo k
and
1 (01,5 + O2,5)e*™ + 200 ke + 0y — O,
i) = - /

2 (w15 + wa k)€™ 4 2wp per* 4+ w1 — wak

hold for all z € I, where

(b7 a, )\*) if ’(/11 = O7

(wa,k, w1k, wo):= {(pb + (_l)k—1a7pa + (_1)16—1(), A*)  otherwise

and

(d, e, 2u) if ¢ =0,

02 1, 01.%,00):=
(62,4, O1.k: 60) {(pd+(—1)k_1c,pc—|—(—1)k_1d,2,u*) otherwise.

Note that p = 0 corresponds to the case when the function s is constant on
I. On the other hand, if v, is different from zero and v is not constant on I,
by Lemma 15, parameter p is different from zero.

From the differential equation concerning F' we directly get that there exist
constants A\, A\g € R such that

xel, (4.8)

Flz) = Aexp(—2gkz) + 2Bz + A if [a| = [b],
~ 1241In | exp(2kx) + Bo| + 2Bz + Ao if |a| # |b],
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where ¢:=sgn(ab) # 0, ag:=a + b # 0, Bp:=b — a # 0,

c—qd . _ d+qc . _
O;éA::{M’iq“) il =P B;:{zw;za) it o] = .

ngerazy  if af # [0, sy it fal # [0l

(4.9)
Correspondingly, we are going to distinguish the following main cases: either
la| = [b] or |af # |b].

Case 1. Assume first that |a| = |b| is valid. In this case, the form of g and
fr strongly depends on the value of the coefficient wy, therefore, within Case
1., we will distinguish two sub-cases: either wy = 0 or wy # 0.

(1.1) Assume that wy = 0 holds. Then we must have |p| # lwhenever 1), is
not zero on I. Indeed, our assumption |a| = |b| and condition ad # be imply
that either a = b or a = —b holds. Consequently, for a given k = 1,2, at least
one of wy k+war = (p+(—1)* 1) (a+b) and wy  —wo, = (p— (—1)*71)(a—b)
must be zero. If [p| = 1 were true, then, it is easy to see, that there would exist
k € {1,2}, for which both of the previous coefficients are zero. It would then
follow that exactly one of the functions 1o — 91 or 19 + 17 is identically zero
on I, which, in view of Remark 18, is impossible.

Thus there exist A1, Ao, p1, 2 € R such that

gr(2)=aDRe ™™ g, and fu(a)= — A — B — qChe 1 4,
hold for all x € I, where
1 X . _
(C, D):: { K(a+qb)1(2lu ’_4) if Y1 =0,
*lata) =) (2,u*, 4p) otherwise,
and —1p*A = ¢} Ag, p*C = q;Cy, and p*D = g3, Dy, with
" ar):= (L.1) ) . = (4.10)
(1—p* ¢+ (—1)""1'p) otherwise.

Observe that we have 0 ¢ {q — p,q + p}. Now, substituting (&,7n) =
(e79%* 9% if 4»; = 0 holds or (§,1):=((¢ — p)e”9"*, (¢ + p)e~9"¥) other-
wise, furthermore putting p:=p1 + po and A:=X + A\; + A2, we get that

G(gD(E+m) +p) = Ae” " HY) 4 Bz +y) + A
_Ale—2qmt — Br — qcle—qmc + )\1
_A2672qny _ By _ q0267q/-cy + Ay
_JBAE N +aCE+m) + A if by =0,
ﬁA(f +n)2 4+ qC(E+n)+ A otherwise.
Consequently, for u:=¢gD(¢ +n) + p € g1(I) + g2(I), we get
Gu) = g A(M54)? + C452 + A

2p*
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Thus we obtained the solutions listed in (H1.2).

(1.2) Now assume that wg # 0 holds. By Case 1. and condition ad # be, we
have a # —qb and d # gc. Then there exist constants Ay, Ao, ji1, pto € R such
that

gr(z) = DIn|ae™ " + G| + u  and
fi(z) = qAre™ 1" — Bx + C'ln Jae™ 1% + Bi| + Ak

hold for all z € I, where c:=2\* # 0, D:= — q% #0,

_ 4[4 — AV B - ge(a+gb)(c—qd) if 1y =0,
ARN* | 4p* — AN B — 5= (p* — 1)(b+ qa)(d — qc)  otherwise,
1 c—qd if ¥, =0,
0#Api=——"-
7 A 4kA* {((—1)k_1p —q)(d —qc) otherwise,
and
a+gb if 1 =0,
0 =
7 b {((-Uklp +q)(b+qa) #0 otherwise.

Note that, regardless of the behavior of the function v, the identities
B2 A = qaA; and 1A = qals hold. Hence, substituting &:=ae™ %% 4+ 3y,
n=ae” M"Y + By, pi=p1 + peo, and A:=X 4+ A\; + Ao, Eq. (2.3) reduces to

G(DIn|¢n| + p) = Ae= ) L Bz +y) + A
+qA1e7 — Bx + Cln|ae™ 1 4 31| + M1
+qAse” Y — By + Clnjae™ Y + Bo| + Ao
= LA — Bi1B2) + Cln|én| + A.

Consequently, for u:=D1n |{n| + p € g1(I) 4+ g2(1), we get
G(u) = o A(exp(“52) — B182) + C 52 + A.

Thus we obtained the solutions listed in (H1.1).

Case 2. Assume now that |a| # |b| holds. Here we will distinguish two
further cases: either [p| =1 or |p| # 1.

(2.1) Suppose that |p| = 1 holds. Then, it is easy to see, that the shape of
the corresponding solutions still depends on the value of wy.

Within sub-case (2.1), suppose that wy = 0. Then there exist constants
A1, A, p1, 2 € R such that

gk(x) = Dke(fl)k’mm +ur and  fi(x) = C’ke(fl)kp'” — Brx + g
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hold for all z € I, with

_ A+ (=) pe
Bk'_Q(b—&—(—l)k—lpa)’ and
) B(C1,D1) = a(Cy,Dy) ifp=—1
ap(C,D) = {a(C’l,Dl) — B(Cy. Dy fp=1.

where a:=ay, B:= — By € R, C::H(%ja?), and D:= — ﬁ #0.
Observe that —5-(Ba—B1) = A # 0, and either By = B or By = B if either
p = —1orp =1, respectively, where A, B € R are defined in (4.9). Substituting
either (¢, n):=(ae", Be™"Y) or (£,n):=(Be " aeY) if either p = —1 or p = 1,
respectively, furthermore putting p:=p1 + pg and A:=X + A\ + Ag, Eq. (2.3)
reduces to
G(D(+n) + p) = 2410 e — | + Bz +y) + A
+C1e P — Byz + A1 + Ca2e?™ — Boy + Ao
= 2A1n |ae"@tY) — g
+(B —B1)z+ (B—Ba)y+ C(£+n) + A.
Thus, depending on the exact value of p, we have
2A1In |ae#HY) — G| — 24ky + C(E+n) +A ifp=—1
GD(E+n) +p) = { Al 700 Erm+A ifp=
2AIn |ae" TV — 3] —2Ake + C(E+n)+ A ifp=1
=2AIn [+ +CE+n) +A.
This, for w:=D({+n) + p € g1(I) + g2(I), yields that
G(u) = 2AIn|“5H| + Oz + A

Thus we obtained the solutions listed in (H2.5).
Within sub-case (2.1), assume that wy = X\* # 0. Then there exist Aj, Ao,
1, 2 € R such that

gr(x) = (—1)kD1n |ve(_1)kp’” + Br| + pr  and
fk(il') =—-A;In |,ye(71)kpna: + 51@‘ — Brx + A\

hold for all = € I, where D:::)f’* # 0, v:=2\* £ 0,

L —1)k * s d+(—1)*""1pc
Ak'i (252\*1) (2/”L —A b+((71))k_11111a)’

d _1\k—1 c _
Bk::M, and ﬁk:2((_1>k 1pb + CL) 7é 0.

Note that 1(A; + A2) = A, and that the function F' defined in (4.8) can be

written as

F(z) = 2AIn |0e®*® — §| + 2Bz + A,
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where \:=X\g—2AIn [4X*], and either (o, 5) = (B2, —51) or (o, B) = ¥(B1, —F2)
if either p = —1 or p = 1, respectively. Substituting :=ye™P**+ 3, n:=~eP™V +
Ba, pi=p1 + p2, and A:i=X 4+ A1 + Ag, Eq. (2.3) reduces to

2A1n ™= HY) — 8| + B(x + y)

—AiIn|¢| — Bix — Asln|n| — Bey + A if p=—1,
2A1In |ae*@tY) — 8| + B(z + y)

—AiIn|¢| —Biz — Ailn|n| — Box + A ifp=1,

B 2A1n|,61g—,6’2|—Agln\g|—|—(B—Bl):c+(2/<aA+B—Bg)y+A if p=—1,
24 [BiE = Be| — AeIn| 2|+ (B = Ba)y + (2kA+ B— Bz + A ifp=1.

G(DIn 2] + 1) =

A short calculation shows that we have either B; = B and By = 2kA + B
or By = 2kA+ B and By, = B if either p = —1 or p = 1, respectively.
Consequently, for u:=DIn[{]+ p € g1(I) + g2(1), we get

G(u) = 2AIn |3y exp(“5) — f2| — A2 "5 + A

Thus we obtained the solution listed in (H2.4).
(2.2) Suppose that |p| # 1 holds. Then we will distinguish three sub-cases
depending on the sign of the discriminant

a’® — b? if Y1 =0,
(p® —1)(a® — b?) otherwise

A:=4(\*)? — 4. {

of the second degree polynomial in the denominator of gg.
Within sub-case (2.2), suppose that A < 0 holds. Then there exist constants
A1, A, p1, 2 € R such that

gr(z) = D arctan(age™ +v) + ur, - and
fe(z) = —Aln|(are™ + )% + 1| — Bx + C arctan(age™ + ) + Ak

hold for all & € I, where ak;:\/%(a +0b0) £0if 1%1 =0 and Oék::\/%—A(p +
(=1)*1)(a+b) # 0 otherwise, furthermore =A< #0,
1 . ye0c—bd
Cim = (2w =3 Gg)» and
8
Di=——+— #0.
PV

Observe that F' can be reformulated as
F(z) = 2AIn |ae**® — B| + 2Bx + A,

where c:=a a2, B:=7?+1, and \:=X\p+2A4In ‘ ﬁ’ or ::=)\g+2A1In ’m

depending on whether v = 0 or not, respectively. Hence, substituting £&:=a; ™"+
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v, mi=age™ 4+, pwi=pq + po, and A:=X\ + A + A9, Eq. (2.3) reduces to

G(D arctan( 1€+€"n) + 1)

= 24In|a100e ™) — 42 — 1|+ Bz 4 y) + A
—Aln|(a1e"® +v)? 4 1| — Bx + C arctan(a e 4 ) + A\
—Aln|(aze™ +7)? + 1| — By + C arctan(aze™ +7) + A

= Aln|(v£22 + D (((22)* + 1) 7' + Carctan($5L) + A,

where in the last step, we used the identity
(e t) — 42 —1)2
E+Dn*+1)
(1-&n+q(E+n)? £+ 200E+n\? N\
= = +1 +1) .
(1 =&n)?+ (§+n)? (71—677 ) (<1—€n> )

Consequently, for u:=D arctan(<+2L &) + 1 € gi(l) + g2(I), we get

G(u) = 2A1In |ysin(“p*) + cos(“H)| + C=p= + A.

Thus we obtained the solutions listed in (H2.2).
Within sub-case (2.2), suppose that A = 0 holds. Then there exist Ai, Aa,
11, e € R such that

gr(z) = D(age™ +v)"' + pp  and
fr(z) = —2AIn |oe™ + 7| — Bz 4 Clare™ +7) 7" + A
hold for all « € I, where A, B € R are defined in (4.9),

1 N Lac—bd 4 s
c.f;(zu )\ ag_bg), Di=— = #0, 3=\ #£0,

furthermore either ay:=a+b # 0 or ag:=(p+(—1) 1) (a+b) # 0if 1 =0
or not, respectively.

Observe that, due to our assumption A = 0, the function F' can be written
as

F(z) = 2AIn |ae®™® — B| +2Bx + A,

where a:=aay, ;=72 and either \:=\g —2A1In |a +b| or \:i=\g — Aln |(p? —
1)(a+b)| if 1 = 0 or not, respectively. Hence, substituting &:=a;e"* 4+~ and
m=age™ 4+ 7y, pi=p + pg, and A:=X+ A\ + A2, Eq. (2.3) reduces to
G(DEEL + ) = 2410 |a102e" ) — 92| + B(z +y) + A
—2A1In|are" + 7| — Bx + Clae™ +~)71 + )\
—2A1n |ape™ + | — By + Claze™ + )71 + Xy

= 2AIn |1 — 752 + O 4+ A
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Consequently, for u::D% +p€gi(I)+ g2(I), we get
G(u) =2AIn |1 — y*5#| + C=5= + A.

Thus we obtained the solutions listed in (H2.1).
Finally, suppose that A > 0 holds. Then there exist constants A1, Ao, i1, p2 €
R such that

ge(z) = DIn |2 41 | + pe  and

el 4ryy

fe(x) = —A1 In|age™ + v1| — AsIn|age™ + vo| — Bax + A

hold for all z € I, where either ay = 2(a +b) or ag:=2(p + (=1)¥"1)(a +b) if
11 = 0 or not, respectively, furthermore ~5:=2\* + (—l)k\/Z,

(-Dkt, Lac—bd 4
A=A+ ——— (2" — A — #0.
g VA ( H b2 KV A 7

Observe that 12 cannot be zero, %(Al + As) = A # 0, and that the
function F' can be written as

F(z) =2AIn |ae*® — 3| +2Bx+ )\, z€l,

), and D:=

a2 —

where az:=ajaga, B:=7172, and either \:i=Xg — 2AIn|4(a + b)| or A\:i=X g —
2A1In |4(p? — 1)(a + b)| if 91 = 0 or not, respectively. Hence, substituting
=1 + g, Ni=ae”™Y + g, wi=pq + po, and A:=X + A\ + Ao, and using
that vo — v1 = 2/A # 0, Eq. (2.3) reduces to
G(DIn| €22 1 p)
=2AIn |a1a26”(x+y) — vyl + Bz +y)+ A
—Ajlnja1e™ 4+ y1| — Ay ln a1 4+ vo| — Bz + A\
—AjInjage™ + 1| — Ao ln |age™ + 5| — By + A2
=2AIn |a1a26"(‘”+y) — 7172]
—A1 111 |€1| =+ (A1 — 2A> 1n|§2| — A1 ln|n1| + (Al — 2A) lIl|7’]2| =+ A

—9AIn | O(lOtQGNfEZ;:)—’Yl'YZ | —A/ln |%| +A

_ Y2 &mo | &
=24AIn | Y2—71 §27M2 Y2—71 ’ Arln &am2 | + A,

where, in the last step, we used the identity

z+y) Y2

— — Y1
Y172 -

Y1 51771 T e 52772'

arage

Consequently, for u:=D In \g%| +u € gi1(I) + go(I), we get

G(u) = 2AIn | —2— exp(Uo) — 1| — A %ot 4 A,

Y2—7 Y2—71

Thus we obtained the solutions listed in (H2.3). O
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