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Abstract. In this paper, we consider the condition E;jol pi(rixz + qiy) € Z for real valued

functions defined on a linear space V. We derive necessary and sufficient conditions for
functions satisfying this condition to be decent in the following sense: there exist functions
fi:V—>R, g;: V — Zsuch that p; = f; +gi, (i =0,...,n+1) and Z?:ol filriz+qy) =0
for all z,y € V.
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Introduction

The topic of this paper is connected to linear functional equations of the form

n+1
> filriw+aqy) =0,  (z,yeV) (1)
i=0
where V is a linear space, n is a positive integer, rg,...,7n+1 and qo, - . -, Gnt1
are real numbers and fo,..., fn41: V — R are unknown functions.

It is easy to see that this class contains several fundamental functional
equations (e.g., the Cauchy, the Jensen, the square-norm, and the Pexider
equations) as a special case. Its investigation goes back (at least) to the be-
ginning of the twentieth century (cf., e.g., [9,26]). Its solutions, in a general
case, were determined by Székelyhidi [22,23]. A computer program presenting
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the solutions of functional equations of type (1) was described in [7] (cf., also,
[5,6,10,11]). Problems connected to class (1), its generalizations and its ap-
plications have been studied by several authors during the last more than 100
years. (Recent related results can be found, among others, in [13,15-17,24].)

In this paper, using the notation above, we consider linear functional equa-
tions modulo Z, i.e., we investigate the property

n+1
Z vi(ric+qy) €Z (x,y e V). (2)
=0

Our aim is to describe the form of the functions satisfying (2). Our investiga-
tions were mainly motivated by results of J. A. Baker, K. Baron, J. Brzdek,
M. Sablik, P. Volkmann published in the papers [1,3,4,8], respectively, con-
nected to the Cauchy equation modulo Z, as well as, by studies of A. Lewicka
on polynomial functional equations modulo Z [20].

1. Preliminaries

In this section, we give some definitions and present some preliminary results
we need to formulate and to prove our statements.

We start with the well-known concept of the difference operator. In its
definition and in the remaining part of the paper V denotes a linear space over
Q (or R or C). Let f: V — R be a function, let, furthermore,

Apf(@)=f(@)  (wyeV)
and, for a non-negative integer n,
Ay f(2) = A flz+y) — Ajf(z)  (z,yeV).

It is easy to prove that, with the notation above,

n

831 = S0 (st pe) ®)

k=0

for each non-negative integer n.

If n is a non-negative integer, a function f : V' — R is said to be a polynomial
function of degree n (in another terminology a polynomial function of degree
at most n) if it satisfies

n+1 _
AY (@) =0 (z,yeV), (4)
f is called a monomial function of degree n if it fulfils

Agf(z) =nlf(y) =0  (z,yeV). (5)
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Remark 1. A simple application of property (3) yields that Egs. (4) and (5)
can be obtained with properly chosen functions fy,..., fn+1 and numbers
70y -y Tnt1 and qo, . .., ¢ne1 in (1), thus, the classes of polynomial and mono-
mial equations are sub-classes of the set of linear functional equations of type

(1).

Remark 2. There is a notable connection between polynomial and monomial
functions. With the notation above, ifa; : V' — R, (k = 0,...,n) are monomial
functions of degree k, then the function f:V — R, deﬁned by

F=>ax
k=0

is a polynomial function of degree n.
On the other hand, if f : V — R is a polynomial function of degree n, then

there exist monomial functions a; : V' — R of degree k, (k = 0,...,n) such
thatfor the functions fo, ..., fr41 for the numbers rg,...,r,+1 and qo, ..., gnt1
in (1)

f=2_ a
k=0
(cf., e.g. [18,19] and, in a general setting, [23]).

According to Remark 2, monomial functions are a kind of ‘building blocks’
for polynomial functions. As L. Székelyhidi proved (cf. [22], furthermore, [23,
26]), this property, under some circumstances, is also valid for solutions of
general linear functional equations of type (1).

Theorem 1. Let V be a linear space, n be a non-negative integer and let
Ty« sTntls GOs- -+ Gnt1 be rational numbers satisfying the property

rin%rjqz' (27]:077n+17 Z#J) (6)

The functions fo,..., fny1: V — R solve functional equation (1), if and only
if,

fi=Y e, (i=0,...,n+1) (7)

where a,(:): VoR(@(=0,....,n+1, k=0,...,n) are monomial functions of
degree k such that

n+1
erkjg) —0 (xeV, k=0,...,n, j=0,...,k).

As it was mentioned in the Introduction, in this paper, we investigate func-
tions satisfying property (2). Our study was inspired by several articles (e. g.
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[1,3,4] and [8]), on the Cauchy equation modulo Z (in another terminology
Cauchy’s congruence), i.e., on the condition

plety)—pl@)—ply)eZ  (v,yeV), (8)

where v is a linear space and ¢: V — R is a function.

According to Baker [1], a function ¢: V' — R is called a decent solution of
(1) (or a decent solution of Cauchy’s congruence), if it satisfies (1) and there
exist functions f: V — R and g: V' — Z, such that f is a solution of Cauchy’s
functional equation

flx+y)—flx) = fly)y =0  (z,yeV)

and ¢ is of the form ¢ = f+g. (Further connected results can be found, among
others, in the papers [2,14,21].)

Motivated by the investigations above, in the case when V' is a linear space,
n is a non-negative integer and ¢: V' — R is a function, A. Lewicka considered
the property

Aytlo(a)eZ  (zyeV), (9)

which she called polynomial congruence of degree n (cf. [20]). Analogously to
the case connected to the Cauchy equation, a function ¢: V' — R is said to be
a decent solution of the polynomial congruence of degree n if it satisfies (9) and
there exist functions f: V — R and ¢g: V — Z, such that f is a polynomial
function of degree n and ¢ = f + g [20].

In her paper [20], A. Lewicka proved, among others, the following 3 Theo-
rems.

Theorem 2. Let V' be a linear space, n be a non-negative integer and assume
that p: V. — R fulfils the polynomial congruence of degree n. Then the following
conditions are equivalent:

(a) The function ¢ is a decent solution of the polynomial congruence of degree
n.

(b) For everyv € V, there exists a polynomial p, of degree smaller than n+1
with real coefficients such that p(§v) — p,(§) € Z for all £ € Q.

(¢c) For every vector v € V, there exist € > 0 and a polynomial p, of degree
smaller than n + 1 with real coefficients such that @(&v) — p,(§) € Z for
all € QN (0,¢).

(d) For every vector v € V, there exist € > 0 and a polynomial p, of degree
smaller than n + 1 with real coefficients such that @(Ev) — P, (§) € Z for
al £ € Qn(0,¢).

(e) For every vector v € V, there exist ¢ > 0 and o € [0,1] such that for
every £ € QN (0,¢) we have $(Ev) € (o, o + 57 ).

(f) For every vector v € V, there exists € > 0 such that the function & >
Q — ¢(&v) is monotone on QN (0,¢).
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Theorem 3. Let V be a linear space and let E C X such that intH(E) # 0.
If ¢: V. — R fulfils the polynomial congruence of degree n so that o(x) €
Z+ (—a,a) for x € E with some 0 < a < m, then ¢ is a decent
solution of the polynomial congruence of degree n. Moreover, ¢ = f+ g, where
f is a continuous polynomial function of degree n and g is an integer valued

function.

Theorem 4. Let V' be a linear space and let p: V — R be a solution of the
polynomial congruence of degree n. Assume that one of the following two hy-
potheses is valid

(a) X =R™ with some positive m and @ is Lebesque measurable,
(b) X s a real Fréchet space and ¢ is a Baire measurable function.

Then ¢ is a decent solution of the polynomial congruence of degree n. Moreover,
@ = [+ g with f being a continuous polynomial function of degree n and g
being an integer-valued and Lebesgue (resp. Baire) measurable function.

Similarly to the statements formulated in Remark 1, it is easy to see that
property (9) can be obtained with properly chosen functions fo, ..., fn+1 and
numbers 7, ...,7,+1 and qo, ..., ¢p+1 in (2). This means that, for each non-
negative integer n, a solution of the polynomial congruence of degree n also
satisfies a certain linear congruence of type (2).

Based on this fact, we may introduce the following generalization of the
concepts above. If V' is a linear space, n is a non-negative integer, ro, ..., 7,41
and qg, ..., qp41 are rational numbers, the functions ¢q,...,pn4+1: V — R are
called decent solutions of (2), if they satisfy (2), furthermore, there exist func-
tions fo,..., fns1: V — Rand go,...,9nt1: V — Z, such that fo,..., fri1
are solutions of (1) and ¢; = f; +¢g; fori =0,...,n+ 1.

It is easy to see that, if ¢; = f; + ¢g;, such that f;: V — R, ¢;:' V — Z
and fo,..., fn+1 satisfy (1), then the system of functions o, ..., @,+1 fulfils
(2). In the remaining part of the paper, we investigate the question, which
conditions imply that functions, satisfying (2) are its decent solutions.

We note that, as a consequence of G. Godini’s example in [12], generally, it
is not true that each function fulfilling (1) is a decent solution of (1) (cf., also,
[25]). Since the Cauchy equation is a special case of (1), it is also not always
true that functions satisfying (2) are decent.

2. Main results

We start our investigations with the examination of the connection between
polynomial congruences and linear congruences. Our first theorem reads as
follows.

Theorem 5. Let V' be a linear space, n be a non-negative integer, let ro, ..., rni1
and qo, - .., qn+1 be rational numbers with the property (6) and assume that
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the functions @o,...,ont1: V. — R satisfy (2). Then each of the functions
00, -+ Pnt1 fulfils the polynomial congruence of degree n.

Proof. At first, we show that ¢, 41 satisfies (9).
Assume that r,,+1 # 0 and g,41 # 0. Taking arbitrary u, w € V and writing
4=W and y = in (2), we get

y < o n >w>eZ (u,we V). (10)

dn+1 Tn+1

xr =
dn+1

SDnJrl + Z@z (

Denote R; = T:T and Q; = %H — T"+ for i € {0,...,n}. Then R;,Q; €
Qv Ri7Qi7éO7 RQ]#RQt fOI'ZjE{O . n} #]a‘nd

rn+1

(Pn+1 +Z@z R+ Qiw ) (U,’LUEV). (11)
=0

By property (6), 7,41 and ¢,41 cannot be 0 simultaneously. If ¢,11 = 0 and
Tnt1 7 0, then put z = - +1,y =w in (2) to get (11) with R; = Trtzl Qi = q;.
Replacing u by v + s and w by w + t, we obtain

Ont1(u+s)+ Z vi (Riu+ Q;w) + (Ris+ Qit)) € Z (u,w,s,t € V).

i=0
(12)
Substracting the left hand side of (11) from the left hand side of (12), we
obtain

n
As@n-‘rl(u) + Z ARis—&-Qit(pi (Rlu + sz) €L (ua w, Sat S V) (13)
=0
Writing ¢ = — s in (13), we get

n—1

Agpnia(u) + Z Ar; i90-RnQ; Pi (Riu + Q;w) € (w,w,s € V). (14)
=0

Considering this for the function Agp,,+1 instead of ¢, 41 and for A RiQu—Rn0; SPi
instead of ¢; for i € {0,...,n — 1}, we obtain

n—2
As’,sSD'rH»l + ZAR Qn-1-Rpn_1Q; s, BiQn—FnQ; g
i—0 Qn—1 Qn
i (Riu+ Qw) € (u,w,s,s €V). (15)

A continuation of this argumentation yields that
Ao (u) €Z (u,s € V).
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Due to Theorem 1, we can characterize decent solutions of (2) in terms of
decent solutions of polynomial congruences.

Theorem 6. Let V' be a linear space, n be a non-negative integer, let rg, ..., Tni1
and qo,...,Qn+1 be rational numbers satisfying (6) and assume that
00y -y Pnt1: Vo= R fulfil (2). The functions ¢o,...,pn+1 are decent so-
lutions of (2), if and only if, each of the functions ¢q,...,on+1 is a decent
solution of the polynomial congruence of degree n.

Proof. Assume that ¢; = f; + ¢g;, for i = 0,...,n + 1 with some functions
fi,-o s far1: V. — Rand ¢1,...,9n41: V — Z, such that fq,..., f,41 solve
(1). Then Theorem 1 implies that each of the functions f; is of the form (7),
thus, it is a polynomial function of degree n. Therefore, each of the functions
; is a decent solution of the polynomial congruence of degree n.

Now, assume that ¢; = f;+g¢; fori =0,...,n+1, where f1,..., foy1: V —
Rand g1,...,9n+1: V — Z such that f1,..., fn41 are polynomial functions of
degree n. According to Remark 2, there exist monomial functions a,(;) :V—-R
of degree k, (i =0,...,n+1, k=0,...,n), such that

fi= Z ay.
k=0

Taking an arbitrary £ € Q and putting x = fu, y = Ew for u,w € V in (2), we

obtain
n+1

Z%‘(f(riu‘*‘ql‘w)) €L (u,we V),
i=0

thus,
n+1

Zfi(f(riu+qz‘w)) €L (u,w € V).

On the other hand,

n+1 n+1 n )
S file(rut qiw) = > (Z ay (€(ru + qiw»)
1=0

i=0 \k=0

n n+1
Z I3 <Z a,(j)(mu + qlw)> (u,w e V).
k=0 i=0

Since the equation above is valid for all rational numbers £, we get that
n+1 )
S a(rutqu) =0  (wweV, k=1,..,n)
i=0

and
n+1

Z a((f)(nu +qw)€Z (u,w e V).
i=0
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Therefore,
n+1 n+1

S hiEru+ qw) =Y o (riu+ gw)  (w,we V).
=0 =0

Writing fi = f; and g; = g; for i =0, ..., n, furthermore,
n+1 )
frar = for1 =Y ol (riu+ o) (w,w € V)
i=0

and
n+1 )
Int1 = Gnt1 + Z aél) (riu + qiw)7 (u’ w e V)
=0

we obtain that gai:fl-Jrgi and g;: V —-Zfori=0,...,n+ 1 and

n+1 n+1 n+1

Y fileriutqw) = Y fi€(riutqw) = Y ol (riut qw) =0 (wwe V),
=0 1=0 i=0

which proves that ¢, ..., pn+1 are decent solutions of (2). 0
Using Theorems 2 and 6, we can prove the following statement.

Corollary 1. Let V' be a linear space, n be a mnon-negative integer,
letro,...,Tny1 and qo, - . ., Gnt1 be Tational numbers satisfying (6) and assume
that

©0y -y Pnt1: V. — R fulfil (2). Then the following conditions are equivalent.

(a) The functions (o, ..., ont1) are decent solutions of (2).

(b) Foreachv € V andi € {0,...,n+1}, there exist a polynomial pi, € R,,[X]
and € > 0, such that p;(Ev) —pi (&) € Z for £ € QN (0,¢).

(¢) For each v € V, there exist ¢ > 0 and o € R, such that $;({v) € (o, +
sr) for £€QN(0,¢).

(d) For each v € V, there exists ¢ > 0 such that the function Q > § —
i(€v) € 10,1) is monotone on QN (0,¢).

Proof. According to Theorem 2, each of the conditions (b), (¢) and (d) is
equivalent to the decency of each of the functions ¢y, ..., v,4+1 as solutions
of the polynomial congruence of degree n, which implies the decency of the
functions ¢y, . .., @nt1 as solutions of (2) (cf. Theorem 6). O

Finally, we formulate and prove two corollaries of our theorems as well
as some results of Lewicka [20] on solutions of linear congruences satisfying
certain regularity properties.

Corollary 2. LetV be a linear space, n be a non-negative integer, let ro, ..., rn41
and qo,-..,qn+1 be rational numbers satisfying (6) and assume that
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00, -y Pnt1: V — R fulfil (2). If there exists a set E,; CR for everyv eV
and i € {0,...,n+ 1} such that intH(E, ;) # 0 and

sz(gv) €L+ (_ 2”(2"}2 — 1)7 2n(2n}2 — 1)) (5 € Ev,i)a

then o, ..., ont1 are decent solutions of (2).

Proof. Since g, ..., pn+1 fulfil (2), Theorem 5 yields that each of the func-
tions above satisfy (9). Thus, according to Theorem 3, each of the functions
©0y - -+, Pnt1 is a decent solution of (9). Therefore, as a consequence of Theo-
rem 6, we obtain that ¢, ..., p,+1 are decent solutions of (2). O

Corollary 3. Let V' be a linear space, n be a mnon-negative integer,
letro,...,Tny1 and qo, - .., Gny1 be Tational numbers satisfying (6) and assume
that ©o, ..., pnt1: V — R fulfil (2). If each of the functions vg, ..., on+1 1S €i-
ther Lebesgue measurable or Baire measurable or Q-radial continuous at some
point, then @q, ..., ont1 are decent solutions of (2).

Proof. Since g, ..., o1 fulfil (2), from Theorem 5 it follows that each of
these functions fulfils (9). Thus, according to Theorem 4, each of the functions
©0s -+ ©nt1 18 a decent solution of (9). Therefore, Theorem 6 implies that
©0s - - -, nt1 are decent solutions of (2). O
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