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Abstract. Let I be an interval, X be a metric space and > be an order relation on the
infinite product X*°. Let U : X — R be a continuous mapping, representing >, that
is such that (zo,z1,z2,...) = (yo,y1,92,...) < U(zo,z1,22,...) > U(yo,y1,y2,...). We
interpret X as a space of consumption outcomes and the relation > represents how an
individual would rank all consumption sequences. One assumes that U, called the utility
function, satisfies the recursion U(zo, z1,x2,...) = ¢(xo,U(z1,x2,...)), where ¢ : X xI — I
is a continuous function strictly increasing in its second variable such that each function
¢(z,-) has a unique fixed point. We consider an open problem in economics, when the
relation - can be represented by another continuous function V' satisfying the affine recursion
V(zo,x1,22,...) = a(zo)V(z1,x2,...) + B(zo). We prove that this property holds if and
only if there exists a homeomorphic solution of the system of simultaneous affine functional
equations F(p(z,t)) = a(z)F(t) + f(z),z € X,t € I for some functions o, 8 : X — R. We
give necessary and sufficient conditions for the existence of homeomorhic solutions of this
system.
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1. Introduction

Let X be a topological space. Let X be the infinite Cartesian product en-
dowed with product topology. Let = be a transitive and connex binary relation
on X,

The economic interpretation of these objects is as follows. The space X is
treated as a set of consumption outcomes, (zo,x1,T2,...) € X°° as a sequence
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of outcomes consumed over time, where the element x,, represents the outcome
consumed in period n.

The order relation “>” describes how an individual would rank all con-
sumption sequences.

Economists working with binary relations usually assume that they can be
represented by real functions.

We will say that the continuous function U : X*° — R represents “>=" if
for all (zg, z1,x2,...), (Yo, y1,Y2,...) € X

(w0, 1,22, ..) = (Yo, Y1, Y2, - --) & Ulzo, 1,22, ...) = U(yo, Y1, Y2, - - -)-

A function U satisfying the above condition is said to be a utility function.
In the problem under consideration the economists assume that the utility
function U satisfies the recursion

Uz, x1,z2,...) = o(xo,U(x1,22,...)), (1)

where ¢ : X x I — I is a continuous function strictly increasing in its second
variable and I is an interval.

Assume that X is a connected topological space and U satisfies (1). Then
the set U(X ) is a subinterval of T as the image of a continuous function of
a connected space and op(z,U(X*)) C U(X)) for every o € X. Thus for a
given U we may restrict the domain of ¢ to the set X xU(X*°) and further
assume that U(X>) = I.

The recursion (1) was introduced by Koopmans et al. in paper [3], which
is considered as a classical one in economics. In this paper it is explained, why
it is natural to impose this recursive structure on U (see also [1]).

The key role in this theory is played by the property of “impatience” on
the part of the individual defined as follows.

Impatience For all n > 1, a,b € X™ and all (xg,z1,...) € X

(a,a,a,...) = (b,b,b,...) = (a,b,x0,21,...) = (bya,xg,x1,...).

In simple terms this means that, if the repeated consumption a € X" is
preferred over the repeated consumption b € X™, so that a is “better” then b
, than the individual would sooner consume a than b.

Koopmans started with the conjecture that any binary relation that admits
a utility function satisfying (1) would satisfy impatience. It turned out that
this supposition is false. Koopmans left the problem how to represent the rela-
tion of preference that do satisfy impatience. Next Asen Kochov (in personal
correspondence) posed a conjecture that impatience holds if and only if the
recursion representing > can be chosen to be affine admitting non-constant
coefficients.

In this paper we show that this conjecture without additional assumptions
is not true. We prove even something more, we give necessary and sufficient
conditions when the above conjecture holds.
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2. Preliminary remarks

We make the following general assumption:

(A) X is a Hausdorff topological space satisfying the first axiom of countabil-
ity and the product topology in X*° is such that it is connected and the
convergence of the sequences is equivalent to the convergence with re-
spect to coordinates, that is limy_.oo (20 k, 1 ks --.) = (o, 21, ...) if and
only if limy_,oc &y, = =, for every n € N .

Note that if X is connected then X ° is connect, moreover condition (A) holds
for metric spaces.
In fact, let (X, d) be a metric space. Define on X the metric

n=1

Note that (X, p) is a metric space satisfying condition (A).

Let us introduce the notation

fa=¢(a,"), a€X.
Obviously f, : I — I. It is convenient to consider X as the set of parameters.
Let U satisty (1). Put
U,:=Ula,a,...), a € X.

By (1) we have U, = U(a,a,...) = ¢(a,U(a,a,...)) = fo(U(a,a,...)) =

fa(Uyg). Thus U, is a fixed point of f,.

Remark 1. Every function f, has a unique fixed point.

Proof. Suppose that f,(p) = p for a p € I. By the surjectivity of U there exists
a sequence (ai,ag,...) € X such that U(ay,as,...) = p. Since f,(p) = p we
have by (1)

p=U(ay,as,...) = fa(U(ay,as,...)) =Ul(a,a1,as,...).

Hence f2(U(ay,az,...)) = fo(U(a,a1,as,...)) = U(a,a,a,as,...). Further,
by induction, we get p = f2(p) = Ula,a,...,a,a1,a2,...) (a is repeated n-
times).

Since (a,a,...,a,a1,a9,...) — (a,a,a,...), the continuity of U implies
that
U(a,a,...,a,a1,a9,...) = Ula,a,...),
so p=U,. O

Remark 2. If a function V' : X*° — R satisfies (1) and V, := V(a,a,...) then
Vo =U,.

This is a simple consequence of the fact that f,(U,) = Uy, fo(Va) =V,
and f, has a unique fixed point.
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Remark 3. If inf I < inf f, and sup f, < sup I then U, € Int] and

(H) fo(t) <tfort>U, and f,(t) >t for t < U,.

Moreover, (H) holds if and only if for all sequences (z1,z2,...), (y1,Y2,...) €
X°° such that (x1,z9,...) = (a,a,...) = (y1,y2,...) we have (z1,22,...) =
(a,x1,22,...) and (a,y1,Y2,...) = (Y1, Y2, - - .).

Proof. Since f, has a unique fixed point, the inequalities inf I < inf f,,
sup fq < sup I, imply that U, € Intl. Moreover, inf I < inf f, implies that
fa(t) >t for t < U, and sup f, < sup I implies that f,(¢) <t for ¢t > U,.

Let now t € I and t > U,. Then there exists a sequence (z1,Z2,...) such
that U(zy,x2,...) = t. Since U(z1,x2,...) > U(a,a,...) we have (x1,22,...) =
(a,a,...). Thus by the assumption (x1,x2,...) = (a,z1,22,...), S0

t=U(x1,22,...) > Ula,z1,29,...) = fo(U(x1,22,...)) = fo(t).

Since f, has a unique fixed point and ¢ # U, we get f,(t) < t. Similarly we
get the second inequality in (H).

Now, let (H) hold and (z1,22,...) = (a,a,...). Put t = U(xy,2a,...).
We have t > U,. Then f,(t) < t, so U(a,z1,z2,...) = fo(U(x1,22,...)) =
fa(t) <t =U(xy1,22,...). Thus (z1,22,...) = (a, 21, T2, ...). Similarly we get
the second inequality. O

If T is a compact interval and inf f, = inf I then f,(t) < t for ¢t # U,,
however if sup f, < supI then f,(t) > t for t # U,. Thus, if I is a compact
interval then (H) holds.

Further we assume that every mapping f, satisfies (H) .

3. Results

Let us introduce the notation
f(xo,zl,...,wk) = .fa:o o f;cl o.. kaa T; € X.
By (1) we get that for every k € N\ 0 and all e € X* and 2 € X
Ula,z) = fo(U(x)).

Hence, similarly as in Remark 1, it follows that every f, for a € X* has a
unique fixed point U,.

Note that G := {f, : a € U,~, X"} is a semigroup of strictly increasing
continuous functions possessing a unique fixed point (in this notation a =
((10, Ay, ..., ak)).

Theorem 1. The relation = satisfies impatience if and only if

Vi1V pext Ua > Up & foo fo = fo 0 fa-
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Proof. This theorem is a consequence of the surjectivity of U and the following
equivalences and equalities

(a,a,a,...) = (bybb,...) & Ula,a,a,...) > U(b,b,b,...) = Uy > Us,

(a,b,zo,21,...) = (b,a,z0,x1,...) = Ul(a,b,x0,z1,...) > U(b,a,z0,21,...),
Ula,b, o, x1,...) = fao fo(U(xo,x1,...)),
U(b,a,x0,1,...) = fo o fa(U(xo,1,...)),

U(a,b,zo,z1..) > U(b,a,x0,21,..) < fao fo(U(zo,z1,..)) > fo o fa(U(zo,z1,..)).

O

Corollary 1. If the relation = satisfies impatience then f, and f, have a joint
fized point if and only if foo fo = foo fa.

Let us consider the particular case, where f,(s) = «a(a)s + B(a), where
a:X —(0,1) and B : X — R are continuous functions. Then f, satisfies (H)
and (1) has the form

V(xo,x1,xa,...) = alze)V(z1,za,...) + B(x0). (2)
Theorem 2. If V' fulfills (2) then the order relation represented by V' satisfies
impatience.

Proof. We have f,(s) = a(z)s+ [(z), x € X and 0 < a(z) < 1. The composi-
tion of affine functions is an affine function. Thus we may extend the domain
of the functions o and 8 on [J;»; X k as follows

farao,ay) = oy © fes 0o foy, = oz, o, ..., xk)s + B(x1, 22, . . ., Tk).
Hence f.(s) = a(x)s + B(z), z € Uy>, XF, so for all a,b € J;o; X
{fa fo(s) = a(a)a(b)s + aa)B(b) + B(a) (3)
foo fa(s) = ala)a(b)s + a(b)5(a) + B(b).
Putting V,, = V(a,a,...) and V, = V(b,b,...) we have f,(V,) = V, and
fo(Vo) = Vp. Hence V, = {295 and Vi = 285 and V, > V; if and only

if a(a)B(b) + B(a) > a(b)B(a) + B(b). Thus, by (3), the inequalities V, > V4
and f, o f > f, o fp are equivalent, so Theorem 1 implies that the relation
represented by V' satisfies impatience. ]

Lemma 1. Let U and V be the utility functions. They represent the same order
relation if and only if there exists an increasing homeomorphism ® : I — J such
that U = ® oV, where I = U[X ] and J = V[X].

Proof. For all z,y € X*® 2 = y < U(x) > U(y) and = = y < V(z) > V(y),
so U(x) > Ul(y) & V(x) > V(y) and consequently, changing the role of z and
y, we have U(x) = U(y) & V(z) = V(y). Now, we may define ® : [ — J as
follows

O(U(x)) :=V(x), ze€X>.
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This definition is correct since it does not depend on the choice of z. Obviously
® is a non-decreasing surjection. Changing the role of U and V' we infer that
there exists a non-decreasing surjection ¥ : J — I such that oV (z) = U(x).
Hence ®oW¥ = id, so @ is injective and consequently, as an increasing bijection,
is a homeomorphism. O

Lemma 2. Let 0 < a(x) < 1 for x € X. Then recursion (2) has at most one
continuous solution.

Proof. Let V1, V5 : X*° — R be continuous solutions of (2). Put W := V; — V5.
Then for every x; € X i =0,1,2,...
W(zo,x1,2a,...) = a(xg)W(x1, 22, 23,...).

By induction we get that for every k > 1

k—1
W(x()a sy Th—1, - - ) = H OZ(QS'i)W(Z‘k,$k-+1,l‘k+2, s )
i=0

Suppose that z,, = z,1, for n > 0. Then for this periodic sequence the last
equality has the form

k—1
W((zo,. s ok-1), @k, - w2p1) - ) = [ [ al@)W(xo, 21,22, ...).
i=0

Hence, by induction, we get that for every n > 1

W(xo, @1,y Tp—1,...) = [H a(xi)] W(xo, x1, z2,...).

=0

n
Since 0 < a(z;) < 1 we have lim,_, [Hi:ol a(xi)} = 0 and, consequently,

W (zo,x1,22,...) = 0 for every periodic sequence {z}.
Let X := (xo,21,...) € X be a given sequence. Define the following
k-periodic sequences

X = ((zo, .- - xp—1), (o, -+ - Tp—1),...), k>1.

Note that assumption (A) implies that limg_ o, Xp = X, since the sequence
of n-coordinates of the sequence {Xj} is constant up to the index n and is
equal to x,. Since W(X) = limy_..o W (X)) and W(Xy) = 0 for k > 1 we get
W(X) = 0, which gives that V; = V4. O

Let « : X — (0,1) and 8 : X — R. It is easy to verify that, if the series
defining the function

S(xo, w1, 72,...) = Blao) + Y [ [ elws) Blwrya) (4)
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converges for every sequence (xg, z1,Z2,...) € X°°, then S satisfies recursion
(2).

The function S given by formula (4) for continuous o and 3 is known, in
economic literature, as the Uzawa-Epstein utility function (see [1]). It follows,
by Lemma 2, that if recursion (2) has a continuous solution, then it is given
by formula (4).

If we assume that function « is constant we give the following

Corollary 2. If a € (0,1) and 8 : X — R is continuous and bounded then the
function

S(zo,x1,22,...) = Bzo) + Z a* B(wy)
k=0

18 a unique continuous solution of the recursion
S(xo, T1,T2,...) = aS(z1,x2,...) + B(z0).

Theorem 3. Let the utility functions U and V represent the same order rela-
tion. If U satisfies (1) and V' satisfies

Vo, x1,...) = (@0, V(21,22,...)), (5)
then there exists an increasing homeomorphism ® : I — J such that
Doz, t) =1(x,P(t)), t€l. (6)

Conversely, assume additionally that all continuous solutions of (5) represent
the same order relation. If there exists an increasing homeomorphism ® satis-
fying (6), then U and V represent the same order. Moreover, V = ®~1oU.

Proof. Let U and V represent the same order relation. Then, by Lemma 1,
there exists an increasing homeomorphism ® such that V' = ® o U. Hence

V(zg,z1,...) = PoU(xg,x1,...) = Pow(x,U(xy,x2,...)),
so, by (5),
V(zo,x1,...) = (a0, V(x1,22,...)) = Y(x0, P o U(xy1,229,...)),
hence
Do p(xg,U(x1,22,...)) = (xo, P o U(x1,22,...)).

By the surjectivity of U : X*° — I we get (6).
Conversely, let (6) hold. Then putting in (6) z = x¢ and t = U(x1,22...)
we have

oo QD(IL'Q, U(ml,.’tz .. )) = ’L/)($0, (I)(U(xl,l’g, . ))7
so, by (1),
Do U(xg,x1,...)) =¢P(xg,PoUl(zy,22,...)).
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Putting W := ® o U we get
W(zo,z1,...)) = ¥(zo, W(z1,22,...)).

Thus W is a continuous solution of (5), so by the assumption W and V repre-
sent the same order. By Lemma 1 there exists an increasing homeomorphism
A such that W =AoV.Hence U = ® oW =® toAoV. Thus U and V
represent the same relation. O

Putting in (5) ¥ (z,t) = a(z)t + B(x) we get by Theorem 3 and Lemma 2
the following.

Theorem 4. Let U satisfy (1) and V' satisfy (2). Then U and V represent
the same relation if and only if there exists an increasing homeomorphism
® : 1 — R such that

D(p(z,t)) = a(x)®(t) + B(x), v € X, telL
Let us write the last system in more convenient form
O(f2(t) = @(t)+ e, t€l, z € X, (7)
for some 0 < a;, < 1 and 3, € R.
Theorem 5. If U satisfies (1) and there exists an increasing homeomorphic

solution of (7) with some coefficients o, € (0,1) and B, € R, then the relation
represented by U satisfies impatience.

Proof. Let U represent > and satisfy (1). Put V := ® o U, where ® is an
increasing homeomorphic solution of (7). Note that V satisfies (2). In fact,

V(l‘o,xl, .. ) = (I)(U(.To,xl, N )) = (I)(fI(U(.’L‘l,xg, N )))
= 0o ®(U (21,2, ...)) + Bay = Oz V(21,22, ... ) + Bap-

Hence, by Theorem 4, the relation > is also represented by V. Thus by
Theorem 2 = satisfies impatience. O

Remark 4. If a given ® satisfies (7) with coefficients o, and ., then «, and
(B, are uniquely determined. Moreover 0 < a, < 1.

Proof. Let t1,ta € I be such that ®(t;) # P(t2). Putting in (7) t = ¢, and
t =t we get a system of two linear equations

O(fo(t1)) = ax®(t1) + Bas

O(fr(t2)) = ap®(t2) + Bus
which determine o, and (3, uniquely.

Let f.(p) = p. Then we have ®(p)(1 — ) = B. Let ¢ > p. Then, by
(H), fz(t) < t and ®(f,(t)) < ®(¢) so, by (6), aP(t) + B, < P(¢). Hence
a; () +P(p)(1 —ay) < P(t), so (1 —ay)(P(t) — P(p)) > 0. Since P(t) > P(p)
we get a; < 1. 0
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We consider the inverse problem. When does impatience generated by a
utility function U satisfying (1) implies the existence of another utility function
V satisfying the affine recursion (2) generating the same relation?

Assume that relation > satisfies impatience. We give some necessary and
sufficient conditions for the existence of a homeomorphic solution of the system
(7).

Further we make the general assumption that I is an open interval and
fo(I)=1forz € X.

First consider a special trivial case where the family of functions {f,,z €
X} is a subset of a cyclic group.

Theorem 6. If the family of functions {f.,x € X} is a subset of a cyclic group
then there exists V' satisfying (2) which determines the same order relation as

U.

Proof. By the assumption there exists an increasing homeomorphism & satis-
fying (H) such that {f,,z € X} C {h™,n € N} and, as a consequence, there
exists a function n : X — N such that f, = h™(®),

It is well-known that there exists a homeomorphic solution ® of the equa-
tion

O(h(t)) = ad(t) + 5

(see [6]). It depends on an arbitrary function. It is obvious that every solution
of this equation satisfies the system

O(h" (1)) = " () + fn,

where 3, = ﬁg:j. Hence ® satisfies (7), where o, = o™ and 3, =
n(z) _q
3“(@71' O

Further we concentrate on the case where, for some a and b, f7 # f;* for
n,m > 1.

Remark 5. If (7) has a homeomorphic solution, x,y € X and f, # f,, then
their graphs are either disjoint or intersect in one point.

Proof. Let homeomorphism ® satisfy (7). Suppose that
card (graphfy Ngraphf,) > 2.

Then there exists t1,ty € I, t1 # to such that fy(t1) = f,(t1) and fu(t2) =
fy(t2). Hence, by (7),

ap®(t1) + o = ay®(t1) + By
and
oz ®(t2) + B = ay®(t2) + By,
which gives a, (®(t1) — ®(t2)) = ay (P(t1) — D(t2)), S0 ap = ay and B, = Gy.
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Now, again by (6), we get ®(f,(t)) = @(f,(t)) for t € I, thus f, = fy,
which contradicts our assumption. 0

Note that if ®(fu(t)) = aa®P(t) + B4, then for every n > 1, &(f*(t)) =
all®(t) + By, for a B, € R. Hence, by Remark 5, we get

Remark 6. If system (7) has a homeomorphic solution then, for every a,b € T
if 7 # fi" then fI(t) # f"(t) for all t € I, except for only one point.

Recall that the functions f, and f;, are said to be iteratively incommensu-
rable if f7'(t) # f"(t) for all t € I and for all n,m € N (see [8]).

In view of Corollary 1 we know that f, and f, commute if and only if they
have a joint fixed point.

To solve system (7) we consider two cases.

(I) There exist a,b € X, a # b such that f, and f, have a joint fixed point.

(IT) For every a,b € X, a # b f, and f;, has no joint fixed point.

Case (I)

Let fo(p) = fo(p) = pand f, and f;, be iteratively incommensurable except
one point. First we deal with the system of two functional equations

{ \I/(fa(t)) = aa‘ll(t) + ﬂav (8)
U (fo(t)) = ap¥(t) + By.

By (8) we get ¥U(p) = 1’8—“ = 1’8” Putting

—Qq —0g
Ba

1—a,’

tel

{G(fa(t); =a,G(t), tel

G(fp(t) = aG(t), te 1.
In fact,
Gofa:\llofa_ Fa =a,V+ 53, — b =,V — G, da
170‘(1 17aa 170‘(1
aa(\I/ Ba )aaG.
1—a,

Similarly we obtain that G o f, = a3 G. Thus the last system is equivalent to
system (8).
Introduce the notation I~ := I N (—oo,p), IT := I N(p,00) and
f(: = fa|177 fb_ = fb|177 fa = a|I+a flj_ = fb|I+'

Let ¥ be an increasing solution of (8). Then G(t) < 0 for ¢t < p and G(t) > 0
for t > 0.
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Putting F~(t) := log (—G(t)) for t € I~ and F*(t) :=log G(t) forte It
we get two independent systems of Abel’s equations

F~(f;(t)=F (t)+loga,, tel” )
F=(f, (t)) =F~(t) +logay, tel”

and

{F“‘(fj(t)) =Ft(t)+loga,, tel"

Fr(f,7(t)) = F*(t) + logay, tel'. (10)

Note that f, and f,” have no fixed points and they are bijections of I~ onto
itself. It works similarly with f; and f,” on the interval I+.

The above reasoning shows that system (8) with increasing ¥ is equivalent
to two systems (9) and (10) with decreasing F'~ and increasing F'*. We solve
these systems separately.

Denote by L(t) the limit set of the sequence {f}' o f,"" ()} that is

L(t) == {f} o f; ™ (t),nm € N}, t € I\ {p}.

In each of intervals I~ and I the set L(t) does not depend on ¢ an is either
an interval or a nowhere dense and perfect set (see [7,8]).
Let

s_(a,b) :=sup{n/m:n,meN,(f; )" > (f, )"}
and
si(a,b) :==inf{n/m :n,m e N, (f)™ < (f;H)"}.

Tt is known that if system (9) has a homeomorphic solution then s_(a,b) =
1059 and L(t) = el I~ for t € I~ (see [2]). Similarly, if system (10) has a

log aq
homeomorphic solution then sy (a,b) = 112552 and L(t) = cl It fort € IT.
Hence if system (7) has a homeomorphic solution then s_(a,b) = s4(a,b).

In view of Theorem 2 in [8] system (9) in I~ and system (10) in I have
homeomorphic solutions F~ and F* if and only if there exist t; € I~ and
to € I'™ such that IntL(t1) # 0 and IntL(ty) # 0. Moreover F~ and F'* are

determined uniquely up to an additive constant. Since F'~ is decreasing, F'*

is increasing, lim,_,,~ F(t) = —oo and lim,_,,+ F'(t) = —oo we infer that G is
increasing and G(p) = 0 and, as a consequence, ¥ is a homeomorphic solution
of (8).

Hence we have

Theorem 7. Let f, and f, commute and be iteratively incommensurable except
for one point. System (8) has an increasing homeomorphic solution U if and
only if there exist t; € I~ and ty € I'" such that IntL(t1) # 0 and IntL(t3) # 0
and s~ (a,b) = sT(a,b). Moreover, in each of the intervals I~ and I the
solution ® is determined uniquely up to one parameter.
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If f, and f;, satisfy the assumptions of Theorem 7 then the homeomorphic
solution of system (9) is given by the formula

log a,

22 € N (1" (1) > ()"0

FT(t) :c—i—sup{n—m

for a given to € I'™ and a constant ¢ € R (see Theorem 2 in [4]). Then

Ba

— Qg

,telt.

O(t) =exp FT(t) + 1

It works similarly on the interval I—.
Let ¥ be an increasing homeomorphic solution of (8). Define

RealmV¥:={f: A — A, Ja€(0,1)IFeR Vo f=a¥+ g}

Note that Realm W is a semigroup of increasing homeomorphisms possessing
one fixed point.
It is easy to show the following

Remark 7. If Uy and ¥y are homeomorphic solutions of system (8) then Realm ¥; =
Realm W,.

Let ¥ be a homeomorphic solution of (8). If there exists a homeomorphic
solution ® of (7), then ® satisfies (8) and Realm ¥ = Realm ®. Hence, for
every ¢ € X, f, € Realm ¥ that is

J=(t) = \I’_l(ar\ll(t) + Be)

for some 0 < a, < 1 and 3 # 0.
Conversely, if every f, € Realm ¥ then system (7) has an increasing home-
omorphic solution.

Corollary 3. In the case (I) system (7) has an increasing homeomorphic solu-
tion if and only if f, € Realm ¥ for all xz € X.

Directly by Theorems 1, 4 and Corollary 2 we get

Theorem 8. Suppose that the relation = satisfies impatience and is represented
by a utility function fulfilling (1) such that for some a,b € X f, and f, have
a joint fixed point and are iteratively incommensurable except for one point.

Then > can be represented by another function satisfying the affine recursion
(2) if and only if
(i) there exist t1 € I~ and ty € I such that IntL(t1) # 0 and L(ty) # 0,
(i) s~ (a,b) = s"(a,b),
(iii) f. € Realm ¥ for x € X, where ¥ is an increasing continuous solution
of system (8).
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Case (II)
Now we assume that for all z # y f, and f, have different fixed points. Let
hgy be the commutator of f, and f, that is

h:z:y ::f:rofyofm_lofy_l'

If the relation represented by the utility function U fulfilling (1) satisfies im-
patience then, by Theorem 1, hy, < id or hy, > id for all z,y € X.

Assume that system (7) has an increasing homeomorphic solution ®. It is
easy to verify that

D (hgy(t)) = ®(t) + oy, te€, (11)
where
Coy = Bz(1 — ay) + By(az — 1).

Let fa:(px) = p, and fy(py) = py. By (7) (I)(pac) = 1?2% and (I)(py) = 1f2y-
Hence

Cay = (P(pe) = B(py))(1 — az) (1 — ),

SO Czy = 0 if and only if = y. Thus, by (11), all commutators h, are fixed
point free.

By (11) we infer that all commutators h,, mutually commute. Thus the
derived group H’, that is the group generated by all these commutators, is
Abelian. This means that the group

H:=< f,z e X >

generated by f, is solvable of the derived length two.
Assume that there exist p, ¢, u, w € X such that h,q, and hy, are iteratively
incommensurable. Then, by Theorem 2 in [§],

h o h™ (t),n,meZ} =clI, tel. 12
prq uv

Note that h,q and hy, are iteratively incommensurable if and only if ¢pq/cue
is irrational.

Conversely, let H be a solvable group of the derived length two and there
exist hpg, hyo iteratively incommensurable satisfying condition (12) for at € I.
Then there exists a unique up to an additive constant homeomorphic solution
of the system of Abel’s equations (see [8])

F(hpq(t» =F(t)+ Cpqs
{ F(hu(t)) = F(t) 4 Cuo- (13)

If system (7) has a continuous solution ® then @ satisfies also (13), so by
the uniqueness of solutions of system (13) ® = F + ¢ for a constant c.
Summarising the above statements we get
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Theorem 9. Let case (II) hold and relation = be represented, by the utility
function fulfilling (1), satisfy impatience and there exist commutators hy, and
hyo iteratively incommensurable.
Then the relation = can be represented by another utility function satisfying

affine recursion (2) if and only if

(i) the group < f.,x € X > is solvable of the second order,

(ii) (12) holds for at eI,

(i) for everyx € X f, € Realm F, where F is a continuous solution of (13).

Note that the condition f, € Realm F' means that for every x € X there
exist o, € (0,1) and (3, € R such that

F(fo(t) = apF(t) + Bs, tE€T.

This means that system (7) has a homeomorphic solution. Note that we can
determine homeomorphism F' (see [4]), so condition (iii) is verifiable although
technically it may be difficult.

In the case (I) the assumption of the surjectivity of functions f, can be
omitted, but then the assertions in Theorems 7 and 8 have more complicated
form. This generalization one can obtain by applying the method of exten-
sion of commuting, non-surjective, continuous, strictly increasing mappings to
commuting homeomorphisms presented in papers [4,5].
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