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On the Kesava Menon norm of semimultiplicative functions

PENTTI HAUKKANEN

Abstract. The Kesava Menon norm of an arithmetical function f is defined by N(f)(n) =
(f * \f)(n?), where * denotes the Dirichlet convolution and A denotes Liouville’s function.
The mth power Kesava Menon norm of f is defined inductively by NO(f) = f, N™(f) =
N(Nm_l(f)), m = 1,2,... In this paper we prove that the mth power Kesava Menon norm
of a semimultiplicative function is semimultiplicative and that the mth power Kesava Menon
norm distributes over the Dirichlet convolution of semimultiplicative functions. In addition
we show that the mth power Kesava Menon norm of a rational arithmetical function of
degree (r, s) is a rational arithmetical function of the same degree.
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1. Introduction

Let f be an arithmetical function (that is, a real- or complex-valued function
on the set of positive integers). In 1963, Kesava Menon [4, Section 3] defined
the norm of f as the arithmetical function N(f) given by

N(f)(n) = (f * )(n?),

where * is the Dirichlet convolution (see (1)) and f is the conjugate of f. The
conjugate is defined as

f=Af

where A is Liouville’s function (see (3)). The norm N(f) is referred to as the
Kesava Menon norm in the literature [6, Section 5]. Redmond and Sivara-
makrishnan [9, Section 4] defined the mth power Kesava Menon norm of f
inductively by
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NO(f)=f
N™(f)=N(N""'(f)) form=12,...

In this paper we investigate the conjugate, the Kesava Menon norm and
the mth power Kesava Menon norm of semimultiplicative functions. Semimul-
tiplicative functions form a superclass of the class of the usual multiplicative
functions. Quasimultiplicative functions lie between multiplicative and semi-
multiplicative functions. Rational arithmetical functions form the subgroup of
the group of multiplicative functions under the Dirichlet convolution generated
by completely multiplicative functions. An arithmetical function f is said to
be a rational arithmetical function of degree (r,s) if it is the Dirichlet convo-
lution of r completely multiplicative functions and the inverse of s completely
multiplicative functions. For details of these various types of multiplicativity,
see Sect. 2.

This paper is organized as follows. In Sect. 2 we review the known proper-
ties of arithmetical functions needed in this paper. In Sect. 3 we present new
results. In Sect. 3 we first note that the conjugate of a semimultiplicative func-
tion is semimultiplicative and that the conjugate distributes over the Dirichlet
convolution of any two arithmetical functions. We continue by applying these
results to show that the mth power Kesava Menon norm of a semimultiplica-
tive function is semimultiplicative, that is, the mth power Kesava Menon norm
preserves semimultiplicativity. As special cases we obtain the same properties
for quasimultiplicative and multiplicative functions. Therefore our result gen-
eralizes the result of Sivaramakrishnan [11, Section 2], namely that the usual
Kesava Menon norm of a multiplicative function is multiplicative. In Sect. 3
we also prove that the mth power Kesava Menon norm distributes over the
Dirichlet convolution of semimultiplicative functions, extending the result of
Laohakosol and Pabhapote [6, Section 5], who proved that the mth power Ke-
sava Menon norm distributes over the Dirichlet convolution of rational arith-
metical functions. We apply our distributivity property to show that the mth
power Kesava Menon norm preserves the Dirichlet inverse of a quasimultiplica-
tive function.

In Sect. 4 of this paper we utilize the properties presented in Sect. 3 to prove
that the mth power Kesava Menon norm of a rational arithmetical function of
degree (r, s) is a rational arithmetical function of the same degree. Laohakosol
and Pabhapote [6, Section 5] proved the same result in a different way. We also
present the analogous results for the conjugate of semimultiplicative functions
and rational arithmetical functions of degree (r, s).
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2. Preliminaries on arithmetical functions

The Dirichlet convolution of arithmetical functions f and g is defined as

(f+9)(n) =>_ f(d)g(n/d). (1)

d|n

We may also interpret that an arithmetical function f is defined on the set
of positive real numbers so that f(z) = 0 if z is not a positive integer. This
makes it possible to present the Dirichlet convolution in the form

(f*g)(n Zf g(n/k).

This expression is useful in some calculations presented in this paper. The
function 0, defined as 6(1) = 1 and §(n) = 0 otherwise, serves as the identity
under the Dirichlet convolution. The Dirichlet inverse of f exists if and only
if f(1) # 0, and it is denoted by f~1.

An arithmetical function f is said to be multiplicative if f(1) = 1 and
f(mn) = f(m)f(n) for all coprime positive integers m,n. An arithmetical
function f is said to be semimultiplicative [8] if there exists a nonzero constant
cf, a positive integer ay and a multiplicative function fy; such that

f(n) =csfu(n/ay).

Semimultiplicative functions can also be characterized as the arithmetical func-
tions f (not identically zero) satisfying the functional equation

Fm)f(n) = f((m,n))f(lm,n])

for all positive integers m and n, where (m, n) and [m, n] are the ged and lem of
m and n. Semimultiplicative functions are the same as Selberg multiplicative
functions (see [2, Section 2.1] and [10]). We do not present the details here.

Quasimultiplicative functions (see [2, Section 2.1] and [12, Section X1.2]) are
the arithmetical functions f such that f(1) # 0 and f(1)f(mn) = f(m)f(n)
for all coprime positive integers m,n. Lahiri [5] refers to these functions as
hypo-multiplicative functions. Quasimultiplicative functions are, in fact, the
semimultiplicative functions f with a; = 1 (i.e. with f(1) # 0), ¢; = f(1)
and fy(n) = f(n)/f(1). Note that f is multiplicative if and only if f is
semimultiplicative with ay = cy = 1 and fy = f.

The Dirichlet convolution of multiplicative functions is multiplicative. The
same applies to quasimultiplicative and semimultiplicative functions. To be
more precise [8, Section 5], if f and g are semimultiplicative, then f * g is
semimultiplicative with

Cfrg = CfCqy, Qfsg = agag, (f*g)m = fum*gum- (2)
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A multiplicative function f is said to be completely multiplicative if
f(mn) = f(m)f(n) for all positive integers m,n. Liouville’s function A is
an example of a completely multiplicative function. It is defined as

An) = (1), (3)

where Q(n) represents the total number of prime factors of n, each counted
according to multiplicity [1, Section 2.12].

A multiplicative function f is said to be a rational arithmetical function of
degree (1, s) if

f=gixxgex(hys--xhg) "

for some completely multiplicative functions g1,...,gr, h1,...,hs (see [6] and
[13, Section III]). A rational arithmetical function of degree (2,0) is referred
to as a specially multiplicative function [9]. If f = g1 * g2 is a specially mul-
tiplicative function, we denote f4 = g192. The function f4 is termed as the
associated completely multiplicative function. For example, the divisor func-
tions 0, and Ramanujan’s 7-function are specially multiplicative functions.
Euler’s totient function ¢ is a rational arithmetical function of degree (1,1).
For general accounts on arithmetical functions, we refer to [1,7,12].

3. The mth power Kesava Menon norm of semimultiplicative
functions

In this section we first note in Theorems 3.1 and 3.2 that the conjugate of a
semimultiplicative function is semimultiplicative and that the conjugate dis-
tributes over the Dirichlet convolution of any two arithmetical functions. We
then apply these theorems to prove Theorems 3.3, 3.4 and 3.5, which state
that the mth power Kesava Menon norm of a semimultiplicative function is
semimultiplicative and that the mth power Kesava Menon norm distributes
over the Dirichlet convolution of semimultiplicative functions.

Theorem 3.1. If f is semimultiplicative, then f is semimultiplicative with cF =

)\(af)cf, aT = CLf and (?)M = (f]u) = /\fM
Theorem 3.2. For all arithmetical functions f and g,
frg=Fx3g.

Theorems 3.1 and 3.2 follow directly from the definitions of conjugate and
semimultiplicative function and from complete multiplicativity of .

In order to prove that the mth power Kesava Menon norm preserves semi-
multiplicativity, we first present this result in the case m = 1, since this case
is needed in various stages of the proof of the general case.
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Theorem 3.3. If f is semimultiplicative, then N(f) is semimultiplicative with

CN(f) = CrC5 = A(af)(cf)z
an(f) = af
(N(f)) pr = N(fa)-

Proof. By the definitions of the Kesava Menon norm and the Dirichlet convo-
lution,

N(f)(n) = Zf F(n?/k).

Applying the definition of a semlmultlphcatlve function and Theorem 3.1, we
obtain

=3 cpfulk/ag)Mag)es(Mfar) (n?/ (kay))

k=1
Aay)(er) ZfM (Mfan) (02 (ag)?) /1)
= e e s e

By the definitions of the conjugate and the Kesava Menon norm, we see that

N(f)(n) = Mag)(cp)*N(far)(n/ay).
By Theorem 3.1, A(ay)(cf)? = crey (# 0). Since the Kesava Menon norm of
a multiplicative function is multiplicative, N (fys) is multiplicative. We thus
obtain the result. O

Theorem 3.4. If f is semimultiplicative, then N™(f) (where m > 0) is semi-
multiplicative with

enmip) = cr(ep)® 7 = (Nap)? Her)®
aNm(f) = af
(N (£)) 5y = N™(fm1)-

Proof. We proceed by induction on m. For m = 0 the theorem holds, since
NO(f) = f. The case m = 1 is presented in Theorem 3.3.

Suppose that the theorem is true for m = k. Thus N*(f) is semimultiplica-
tive, and then applying Theorem 3.3 we see that N(N¥(f)) is semimultiplica-
tive, that is, the function N**1(f) is semimultiplicative.

Further, from Theorem 3.3, we have

2
enir () = enve(ry = Manen) (enen) ™
By the induction hypothesis,
ok _q ok 2
enesr (= Map) (Map)” 7 en)” ) = (May))

ok+1_q ok+1

(cr)
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By Theorem 3.3 and the induction hypothesis,
ANk+I(f) = aN(Nk(f)) = ank(f) = af
and
(V1) = (V) = N(9),)
= N (N*(far)) = N**(far).
This completes the proof. O

Corollary 3.1. If f is quasimultiplicative, then N™(f) (where m > 0) is quasi-
multiplicative with N™(f)(1) = f(1)*".

Proof. If f is quasimultiplicative, then ay = 1, and thus

anm(py =ay = L.
This shows that N™(f) is quasimultiplicative. Since A(ay) = A(1) =1,

N™(£)(1) = exmipy = (Mag)® “(er)” = ()" = F(1)*".
This completes the proof. O

Corollary 3.2. If f is multiplicative, then N™(f) (where m > 0) is multiplica-
tive.

Corollary 3.2 follows directly from Corollary 3.1, since each multiplicative
function f is quasimultiplicative with f(1) = 1.

Theorem 3.5. If f and g are semimultiplicative, then
N™(f*g)=N"(f)*N"(g), m=0.

Proof. Suppose first that f and g are multiplicative. Then, by the definition
of the Kesava Menon norm, for all prime powers p€,

N(f*g9) (%) = ((f *9) * (f *9)) (0°).
By Theorem 3.2, we obtain
2e

N(f#g) (%) = ((f*F) * (g+9) (0*) = > _(F* ) g 7)™ ).

i=0
But (f * f)(p') = 0 if 7 is odd; hence we have

e

N(f*9)0%) =Y (f * N@*) (g x>

i=0
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Since f and g are multiplicative, N(f*g) and N(f)* N(g) are also multiplica-
tive. A multiplicative function is totally determined by its values at prime
powers. Therefore

N(f+g) = N(f)*N(g).
Now, applying induction on m gives
N™(fxg)=N"(f) = N"(g).
Consider now the general case that f and g are semimultiplicative. Then, by
Theorem 3.4 and Eq. (2), N™(f*g) and N™(f)xN"™(g) are semimultiplicative.

In addition, using Theorem 3.4 we have

om_1q m
N (frg) = (Mafag))”  (rag)”

On the basis of (2),

2m—1 m
Cnm(frg) = (Magag)) (creg)? .
Since A is completely multiplicative, A(afay) = A(as)A(ag). Therefore

2m 1 m 2m_1 m
enm(peg) = (Map))™ (ep)” (Mag))™ (cg)*"
Using Theorem 3.4 and Eq. (2) we get
CN™ (fr9) = ENT(FIENT(0) = (N (fyunvin(g))° (4)
Further, applying Theorem 3.4 and Eq. (2) we get
ANm(fxg) = Qfxg = Afag

= anm(f) AN™(g)

= YNm(peNm(9)” (5)

Next, applying Theorem 3.4 and Eq. (2), we get
(N™(f*9)),, = N"™((f*9)m) = N™(far * gumr)-
On the basis of the first part of this proof on multiplicative functions,
(N"™(f*9)) = (N™(far)) * (N™(gar))-

By Theorem 3.4 and Eq. (2),

(N™(f%9)) 3y = (NT(F) % (NT(9)) yy = (NT(f) %« N™(9)) - (6)
Finally, combining (4), (5) and (6) gives

N™(f*g) = N"(f)* N"(g)-
This completes the proof. O
Corollary 3.3. If f and g are quasimultiplicative, then
N™(fxg)=N"(f)*N"(g), m>0.
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Corollary 3.4. If f and g are multiplicative, then
N™(fxg)=N"(f)*N"(g), m>0.

Corollaries 3.3 and 3.4 follow directly from Theorem 3.5, since each quasi-
multiplicative function is semimultiplicative and each multiplicative function
is quasimultiplicative.

Theorem 3.6. If f is quasimultiplicative, then

N™(f7Y = (N™(f) ", m >0

Proof. By Theorem 3.5,
N™(f)« N™(f71) = N™(f* f~1) = N™(3).
Now,
N(@)=56%6=06x5=29.
Applying induction, we obtain
N™(0) = 4.
This completes the proof. O

Corollary 3.5. If [ is multiplicative, then
1

N™(f7h) = (N™(f) -
Corollary 3.5 follows directly from Theorem 3.6, since each multiplicative
function is quasimultiplicative.

Theorem 3.7. For all arithmetical functions with f(1) # 0,
FH=0"
Proof. We have
Fr(f) =AM =Mfxf)=X=4.

4. The mth power Kesava Menon norm of rational arithmetical
functions

Laohakosol and Pabhapote [6] proved that the mth power Kesava Menon norm
of a rational arithmetical function of degree (r, s) is also a rational arithmeti-
cal function of degree (r,s). In this paper we present a short proof (applying
Corollaries 3.4 and 3.5; see the proof of Theorem 4.1). Redmond and Sivara-
makrishnan [9] proved this result for rational arithmetical functions of degree
(2,0), that is, for specially multiplicative functions. We note in Corollary 4.2
a similar result for the conjugate of a rational arithmetical function of degree

(r,s).
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Theorem 4.1. Suppose that f is a rational arithmetical function of degree (r, s)
given as

f:gl*"'*gr*(hl*"’*hs)il,

where g1,...,9r, h1,...,hs are completely multiplicative functions. Then
N™(f) is a rational arithmetical function of degree (r,s) such that

m m m m\ —1
N™(f) = (g0)" %o (g0 ()" 55 (1)), m>0.

Proof. For a completely multiplicative function g we have

N(9)(r°) = (g * (A9)) (™) = (g(u* ) (p™)

for all prime powers p¢, where u(n) = 1 for all positive integers n. Here

(s )E™) =3 (=D)* 7" =3 ()" =1.

Therefore

N(9)(p°) = 9(p*) = g*(°).

Since N(g) and g? are multiplicative functions, this implies

N(g) = ¢*.
Applying induction on m gives
N™(g) =g*".
Now, by Corollaries 3.4 and 3.5, we obtain Theorem 4.1. O

Corollary 4.1. Suppose that f is a specially multiplicative function. Then
N™(f) is specially multiplicative with (Nm(f))A = (fA)2 . Further,

(NT(£)) 4 = N™(fa).

Proof. Let f = g1*g2, where g1 and go are completely multiplicative functions.
Then fa = g1g2. On the other hand, by Theorem 4.1, N™(f) = g7~ * g3,
and thus

(N™(N) 4 =915 = (0192)>" = (fa)*"
Further, since f4 is completely multiplicative, by Theorem 4.1, we obtain

N™(fa) = (f4)*".
This completes the proof. O
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Ezxample 4.1. The divisor function o, and Jordan’s totient function J, are
defined by

0q =1Idg *u

Jo =1d, xu=t =1d, * p,

where Id,(n) = n® is the power function and p is the Mobius function. Thus
we have

N™0) = (1da) % u2" = Idgmg % u = amq
N™(J) = (1da)"" # (u?") " = Tdgmg # ™! = Tdgmg % 1 = Jomg.
In particular, Jy is the well-known Euler’s totient function ¢, and thus
N™(6) = Jam.
Theorem 4.2. Let f be an arithmetical function given as
f=gis-kg.xh % xh]l

where hy, ha, ..., hs are arithmetical functions such that hi(1),...,hs(1) # 0.
Then the conjugate of f is given as

_ _ N1 N1
Proof. The conjugate of f is
sz(gl*'~'*gr*(h1*'~-*hs)71) :)\(gl*~~-*gr*hf1*-~*h;1).

The usual product of a completely multiplicative function distributes over the
Dirichlet product. Thus, since A is completely multiplicative,

= g1) - % (Age)  (ART) 5 - % (AR,
By the definition of the conjugate,

f:ﬁ*u»k@*ﬁ*n-*hs_l.
Now, applying Theorem 3.7, we obtain Theorem 4.2. O

Corollary 4.2. If f is a rational arithmetical function of degree (r,s), then its
conjugate is also a rational arithmetical function of degree (r,s) (given as in
Theorem 4.2).

Proof. The conjugate of a completely multiplicative function is completely
multiplicative. Therefore this corollary follows from Theorem 4.2. O

Acknowledgements

The author wishes to thank the referee for useful comments.



Vol. 94 (2020) On the Kesava Menon norm of semimultiplicative functions 81

Open Access. This article is distributed under the terms of the Creative Commons At-
tribution 4.0 International License (http://creativecommons.org/licenses/by/4.0/), which
permits unrestricted use, distribution, and reproduction in any medium, provided you give
appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Apostol, T.M.: Introduction to Analytic Number Theory. Springer, Berlin (1976)

[2] Haukkanen, P.: Extensions of the class of multiplicative functions. East-West J. Math.
14(2), 101-113 (2012)

[3] Haukkanen, P.: Embedding the unitary divisor meet semilattice in a lattice. Notes
Number Theory Discrete Math. 22(3), 68-78 (2016)

[4] Kesava Menon, P.: Series associated with Ramanujans’s function 7(n). J. Indian Math.

Soc. 27, 57-65 (1963)

Lahiri, D.B.: Hypo-multiplicative number-theoretic functions. Aequationes Math. 9,

184-192 (1973)

Laohakosol, V., Pabhapote, N.: Properties of rational arithmetic functions. Int. J. Math.

Math. Sci. 2005(24), 3997-4017 (2005)

McCarthy, P.J.: Introduction to Arithmetical Functions, Universitext. Springer, Berlin

(1986)

[8] Rearick, D.: Semi-multiplicative functions. Duke Math. J. 33, 49-53 (1966)
[9] Redmond, D., Sivaramakrishnan, R.: Some properties of specially multiplicative func-
tions. J. Number Theory 13, 210-227 (1981)

[10] Selberg, A.: Remarks on multiplicative functions. In: Proceedings of the Conference on
Number Theory Day at Rockefeller University New York, 1976, pp. 232-241. Springer,
(1977)

[11] Sivaramakrishnan, R.: On a class of multiplicative arithmetic functions. J. Reine Angew.
Math 280, 157-162 (1976)

[12] Sivaramakrishnan, R.: Classical Theory of Arithmetic Functions, Monographs and Text-
books in Pure and Applied Mathematics, vol. 126. Marcel Dekker Inc., New York (1986)

[13] Vaidyanathaswamy, R.: The theory of multiplicative arithmetical functions. Trans.
Amer. Math. Soc. 33, 579662 (1931)

[5

6

[7

Pentti Haukkanen

Faculty of Information Technology and Communication Sciences
Tampere University

FI-33014 Tampere

Finland

e-mail: pentti.haukkane@tuni.fi

Received: January 22, 2019
Revised: June 14, 2019


http://creativecommons.org/licenses/by/4.0/

	On the Kesava Menon norm of semimultiplicative functions
	Abstract
	1. Introduction
	2. Preliminaries on arithmetical functions
	3. The mth power Kesava Menon norm of semimultiplicative functions
	4. The mth power Kesava Menon norm of rational arithmetical functions
	Acknowledgements
	References




