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An extension of the Hermite-Hadamard inequality
for convex and s-convex functions
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Abstract. The Hermite—-Hadamard inequality was extended using iterated integrals by Retkes
[Acta Sci Math (Szeged) 74:95-106, 2008]. In this paper we further extend the main results
of the above paper for convex and also for s-convex functions in the second sense.
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1. Introduction

For a convex function f : [a,0) C R — R, the well-known Hermite-Hadamard
inequality states the following for any a < 1 < 29 < b:

o1 + 72 I Flar) + f(x)

This inequality was extended by Retkes [6].

Theorem 1.1. [6] Let f : [a,b) C R — R be a convex function, x; € (a,b),
i=1,...,n, such that x; # z; if 1 <1i < j < n. Then the following inequality

holds:
ZH 331,..., Zfzz

where FY9) is the j-th iterated integral of f and

n

Hi(xl,...,xn) = H(.TZ —J}j).

G

In the concave case “<” is changed to “>7.
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The Hermite-Hadamard inequality has been extended in several ways be-
sides the previous theorem. One way is to change the convexity condition to
general convexity (see for example [5,8]). We consider the well-studied concept
of

s-convex functions, which are defined on an interval of R{ = [0, c0).

Definition 1.2. [1,4] Let s € (0,1] be a fixed number. A function f : [a,b) C
R} — R is said to be s-convex (in the second sense) if

flpz1 + (1 —plaz) < p*fl21) + (1 —p)° f(22)
holds for any x1, 22 € [a,b) and p € [0, 1].

The appropriate extension regarding this type of functions is due to
Dragomir and Fitzpatrick.

Theorem 1.3. [3] Suppose that f : [a,b) C R} — R is an s-convex function,
where s € (0,1], and let x1,2z2 € [a,b) with x1 < x2. Then the following
inequality holds:

2s—1f($1 +x2) < 1 7f(x)d$§f($1)+f(xg)
T2 — X1

2 s+ 1

2. Main results

We extend Theorem 1.3 in the spirit of Theorem 1.1.

Theorem 2.1. Let f : [a,b) C Rar — R be an s-convex function, where s €
(0,1], and x; € (a,b), i = 1,...,n, such that x; # x; if 1 <i < j <n. Then
the following inequality holds:

n® " ox - (n=1) T; s "
(=) <Yy =)< g((jjjzfm (21)

n! n i(T1,. .., Tn

In the s-concave case, "<” are changed to ">".
In the case of s = 1, an extension of Theorem 1.1 is obtained.

Corollary 2.2. Let f : [a,b) € R — R be a convex function, z; € (a,b),
i=1,...,n, such that x; # x; if 1 <i<j<n. Then

1 Yo " P () 1 &

i=1

In the concave case, “<” are changed to “>".
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3. Proofs

To prove our theorems, we need three lemmas.
Lemma 3.1. [2] For any f : [a,b) C [0,00) — R, the following statements are
equivalent:
(1) f is an s-convex function on [a,b).
(2) For every x1,...,x, € la,b) and non-negative real numbers p1,...,pn
with Y1 p; = 1, we have that

f(ZZ%%) < prf(%)
i=1 i=1

Lemma 3.2. [6, Lemma] Let f : [a,b) CR — R be a continuous function and
z; € (a,b), i=1,...,n, such that x; # x; if 1 <i<j<n. Then

")
/ / <-Tn sz Tpn — > dpy...dpp—1 = Z H «751 )
o R
where

Hn{(pl,...,pn)eR":OSpisu1,...nAZpi31}.

Lemma 3.3. Let f : [a,b) CR — R be a continuous function and z; € (a,b),
i=1,...,n, such that z; # x; if 1 <i < j<n. Then

/ /pz dpy...dpp—1 = ((21711)) (3.1)
Hoos

/.../<1—§pi>sdp1...dpn_1=m- (3.2)

Hy, 1

and

Proof. Due to symmetry, without loss of generality, we can assume that in
(3.1) we have i = 1. By Fubini’s theorem,

/ / p; dpy ... dpp_q

1 1=ppn—1 1—pp_1—...—p2
:/ / / (1—pn_1—...—pl)sdp1~-~dpn—1
0 0
1 1=-pn—1 1—pn_1—...—p3

(1=pp_1—...—p2)*dps...dp,_1
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1-pp—1 l=pn—_1—...—pa

Zm/l / /(1—pn—1—--~—p3)s+2dp3---dpn—1
0

1

_ 1_ e s+n an

(s+1)-- s+n—2/ Pn-1) Pnt
0

_ I'(s+1)
C T(s+n)
Similarly,
n—1 s
// (1= 30 doreedon
H,_ i=1
1 1=pn_1 l—ppn—1—...—p2
=/ / / (1=pp1—...—p1)*dpr...dpn
0 0
1 1=pn—1 l1—pp—1—...—p3
(1—pn-1—...—p2)*dpa...dp,,
0 0 0
and we can obtain (3.2). O

Proof of Theorem 2.1. We start with the left hand side of (2.1). From the
s-convexity of f, by Lemma 3.1, we have for any y; € [a,b), i =1,...,n that

n ns
Putting
Y1 ‘= P12 +p2x3 + ... +pn—1xn + (1 —P1— .. _pn—1)$1
Yo ' =p1x3 +pata+ ...+ pporr+ (1 —p1— ... —puo1)z2
Yn ' =D121 + D222+ ...+ Ppo1Zpor +F(L—p1— .. — Pro1)2n

and integrating both sides of (3.3) with respect to pi,...,pp—1 over H,_ 1
yields the following. For the left hand side:
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/ /( Zly’>dp1...dpn1
)

- V(H“’f(z% *) = (52):

n—1)! n

since V' (H,,), the volume of the n-dimensional tetrahedron H,, is equal to %
([6]). For the right hand side, using Lemma 3.2, we get

[ BRI

Hp—1
Z/ /fyzdm -dpn—1

Z/ /(x Zpg HJ)dpl...dpnl

(n—1) xz
’I’LSZH J,‘l,. )’

..,

where z} denotes z; for which k£ =1 (mod n). Thus
1 ; ST o i F=1(g,)
(n—1)! n T ont L (21, ey 2n)’

and the left hand side of (2.1) is obtained.
Now we prove the right hand side of (2.1). From the s-convexity of f, by
Lemma 3.1, we have that

n—1 n—1 n—1
f(Zpixi + (1 - Zm)ocn) <N pif(m) + (1 - Zm) )
=1 i=1 i=1

holds for all (p1,...,pn—1) € H,_1. Integrating both sides over H, 1, using
Lemma 3.3, gives

n—1
[ f o= Bpte= )t
< /H/{;pf(a: (1_21)1) Yo
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=:§f(xi)4-;-/pfdp1...dpm

n—1

flan / /(I—sz) dpy . ..dpn—1

s+n Zf

whence Lemma 3.2 concludes the proof. O

4. Applications

We remark the consequence that for s-convex functions which are concave, the
following inequalities hold due to Theorem 2.1 (and Corollary 2.2):

TPV S ~ PO () 1 Doy T
H (nl)<;Hi($1,...,xn)<(n_1)!f( TLl >,

For example, if we take f : Rar — R, f(z) = zf for an arbitrarily fixed
0<s<1, we get

L\ T+l gitnt 1 ( " )
— x| < : < x|,
nl(; ) F(ern)i:ZlHi(:rl,...,xn) ns(n —1)! 121
1 & I(s+1) — gt (s+1) &
el 5 < i
n!;x’_F(s—l—n);f[i(ml,...,xn)_ T'(s+mn) ;x
If we take z; =i, 7 =1,...,n, the inequalities read as

D(s+n) nf(n+1)° i (M ain - Dlsm) n(n+1)°
T(s+1)  2° <21 (>’+§r(s+1)' 25

since
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If we take z; = %, i =1,...,n, the inequalities become

I'(s+mn) H < - (_1)i_1<n) 1 - I'(s+mn) e
1

I'(s+1)n! = i)is ~ T(s+1)ns(n—1)1"""
I(s4+n) v—1  « (n\ 1 =1
TN~ < —1) <\ =
F(s—l—l)n!ZiS_Z( ) <i)i3__ i
i=1 i=1 i=1
since
1 1 L IL(, . n) (=Dl (n—14)! (=1)1
L= . . =) = (=)t 1)i-l _
T ( 1a ) TL) ( ) 7:”72 TL' ( ) ’Z:n72 7’L' (1;7,)2”_1
due to [7].
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