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On the generalized Fréchet functional equation with constant
coefficients and its stability
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Abstract. We study a generalization of the Fréchet functional equation, stemming from a
characterization of inner product spaces. We show, in particular, that under some weak
additional assumptions each solution of such an equation is additive. We also obtain a
theorem on the Ulam type stability of the equation. In its proof we use a fixed point result
to show the existence of an exact solution of the equation that is close to a given approximate
solution.
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1. Introduction

In this paper we study the following functional equation (with constant coef-
ficients)

A1F(x+y+2)+ AsF () + AsF(y) + AuF(2) = AsF(x +y)
+AF (x4 2) + A7F(y + 2), (1)
where Aj,..., A7 € Kand K € {R,C} (R and C denote the fields of real and
complex numbers, respectively), in the class of functions F' : X — Y, where
(X,+) is a commutative monoid (i.e., a semigroup with a neutral element

denoted by 0) and Y is a Banach space over the field K.
This equation is a generalization of the Fréchet functional equation

Fla+y+2)+Fla)+Fly)+F&)=Fa+y)+Flx+2)+ Fly+2). (2)

Namely, in case A; = A; # 0fori,j € {1,...,7}, Eq. (1) can be easily reduced
to Eq. (2). Therefore, we will be interested mainly in the case where A; # A;
for some 1, j.

Fréchet [17] proved that a normed space (X, || - ||) is an inner product space
if and only if for all z,y,2z € X
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lz + 3+ 2l + l2l® + lyl” + 20 = llz + yl* + |z + 2l + ly + 2% (3)

This means that a normed space X is an inner product space if and only if the
function F', given by F(z) = ||z||?, satisfies Eq. (2). For further similar results
we refer to [1,4,5,7,13,15,20,27-29].

The first part of this paper contains some results on solutions of Eq. (1)
in the case where (X, +) is a monoid and Y is a Banach space. It is known
that, if X is a group and Y is an abelian group divisible by 2, then the general
solution of Eq. (2) is the sum of a quadratic and an additive function (see [23,
pp. 249-250]). An analogous result is true for Eq. (1), but then each solution is
a sum of a quadratic, an additive and a constant function (see [4, Proposition
7]). We will show that under the assumption that at least two coeflicients
A; are not equal, every solution F of Eq. (1), with F(0) = 0, is an additive
function.

In the second part of this paper we will consider the problem of Ulam
stability of Eq. (1). A stability result concerning Eq. (2) can be found in [5].
Analogous outcomes for Eq. (1) were proved in [26] (see also [4, Corollary
6]), under the assumptions that (X, +) is a commutative group, A; # 0 and
Ao+ A3+ Ay = As + Ag + A7, which has motivated us to study a bit further
the dependence of the stability of Eq. (1) on the values of the coefficients
Ay, ..., A;. Moreover, we weaken the assumptions on X by assuming ‘only’
that it is a commutative monoid. In this way we also complement the recent
outcomes in [4].

We use a fixed point approach, introduced in [10] (see also [4,5,13,26,30,
34]). The main tool in the proof of our main stability result is the fixed point
theorem in [11] (similar results can be found in, e.g., [2,12,14]).

Theorem 1. [11] Let the following three hypotheses be valid.

(H1) S is a nonempty set, E is a Banach space, and functions fi,..., fx :
S — S andly,... lp: S — Ry are given.
(H2) T : E® — E® is an operator satisfying the inequality

. &ueES zes.

k
|T¢(@) — Tu(e)| < Zli(m)HE(fi(l")) — u(fi(2))]

(H3) A:R.% — R, is defined by

k
Ad(z) =Y Li(x)d(fi(x)), 6€R % zeS.

i=1

Assume that functions € : S — Ry and ¢ : S — E fulfil the following two
conditions
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ITo@) - ¢@)] < @), wes, @)
e*(x) := ZA”&:(I) <oo, z€S. (5)
n=0

Then there exists a unique fixed point 1 of T with
lo(z) —¢(@)[| <e'(x), z€S.

Moreover,

P(x) = nhl%o T p(x), x€S.

Using this theorem we prove that an operator defined in the space YX
determines an exact solution of Eq. (1) as the limit of a sequence of its iterates
on an approximate solution of this equation. Such a method has been used in,
e.g., [4-6,10,26,30,33,34]. Moreover, the results that we provide correspond
to the outcomes in [3,9,13,16,18,21,24,25,31,32| (for more details see, e.g.,
[8,19,22]) and complement [4, Corollary 6].

2. Additive solutions of the generalized Fréchet functional equation

In this section we present some auxiliary observations on solutions of Eq. (1).
The main result of this part says that, under a natural additional assumption
concerning the coefficients A;, each solution F' of Eq. (1), with F'(0) = 0, is an
additive function.

Throughout this section X is a monoid, Y is a vector space over the field
K € {R,C}, and Ay,..., A7 € K. Let us recall that every solution of Eq. (2)
satisfies the equality F'(0) = 0. But this is not necessarily the case for Eq. (1).
The following result gives a sufficient condition for the equality F(0) = 0.

Proposition 2. If the condition
Ay + Ay + Az + Ay # As + Ag + A, (6)

is fulfilled, then each solution F : X — Y of Eq. (1) satisfies the condition
F(0)=0.

Proof. Let F be a solution of Eq. (1). Putting « = 0, y = 0 and z = 0 into
Eq. (1) we obtain

(A1 + Ao + A3 + As)F(0) = (A5 + Ag + A7) F(0). (7)
Hence, if F(0) # 0, then
Ar 4+ Ax 4+ Az + Ay = As + Ag + A7 (8)

Consequently, by (6) we have F'(0) = 0. O
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From now on we are interested in solutions of Eq. (1) which satisfy the
relation F'(0) = 0.

Proposition 3. If a nonzero function F' : X — Y, with F(0) = 0, satisfies
Eq. (1), then

Ay = — Ay + As + A,
As = —Ay + As + Aq, 9)
Ay = —A1 + Ag + Ay,

Proof. Putting y =0, 2 =0 in (1), we get
A1 F(z) + Ao F(z) = AsF(x) + A F(z), =€ X.
Thus
(A1 + Ay — A5 — Ag)F(z2) =0, z€X,
whence
Ay = —A1 + A5 + Ag,

since F'is a nonzero function. In a similar way we obtain the other two relations
in (9). More precisely, putting © = 0, 2z = 0 and z = 0, y = 0 we get
A3 =—Ay+ A5+ A7 and Ay = — Ay + Ag + A7, respectively. O

Proposition 4. Assume that relations (9) are fulfilled. Then every additive
function a : X —'Y s a solution of Fq. (1).

Proof. Let a : X — Y be an additive function. Then
Asa(z +y) + Asalz + 2) + Ara(y + 2)
= (A5 + Ag)a(r) + (As + A7)a(y) + (A + A7)a(2). (10)
By (9) we obtain
Ara(z +y+ 2) + Asa(z) + Aszaly) + Asa(z) = Aja(z +y + 2)
+ (=A1 + As + Ag)a(x) + (= A1 + As + A7)a(y) + (= A1 + A5 + A7)a(2).
Hence using the additivity of the function a once again we get
Ara(z +y + 2) + Asa(z) + Asa(y) + Aga(z)
= (A5 + Ag)a(z) + (A5 + A7)a(y) + (As + A7)a(2). (11)
Thus by (10) and (11) we get
Ara(x +y+ 2) + Asa(z) + Asa(y) + Aga(z)
= Asa(z +y) + Asa(z + 2) + Ara(y + 2),
i.e. a satisfies Eq. (1). O

Corollary 5. A nonzero additive function a : X — Y satisfies Eq. (1) if and
only if relations (9) hold.
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Proof. Let a: X — Y be a nonzero additive function. Assume that a satisfies
Eq. (1). Then by Proposition 3 relations (9) hold, since a(0) = 0. The converse
implication follows directly from Proposition 4. d

Corollary 6. If Eq. (1) has a nonzero solution F : X — Y, with F(0) = 0,
then each additive function a : X — 'Y satisfies Eq. (1).

Proof. Assume that Eq. (1) has a nonzero solution F' : X — Y such that
F(0) = 0. Then by Proposition 3 relations (9) hold. Hence by Corollary 5
every nonzero additive function satisfies Eq. (1). Moreover, it is easily seen
that the function a : X — Y, given by a(z) = 0 for all € X, is a solution of
Eq. (1). O

Thus we have shown that the set of all nonzero solutions F' : X — Y
of Eq. (1) such that F(0) = 0, if non-empty, contains the set of all additive
functions a : X — Y. Under the assumption that relations (9) hold we obtain
by Proposition 4 that the considered set of solutions of Eq. (1) is non-empty.
The next result states that, under a suitable assumption on the coefficients
Aj;, the two sets coincide.

Theorem 7. If A, # A; for somei,j € {1,...,7}, then each solution F : X —
Y of Eq. (1), with F(0) =0, is an additive function.

Proof. Clearly, if F'(z) = 0, then it is additive. So, assume that F' is a nonzero
solution of Eq. (1) such that F(0) = 0. We distinguish the cases Ay # A5 and
Ay = As. Let us note that by (9) we have

Al—A5:A6—A2:A7—A32:B. (12)

First let us assume that A; # As, i.e., B # 0. Putting z = 0 into (1) we
get

A1 F(z+y)+AsF(z) + AsF(y) = AsF(z +y) + A¢F(x) + A7F (y), =,y € X.
Hence
(A — A5)F(z +y) = (As — A)F(x) + (Ar — Ag)F(y), zyeX. (13)
By (12) Eq. (13) can be written in the form
BF(z+vy) = BF(z) + BF(y), xz,y€X,
where B # 0. Consequently
Flx+y)=F(x)+ F(y), =y€X.

Now we proceed to the case where A; = As. Then by (12), Ag = Az and
A7 = Az and Eq. (1) has the form

=A1Fx+y)+ A F(x+2)+AsF(y+2), =z,y,2z€ X.
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Hence with = 0 we obtain that
AF(y+2)+AsF(y) + AyF(2) = A F(y) + AsF(2)+ AsF(y+ 2), y,z € X.
Thus

(A1 —A3)F(y+2) = (A1 — A3)F(y) + (A2 — AW F(2), y,ze€ X. (14)
Next, from (9) we get that

Ay — A; = Ag — Ay
Hence
A —A3=A,— Ay :=C, (15)

since by (12) we have A; = Az and Ag = Ay. Consequently, Eq. (14) can be
written in the form

CF(y+z2)=CF(y)+CF(z), y,z€X. (16)

Now we consider the following two subcases: A; # A3 and A; = As. If
Ay # Az, then C # 0 and from (16) we obtain that F' is additive. Now let us
assume that A; = Asz. Then from (12) and (15) we obtain that A; = A3z =
As = A7 and A = Ay = Ag. Thus Eq. (1) has the form

AiF(x4+y+2)+ AsF(x) + A1 F(y) + A F(2)
=AF(z+y)+AF(z+2)+ AiF(y+2), z,y,z€X.
Hence putting y = 0 we get
AF(x+2)+AsF(x) + AsF(2) = A F(z) + AgF(z+2) + A1 F(2), =z,z€ X.
Consequently
DF(x+z2)=DF(x) + DF(2), z,z€ X,

where D =: Ay — As. Thus, if Ay # A, then F' is additive. O

Directly from Theorem 7 we obtain the following result.
Corollary 8. If there exists a monadditive nonzero solution F' : X — Y of
Eq. (1) such that F(0) =0, then A; = A; for alli,j € {1,...,7}.

Moreover, from Theorem 7 and Proposition 2 we get the following descrip-
tion of the set of solutions of Eq. (1).

Corollary 9. If A; # A; for somei,j € {1,...,7} and condition (6) holds,
then each solution of Eq. (1) is an additive function.

Now we proceed to the general case, without the assumption that F'(0) = 0.

Corollary 10. Assume that A; # A; for somei,j € {1,...,7}. IfF: X =Y
is a solution of Eq. (1), then

F(z)=a(z)4+¢, zeX, (17)

where a : X — Y is an additive function and ¢ = F(0).
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Proof. Let F satisty Eq. (1). If F(0) = 0, then from Theorem 7 we obtain that
(17) holds with ¢ = 0. Now, let us assume that F'(0) # 0. Define the function
Fy: X — Y by the formula

Fo(x) .= F(x) — F(0), z€X.

Then Fj is a solution of Eq. (1), since F satisfies Eq. (1) and consequently
condition (7) holds. On account of Theorem 7 the function Fj is additive. Thus
F is a sum of an additive function and the constant ¢ := F'(0). O

Let us note that the converse of Corollary 10, in general, is false. Consider
the case where Ay = 2 and Ay = A3 = Ay = A5 = Ag = A7 = 1. Then by
Proposition 2 for each solution F' of Eq. (1) we have F(0) = 0, since condition
(6) holds. Thus on account of Corollary 5 we obtain that the only solution
of Eq. (1) is the zero function, since condition (9) is not fulfilled. In the case
where A1 = Ay = A3 = Ay = A5 = Ag = 1 and A; = 2 the set of solutions of
Eq. (1) consists of all constant functions, since none of conditions (6) and (9)
holds.

Now consider the case where A1 =3, Ay = A3 = Ay = —1 and A5 = Ag =
A7 = 1. Then by Proposition 2, F'(0) = 0 for every solution F of Eq. (1). Thus
from Proposition 4 we obtain that the set of solutions of Eq. (1) consists of all
additive functions. In case A1 =3, Ao = A3 = A, =1and A5 = Ag = A7, =2
each function F' of the form (17) is a solution of Eq. (1). In fact, we can state
a more general result.

Corollary 11. Assume that conditions (8) and (9) hold. If F : X — Y is of
the form (17), where a : X — Y is an additive function and ¢ € Y, then F is
a solution of Eq. (1).

Proof. Since relations (9) hold, on account of Proposition 4 we have that each
additive function satisfies Eq. (1). However, condition (8) implies that any
constant function is a solution of Eq. (1). O

At the end of this section let us recall that in the only remaining case Ay =
--- = Ay there exists a nonadditive solution F' of Eq. (1) such that F(0) = 0.
Namely, without loss of generality we can assume that Ay =--- = Ay = 1 (we
exclude the trivial case Ay = --- = A7 = 0). Next, let (X, | -||) be an inner
product space and Y = R. Then the function F' : X — R, given by F(z) :=
|z|?, is a solution of Eq. (1), where the norm is derived from the inner product
(cf. [17]). Moreover, in [26] it was proved that if F: X — R, F(x) = ||z[|? is a
solution of (1), then Ay = --- = Ay (which corresponds to Corollary 8).

3. The stability result

In this section, as before, (X, +) is a commutative group, X = X3\{(0,0,0)},
Y is a Banach space over the field K € {R,C}, and 4,,...,47 € K.
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We prove a stability result for the generalized Fréchet functional equation.
As a corollary we obtain that near an approximate solution of Eq. (1) there
exists an additive function. The proof of this fact is based on the results of the
previous section.

Let us recall that the following theorem, concerning the stability of Eq. (1),
was proved in [26].

Theorem 12. Let A; # 0 and
As + A3+ Ay = As + Ag + Ar.
Assume that f: X — Y, ¢ : Z\{0} — [0,00) and L: X — [0,00) satisfy the
following three conditions:
M :={m € Z\{0} : |Az|c(—2m) + | A5 + Ag|c(m + 1) + | A3 + A4|c(—m)
+ [Azle(@m 4+ 1) < |Aq|} #£0,

L(kz, ky, kz) < c(k)L(z,y,2),  (2,y,2) € X,m € M,
ke{-2m,m+1,—m,2m+ 1},

[A1f(z +y+2) + Az f(x) + Asf(y) + Asf(2) — Asflz +y) — Asf(z + 2)
—Arf(y+2)ll < L(z,y,2), (z,y,2) € X°.
Then there is a unique function F : X — 'Y satisfying Eq. (1) such that
If(z) = F(z)|| < pr(z), =eX\{0},
where
. . L(@2m+ 1)z, —mz, —mxz)
;= inf
pr(z) = inf, (A1 — Bom ’

Bm = |Az|e(=2m) 4+ |As + Agle(m + 1) + |As + A4lc(—m) + |Az|c(2m + 1).

The main theorem of this section corresponds to Theorem 12 and reads as
follows.

Theorem 13. Let As + Az + A4 # 0,

B0::’A5+A6+A7_A1 1.
Ay + Az + Ay
and L: X3 — [0,00) satisfy the condition
L(kz, ky, kz) < cyL(z,y,2), (x,y,2) € )/(\'Jc € {2,3}, (18)
with some ca,c3 € [0,00) such that 3 := baca + bzcs < 1, where
e e e e 1
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If f X =Y fulfils the condition
[Arf(z +y+2) + Ao f(z) + Asf(y) + Asf(2) — As f(z + )
*A6f($+2)7A7f(y+Z)” SL(SC,y,Z), (Z’,y,Z) €X37 (20)

then there exists a unique function F : X — Y satisfying (1) such that F(0) =
0 and

[f(z) — F(2) < pr(z), =€X, (21)
where
o L(z,z,x) -
pr() = Ay & Ay + Aa|(1 = (@) €% (22)
with

_ [ ifzo
7(95)'_{50 if = 0.

Proof. In the first part of the proof we define an operator 7 and show that 7°
satisfies the assumptions of Theorem 1. Taking y = z = x in (20) we obtain

|A1f(Bz)+(As + As + Ag) f(x)—(As + As + A7) f(22)|| < L(z,z,z), z€X.
Hence, for each x € X,

As + Ag + Ay Ay

flz) — mf@@ + mf(?)x) <e(w), (23)
where
Lz
e(z) = |Ay + Az + A4’
Put
. As 4+ Ag + Az Aq X
T¢(x) £(2z) — m§(3x)a feY? zeX. (24)

T Ay + A+ Ay
In particular, for z = 0 we have
As+ Ag + A7 — Ay
TE(0) =
£0) Ay + Az + Ay

Let us note that the operator 7 is linear. From (23) and (24) we get directly
that

£0), £evX, (25)

[f(2) = Tf(@)| <e(x), zeX,
which means that condition (4) holds. In particular, on account of (23) and
(25) with = 0, we have

A5+ A+ A7 —
Ag + Az + Ay

1£0)—TF )] = 1 A5 0)) < 00,
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Now we will show that condition (H2) of Theorem 1 is satisfied with k& = 3,
S=X,E=Y, fi(z) =2z, fo(r) =3z, f3(x) =2 and

h@%={® if 2 # 0;

0 ifzx=0,
by if z #£ 0
12(5”)::{03 ifxio
_JOo  ifx#0
@@V_{% if £ =0,
ie.,
IT¢ () |<Zl Mes(@) = ufi@)ll, &pey¥ zeX.
Let us fix &, € YX. Then for every x € X we have
As + Ag + A7
ITe(z) - Tu(o)] = | Fagagr (€20) - u(22)
Ay

- (&(3x) — (3 .
1, + As 44(5( z) — p( x))H
Hence by the triangle inequality we obtain that

%@—ﬂ@ﬂ4%+%+&

T (2 — pez)]

1€(32) — u(3)]|-

1
+ - -
‘Az + Az + Ay
Thus

17€(x) = Tp(@)| < b2 [|€(22) — p(22)[| + b3 [[€(32) — u(32)[l, =€ X. (26)

Actually, we use this relation for € X\{0}. In case = 0 we have a bit more:

As + Ag + A7 — Ay
170) - Tao)] = | A At AT A ) )
| As+As+A - A -
N e el [ CORIU
Consequently
17€(0) — Tp(0)[| = Bo [1£(0) — (0)], (27)

which means that condition (H2) holds.
Define an operator A : R, * — R~ as in (H3) by
3

An(e) =Y Li(@)n(fi(x), =X (28)

i=1
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for every n € R~ . Then for each n € R.* we have
An(z) = bayn(2x) + bsn(3z), =€ X\{0}

and

An(0) == Bon(0).
Let us note that the operator A is nondecreasing, i.e., An < A( for all ,( €
R, ~ with 5 < ¢. Moreover, by (26) and (27)

IT&(2) = Tu()| < A€ - ul)(@), &ueY™ zeX. (29)
Now we will show that condition (5) is satisfied, i.e., the function series
Yoo o A"e(x) is convergent for each z € X. Fix an 2 € X\{0}. In view of (28)
and (18), we have
L(2z,2x,2x)
|Ag + Az + Ay
L(z, 2, x)
| A2 + A3 + Ay

L(3x,3x,3x)
|[As + Az + A4l

Ae ( ) = by 8(21}) + b35(3:v) = by + b3

L(x,x,x)
|Ag + Az + Ayl
L(z,z,x)
|Ag + Az + Ayl

< baco + bscs

= (baco + b3c3)

Thus
Ae(z) < pe(x). (30)

By induction one can show that the monotonicity and linearity of A implies
N'e(z) < p"e(z). (31)

Consequently, for each x € X\{0} we receive the following estimate:

_ — \n > . _oe(x) L(x,z,z)
_TLZZOA e(x) <e(x) <1+n¥1ﬁ ) 15T Ayt Ayt A D)

In case £ = 0 we have

Ae(0) = Boe(0). (32)

Hence by induction we obtain

A"£(0) = A< (0). (33)

Therefore

N (0] — £(0) L(0,0,0)
=2 Ael0) =< <1+Zﬁo> T— o~ s As+ Adl(1=Bo)’

Thus we have shown that

L(z,z,x)
Ae( < oo, ze€lX.
Z = Ay + A3+ Adl(1 —1(@))




366 J. BRZDEK ET AL. AEM

By Theorem 1 (with S = X and E =Y), there exists a function F: X — Y
satisfying the equation

. A5 + AG + A7 Ay
such that
. L(x,z,x
I17(@) - F@) < e (z) < (7,2, %) rex.

|Ag + Az + Ay|(1 — ()’
Moreover,

F(z)= lim 7" f(x), xe€X.

Let us note that condition (34) means that Eq. (1) is satisfied for x =y = 2.
Next we will show that the function F' satisfies Eq. (1) for all z,y,z € X.
To obtain this fact we will prove by induction that for all (z,y,2) € X3,
n € Ng := NU{0} we have
ALT" f(z+y+2) + AT" f(z) + AsT" f(y) + AsT" f(2)
— AT " f(z+y) — AT " f(x + 2) — A7T" f(y + 2)||
<A L(z,y,2), (35)
where A := max{3, fo}. For n = 0 condition (35) follows directly from (20).
Assume that (35) holds for some n € Ny and all (z,y,2) € X?. Then by (24)
we have
AT f (o y + 2) + AT f (@) + AT () + AT f(2)
— AT f(x+y) — AT (w4 2) — AT fy + 2) |

- [ AT e v+ )
mz‘l TG +y+2)
ﬁiiﬁ*ﬂflﬂ "f(2x) - m@ﬂ f(3x)
jiijim/lﬂ"f@y) Ry i; AT (3y)
B %/wnm(z FO) + T AT G+ v)
- %AGT"JC(Q@ +2)) + mAGTnf(?)(x +2))
. %Aﬂ"f@(y +2))+ m/h’f"f(?)(y + Z))H
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Ay

- ’A5+A6+A7
Ao+ As + Ay

T Ay + A+ Ay

A'L(2x,2y,22) + ‘

)\”L(Sx, 3y, 32)

for every (z,y,2) € X. Hence by (18)
AT f (2 4+ y +2) + AT f(2) + AT f(y) + AT f(2)
CAST (@4 y) — AT (o4 2) — AT (y 1 5)|
< \*(bgcg + byes) Lz, y,2) < N L(x,y, 2) (36)
for (z,y,2) € X. Finally, by (25),
(A1 + Az + As + Ay — A5 — Ag — A7) T F(0)|
A5+ Ag+ A7 — Ay
Ag + Az + Ay
= Bo|(A1 + Az + Az + Ay — As — Ag — A)T" f(0)|
< BoA"L(0,0,0) < A"F1L(0,0,0),

:H(A1+A2+A3+A4—A5—A6—A7) ’T"f(O)H

which ends the proof of (35). Letting n — oo in (35), we obtain
A1F(z +y+2)+ AsF(x) + AsF(y) + A4 F(2)
= AsF(x+y) + AgF(x +2) + A7F(y + 2), (z,y,2) € X

Thus, we have proved that, there exists a function F' : X — Y satisfying
Eq. (1) for which

[f(2) = F(2)[| <&*(2) < pr(e), =eX. (37)
Now we will show that F(0) = 0. From (24) we get by induction that
" As+ A+ A7 — A1\" o X
Tre0) = (AT ) 60) = A0, eevnen
Thus
lim 77¢(0) =0, ¢eY™, (38)

since By < 1. Consequently, we have F(0) = lim,,_,o, 7" f(0) = 0.
It remains to prove the statement concerning the uniqueness of F. To get
this fact we first show by induction that for all £, u € YX, n € N

177¢(x) = T"p(@)[| < A™([I€ — plD)(z), =€ X (39)

By (29) condition (39) holds for n = 1. Fix &, u € YX and assume that (39)
holds for n € N. Then by (29)

177 () = T ()| = | T(T"E)(x) — T(T"w) ()|
SA(IT"E =T pl)(z), =€ X.
Hence by the inductive hypothesis and the monotonicity of A we obtain

17 e() = T (@) < A€~ i) (@) = A"l - (@), = € X,
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Let G: X — Y be also a solution of (1) such that ||f(z) — G(z)|| < pr(z)
for x € X. Then

IG@) - F@)ll < 21.(x), € X. (40)
Hence by (39) we obtain
ITGe) — T F ()] < 207 pp () = 2250 4 x
1—~(z)

since A is linear and monotone. Letting n — oo, by the convergence of the
. [o'e) n
series ) " A"e(x), we get

lim |7"G(x) —T"F(z)]| =0, z€X.

Hence |G(x) — F(z)|| = 0 for z € X, since G and F are fixed points of 7.
Consequently G(x) = F(x) for every x € X. O

Now we proceed to some applications of the main result of this paper
concerning additive functions. Let us note that the result presented below

cannot be applied to Eq. (2), since its assumptions exclude the case where
Aj=---=A4;=1.

Corollary 14. Assume that A; # A; for somei,j € {1,...,7}, Ao+ A3+ Ay #
0, L: X3 — [0,00) satisfy condition (18), and By, 3 € [0,1), where By and (3
are defined as in Theorem 13. Let f: X — Y be a function satisfying condition
(20). Then there exists a unique additive solution a : X — Y of Eq. (1) such
that

1£(@) - a@)ll < prle), =€ X,
where pr(xz) is given by (22), i.e.,

o L(z,z,x)
Pr() = T A+ A @)

@) ::{ﬂ if @ #£ 0,

z e X,

with

Proof. On account of Theorem 13 there exists a unique solution F': X — Y
of Eq. (1) such that F(0) =0 and

[f(z) = F(z)| < pr(z), z€X.
Then by Theorem 7 we obtain that F is additive. O

The assumption that By < 1 can be omitted in Theorem 13, if we replace
(18) by the subsequent somewhat stronger condition
L(kz,ky,kz) < exL(z,y,2), (2,y,2) € X° k € {2,3}; (41)

let us note that in the case L(0,0,0) = 0 these two conditions are equivalent.
Namely, we have the following.
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Proposition 15. Let Ay + A3 + Ay # 0 and L: X3 — [0,00) satisfy condition
(41) with some ca,c3 € [0,00) such that = baco + bgcs < 1, where ba, by are
giwen by (19). If f: X — Y fulfils condition (20), then there exists a unique
function F : X —'Y satisfying (1) for which

[f(z) = F(z)|| < pr(z), z€X,
where
L(z,z,x)
L(T) ‘= ’
L) = T A+ A= )
Proof. We give only an outline of the proof since the main steps are the same
as in the proof of Theorem 13. Let us consider the operator 7 defined by

(24). From (26) we obtain that condition (H2) is satisfied with k =2, S = X,
E=Y,

r e X. (42)

fi(t) =2t, fa(t) = 3t,
Li(t) =bg, la(t) = bs,

ie.,

| T¢(t) |<Zl ES) — ulfi@)l, &meY ™ teX.

Then the operator A : R. X — R, ¥ defined by

An(t) = Zli(t)n(fi(t))a neR X teX

is of the form
An(t) = ban(2t) + ban(3t), neR ™ teX.
From (41) we get that condition (30) holds for all z € X with
L(z,z,x)
e(x) i = ————2——.
(=) | Az + Az + Ay

Hence we obtain that condition (31) also holds for all z € X. Consequently,
for each z € X we have

N~ = o) el@) L(z,z,x)
7;A s(x)és(x)(1+nglﬁ ) b Ry Rk v very verny T pyiE

Let us yet note that (35) holds for A = 3, since we (36) holds also for © = y =
z =0 in view of (41).

The existence and uniqueness of F' satisfying Eq. (1) can be obtained in
the same way as in the proof of Theorem 13. O

From the above result we can obtain the following counterpart of Corollary
14.
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Corollary 16. Let A; # A, for somei,j € {1,...,7}, Ay + A3+ Ay # 0 and
relations (9) hold. Let a function L: X3 — [0,00) satisfy condition (41) with
o, c3 € [0,00) such that 8 := baco + bycs < 1, where by, bs are given by (19).
If f: X =Y fulfils condition (20), then there exists a unique additive solution
a:X —Y of Eq. (1) and a constant ¢ € Y such that

[f(z) —a(@) —c| < pr(z), zeX,
where pr(xz) is given by (42).

4. Final remarks

First, note that the condition
L(kx,ky, kz) < e L(z,y,2), k€ {2,3}, (43)
for (x,y,z) = (0,0,0), means that L(0,0,0) =0 or ¢a,c3 € [1,00).
Let X be a normed space. Then the function L : X3 — [0, 00) given by
L(x,y,2) = (a2 + asllylP? + as]|z[™)”,  (w.y,2) € X, (44)

with any fixed p;, w,o; € R such that p; > 0 and «; > 0 for i € {1,2,3},
satisfies condition (18) with

c, = kP, ke {23},
where

B {max {p1,p2,p3} ifw>0;

min {p1,p2,p3} ifw <O0.

By (22) we have
o) = (50 Fres At LRI

The value of L at (z,y,z) = (0,0,0) can be taken arbitrarily. In particular,
L(0,0,0) can take the value of the left-hand side of condition (20) at =y =
z = 0. For z = 0 we have

pr(0)

_ L(0,0,0)
|Ag + Az + Ayl(1 = Bo)
Thus an approximate solution f satisfying (20) need not satisfy the condition

£(0) =0.
Let A1 = —4, A2 = A3 = A4 = 8 and A5 = A6 = A7 = 2. Then relations
(9) hold and by = 1, by = £. Consider the function L : X* — [0, 00) given by
L(z,y,2) = [z + lyll” + I, (2,y,2) € X?,

with some p € R such that p > 0. It satisfies condition (41) with ¢ = |k[? for
k € {2,3}. Thus 5 < 1if and only if p € (0,1), since 2by + 3bs = 1. Therefore,
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in this case, Corollary 16 implies that, for a given function f: X — Y fulfilling
condition (20), there exists an additive function F' such that

If(z) = F(z)| < pr(x), z€X,

where
L(x,z,x)
pr(z) = m,

Now let us consider the function L : X3 — [0, 00) given by
L(z,y,z) = (aa|z|” + collyll” + asl|2|")" +&, (z,9,2) € X,

with any fixed p,w,«; € R such that p > 0, w > 0, a; > 0 for i € {1,2,3},
and an € > 0. Then condition (18) holds with ¢;, = kP, because k¥ > 1.

Let us note that under the assumptions of Theorem 13 and Corollary 14
we get that

z e X.

—3A1 +2(As + Ag + Aq) £0,

in the case where the solution of Eq. (1) occurring in each of these results is
a nonzero function. Indeed, from Proposition 3 and Corollary 5, respectively,
we obtain that relations (9) are satisfied. Hence we get that Ay + Az + Ay =
—3A;1 + 2(As5 + As + A7).

Finally observe that also the function L : X3 — [0,00), given by

L(z,y, ) = afz|" yl|”[[=]” +e,  (z,y,2) € X,
with any fixed pi,p2,ps3, a, € € [0, 00), fulfils (18) with
cp = kPlJr:DerpS’ ke {2’3}.
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