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Characterizations of smooth spaces by approximate
orthogonalities

PAawEL WOICIK

Abstract. Since the monograph by Amir that appeared in 1986, a lot of attention has been
given to the problem of characterizing, by means of properties of the norms, when a Banach
space is indeed a Hilbert space, i.e., when the norm derives from an inner product. In this
paper, similar investigations will be carried out for smooth spaces instead of inner product
spaces. We consider the approximate orthogonalities in real normed spaces. We show that the
relations approximate semi-orthogonality and approximate py-orthogonality are generally
incomparable (unless the normed space is smooth). As a result, we give a characterization
of smooth spaces in terms of those approximate orthogonalities.
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1. Introduction

Semi-inner products and norm derivatives, which can be naturally defined in
general normed spaces over the real number field, play an essential role in
describing the geometric properties of these spaces. The aim of this paper is
to provide a complete overview of characterizations of smooth normed linear
spaces based on norm derivatives.

In a real normed space, one can define various orthogonality relations. In
the paper, we will consider the Birkhoff-James orthogonality:

rlpy & Y R Iz < |lz + Ayl
An approximate Birkhoff orthogonality was given by Chmielinski [3]:
215y & Vyprllzl® < o+ Myl® + 22| | Ay

Obviously, for ¢ = 0 we have L = 15;.

We recall some of the main properties of the semi-inner product. Let (X, |[{)
be a normed space over K € {R,C}. A mapping [-|-] : X x X — K will be called
a semi-inner product (briefly s.i.p.), if the following properties are satisfied:
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(Sipl) v30,y,zEX va,ﬁeK [Oél‘ + ﬁy|z] = [x\z] + 03 [y|21],
(8ip2) Vayex Y,k [xlay] =alzly];
(8ip3) Voex  [zfz] = [lz]*;

(sipd) Vayex [ lzfyl[ <[]yl

Lumer [9] and Giles [7] showed that in each normed space a semi-inner product
always exists, however, not necessarily a unique one. There exists a unique
s.1.p. in X if and only if X is smooth. Now, for a fixed s.i.p. in X we define a
semi-orthogonality, by

zly = [ylz] =0.
We introduce e-s-orthogonality

e Ly e |yl | <ellyll- [l

From this moment, throughout this paper, all normed spaces are assumed

to be over reals and at least two-dimensional. Let (X, |-]|) be a real normed
space. We define two mappings p’,,p" : X x X — R:

: + tyl|” — |l=||? [z + tyl — =]

! 9 = 1 ||x == . 1 .
px(z,y) = lim of ] tim, t

These mappings are called norm derivatives. Now, we recall their useful prop-
erties (the proofs can be found in [2,6]):

(nd1) Yoyex Voer il ax+y) = allz)® + pl(z,y);
nd2) z,yeX VaZO p/i(Oé.T, y) = ap/i (l‘, y) = pli(xa ay);
(nd2’) Vo yex Ya<o pllaz,y) = api(z,y) = pl(v, ay);
) v

) v

(nd3) Voex  pli(z,z) = [z]*
(nd4) Voyex  [pk(z, )| < Izl [yl

Moreover, the mappings p/, , p’_ are continuous with respect to the second
variable, but not necessarily with respect to the first one.

Now, fix the semi-inner product [-|-]. Then,

vx,yeX pl—(x7y) < [y|l‘] < pl-s-(mvy)' (1)
It is known that, X is smooth if and only if p/, (z,y) = p’_(x,y) = [y|=] for all
z,y € X.
The following mapping p’: X x X — R was introduced by Mili¢ié [10]:

Pz, y) = ! (P (z,y) + 0 (2,y))

2
and is called an M-semi-inner product (briefly M-s.i.p.).

In a similar way as earlier, we define e-p -orthogonality, e-p_ -orthogonality
and e-p-orthogonality:

el y e o (@ y)l < ellzl-[lyll,
alf, y o |pl(z )| <ellzll-llyll,
ey e [,y <ellz]l-llyll-
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It is obvious that we define 1, := L. with € := 0. For the orthogonalities
1, , 1, the definitions are similar.
The relations 15, and 15 are generally comparable. It is proved in [5,
Theorem 3.2] that for an arbitrary real normed space X we have
15, cls, L5, Cclfy, L5l K Cls. (

Pt

[\

)
If (X, (-|-)) is an inner product space, then (z|y) = [y|z] = p/ (z,y) = p_(z,y)
= p'(z,y) for arbitrary =,y € X. Hence we have 1 = 1° = L =L =
18 = 15,

2. Comparison of e-p-orthogonality and e-s-orthogonality

R. C. James (see [8]) introduced in a real normed space X the following orthog-
onality relation: z Lyy < |z +y|| = ||z — y||. Amir [1] showed that L; C Lg
or 1y D 1y if and only if the norm in X comes from an inner product. Similar
investigations will be carried out for smooth spaces instead of inner product
spaces.

Relations J_5p+, 15, and 1¢, are generally (unless X is smooth) incompa-
rable (cf. [5, Theorem 3.3]). Relations 15, 15 are also incomparable (cf. [5,
Theorem 3.5]). Now, let us compare the approximate orthogonalities 1° and
15, . The next theorem is the main result of the paper.

Theorem 1. Let X be a real normed space and let [-|-] be a fixed semi inner
product in X. Then the following conditions are equivalent.

) L5, cls ()L, ol (i) L, =18

(iv) 15, C 15 (v) 15, DL (vi) 15, =15

(vil) X is smooth.

Proof. We start with proving (i)=-(vii). Fix arbitrarily two linearly indepen-
dent vectors x,y € X such that ||z| = ||y||=1. First, suppose that p/, (x,y)=—e.
Then 1%, y. Using (i), we get 215y, which means | [y|2] | < e. This inequality,

1)
together with —e < [y|z] < o (z,y) = —¢, yields p/ (x,y) = [y|z].
Next, suppose that o/, (z,y) < —¢ Then we define a mapping ¢: [0,1] = R

by ¢(t) == p', <x, %) Since ¢ is continuous, ¢(0) = p/, (z,y) < —¢
and (1) =1, it follows that there exists ¢, € (0, 1) such that p(t,) = —¢.

Since ¢(t,) = —¢, defining

to 1—1,

o= , 8= ( )
[tox 4 (1 —to)yll [tox + (1 = to)yll

we get ||z|| = 1 and p/, (z,z) = —¢, thus 2%, z. Moreover, we have 3 > 0.

and z:=ax+ Py
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Using (i), we get x 1%z, which means | [z|z]| < €. This inequality, together
(1)
with —e < [z|z] < p/ (x,2) = —¢, yields

Py (@, 2) = [2]z]. (3)
Applying properties of functionals p/, and [-|-] we get

1\ mdy « 1\ (nd2)
L(x,y) = '<x,ax+z> = ——|z|®+ /(:c2> =

®) 1 (sip1)
[2|2] "=

L,
= Sl + 57 () E =Sl + 5

g B

(In case p/,(x,y) > —, we define ) : [0, 1] = R by ¢ (t) = ( ,%)

and show that with some ¢, € (0,1), ¥(t,) = —¢. Then we define
o= —to ., Bi= (1= to)

[to(=2) + (1 = to )yl [to(—=2) + (1 —to)yl
to obtain z L5, y. The rest runs similarly.)

We have shown that functionals p/, (-,¢) and [o|-] are equal on unit, linearly
independent vectors x, y. Now, let z,y € X be arbitrary vectors. If y = ~vx, then
Pl (z,y) = v||z||* = [y|z]. Next, suppose that z,y are linearly independent.
Then we get

, (maz) o, (@ (sip2)
o) "2 el ol (g 1o ) = el || 2 ke

We have shown that functionals p/, (-,¢) and [o|-] are equal. Then we have

{—O‘m + 144 = [y|a].

and z:=ax+ Oy

o wy) "2 —pl(w,—y) = — [yle) 2 [yla] = (o, y).

We have proved that functionals p’_ and p/, are equal. Thus X is smooth.
Tmplication (ii)=-(vii) can be shown similarly. In the second part of the
above proof one should consider (sipl) instead of (ndl). Similarly, we can
consider (nd1) instead of (sip1). Next, we may interchange the role of (sip2) and
(nd2) (or (nd2)) in the above reasoning. Implications (vii)=-(iii), (iii)=-(i) and
(iii)=-(ii) are obvious. Therefore, we get (1)< (iii)<(vil) and (ii)< (iii) < (vii).
In the same manner, one can prove (iv)< (vi)<(vil) and (v)<(vi)<(vil).
U

3. Comparison of e- B-orthogonality and e-s-orthogonality

Fix arbitrarily € € [0,1). Chmieliniski proved that 15 C 15 (cf. [3, Proposition
3.1]). In the general case, we may get 15, ¢ L° (see [3, Example 3.1]. Moreover,
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he proved that if X is a smooth space, then 15, C 1¢ and 15, = 18 (cf. [3,
Proposition 3.2, Theorem 3.3]).

The problem arises whether the reverse is true. Namely, whether 15 C 15
implies the smoothness of X. We show that this problem has an affirmative
answer for real spaces.

Theorem 2. Let X be a real normed space and let € € [0,1). Then the following
conditions are equivalent.
(a) 15 C L& (b) 15 = 15 (¢) X is smooth.

Proof. 1t follows from [3, Theorem 3.3]) that (c¢)=-(b) holds. The implication
(b)=(a) is obvious. We show (a)=(c). Assume that 15, C 1°. Applying (2)
we have 15 ~C 15. Thus, we obtain 15, C 15. It follows from Theorem 1
((i)e(vil)) that X is smooth. O

The proof for the case e =0 (i.e., Ly C L implies the smoothness) can be
found in [6, p.155, Theorem 65].

Open Access. This article is distributed under the terms of the Creative Commons Attribu-
tion License which permits any use, distribution, and reproduction in any medium, provided
the original author(s) and the source are credited.
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