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Abstract. We find the solutions f,g,h: G — X, ¢: G — K of each of the functional equation

> fl@+xy) = [Klew)g(x) + |K|h(y), =,y€GC,
AeK

where (G, +) is an abelian group, K is a finite, abelian subgroup of the automorphism group
of G, X is a linear space over the field K € {R, C}.
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1. Introduction

The generalization of the quadratic functional equation
fle+y) + fle+oy) =2f(x) +2f(y), =y€eQC,
2

where ¢ is automorphism of an abelian group G such that ¢° = idg,
fyg: G — C, was investigated by Stetkeer [13].
In another work [14] he solved the functional equation

N-1
3 ) =92 +A(Q), = CeC,
n=0

where N € {2,3,...}, w is the primitive Nth root of unity, f,g,h: C — C are
continuous.
Bukasik [8] showed the solution of the functional equation

Y fla+Ay) =|Klg(2) +|Klh(y), z.ye€S,
AEK

where (S, +) is an abelian semigroup, K is a finite subgroup of the automor-
phism group of S, (H,+) is an abelian group.
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The functional equation
> fla+Xy) = |Klg(x)h(y), =,y€G,
AeK

where (G, +) is an abelian group, K is a finite subgroup of the automorphism
group on G, f,g,h: G — C, was studied by Forg-Rob and Schwaiger [5], Gajda
[6], Stetkeer [11,12], Badora [2].

2. Main result

Throughout the present paper, we assume that X is a linear space over the
field K € {R,C}, (G, +) is an abelian group, K is a finite, abelian subgroup of
the automorphism group of G, L := card K.

We give the complete solution of the following functional equation

> f@+My) = Lo(y)g(x) + Lh(y), zy€S.
AeK

In this work we use the following two theorems and one lemma:

Theorem 1 (Shinya [9, Corollary 3.12], Kannappan [7], Czerwik [4], Sinopoulos
[10], Chojnacki [3]). Let (G, +) be an abelian, locally compact, Hausdorff topo-
logical group, K be a compact Hausdorff topological transformation group of G
acting by automorphisms on G. Let further d\ be a normalized Haar measure
on K. If p € C(G) is a nonzero solution of

/ o+ My)dA = p(z)p(y), =,y €G,
AeK

then there exists a continuous homomorphism x: G — C* such that

o(x) = / x(Az)dA, =z €G.

AEK

If ¢ is bounded, then x may be taken as a unitary character.

Lemma 1 [1, Lemma 14.1]. Let Q be a nonempty set, n € N. Functions

fisoos fn: Q@ — C are linearly dependent if and only if for all x1,...,x,
€N
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Theorem 2 [8, Theorem 5]. Let (S,+) be an abelian semigroup, K be a finite
subgroup of the automorphism group of S, L := card K, (H,+) be an abe-
lian group uniquely divisible by L!. Then the function f: S — H satisfies the
equation

Z flx+Xy)=Lf(x), =zyes
XeK

if and only if there exist k-additive, symmetric mappings Ay: S* — H,
ke{l,...L—1} and Ay € H such that
flz)=Ao+A1(x)+--+Ar_1(z, -+ ,x), x €S,
ZAk(x,...,x,)\y,...,/\y) =0, z,yel, 1<i<k<L-1.
AeK M
i
First we show some lemmas.

Lemma 2. Let m: G — C* be a homomorphism, K1 C K be a set such that
{moX: \€ Ky} is linearly independent. If for some p € K

m(pz) = ¥ aym(re), z€G, (1)
AeK,

then mo p=mo X for some X € Kj.

Proof. Let
m(ux) = Z ayxm(Azx), z€G.
AEK,
Therefore, for z,y € G, we have
> axmy)m(Ar) = m(u(y + x)) = m(py)m(pz) = m(py) Y axm(Az),
AEK, MK,
which means that
0= ax[m(hy) — m(uy)lm(A\z).
AeK,

From the linear independence we obtain
0=ax[m(\y) —m(uy)], yeG, Xe€K,
since there exists A € K7 such that ay # 0,
m(Ay) =m(py), yeG.
O

Lemma 3. Let m: G — C* be a homomorphism. Then the set Ko :={\ € K :
moX=m} is a subgroup of K.
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Lemma 4. Let Ko:={A€ K: moA=m}, K1 C K be a minimal set
such that K = Kyo Ky. Then Ky is a mazimal set such that the set
{moX: \e Ki} is linearly independent.

Proof. In view of Lemma 2, if {moX: X € K;} is linearly dependent, then
mo X =mopu for some \,u € K1, so we get Ao u~! € Ky, which means that
A € Ko o p, which contradicts the definition of Kj.

On the other hand each A € K has the form A = A\g o A1, where \g € Ky,
A1 € K1, hence mo XA =mo A\, =m o A, which gives us the maximality of
K. O

Theorem 3. Let p: G — C, ¢ # 0, satisfy the equation
D wl@+ ) = Lo(@)e(y), =yeG. (2)
AeK

Then there exist a homomorphism m: G — C*, By € C*,by € G, \ € K1, such
that

o)=Y mr), wed, (3)
NEK
[ |K1l, € K
,\§1 Bam(uby) = {07 ' Z ¢ Kg (4)
m(z) = Z Bap(z +by), z€G, (5)
NEK,

where Kop:={ e K: moA=m}, K1 C K is a minimal set such that
K = Kyo K.

Proof. If we take a discrete topology on group (G, +) and a counting measure
on K divided by L, then the assumptions of Theorem 1 are fulfilled. Hence
there exists a homomorphism m: G — C* satisfying (3).

Let Ky and K be as in the statement of this theorem. From the linear inde-
pendence of the set {moA: A € K3} and Lemma 1 there exist by € G, A € K;
such that the matrix [m(Ab,)]x uek, has a nonzero determinant. Hence, there
exist By € C*, A € K1, which satisfy (4).

We notice that

1 1
m(x) = — m(puxr) = ————— m(px m(ub
neKo peK AEK
1
= Y B D mlua b)) = Y Aagple+b), z€G,
AeK; pneK AEK,
which proves (5). O

Now we prove a generalization of Wilson’s functional equation.
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Theorem 4. Assume that X is complex. Functions f:G— X, f #0,
p: G — C satisfy the equation

Z f(I + /\y) = L‘P(y)f(x% T,y € G, (6)

AeK

if and only if there exist a homomorphism m: G — C*, A} € X, k-additive,
symmetric mappings Ay: G¥ — X,k € {1,...|Kq| — 1}, A € K; such that

o(z) = % Z m(Azx), z€@q, (7)
AEK
[Ko|—1
fl@)= > m(\z) Z AN , 1eG, (8)
AEK,

Z AN,y uy) =0, oy €G, NEKy, 1<i<k<|Ko|—1,
nEKo

(9)

where Kop:={Ae€ K: moA=m}, K1 C K is a minimal set such that
K = Kyo K.
Proof. Tt is easy to check that if functions f and ¢ satisfy conditions (7), (8),
(9), then they satisfy Eq. (6).

Assume that f and ¢ satisfy Eq. (6). Since f # 0, ¢ # 0. Note that for
z,y,z € G we have

LZ (y+p2)f Zfo—kAy—kuz :ZZf(x+>\y+uz)

nekK pneK NeK neK NeK
=Y Lo(2)f(z + My) = L2(2)e(y) f ().
AEK

Taking © € G such that f(z) # 0 we obtain that ¢ satisfies Eq. (2). In view
of Theorem 3 we get (7). Now we show that

K| > fatoy) =D mlpy) Y Bof(@+p b)), zyeG. (10)
cgeKy peEK veKy
Indeed, we have the following sequence of identities

K| Y flatoy) = Y Bum(Ab)f(x+ My)

ceKy AeK pekK,

S 3TN BuBue(Mb ) f (@ + )

ANeK peK, veK;

Z Z Z Z %Buﬁuf(l' + Ay + pAb,, + pby)

ANeK peK, veK, peK
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=33 > BBy + pbu) f(x + pby)

peK neK, vek,

= Z Z ﬁvm(ﬂily)f(xJprl/)

peEK veK,
=> mlpy) > Buf@+p b)), w,yeG.
peEK veK,

For each 7 € K7 we define g,: G — X by the formula

g-(x) : ZB,,foJrUT b,), z€G.

ceKy

From equality (10) we obtain

Lm(rx + Ty) Z g-(x + oy)
ceKyp

=Y Lm(r(z + oy))g-(x + oY)
ogeKy

YD 8> flwtoy+pr ')

occKogveK, pEKy

Y 6> D> flatoytopr'h)

veK; peKyp UEKO

Z By Z Z y+P771bu)) Z ﬁgf(x—l—,uflbg)

veK, pEKy MEK ocEK,
= mly) Y B Y |K mppr™"b,) S Bofla+p7"bs)
pneK V€K1 peEKy ceK,
= mluy | K | Z Bum(pr='by,) Y Bof(x+ p'bo)
neK veK oceKy
= |Ko| > mlury) > Bof(z+7" ' "bo)
neKy oceK

= |Kolm(ry) > Bo Y [(x+pr"bs)

oceKy neKop
= |Ky| - Lm(ry)m(rx)g,(x), x€G.

Hence

> gr(@+oy) = |Kolg:(x), z€G, 7€K). (11)
ogeKy
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In view of Theorem 2, for each A\ € K there exist A) € X, k-additive, sym-
metric mappings Ay: S* — X,k € {1,...|Ko| — 1} such that
|Ko|—1

gn(z) = A} + Z AMz,...,z), z€QG,

Z A?(ma"'axauyw'wuy)zov x7y€Ga ISZSkS |KO‘_1
HEKD

We observe that

LY mx)ga() = > > B > fle+or'b)

AEK, K, veEK, o€Kp
=Y B D fab) =Y BuLe(b)f(x)
veEK:  XEK veK,
=Lm(0)f(z) = Lf(x), z€G,
which ends the proof. O

Theorem 5. Assume that X is real. Functions f: G — X, f#0,0: G — R
satisfy the equation

> fle+ ) =Lo(y)f(z), =,y€G, (12)
AeK
if and only if there exist a homomorphism m: G — C*, A} € X, By € X, k-
additive, symmetric mappings Ay, Bp: G¥ — X,k € {1,...|Ko| — 1},A € K3
such that

o(x) = % Z m(Ax), z€Gq, (13)
AEK
[Ko|—1
f(x) = Z Re m(\x) | A} + Z ANz, ..., x)
AEK, i=1
[Ko|—1
—Im m(\z) | By + Z BMx,...,x)| |, zea, (14)

i=1

Z Ag(zv"'azvuya"wﬂy)zoa I7y€G7 /\EKh 1S2§k§ |K0|7]~a
—_——

HEKD

(15)

Z B?(m,...,x,uy,...,uy)zO, z,y € G, A€ Kp, 1 <i<k<|Ky| —1,
—_——
neKy
(16)
where Kog:={A€ K: moAl=m}, K C K is a minimal set such that
K:KOOKl.
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Proof. Tt is easy to check that if functions f and ¢ satisfy conditions (13),
(14), (15), then they satisfy Eq. (12).

Assume that f and ¢ satisfy Eq. (12). Since f # 0, ¢ # 0. We observe that
for z,y,z € G we have

LZ (y+pz)f Zfo+)\y—|—uz :ZZf(x+)\y+uz)

neK pneEK NeK neK NeK
= > Lo(2)f(x+ Ay) = LPo(2)p(y) f ().
AeK

Taking 2 € G such that f(z) # 0 we obtain that ¢ satisfies Eq. (2). In view
of Theorem 3 we get (13). From equalities (4) and (5) we have

(K1l Y fletoy)= Y > Re(Bomlpy)) Y flz+op b)), zyeq,

ogeKy peEK veEK, oeKy

0=>" Y Tm(Bmlpy) Y flz+op 'b), wzyeq. (18)

pEK veEK, ogeKo

Indeed, for z,y € G we have

[K1| Y flz+oy) =D Re (Z ﬂum(Abmf(xHy)

ceKy AEK HEK:

=> Y > Re (BuB)p\by +b,) f(z + Ay)

AeK peK, veK,

= 3 3 S ST TR (BB Ay + oAbt ph)

ANeK peK, veK, peK

=Y > > Re(BuB)ely+pbu)f(x+ pby)

peEK peK, veK;y

=3 > Re (Bomlp~ ') f(z + pby)

peEK veK,
= Z Z Re (Bym(py)) Z f(iC + Up_lbl/)7
peK veK, ceKy

and

K pneKy

=3 S I (BuB,)¢(Nbu +b) (5 + Ay)

ANeK pneKy veK;

Y Y Y Y %Im (BuB)f (z + Ny + pAb + pby)

AeK peKi veK; peK

0= Z Im ( Z ﬂum()‘b#)) flz+Ay)
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=33 > i (BuB)e(y + pbu) f(w + pby)

peEK peK, veK;

=3 tm Bom(p~ ) f(w + pby)

peEK veK,
= Z Z Im (ﬁum(py» Z f(.%'-i—(fp_lby),
peK veK, oeKy

For each 7 € Ky we define g,,h;: G — X by the formula

: p 1
gr(x) := Z Re Tn(r b,), ze€Gq,
veKy
ZI Lme Zfl’+0'7' u)v z €G.
veK
From equalities (17) and (18) we obtain
Z g‘r(x—’_o—y) = ‘KolgT(x)7 xay€G7 TEKla (19)
ceKy
> he(z+oy) = |Kolhr(2), z,y€G, 7€Ki. (20)
oeKy

Indeed, we have the following sequence of identities

K1 Y gr(z+ )

AEKy
=K > Y Re—Hy > f@+xy+or ')
ANeKy UEKl oceKy
ZR Z|K1|Zf + Ay +o77,))
veK; UEKO AEKy
= Z Re Z Z Z Re (B,m eraT*lbl,)))
veK; UEKOPEK1 neKy
> f<x+Ap-1bM)
AeKy
K 5u
= ¥ re 0 S S Re (Bunlpnm(pr )
veK p€K1 pneKy
_ Kol
S fla+ ) - > Im
AEKy veKy Lm a:—l—y))

D> Im (Bum(py)m V) > fla+ A7 )

peEK: neKy AeKo
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=Kol 3> D Re Hy 7 2 Bom(pr™ib) D fle+07'b)

pEK peKy veK; AEKo
:‘K0|‘K1|ZR,€ — ﬂﬂ :L.—’_ Zf$+)\7 H
pneEK, y AeK)
ﬂu
= |Ky| - |K
‘ 0| ‘ 1|ZR Lme Zfl?-FAT 1,
neK; )\GK
= |Ko| - |[K1lg-(2), z€G.
and
K1 ) he(z+ \y)
AeKp
|K1|AZ > Im—Hy S f@+dy+or by
cKoreK, ogeKy
By 1
= Imi K flx+XNy+or7b,
v 1 o 0 [S¥3G)

= ZImL x+y Z > > Re (Bum(ply + o7 'b,)))

veK, c€Ky peEK1 peKy
Z fl@+Ap 1bu)
AEK)
Ko|B,
=3 'L > 3 Re Gumlppmlor )
veK; y pEK peK,
‘KOWV
. Z flx+xp~! Z Re
\eK, VEK, Lm(7(z +y))
2> > Im (Bum(py)m ) Y fla+ Ao )
peK: pneKq AeKy
— Kol 303 I H j 32 Al ™0) 3 Sl
pEK1 peK, y AeKg
= |Ko| - |K1| ) Tm ( H Z flz+ At
neKy y AEK)

= |Ko| - | K1 Zhn foJr)\T

neEK, /\GK
— Kol [Kolhe(2), z€ G
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In view of Theorem 2, for each A € K; there exist Ay, By € X, k-additive,
symmetric mappings A, Bp: S* — X,k € {1,...|Ko| — 1} such that
|Ko|—1

=Ay+ Y. AMw,...,1), z€G,

E ANy, uy) =0, zyeG, 1<i<k<|K|—1,
———
nEKo i
[Ko|—1
ha(z) = By + E BMz,...,x), z€G,

Z B];\(x,...,x,ﬂy,~~~7ﬂy):0, f,yGG, 1<i<k< |K0|71
HEKo

We observe that

ZRemTfL’gT Zlmme (2)

TEK, TEK,
By 1

= Z Re m(71x) Z Re Lm(ra) Z flx+o170,)
TeK, veK; ceKyp
—Im m(7z) ZI Lm Z (x+ o1~ l,)]

veK, €Ky

= Z Z Re <m(7'x ) Z (x+ o077 'b,)

TeK) veK, ceKy

=> > > Re <LV> flz+o7m71,)

T€EK) ceKogrveK,

=% > re (%) ftaan)

NeK veK,
= > Re Bup(b)f(x) =m(0)f(2) = f(x), z€G,
veK
which ends the proof. O
Corollary 1. Functions f,g: G — X, p: G — K, f # 0, satisfy the equality
> fla+ X y) = Lo(y)g(z), =,y€G, (21)
AeK

if and only if there exists a homomorphism m: G — C* such that

o) = o) Y m(a), G,

AEK



116 R. LUKASIK AEM

and (i) if X is real, then there exist A}, B} € X, k-additive, symmetric map-
pings A}, By: GF — X,k € {1,...|Ko| — 1}, € Ky such that

|Ko|—1

f@) = 9(0) Y | Rema) |4+ Y AMa,....2)
AEK, i=1
|[Ko|—1
—Im m(\x) | By + Z BMax,...,x)| |, z€g,
i=1
|[Ko|—1
glx) = Y | Rem(\a) [Ap+ > AlMx,...,x)
AEK, i=1
|[Ko|—1
—Im m(\x)[By + Z BMz,...,x)] |, =€,
i=1

Z Ag (x,...,z,py,...,uy) =0, z,yeG A€ Ky, 1<i<k<|Ky -1,
neKo

Z B]? (‘ra"'a‘rauy7"'7uy) 207 InyGa )‘EKla 1 SZSkS |K0‘ _1a
—_———

nEKo i

(ii) if X is complex, then there exist Aé‘ € X, k-additive, symmetric mappings

A} GF — X, ke {1,...|Ko| — 1}, X € K1 such that

[Kol|—1
f(z) = ¢(0) Z m(\x) | A} + Z AMz,...,z)|, z€G,
AEK i=1
[Kol—1
g(x) = Z m(\z) | A} + Z AMz,...,z)|, zeq,
AEK i=1

Z AN,y uy) =0, zyeG, ANe Ky, 1<i<k<|Ky|—1,
—_———

HEKD i

where Kop:={A e K: molA=m}, K1 C K is a minimal set such that
K =KyoK;.

Proof. Putting y = 0 in (21) we have
Lf(x) = Lp(0)g(z), ze€G.
Since f #0, g # 0, ¢(0) # 0 and

0(0) > gl + M\y) = Lo(y)g(z), =,y€G,
AeK
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— P
hence for g := 20y We have

> gz +My) = Loo(y)g(z), =,y €.
AeK

In view of Theorems 4 and 5 accordingly we obtain (ii) and (i) of the theorem.
O

Theorem 6. Functions f: G — X,p: G — K, f #0,p # const, satisfy the
equality

Yo fa+ ) = Le()f(e)+ > fw), =yeG, (22)

AEK AeK
if and only if there exists a homomorphism m: G — C* such that

o(x) = % Z m(Ax), z€G,

AeK
and
(i) if X is real, then there exist A}, By € X, k-additive, symmetric mappings
A} B): GF — X,k e {1,...|Ko| — 1}, A € K1 such that

[Ko|—1
fa)=Y" | Rem(a) [Ap+ Y AlMa,...,x)
AEK, i=1
[Ko|—1
—Im m(\x) | B + Z BMax,...,x)| | — Z Ay, zeQG,
i=1 AEK,

ZA2($7--~»$7H?J,---7HZJ):Oa x,yEG, /\€K17 1§Z§kS|KO|71a
—_—

HEKo

ZB,i‘(x,...,x,uy,...,,uy):(), r,ye€ G, Ne Ky, 1 <i<k<|Ky -1,

HEKo

i

(ii) if X is complez, then there exist A} € X, k-additive, symmetric mappings
A} GF — X ke {1,...|Ko| — 1}, € Ky such that

|[Ko|—1
flz) = Z m(\x) | A} + Z ANz, ... x) | — Z Ay, zeG,
AEK i=1 AEK,

Z AN,z py, . uy) =0, zyeG, Ne Ky, 1<i<k<|Ky|—1,

neKo i

where Kop:={Ae€ K: moA=m}, K1 C K is a minimal set such that
K = Kyo K.
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Moreover

> ) =Ligx) —1) Y Ay, zeG. (23)

AEK AEK,

Proof. Putting z = 0 in (22) we have

D FwW) =Le)f0)+ Y fw), yeG.
AEK AeK
Since ¢ # const, f(0) = 0. Putting y = 0 in (22) we get
Lf(x) = Le(0)f(z) + Lf(0), z€G,
hence we obtain ¢(0) = 1. We observe that

Lo@) Y fOu)+ LY fOx) =D Y fOy+px)=> Y fluz+iy)

AEK AEK HeK AeK pEK AeK
= Lo(y) Y flu)+L Y f(N), w,y€G.
nEK AeK

Hence we have

Lip(y) = 1) > flpa) = Lip(z) = 1) Y f(\), =y€G,

nekK AEK

which means that
> Fw) = Ligly) — 1)Ao, yeG, (24)
AeK

for some Ay € X. Therefore we obtain that f # const. Putting the above
equality in (22) we get

> fle+Xy) = Lo(y) f(z) + Lip(y) — 1)Ao, x,y€G,
AeK

hence, for the function g: G — X given by the formula g := f 4 Ag, we obtain

> g+ M) = Lo(y)g(x), z,y€G.
ANEK

In view of Theorems 4 and 5 there exists a homomorphism m: G — C*
such that

1
olx) = 7 Z m(Ax), x¢€G,
AEK
and
(i) if X is real, then there exist A}, By € X, k-additive, symmetric mappings
A} B): GF — X,k € {1,...|Ko| — 1}, X € K; such that
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[Kol—1
g(@)= > |Rem(a) [A)+ Y AMx,...,x)
AEK, i=1
|Kol—1
—Im m(\z) | By + Z BMx,...,x)| |, z€Ga,

i=1
Z Ai‘(x,...,x,uy7...,uy):(), r,ye€G, Ae Ky, 1 <i<k<|Kyl—1,
——
neKo
Z Bl?(xa"'vxnuya"'nuy):o, x,yGG, AGKla ].S’LSI{?S |K0|717
—_———
neKo i
(ii) if X is complex, then there exist A} € X, k-additive, symmetric mappings
A} G* — X,k € {1,...|Ko| — 1}, A € K; such that

[Ko|—1
g(z) = Z m(\x) | A} + Z AMz,...,2)|, x€G,
AEK, i=1

Z ANz, .z py, . uy) =0, zyeG, Ne Ky, 1<i<k<|Ko—1,
——

neKo i

Since f(0) =0 and g = f + Ap, we have

AEK,

which together with (24) gives equality (23) and the form of the function f.
O

Corollary 2. Functions f: G — X,p: G —= K, f # 0,9 # const, satisfy the
equation

Y fla+dy) = Lo(y)f(x) + Lfy), @yeq, (25)
AEK
if and only if there exist a homomorphism m: G — C*, and A € X such that

o) =1 Y mr), wed,

AEK
f(@) = (p(x) =1)A, zedq.

Proof. 1t is easy to check that if functions f and ¢ satisfy the above conditions,
then they satisfy Eq. (25).
Assume that f and ¢ satisfy Eq. (25). Putting 2 = 0 in (25) we have

> F(w) = L) f(0) + Lf(y), yeG.

AEK
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Putting y = 0 in (25) we get

Lf(x) = Le(0)f(z) + Lf(0), xeG.

If (0) = 0, then f = f(0) and from the above equalities f = 0
which gives a contradiction. Hence, since ¢ # const, f(0) = 0, ¢(0) =1 and
> ek f(Ay) = Lf(y). In particular f and ¢ satisfy Eq. (22). In view of The-
orem 6 we have

Lf(z) =) f(ux) = L(p(x) = 1)A, z,y€G,

neK

for some A € X. O

Theorem 7. Functions f,g,h: G — X,p: G — K, f # 0, ¢ # const, p(0)#£ 0,

satisfy the equation

> @+ M) = Le(y)g(x) + Lh(y), x,y € G, (26)
AEK

if and only if there exists a homomorphism m: G — C*, A, B € X such that
p(x) = p(0)7 D m(\r), w€G,
AeK

and
(i) if X is real, then there exist A}, By € X, k-additive, symmetric mappings
A} B GF — X, ke {1,...|Ko| — 1}, X € K1 such that

f@) = 9(0) 3 (Re m(\)

AEK,

[Ko|—1
AY + Z ANz, ..., x)

=1

=1 AEK

[Kol-1
—Im m(\x) [Bé‘—!— Z B?(x,...,x)] ) +A—p(0) Z Ay, z€G,

g(z) = Z (Re m(Ax)

AEK,

[Ko|—1
AY + Z ANz, ..., x)

i=1

=1 AEK,

[Ko|—1
—Im m(\x) |:B8‘—|— Z Bl)‘(x,,m)]) +B - Z Ay, zed,

h(x)zgo(x)(Z AS—B>+<A—¢(0) > Aé), zed,

AEK, AEK
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ZA?(x,...,x,uy,...,,uy):O, r,y€ G, Ne Ky, 1 <i<k<|Ky| -1,
—_———

neKo i

ZB,’C\(x,...,x,uy,...,uy):0, z,y € G, A€ Kp, 1 <i<k<|Ky| -1,

neKo i

(ii) if X is complex, then there exist A) € X, k-additive, symmetric mappings
A} GF — X, ke {1,...|Ko| — 1}, € K1 such that

[Ko|—1

f@)=0) [ Y mQa) A+ > AMx,...,2)| = > A)|+A, z€G,
AEK, =1 AEK,
[Ko|—1
g(x) = Zm()\x) Ay + Z AMx,...,z)| + B — ZAé, z €Qq,
AEK, =1 AEK,
z) <Z Ag}B) + (A@(O) > AS), z€d,
AEK, AEK,

Z Aé(%...,auy,...,uy)zo, r,ye€ G, Ne Ky, 1 <i<k<|Ko| -1,
—_———

HeEKo i

where Kog:={ A€ K: moAl=m}, K C K is a minimal set such that

K:KOOKl.

Proof. Putting z = 0 in (26) we have

> f(\w) = Le(y)g(0) + Lh(y), y€G.

AEK
Putting y = 0 in (26) we get
Lf(x) = Lp(0)g(z) + Lh(0), =z € G.

Hence we have

0(0) Y gle+Ay) = > f(x+Xy) — Lh(0)

AeK AeK
= Lo(y)g(x) + Lh(y) — Lh(0 )
= Lo(y)g(x) + Y f(My) — Lp(y)g(0) — Lh(0)
AEK
= Lo(y)(g(z) — 9(0)) + 0(0) > g(\y), z,y€G,
AEK

which gives us that functions go = g — ¢g(0), wo = ﬁ satisfy the equation

> g0l +My) = Loo()go(@) + D go(My), .y €G.
AeK AEK
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In view of Theorem 6 there exists a homomorphism m: G — C* such that

1
wo(z) = 7 Z m(Az), z¢€G,
AEK
and
(i) if X is real, then there exist A}, By € X, k-additive, symmetric mappings
A} Bp: GF — X,k € {1,...|Ko| — 1}, X € K; such that

| Ko -1
go(x) Z Re m(\z) | Ay + Z ANz, ..., x)
AEK, i=1
[Ko|-1
—Im m(\x) | B + Z BMax,...,x)| | — Z Ay, reG,
i=1 AEK,

ZA?(gc,...,gc,,wy,...,,uy):O7 r,ye€G, ANe Ky, 1 <i<k<|Ky -1,
———

HEKo i

ZBli\(‘rw"ax,,uya"'nuy):oa IayEGa /\€K17 1§Z§k§|KO|7la
—_——

HEKo i

(ii) if X is complex, then there exist A) € X, k-additive, symmetric mappings
A} GF — X,k € {1,...|Ko| — 1}, A € K; such that

|Kol—1
go(x) = Z m(\x)[A) + Z AMz,.. ., x)] — Z Ay, zed,
AEKL i=1 2K,

ZAz(xﬂ"'axauyw'wuy)zov :r,yEG, /\€K17 1§Z§k§|KO‘713
HEKo

Moreover
Z go(Ax) = L(po(z) — 1) Z Ay, €.
AeK AeK;

Hence, putting B := g(0), we obtain the form of ¢ and g. Since
Lf(z) = Le(0)g(x) + Lh(0) = Le(0)go(x) + Lf(0), =z €@,

and
Lh(z) = Y f(Az) = Lo(2)9(0) = ¢(0) Y g(Aw) + Lh(0) — Lp(x)g(0)
AeK AeK
= 9(0) Y go(Aw) + Lf(0) — Lp(x)g(0), =€ G,
AeK

from the form of gy we obtain the form of f and h in the real and the complex
case of the space X. O
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