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The derivative of Tφ(x) (with respect to x) given in equation (3.21) in our paper [1],
is incorrect as it ignores the contribution of the term ∂

∂x

[

φ−1
x (y)

]

y=F (x)
. This error

has already crept in the earlier papers [2] and [3] by Si and Wang. However, our
theorems are valid under additional assumptions. The following hypotheses are to
be incorporated in Theorem 3.1 of [1]:

H-5: |Hix(x, y1, . . . , yni
)| ≤ Li and |Hix(x, y1, . . . , yni

) − Hiy(y, y1, . . . , yni
)| ≤

L′

i|x − y|, where Li, L′

i are nonnegative numbers for i ∈ N.

H-6: |Hix(x, y1, . . . , yni
) − Hix(x, ỹ1, . . . , ˜yni

)| ≤
∑ni

j=1 L′

ij |yj − ỹj |, where L′

ij are
nonnegative numbers for i ∈ N, j = 1, 2, . . . , ni.

The corrected version of the main theorem now reads as:

Theorem 3.1∗. Let (λi) and (ni) be sequences of nonnegative numbers and natu-

ral numbers respectively and aij ∈ N for i ∈ N and j = 1, 2, ..., ni with
∑

∞

i=1 λi = 1,
λ1 > 0 and a11 = 1. Let Hi be functions satisfying conditions H-1 to H-6 with

η, δ > 0 and nonnegative numbers Li, L′

i, Lij , L′

ij, Nijs and Pij for i ∈ N,

j = 1, 2, . . . , ni and s = 1, 2, . . . , ni. Assume further that

(i) M > 1,

(ii) L0 =
∑

∞

i=1 λiLi < ∞,

(iii) S1 =
∑

∞

i=1

∑ni

j=1

∑ni

s=1 λiNijsM
aij+ais−2 < ∞,

(iv) S2 =
∑

∞

i=1

∑ni

j=1

∑2(aij−2)
k=aij−2

λiLijM
k < ∞,

(v) S3 =
∑

∞

i=1 λiL
′

i < ∞,

(vi) K3 =
∑

∞

i=1

∑ni

j=1 λiPijM
aij−1 < ∞,

(vii) K7 =
∑

∞

i=1

∑ni

j=1

∑aij−1
s=1 λiL

′

ijM
s−1 < ∞

and

(viii) K0 >M2S2 and δ≥ K1L0

K0
where K0 =λ1η and K1 =

∑

∞

i=1

∑ni

j=1 λiLijM
aij−1.
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Then for any given F ∈ F1
δ (I, K0M − L0, M

∗), the functional equation

∞
∑

i=1

λiHi

(

x, fai1(x), . . . , faini (x)
)

= F (x)

has a solution f in R1(I, M, M ′), where M ′≥ M∗K0+M2K0S1+K1S3+M(K1S4+K0K3)
K0(K0−M2S2)

and S4 =
∑

∞

i=1

∑ni

j=1 λiL
′

ijM
aij−1.

Theorem 3.1∗ is proved using Lemma 3.2 together with the following corrected
versions of Lemmas 3.3 and 3.4, viz. Lemma 3.3∗ and Lemma 3.4∗ respectively. It
may be pointed out that Lemma 3.2 is valid under the hypotheses of Theorem 3.1∗.

Lemma 3.3∗. Under the assumptions of Theorem 3.1∗, for each φ in R1(I, M, M ′)
and x, t in I the map φx(t) from I2 into R given by

φx(t) =
∞
∑

i=1

λiHi

(

x, φai1
−1(t), . . . , φaini

−1(t)
)

is well-defined and satisfies the following:

(i)
∣

∣

∂
∂s

[φx
−1(s)] − ∂

∂t
[φy

−1(t)]
∣

∣ ≤
(

K2L0

K0
3 + K3

K0
2

)

|x − y| + K2

K0
3 |s − t|,

(ii)
∣

∣

∣

∂
∂x

[φx
−1(s)] − ∂

∂y
[φy

−1(t)]
∣

∣

∣
≤

(

K1S3

K0
2 + K1S4L0

K0
3 + L0K3

K0
2 + L0

2K2

K0
3

)

|x − y|

+
(

K1S4+L0K2

K0
3

)

|s − t|,

where L0, K0, K1, K3, S1, S2, S3 and S4 are as given in Theorem 3.1∗ and K2 =
S1 + M ′S2.

Lemma 3.4∗. Let g, h ∈ R1(I, M, M ′). Under the assumptions of Theorem 3.1∗,

for x, y, s, t ∈ I, we have

(i) ‖gx − hx‖ ≤ K4‖g − h‖,

(ii)
∣

∣

∂
∂s

[gx(s)] − ∂
∂t

[hx(t)]
∣

∣ ≤ K5‖g − h‖ + K6‖g
′ − h′‖ + K2|s − t|,

(iii)
∣

∣

∂
∂x

[gx(s)] − ∂
∂x

[hx(t)]
∣

∣ ≤ K7‖g − h‖ + S4|s − t|,

(iv) ‖g−1
x − h−1

x ‖ ≤ K4

K0
‖g − h‖,

(v)
∣

∣

∂
∂s

[g−1
x (s)]− ∂

∂t
[h−1

x (t)]
∣

∣ ≤
(

K5

K2

0

+ K2K4

K3

0

)

‖g − h‖+ K6

K2

0

‖g′−h′‖+ K2

K3

0

|s−t|,

(vi)
∣

∣

∂
∂x

[g−1
x (s)] − ∂

∂x
[h−1

x (t)]
∣

∣ ≤
(

K1K7

K2

0

+ S4K4

K3

0

+ K5L0

K2

0

+ K2K4L0

K3

0

)

‖g − h‖

+ L0K6

K2

0

‖g′ − h′‖ + 1
K3

0

{K1S4 + L0K2}|s − t|,

where L0, K0, K1, K4, K5, K6, K7, S1, S2, S3 and S4 are as in Theorem 3.1∗ and

Lemma 3.2 and K2 = S1 + M ′S2.

Theorem 3.5, Corollary 3.6 and Theorem 3.8 also require correction and their
corrected versions are Theorem 3.5∗, Corollary 3.6∗ and Theorem 3.8∗ respectively
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and are stated below. However, Corollary 3.7 requires no correction.

Theorem 3.5*. In addition to the hypotheses of Theorem 3.1∗, we suppose that

the number ρ = max
{

K4

K0

+ K1K7

K2

0

+ S4K4

K3

0

+ MK2K4

K2

0

+ MK5

K0

, MK6

K0

}

is less than 1,

where K2 = S1 + M ′S2 and K0, K1, K4, K5, K6, K7, S1, S2 and S4 are as defined

in Theorem 3.1∗ and Lemma 3.2.

Then for any F ∈ F1
δ (I, K0M−L0, M

∗), there is a unique function f satisfying

the functional equation

∞
∑

i=1

λiHi

(

x, fai1(x), . . . , faini (x)
)

= F (x)

in R1(I, M, M ′). Further the solution f of the equation in R1(I, M, M ′) continu-

ously depends on the given function F in R1(I, K0M − L0, M
∗).

Corollary 3.6∗ (the valid version of Corollary 3.6) corrects the main theorem
due to Si and Wang [2]. For the statement of this corollary, we need the following
hypotheses on the function H .

H-1′: H ≡ H(x, y1, . . . , yk) is a continuously differentiable function on Ik+1 such
that H(a, . . . , a) = a, H(b, . . . , b) = b.

H-2′: 0 < l ≤ Hy1
(x, y1, . . . , yk) and 0 ≤ Hyj

(x, y1, . . . , yk) ≤ Lj , where l, Lj are
nonnegative numbers for j = 1, 2, . . . , k, and Hyj

is the partial derivative of
H with respect to the variable yj for each j = 1, 2, . . . , k.

H-3′: |Hyj
(x, y1, . . . , yk) − Hyj

(x, ỹ1, . . . , ỹk)| ≤
∑k

s=1 Njs|ys − ỹs|, where Njs are
nonnegative numbers for j = 1, 2, . . . , k and s = 1, 2, . . . , k.

H-4′: |Hx(x, y1, . . . , yk)| ≤ L and |Hx(x, y1, . . . , yk)−Hy(y, y1, . . . , yk)| ≤ L′|x−y|
where L, L′ are nonnegative numbers.

H-5′: |Hx(x, y1, . . . , yk)−Hx(x, ỹ1, . . . , ỹk)| ≤
∑ni

i=1 L′

j|yj − ỹj | where L′

j are non-
negative numbers for j = 1, 2, . . . , k.

H-6′: |Hyj
(x, y1, . . . , yk)−Hyj

(y, y1, . . . , yk)| ≤ Pj |x−y| where Pj are nonnegative
numbers for j = 1, 2, . . . , k.

Corollary 3.6∗. Let n1, n2, . . . , nk be natural numbers with n1 = 1, and let

H(x, y1, y2, . . . , yk) be a real function defined on Ik+1 satisfying hypotheses H-1′

to H-6′ with l > 0 and nonnegative numbers L, L′, Lj, L
′

j , Pj and Njs for j =

1, 2, . . . , k and s = 1, 2, . . . , k. Suppose that M > 1 and l > M2S2 and δ ≥ LK1/l

where S2 =
∑k

j=1

∑2(nj−2)
s=nj−2 LjM

s and K1 =
∑k

j=1 LjM
nj−1.

Then for any given F ∈ F1
δ (I, lM − L, M∗), the functional equation

H(x, φn1 (x), . . . , φnk(x)) = F (x)

has a solution φ in R1(I, M, M ′) where M ′ ≥ K1L′+l(M∗+M2S1)+M(K1S3+lK3)
l(l−M2S2)

,

S1 =
∑k

j=1

∑k
s=1 NjsM

nj+ns−2, S3 =
∑k

j=1 L′

jM
nj−1 and K3 =

∑k
j=1 PjM

nj−1.
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Theorem 3.8∗. In addition to the hypotheses of Theorem 3.1∗, we suppose that

F ∈ F1
δ (I, K0M −L0, M

∗) where δ ≥ (µ+ L0

K0
)K1 for some 0 < δ < 1. Then there

is a solution for equation (1.2) in F1
µ(I, M, M ′).

Since all the hypotheses of Theorem 3.1∗ are satisfied in both Examples 3.1
and 3.2, they do not need any alteration.
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