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Abstract. In this paper, we study the concept of split variational in-
equality problem with multiple output sets when the cost operators are
pseudomonotone and non-Lipschitz. We introduce a new Mann-type in-
ertial projection and contraction method with self-adaptive step sizes for
approximating the solution of the problem in the framework of Hilbert
spaces. Under some mild conditions on the control parameters and with-
out prior knowledge of the operator norms, we prove a strong conver-
gence theorem for the proposed algorithm. We point out that while the
cost operators are non-Lipschitz, our proposed method does not require
any linesearch method but uses a more efficient self-adaptive step size
technique that generates a non-monotonic sequence of step sizes. Finally,
we apply our result to study certain classes of optimization problems and
we present several numerical experiments to illustrate the applicability
of the proposed method. Several of the existing results in the literature
could be viewed as special cases of our result in this study.
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1. Introduction

Let H be a real Hilbert space with an inner product (-,-) and induced norm
|]]- Let C' be a nonempty, closed and convex subset of H, and let A: H — H
be a mapping. The variational inequality problem (VIP) is formulated as

finding a point p € C' such that
(x —p,Ap) >0, VazeC.

(1.1)
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We denote the solution set of the VIP (1.1) by VI(C, A). Variational inequal-
ity theory was first introduced independently by Fichera [13] and Stampac-
chia [34]. The VIP is a fundamental problem in optimization theory, which
unifies several important concepts in applied mathematics, such as the nec-
essary network equilibrium problems, optimality conditions, systems of non-
linear equations and complementarity problems (e.g. see [4,5,20]). In the
recent years, the VIP has attracted the attention of researchers due to its
numerous applications in diverse fields, such as in optimization theory, eco-
nomies, structural analysis, operations research, sciences and engineering (see
[10,17,36] and the references therein). Several authors have proposed and
studied different iterative methods for approximating the solution of the VIP
(see [2,7,16,25,26] and references therein).

The split inverse problem (SIP) is another area of research which has recently
received great research attention (see [42] and the references therein) due to
its several applications in different fields, for instance, in signal processing,
phase retrieval, medical image reconstruction, data compression, intensity-
modulated radiation therapy, etc. (e.g. see [8,9,18,22,29]). The SIP model is
formulated as follows:

Find & € H; that solves IP; (1.2)
such that
g:=T% € Hy solves IPy, (1.3)

where H; and Hy are real Hilbert spaces, IP; denotes an inverse problem
formulated in H; and IP5 denotes an inverse problem formulated in Ho, and
T : H;y — Hs is a bounded linear operator.

In 1994, Censor and Elfving in [9] introduced the first instance of the SIP
called the split feasibility problem (SFP) for modelling inverse problems that
arise from medical image reconstruction. The SFP finds application in the
control theory, approximation theory, signal processing, geophysics, commu-
nications, biomedical engineering, etc. [8,23,31,32]. Let C' and @ be nonempty,
closed and convex subsets of Hilbert spaces Hy and Hs, respectively, and let
T : Hy — Hy be a bounded linear operator. The SFP is defined as follows:

Find & € C such that g =T € Q. (1.4)
Several iterative algorithms for solving the SFP (1.4) have been constructed
and investigated by researchers (see, e.g. [8,23,24] and the references therein).
An important generalization of the SFP is the split variational inequality

problem (SVIP) introduced by Censor et al. [10]. The SVIP is formulated as
follows:

Find & € C that solves (A2, 2 —2) >0, VxeC (1.5)
such that
g =Tz% € Hy solves (Asg,y —g) >0, VYye€Q, (1.6)

where A : Hy — Hy,As : Hy — Hy are single-valued operators. Several
authors have studied and proposed different iterative methods for approxi-
mating the solution of SVIP (see [19,21,37] and the references therein).
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In 2020, Reich and Tuyen [28] introduced and studied the concept of split
feasibility problem with multiple output sets in Hilbert spaces (SFPMOS),
which is formulated as follows: Find a point u' such that

N
ul eT:=Cn (ﬂ Tll(Ql)> # 0. (1.7)
i=1
where T; : H — H;, i = 1,2,..., N, are bounded linear operators, C' and Q;
are nonempty, closed and convex subsets of Hilbert spaces H and H;,i =
1,2,..., N, respectively.

Moreover, Reich and Tuyen [30] proposed the following two algorithms for
approximating the solution of SFPMOS (1.7) in Hilbert spaces:

N
Tnt1 = Po |Tn —Tn ZT:(I - PQ7)T1xn ) (1.8)
=1
and
N
Tpt1 = anf(2n) + (1 — an)Po |20 — Tn ZTi*(I - PQi)Tixn) . (1.9)
i=1

where f : C — C is a strict contraction, {v,} C (0,00) and {a,,} C (0,1).
The authors obtained weak and strong convergence result for Algorithm (1.8)
and Algorithm (1.9), respectively.

In this paper, we study the split variational inequality problem with multiple
output sets. Let H, H;,i = 1,2, ..., N, be real Hilbert spaces and let C,C; be
nonempty, closed and convex subsets of real Hilbert spaces H and H;,i =
1,2,..., N, respectively. Let T; : H — H;,©1 = 1,2,..., N, be bounded linear
operators and let A: H — H,A; : H; — H;,i = 1,2,..., N, be single-valued
operators. The split variational inequality problem with multiple output sets
(SVIPMOS) is formulated as finding a point «* € C' such that

€ Q=VI(C,A)N (N TV, A) #0. (1.10)

It is clear that the SVIPMOS (1.10) generalizes the SFPMOS (1.7).

In the last couple of years, developing iterative methods with a high rate of
convergence for solving optimization problems has become of great interest
to researchers. One of the approaches employed by researchers to achieve
this objective is the inertial technique. This technique originates from an
implicit time discretization method (the heavy ball method) of second-order
dynamical systems. In recent years, several authors have constructed highly
efficient iterative methods by employing the inertial technique, see, e.g., [1,
3,11,14,38,40].

In this paper, we propose and analyze a new Mann-type inertial projection
and contraction algorithm with self-adaptive step sizes for approximating
the solution SVIPMOS (1.10) when the cost operators are pseudomonotone
and non-Lipschitz. While the cost operators are non-Lipschitz, our proposed
method does not involve any line search method but uses a more efficient
self-adaptive step size technique which generates a non-monotonic sequence
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of step sizes. Furthermore, we prove that the sequence generated by our pro-
posed method converges to the minimum-norm solution of the problem in
Hilbert spaces. Finally, we apply our result to study certain classes of opti-
mization problems and we present several numerical experiments to demon-
strate the applicability of our proposed algorithm.

The outline of the paper is as follows: In Sect.2, we give some definitions
and results required for the convergence analysis. In Sect. 3, we present the
proposed algorithm and in Sect. 4 we analyze the convergence of our proposed
method. In Sect. 5 we apply our result to study certain classes of optimization
problems, and in Sect.6 we carry out several numerical experiments with
graphical illustrations. Finally, we give some concluding remarks in Sect. 7.

2. Preliminaries
Definition 2.1. [2,16] An operator A: H — H is said to be
(i) a-strongly monotone, if there exists a > 0 such that
(@ —y, Av — Ay) > afle =y, V 2,y € H;
(ii) monotone, if
(x —y, Az — Ay) >0, Vuz,yeH;
(i) pseudomonotone, if
(Ay,z —y) >0 = (Az,z —y) >0, Vz,y € H,
(iv) L-Lipschitz continuous, if there exists a constant L > 0 such that
|Az — Ay|| < Ll|lz —yll, Va,yeH;

(v) uniformly continuous, if for every e > 0, there exists 0 = d(¢) > 0, such
that

|Az — Ay|| < € whenever |z —y| <6, Vz,ye€ H;

Remark 2.2. We note that the following implications hold: (i) = (ii) =
(#31) but the converses are not generally true. We also point out that uniform
continuity is a weaker notion than Lipschitz continuity.

It is well known that if D is a convex subset of H, then A : D — H is
uniformly continuous if and only if, for every € > 0, there exists a constant
K < +oo such that

| Az — Ay|| < K|jlw —y|| + ¢ Va,y € D. (2.1)

Lemma 2.3. [27,39] Let H be a real Hilbert space. Then the following results
hold for all x,y € H and 6 € (0,1) :

() |l +yll* < [l + 2(y, = + y);
(i) [l +yl|* = [l2]* + 2(z, y) + [|yl1*;
(ifi) [[d + (1 = 0)y||* = dljal[* + (1 = ) [Iyl|* = 5(1 = &)l|= — yl|*.
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Lemma 2.4. ([33]) Let {an} be a sequence of nonnegative real numbers, {ay,}
be a sequence in (0,1) with Y0~ o, = oo and {b,} be a sequence of real
numbers. Assume that

ant1 < (1 —ap)an +apb,  for alln > 1.

If limsupy,_, o bn, < 0 for every subsequence {a,,} of {an} satisfying
liminfg oo (@n,,, — @n,) >0, then lim,, o ay = 0.

Lemma 2.5. [35] Suppose {\,} and {0, } are two nonnegative real sequences
such that

)\n+1 é >\n + ¢n7 vn Z 1.
If 220:1 ¢p < 00, then lim, oo A\, exists.

Lemma 2.6. [12] Consider the VIP (1.1) with C being a nonempty, closed,
convex subset of a real Hilbert space H and A : C — H being pseudomonotone
and continuous. Then p is a solution of VIP (1.1) if and only if

(Az,z—p) >0, Vo € C

3. Main Results

In this section, we present our proposed algorithm for solving the SVIPMOS
(1.10). We analyze the convergence of the proposed method under the fol-
lowing conditions:

Let C,C; be nonempty, closed and convex subsets of real Hilbert spaces
H H;;i = 1,2,...,N, respectively, and let T; : H — H;,i = 1,2,..., N, be
bounded linear operators with adjoints 7. Let A: H — H, A; : H;, — H;,i =
1,2, ...,

N, be uniformly continuous pseudomonotone operators satisfying the fol-
lowing property:

whenever {T;z,} C C;, T;x, — T;z, then ||A;T;z|]
< liminf [|A; Tz, ||, i=0,1,2...,N,Cy = C,Ag = A, Ty = I (3.1)

Moreover, we assume that the solution set 2 # () and the control parameters
satisfy the following conditions:

Assumption A. (A1) {a,} C (0,1),lim, oo, = 0,57, a, = +o0,
limy, o0 g2 = 0,{&} C [a,b] C (0,1 — ), 6 > 0;

(A2) 0<c<di<1,0<¢; <@l <1,0<k; <kl<2{cni}t,{oni}t,{kni} C
R+,limn4>oo Cn,i = lim,, o0 ¢n,i = lim, . kn,i =0, )\171‘ >0, Vi =
0,1,2,...,N;

(A3) {pn,i} C Ry, Z:,C:l Pn,i < +00, 0<a; < 5n,i <b <1, ZiV:O 6n,i =1 for
each n > 1.

Now, the algorithm is presented as follows:

Remark 3.2. By conditions (C1) and (C2), it follows from (3.2) that

0
lim 0,||z, —z,—1||=0 and lim —|z, —z,_1|| = 0.
1—00 n—oo

T n



336 Page 60f 33 T. O. Alakoya and O. T. Mewomo MIOM

Algorithm 3.1.

Step 0. Select initial points zg,z1 € H.Let Co = C, Ty = I, Ag = A
and set n = 1.

Step 1. Given the (n — 1)th and nth iterates, choose 6, such that
0 <6, <86, with 6, defined by

é B {mln{@, m}, if x,, 7£ Tn—1, (32)

" 0, otherwise.
Step 2. Compute
Wy = Ty + On (T — Tp1).
Step 3. Compute
Yn,i = PC’,v (Ewn - An,lAlnwﬂ)

. cn,itCi) | Tiwn—yYn,i .
min{ SR 3, i), i AT,
/\n+1,i = _Aiyn,i 7é 0,
Anyi + Pnis otherwise.
Zn,i = Tzwn - /Bn,irn,ia
where
Tng = T‘zwn —Yn,i — )\nﬂ(AzT’zwn - Aiyn,i)
and
Tiwn —Yn,isTn,i .
(ki + kn,i)W; if 7 #0
/Gn,z’ = » .
0, otherwise.

Step 4. Compute
bn - Zi\io 571,1’ (wn + nn,le* (Zn,i - Ewn))a
where
¢ﬂl+¢l T?i n__*An,i 2 : *
i = i i T (T — 2 0)l| £ 0,
' 0, otherwise.
Step 5. Compute

Tn41 = (1 - Qp — gn)wn + gnbn
Set n:=n+ 1 and return to Step 1.

(3.3)

Remark 3.3. Observe that while the cost operators A;,7 =0,1,2,..., N are
non-Lipschitz, our method does not require any linesearch technique, which
could be computationally too expensive too implement. Rather, we employ
self-adaptive step sizes that only require simple computations of known in-
formation per iteration.

4. Convergence Analysis

First, we prove some lemmas needed for our strong convergence theorem.

Lemma 4.1. Suppose {\,;} is the sequence generated by Algorithm 3.1 such
that Assumption A holds. Then {\, ;} is well defined for eachi =0,1,2,..., N

o0

and hmn*)oo >\nz = )\Li € [mm{ﬁ—j, )\1’1'}7 )\Li + @2]7 where (I)l = Zn:l Pn,i-
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Proof. Since A; is uniformly continuous for each ¢ = 0,1,2,..., N, then by
(2.1) we have that for any given ¢; > 0, there exists K; < -+oo such that
A Tiwn, — Aiynill < Kil|Tiwn — ynill + €. Hence, for the case A;Tyw, —
Aiyn,i # 0 for all n > 1 we have

(Cn,i + Ci)”Tiwn - yn,i” > (Cn,i + Ci)”Tiwn — Yn,i |
”AiTiwn - Aiyn,iH - KzHlen - yn,ZH + €
_ (Cni+ )l Tiwn — ynll _ (enitei) o e
(K4 p)lTown —ynall My T M

where €; = ;|| Tiwy, — yn.i|| for some p; € (0,1) and M; = K; + p1;. Thus, by

the definition of A, 41, the sequence {\,, ;} has lower bound min{]f—}i, A1} and

has upper bound A ; + ®;. By Lemma 2.5, the limit lim,,_,oc Ay, ; exists and

we denote by \; = limy, 00 Ay i. It is clear that \; € [min{ﬂ%’ Aty Ai+®]

for each 7 =0,1,2..., N. O

Lemma 4.2. If || T (Tywy, — 2zn,)|| # 0, then the sequence {n,;} defined by
(3.8) has a positive lower bounded for each i =0,1,2,..., N.

Proof. If | T (Tywn, — #n.4)|| # 0, we have for each i =0,1,2,..., N
_ (fni + &) || Tywn — 20412
’ 1T (Tiwn = zn,i) ||

Since T; is a bounded linear operator and lim,, .o ¢,; = 0 for each ¢ =
0,1,2,...,
N, we have

(bni + &) || Tywn — 241 S (éni + 0| Tywn — 241 S ®i

1T (Town — 2?2~ I TlPITiwn — 2aallli> -~ (173
which implies that HﬁT\z is a lower bound of {n,,;} for eachi=0,1,2,..., N.

O

Lemma 4.3. Suppose Assumption A of Algorithm 3.1 holds. Then, there ex-
ists a positive integer N such that
/\,m-(cnji + Ci)

ki + kn,i € (07 2)v (bz + ¢n7i € (07 1)7 and
)\n+1,i

€(0,1), Vn> N.
Proof. Since 0 < k; < kj < 2 and lim,,_,o ky; = 0 for each i =0,1,2,..., N,
there exists a positive integer Ny ; such that

0<k; +k’n71 < k’; <2, Vn> Nl;i-
By similar argument, there exists a positive integer Ny ; foreach¢ =0,1,2,...,
N, such that

0< ¢z +¢n,i < ¢; <1, Vn> Ngﬂ‘.
In addition, since 0 < ¢; < ¢; < 1,limy, o0 ¢y = 0 and lim,, o0 Ay = A; for
each7=0,1,2,..., N, we have

Anyi(Cnyi + ¢
1imn_,oo(1—M):1—ci>1—c;>O.

)\n+1,i
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Therefore, for each i = 0,1,2,..., N, there exists a positive integer N3 ; such
that
A (e s .
1-— 77171(6”77‘ * Cl) > 0, Vn > Ngyi.
Ant1,i
Now, by setting N = max{Ny;, Na,;, N3,;:i=0,1,2,..., N}, the required
result follows. O

Lemma 4.4. Let {x,} be a sequence generated by Algorithm 3.1 such that
Assumption A holds. Then {x,} is bounded.

Proof. Let p € Q. This implies that T;p € VI(C;, 4;), ¢ = 0,1,2,...,N.
Then, by applying the triangular inequality, it follows from the definition of
w,, that
[wn = pll = |20 + On(2n — 2n-1) — p|
< lzn = pll + Onllzn — 2ol
On
= ||lzn —pl + O‘nOT”xn — Tyl (4.1)

n

By Remark (3.2), there exists M7 > 0 such that

0
"y — Tp_1]| < My, Vn>1.
an

Thus, it follows from (4.1) that

[wn = pll < |z = pll + an My, ¥n = 1. (4.2)
Since Yy ; = Po, (Tywy, — A A Tywy,) and Tip € VI(Cy, A;), i =0,1,2...,N,

by the property of the projection map it follows that
Wn,i — Tiwn + M i AiTswn, yni — Tip) < 0. (4.3)

Moreover, since y, ; € C;, 1 =0,1,2,..., N, we have

(AiTip, yn,i — Tip) > 0,

which follows from the pseudomonotonicity of A; that (A;yn i, Yn.i —Tip) > 0.
) = 0,1,2,

Since Ani > 0, 7 =
..., N, we have

From (4.3) and (4.4) we obtain

Now, applying the definition of r,, ; and (4.5) we get

= (Tiwn — Yn,irTn,i
HTiwn = Yni — Ani(AiTiwn — Aiyn i), Yn,i — Tip)
> (TiWn, — Ynis Tnsi)- (4.6)
Since zp; = Tywy, — Bn,iTn,i, it follows that

18n,imm,ill* = 120, — Tiwn . (4.7)

<,Tiwn - Tip, Tn,i> = <,Tzwn — Yn,is Tn,i> + <yn,i - Tip, Tn,z'>
A
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By Lemma 4.3, there exists a positive integer N such that 0 < k; + k,,; <
2 Vn > N. From the definition of 8, ;, if r,; #0149 =0,1,2,..., N, we have

Buillrn,ill® = (ki + kni){Tiwn, — Ynis Tni)- (4.8)
Now, by applying Lemma 2.3, (4.6), (4.7) and (4.8) we get
120 = Tipl|> = | Tiwn = Bu,irni — Tl
= |Tyw, — Tip||* + 57211”7"7”“2 — 26y, (Tiwy, — Tip, i)
< ||T'Lwn - Tz‘p||2 + ﬂii”rn,i |2 - 2ﬂn,i<Tiwn - yn,iarn,i>

2
= || Tiwn — Tipl? + B3 illrnill* = Wﬁi,iHTmiHQ
= ITwa = Tipll? + (1= =) Iz = Town
< || Tow, — Tip||*. (4.9)

Observe that if r, ; =0, i =0,1,2,..., N, (4.9) still holds.
Next, since the function || - |2 is convex, we have

N
1B = 0l = 11 8 (w4 10T (205 — Town)) —
=0

N
< Z Snillwn + M Ty (20, — Tywy) — pl|*. (4.10)
i—0

By Lemma 4.3, there exists a positive integer N such that 0 < ¢y, ; + ¢; <

1,1=0,1,2,...,N for all n > N. Now, from (4.10) and by applying Lemma
2.3 and (4.9) we have

||wn + i T (20 — Tiwn) - P”2
= llwn = plI> + 12 1T (2n,s — Tiwn) 1> + 20n,i(wn — p, T} (25,0 — Tywn))
= [Jwn — p||2 + T]i,i”Ti* (2n,i — Tiwn)”2 + 20n,i{Tiwn — Tip, 2n,i — Tiwn)
= |lwn = plI* + 17 1T (20, = Tiwn) |12 + 1msilll 20, — Tipl1? = | Tiwn — Tip||?
—[1zn,i = Tiwn||?]
< Nlwn = plI* + 73 AT} (20,0 — Tiwn) I = Nnsillzn,i — Tiwn |
= [Jwn — p||2 — Nnilll2n,; — Tiwn”2 = Nl T5 (20, — Tiwn)||2]- (4'11)
If || T (25 — Tiwn, 0, then using the definition of n,, ; we have
i , ) g Tin,

ll2n.: — TiwnH2 = Ml T3 (2n,i — Tiwn)||2 =[1 = (én,i + &)l Tswn — Zn,in 2 0.
(4.12)
Thus, by applying (4.12) in (4.11) and substituting in (4.10) we have

N
(12 _pH2 < flwn — p||2 - Z(sn,mn,i[l = (Pn,i + )| Tiwn — Znﬂ‘”2
=0

< fwn —pl*. (4.13)
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Observe that if [|T;*(zn,; — Tywy)|| = 0, (4.13) still holds from (4.11).
By the definition of x,1, we have

[Zn+1 = pll = I(1 = an = &) (wn = p) + &n(bn — p) — anpl|
< (1 = an = &) (wn = p) + & (bn = p)[| + anllp]l. (4.14)
Applying Lemma 2.3(ii) together with (4.13) we have
H(l — Qp — €n)(wn *p) +§n(bn 7p)H2
= (1 — Qp — En)znwn - 10||2 + 2(1 — Qp — 6n)£n<wn —p,bn — p>

+&llbn —p?

< (1= 0 = &) lwn = plI* +2(1 — o — €u)&nlwn — plllIbn — pl
+&llbn —p?

< (1= an = &) lwn = plI” + (1 = an = &a)én [lwn = plI* + 1bn — plI*]
+&llbn — p?

=1—-a,— fn)(l - an)Hwn _p||2 +&n(1— an)an _pll2

< (1= an = &)1 = an)llwn = plI* + & (1 = an)|lwn — p|®

= (1= an)?[lwn = pl|?,
which implies that

11 = an = &) (wn = p) + &n(bn = )| < (1 = an)llwn —p[l.  (4.15)
Now, applying (4.2) and (4.15) in (4.14), we have for all n > N
[2n1 = pll < (1 = an)llwn = pll + anllp]

1- an) [Hxn - pH + aan] + an”])”

1= ap)|lzn = pll + e [lIp] + Mi]
< max {||zn —pl, |Ipll + M }

<
<

< maX{HﬂUN =l llpll + Ml}'

which implies that {z,,} is bounded. Hence, {wn}, {yn.i}, {zn.i}, {yn.i}s {rn.i}
and {b,} are all bounded. O

Lemma 4.5. Suppose {w,} and {b,} are two sequences generated by Algo-
rithm 8.1 with subsequences {wy,} and {b,,}, respectively, such that
limy— oo ||[wny, — b |l = 0. If wy, — 2 € H, then z € Q.

Proof. From (4.13), we have

N
||bnk _p||2 < Hwnk _pH2 - Z:Odnkﬂnnkﬂ[l - (¢nk,l + QSZ)]Hlenk - Z"lmi”Q‘

(4.16)
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From this, we obtain

N
Zénk,innk,i[l - (¢nk,i + qj)l)]”lenk - an,iHQ
i=0
< Jlwn, = plI* = I, — 2l
< Nwny = bay 1 + 2lwn, = b, [1on, = pll- (4.17)
Since by the hypothesis of the lemma limy_, oo ||wn, — b, || = 0, it follows

from (4.17) that

N
> il = (Snsi + 6 Titwn,, — 2ngil® = 0,k — oo,
1=0

which implies that
5nk7mnk7i[1 — (¢nk,i —+ ¢i)]||Tiwnk — an,i”Q — 0, /{3 — 0Q, \V/Z = O, 1, 2, e ,N.
By the definition of 7, ;, we have

HTiwnk — an,i| ‘
175 (Tiwn,, — 2na) |12

5nk7i(¢nk;i + ¢l)[1 - (¢nk7i + ¢z)]
k— o0, Vi=0,1,2,..., N,

— 0,

which implies that

||lenk B an’i”Q
||Tz*(Tzwnk - anl)”

Since {||T7 (Tiwn, — zn,.:)||} is bounded, it follows that
| Tiwn, — 2nyill = 0, k— o0, ¥i=0,1,2,..., N. (4.18)

—0, k—oo, Vi1=0,1,2,..., N,

Thus, we have

1T (Tiwn, — 20 )| S NTEN(Tiwny, — 2,0l = 1Tl (Tiwn, — 2ny,6) || — 0,
k— oo, ¥i=0,1,2,...,N. (4.19)

By the definition of A, ;, it follows that
<Tzwnk - ynk,iv rnk,i>
= <T'zwnk - ynk,ia Tiwnk - ynk,i - Ank,Z(AZY—"Lwnk - Aiynk,i)>
= ”lenk - ynk7i||2 - <T1w7’bk — Yni,is )‘nk7i(AiTiwnk - Aiynk7i)>
> ”Tank - ynk7i||2 - )‘nk,lHlenk - ynkﬂ””Al,Tank - Alynk,ZH

> || Tiwn, — ynk,iHZ Y et (cny,i + i) | Tywn, — ynk,i||2
nr+1,2
by .
= (1= 2 (enp + ) [T, = Yyl (4.20)

nr+1,2
From Lemma 4.1 we know that limy_.oo Ap,. s = Ai, 1 =0,1,2,..., N and by

Any i

Anp+1,i (an7i+01') =

Lemma 4.3, there exists a positive integer N such that 1—
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0, vn > N, i=0,1,2,...,N. If r, ; # 0, then by applying the continuity of
A;, the definitions of 3, ;,7n,; and z,; 1 =0,1,2,..., N, from (4.20) we have

| Tiwn, — Ynp,i 2

1
é Ang i <lenk - y’ﬂk,ivrnk,i>
<1 N )‘nkl:l,q‘, (Cn’%i + Cl))
1
B Anp i ﬁ"k:i”rnk,i |2
(ki + Fon.) (1 i (Cnui + Ci))
1
B o Brseillrns il Tiwn, — Yny i
(i + Finei) (1= 22 (i + €4)
_)\”k’i(AiTiwnk - Aiynk,i)
1
= o Bl ll (1T, = gl

F Ay il AiTiwn,, — Aiynk,z‘H)
1
Ang i
(ki + Eny i) (1 — 5 (eny,i + €)

Anp 41,

<

)ﬂnk,i||rnk,i

>\n N3
<1 + Aik(cnkvi + C’L)) Hle’ﬂk - y’ﬂk,iH

ni+1,7

Anp i
(14 2 (eni + )
= Nor i Hlenk - ZﬂkﬂHHlenk - ynkﬂ'”'
(ki + kn,.i) (1 S el (T Ci))

Anp 41,

(4.21)

Thus, we have

An -
(1 T (cnpyi + Cz))
/\n k3
(ki + knk,z‘)<1 = (e + Cz‘))

||Ewnk - ynkﬂ” < Hlenk - anﬂ”

Anp+1,i
(4.22)
Since limy o0 €ny i = knyi = 0 and by Lemma 4.1 limy_ /\)‘"’jr’f_ =1, i=
L
0,1,2,..., N, then from (4.22) and by applying (4.18) we have
| Twn, — ynpill — 0, k — o0, ¥i=0,1,2,...,N. (4.23)

If r,; = 0, from (4.20) we know that (4.23) still holds.
Since yp,; = Po, (Tywy, — A\ i AiTiwy,), by the property of the projection map
we have

<Ewnk - Ank,iAiiriwnk - ynk,iaﬂx - ynk,l> g 0, v Tlx € Ci,
i=0,1,2,...,N,
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which implies that
1
VTixeC;, 1=0,1,2,...,N.

(Tiwny, = Yngsir i — Ynpi) < (AiTiwn,, Tix — Yy i),

From the last inequality, we get

1
7<lenk - ynk,i, T’ll‘ - ynk,i> + <Aiﬂwnk7ynk,i - lenk>

nk,i

< <AiTiwnk7Tix - I’iwnk>7 v EZ‘ € Ci7 1= 07 1727 te 7N' (424)

By applying (4.23) and the fact that limy_.cc An, i = A; > 0, from (4.24) we
obtain

liminf(A,Tywy, , Tix — Tywy,) >0, VTixzeC;, i=0,1,2,...,N.

k—oo
(4.25)
Observe that
(Ailny,is Tit — Yny,i) = (Ailn,,i — AiTywn,, Tix — Tywy, )
+<A1lenk b Z—IL:L. - Ewnk> + <Aiyn;€,i7 le’nk - ynk,i>' (4'26)

By the continuity of A;, from (4.23) we have
|A: Tiwy, — Aiyn, ill =0, k— o0, Vi=0,1,2,...,N. (4.27)
By applying (4.23) and (4.27), we obtain from (4.25) and (4.26) that
lim inf (A, i T = o) 20, ¥ Tow € Ciy i =0,1,2,..., N. (4.28)

Next, let {©;} be a decreasing sequence of positive numbers such that
Op; —0ask —o00,i=0,1,2,...,N. For each k, let N}, denote the smallest
positive integer such that

(Aiyn; i, Tit — yYn;i) + O >0, Vj> Ny, Tiz€Cyy i=0,1,2,...,N,

(4.29)

where the existence of N}, follows from (4.28). Since {Oy;} is decreasing,
then {Nj} is increasing. Furthermore, since {yn, ;} C C; for each k, we can
suppose A;yn, . # 0 (otherwise, yn, ; € VI(C;,4;), i =0,1,2...,N) and
let
_ AN

[Asyn,.ill?
Then, (A;yn,.i,un, i) = 1 for each k, i = 0,1,2,...,N. From (4.29), we
obtain

(Aiyn,i» Tix + O jun, i —Yn,i) >0, VTzeC;, i=0,1,2,...,N.

UNy i

By the pseudomonotonicity of A;, we obtain

(Ai(Tix + O 5un, i), Tix + O sun, i —Yn,.i) =0, VTiwe Cyi=0,1,2,
N
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which is equivalent to
(AiTix, Tix — yn,. i) > (AT — Ai(Tix + O jun,, i), Tix
+@k,iuNk,i — me) — @k,i<Ai,TifE7UNk,i>a Ve e Ciyi=0,1,...,N.

(4.30)
To complete the proof, we need to show that limy_.c O un, ; = 0. Since
wy, — z and T; is a bounded linear operator for each i = 0,1,2,..., N, we

have Tyw,, — Tz, Vi = 0,1,2,...,N. Thus, from (4.23) we get yn,; —
Tz, Vi=012,...,N. Since {y,, .} € Cys, ¢ = 0,1,2,..., N, we have
Tz € C;. U Tiz =0, Vi=0,1,2,...,N, then T;z € VI(C;,A;) Vi =
0,1,2,..., N, which implies that z € €. On the contrary, we suppose T;z #
0, Vi=0,1,2,...,N. Since A; satisfies condition (3.1), we have for all
i=0,1,2,....N

0 < [|A;Tiz]| < liminf || A;yn, -
k—)oo

Using the facts that {yn,:} C {yn,.i} and Ox; — 0 as k — o0, i =
0,1,2..., N, we have

O limsup Oy ;
0 < limsup||©® ;un, i = limsup< i ) < k= =0,
o ” 5% kﬂ“ k—00 ||Aiynk,i th_l)ngAiynmiH

which implies that limsup,_,., Ogun,; = 0. Applying the facts that A;
is continuous, {yn, :} and {un, ;} are bounded and limy .o Ok un,,; =0,
from (4.30) we obtain

liminf(A, Tz, Tjx —yn, ;) >0, VTzeC;, i=0,1,2,...,N.

k—o00

From the last inequality, we obtain
(A;Tix, Ty — Tiz) = lim (A, Tz, Tiw — yn,. i) = likrggﬂAiTix, T, — YN, i)

k—oo
>0,V9hizeC;, i=0,1,2,...,N.
By Lemma 2.6, we have

TiZEVI(CZ‘,Ai), 7::0,1,2,.. N

9 3

which implies that
e T (VI(Cy, Ay)), i =0,1,2,..., N,

Thus, we have z € ﬂil\io T (VI(Ci, A;)), which implies that z € Q as re-
quired. O

Lemma 4.6. Let {x,} be a sequence generated by Algorithm 3.1 under As-
sumption A. Then, the following inequality holds for all p € Q) :

Hxn-i-l _pH2 <(1- an)Hxn _pH2

O
+ an [3Ma(1 = @) [ = 2|+ 2(p,p = @)

N
- gn(l - an) Z(gn,znn,z[l - (¢n,z + ¢1)]”Ewn - Zn,i||2-
=0
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Proof. Let p € Q. Then, by applying Lemma 2.3 together with the Cauchy-
Schwartz inequality we have

[|wn,

*p”z = [|2n + On (T — 25—1) *PHZ
= ||zn *p||2 + 93”% - $n71||2 + 20, (xp — D, Ty — Tp_1)
< llzn = pl* + O3 l|lzn — zp—1|? + 26002 — zna |20 — pll
= ||zn = pl* + Onllzn — zu—1l|(Onllzn — zp—1l + 2llzn — pl))
< lzn = pl* + 3Maby, |2 — 2n |

0,
= llon = pll” + 3Maan 2% flan — @) (4.31)

where My = sup,en{||lzn — pll, Onllzn — Trn=1]]} > 0.
Next, by the definition of x,1, (4.13), (4.31) and applying Lemma 2.3 we

have

|2nt1

—plI> = |(1 = an = &) (wn — p) + &n(bn — p) — anpl|®
< = an = &a)(wn — p) + &n(by _p)H2 — 2000 (P, Tnt1 — P)

+ 260 (1 — an — &n){wn — p,bn — )
+ 200 (P, p — Tnt1)

< (1= an — &) |lwn — plI? + E2lbn — p|

+ 2§n(1 - Qn — fn)Hwn _pHan _pH

+ 2an<p,p - xn+1>
< (1—an — &)’ lwn —pl* + €2]1bn — p]?

+ & (L= an — &) [llwn = plI* + [1bn — pl?]
+ 200 (p,p — Tny1)

= (1= an — &)1 = an)wn = plI* + & (1 = an) b —p|*

+ 20 <p7p - xn+1>

< (1= an = &)1 = an)lfwn = p|* +&n(1 - an) [llwn —pl?

_2571 znnz ¢nz +¢z)]||Twn Zn,iHQ} +2an<pap_xn+l>

= (1 - an) l[wn = pl* = €a(1 — an)

2571 znnz ¢nz+¢ )]HTiwn_zn,iHZ

+ 2% (PP — Tnt1)
O

< (1= an)’llzn = pl* +3Maan(1 — o)’ = lln — 2l

+ 200 (p,p — Tny1)

N
— &l =) Y Snitinill = (bni + )] Twn — znil®

=0
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On
< (1= an)llzn = plI* + @n [3Ma(1 = 1)’ 2 [0 — @0

+2(p,p — wn+1>}

— &l - Zénmm (s + 60)]Tiwn — 20,

which is the required inequality. O

Theorem 4.7. Let {x,} be a sequence generated by Algorithm 3.1 such that
Assumption A holds. Then, {x,} converges strongly to & € ), where & =

min{||p[| : p € Q}.

Proof. Let & = min{||p|| : p € Q}, that is, & = Pq(0). Then, from Lemma 4.6
we obtain

zpg1 —2* < (1 = an)l|en — &[]
On o a
+am [3M2(1 — 2= = @ | 4 20, 3 — xn+1>]
= (1= ap)||zn — &|* + andn, (4.32)

where d,, = 3M>(1 — an)Qz—:Hxn —Tp1| + 2(&, & — xpy1).
Now, we claim that the sequence {||z, — #||} converges to zero. In view of
Lemma 2.4, it suffices to show that limsup,,_, . d,, < 0 for every subsequence

{lzn, — &} of {llz, — &} satisfying
tin inf (1 = & = 2, — 2) > 0. (4.33)

Suppose that {||z,, — ||} is a subsequence of {||x,, — Z||} such that (4.33)
holds. Again, from Lemma 4.6, we obtain

gnk — Qny Z 57%71777%7 (¢nk7i + ¢1)]”T@wnk - Z"mi”z
< (]- - ank)”xnk - ‘%H2 - HxnkJrl - ‘ff’.H2

0
+ {SMQ(I - 047%)2&”737% - $nk—1”
ank

23, d — xnk+1>] .
By (4.33), Remark 3.2 and the fact that limy_,o ay,, = 0, we have

€n, (1= an,) Zén“nn“ — (npi + S Titwn, = 2ngill2 =0,k — o0,

Thus, we get
limg oo | Tiwn,, — #n,ill =0, Vi=0,1,2,...,N. (4.34)
It follows that

T (zny,s — Tiwn )|l < IT52ne,i — Tiwn, || — 0, k— oo Vi=0,1,2,...,N.
(4.35)
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By the definition of b,, and by applying (4.35), we obtain

N

||bnk Wny, H - H Zénk i wnk + My, ZT (an i Ewnk)) = Wny, H
=0
N
<D On it il T (zni = Tiwn, )| = 0. (4.36)
=0

From the definition of w,, and by Remark 3.2, we get

Hwnk — Ty, ” - enk ||I”k - l'nk—1|| —0, k—oo0. (437)
Next, from (4.36) and (4.37) we obtain
%), = b, |l < [Ty, — wni || + lwny, = by || — 0, &k — oo. (4.38)

Applying (4.37), (4.38) and the fact that limy_, o a,, = 0 we obtain

[Zn+1 = Ty | = [[(1 = @ny — &y ) (Wny, — Ty ) + &y (b, — Tny) — Q||
< (1 — Oy, — gnk)”wnk = Ty, ” + gnk ||bnk — Ty, ”
+an,||Tn, || — 0, k— occ. (4.39)

Since {x,,} is bounded, w,(x,) # 0. Let 2* € w,,(x,) be an arbitrary element.
Then, there exist a subsequence {x,, } of {z,} such that z,,, — z*. It follows
from (4.37) that w,, — z*. Now, invoking Lemma 4.5 and applying (4.36)
we have * € . Since z* € w,(x,) was chosen arbitrarily, it follows that
wy, () C Q.
Next, by the boundedness of {z,,}, there exists a subsequence {xnk]} of
{xp, } such that Tn,, — ¢ and
limsup(z, & — @y, ) = im; oo (&, & — zp, ).
k—o0 ’
Since & = Pq(0), it follows from the property of the metric projection that
limsup(z, & — @y, ) = limj oo (Z,& — 2p, ) = (&, —¢) <0, (4.40)
k—o0 ’
Hence, from (4.39) and (4.40) we obtain
limsup(Z, & — xp,,) <0. (4.41)
k—o0

Now, by Remark 3.2 and (4.41) we have lim sup dp, < 0. Thus, by applying

k—
Lemma 2.4 it follows from (4.32) that {||z, — zH} converges to zero, which
completes the proof. O

5. Applications

5.1. Split Convex Minimization Problem with Multiple Output Sets

Let C' be a nonempty, closed and convex subset of a real Hilbert space H.
The convex minimization problem is formulated as finding a point z* € C,
such that

g(z™) = min g(x), (5.1)
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Iteration number (n)

Figure 1. Experiment 6.5: m = 25

where g is a real-valued convex function. We denote the solution set of Prob-
lem (5.1) by argmin g.

Let C,C; be nonempty, closed and convex subsets of real Hilbert spaces
H,H;,i = 1,2,...,N, respectively, and let T; : H — H;,i = 1,2,..., N, be
bounded linear operators with adjoints 7;. Let g : H — R, ¢; : H; — R be
convex and differentiable functions. Here, we apply our result to approximate
the solution of the following split convex minimization problem with multiple
output sets (SCMPMOS): Find z* € C such that

" €T :=argming N ( 61 T[l(arg mingi)) # . (5.2)

We need the following lemma to establish our next result.

Lemma 5.1. [36] Let C' be a nonempty, closed and convex subset of a real
Banach space E. Let g be a convez function of E into R. If g is Fréchet dif-
ferentiable, then z is a solution of Problem (5.1) if and only if z € VI(C,Vyg),
where Vg is the gradient of g.

Now, by applying Theorem 4.7 and Lemma 5.1, we obtain the following strong
convergence theorem for approximating the solution of the SCMPMOS (5.2)
in Hilbert spaces.

Theorem 5.2. Let C, C; be nonempty, closed and conver subsets of real Hilbert
spaces H, H;,i = 1,2,..., N, respectively, and let T; : H — H;,i=1,2,..., N,
be bounded linear operators with adjoints T;. Let g : H — R,g; :+ H; —
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Figure 2. Experiment 6.5: m = 50
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Experiment 6.5: m = 100
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Figure 4. Experiment 6.5: m = 2000
Table 1. Numerical results for ( Experiment 6.5)
Proposed m = 25 m = 50 m = 100 m = 200
Alg. 3.1 Iter. CPU  Iter. CPU  Iter. CPU  Iter. CPU
Time Time Time Time
Pni = g 13 3.5072 14 4.0949 15  9.0474 15  5.1828
i ﬁ 13 27786 14 3.3384 15 5.0823 15 4.4530
Oni ﬁ 13 2.7132 14 3.3103 15 5.05611 15 4.4659
Dn,i @721% 13 2.7295 14 3.3348 15 5.1468 15 4.4561
Dni = ﬁ 13 2.7467 14 3.2094 15 5.0072 15 4.4961

R be fréchet differentiable convex functions such that Vg, Vg; are uniformly
continuous. Suppose that Assumption A of Theorem 4.7 holds and the solution
set T' # (. Then, the sequence {x,} generated by the following algorithm
converges strongly to & € T, where & = min{||p|| : p € T'}.

Proof. Since g; ,i =0,1,2,..., N are convex, then Vg; are monotone [36] and
thus pseudomonotone. Consequently, the result follows by applying Lemma
5.1 and setting A; = Vg; in Theorem 4.7.

O
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Figure 5. Experiment 6.6: m = 10
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Figure 6. Experiment 6.6: m = 20
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Figure 7. Experiment 6.6: m = 30
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Algorithm 5.3.

Step 0. Select initial points xg,z1 € H. Let Co = C, Ty = I, vgo =
Vg and set n = 1.

Step 1. Given the (n — 1)th and nth iterates, choose 6,, such that
0 <6, <86, with 6, defined by

QA . {mln{@, m}, iffrn?éxn—l7

" 0, otherwise.
Step 2. Compute
Wy, = Ty + O (T — Tp—1).
Step 3. Compute
Yn,i = PCi, (T’zwn - An,vvgznwn)

: n,iHC) | Tiwn —Yn i .
min{ (Tlv’gﬂigvl‘n—légzyz,;l\”’ A+ pnit, i VgiTiwn—
Ant1i = Vgiyn,i # 0,
Ani + Pnis otherwise.
Zn,i = Crzwn - ﬁn,irn,iv
where
Tni = Tiwn —Yn,i — )\n,i(vginwn - v.giyn,i)
and
TiwWn —Yn,i,Tn.i .
ﬂ o (kh + knﬂ)%? if Tn,i 7& 0
" 0, otherwise.
Step 4. Compute
N
bn - Zi:O 5n,i (wn + nn,iﬂ*<zn,i - Tzwn))a
where
¢ﬂl+¢l T?i n__*An,i 2 : *
el T (Twn — 20)] £ 0,
nn,z - K ’ .
0, otherwise.

Step 5. Compute
Tnit1 = (1 — Qp — fn)wn + fnbn
Set n:=n+ 1 and return to Step 1.

5.2. Generalized Split Variational Inequality Problem

Finally, we apply our result to study the generalized split variational inequal-
ity problem (see [28]). Let C; be nonempty, closed and convex subsets of real
Hilbert spaces H;,i = 1,2,...,N,and let S; : H; — H;1,i =1,2,..., N—1, be
bounded linear operators, such that S; #£ 0. Let B; : H; — H;,i =1,2,..., N,
be single-valued operators. The generalized split variational inequality prob-
lem (GSVIP) is formulated as finding a point «* € C; such that

¥ €T :=VI(Cy,B) NS H(VI(Cy, By))N ...
STHSy . (Syh, (VI(CN, By)))) # 0; (5.3)
that is, * € C such that

¥ € VI(Ol,Bl),S1IIJ* S VI(CQ,BQ), .. .7SN_1(SN_2 .. Slx*) S VI(CN,BN).
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Table 2. Numerical results for ( Experiment 6.6)

Proposed m = 10 m = 20 m = 30 m = 40
Alg. 3.1 Iter. CPU  Iter. CPU  TIter. CPU Iter. CPU
Time Time Time Time

Cnyi = =t 68  0.0692 80  0.0720 89  0.0971 94  0.1070
Cnyi = o9t 68  0.0456 80  0.0596 89  0.06613 94  0.1080
Cnji= —oor 68 0.0559 80  0.0521 89  0.0746 94  0.1044
Cni = ot 68 0.0495 80  0.0546 89  0.0852 94  0.0940
Cni = —ooomr 68 0.0398 80  0.0602 89  0.0699 94  0.1104

Observe that if we let C = C1,A = B1,A; = Biy1, 1 <i < N-1,Ty =
Sl,TQ = SQSl, ey and TN_1 = SN_lsN_Q...S1, then the SVIPMOS
(1.10) becomes the GSVIP (5.3). Hence, we obtain the following result for
approximating the solution of GSVIP (5.3) when the cost operators are pseu-
domonotone and uniformly continuous.

Theorem 5.4. Let C; be nonempty, closed and convex subsets of real Hilbert
spaces H;yi = 1,2,...,N, and let S; : H; — H;jy1,i = 1,2,..., N — 1, be
bounded linear operators with adjoints S} such that S; # 0. Let B; : H; —
H;, 1,2,...,N be uniformly continuous pseudomonotone operators satisfying
condition (8.1), and suppose Assumption A of Theorem 4.7 holds and the
solution set T' # (). Then, the sequence {x,} generated by the following algo-
rithm converges strongly to & € T', where & = min{||p|| : p € T'}.

6. Numerical experiments

In this section, we present some numerical experiments to illustrate the im-
plementability of our proposed method (Proposed Alg. 3.1). For simplicity,
in all the experiments we consider the case when N = 4. All numerical com-
putations were carried out using Matlab version R2021(b).

. 1—o,
In our computations, we choose a,, = Tﬂrg,en = m,ﬁn = { > ),9 =

0.99, A1 =i+ 1.2,¢; = 0.97, ¢ = 0.98,k; = 1.96, pp i = 29,0, = +.
We consider the following test examples in both finite and infinite dimensional
Hilbert spaces for our numerical experiments.

Ezxample 6.1. Let H; =R™, i =0,1,...,4,and let A; : R™ — R™ be a linear

operator defined by A;(z) = Sz +¢q, where g € R™ and S = NNT +Q+D, N

is a m X m matrix, Q) is a m X m skew-symmetric matrix, and D is a m x m

diagonal matrix with its diagonal entries being nonnegative (thus S is positive

symmetric definite). We let C; = {z € R™ : —(1 4+2) < z; < i1+4+2,j =

1,...,m}. In this example, we generate randomly all the entries of N,Q in
3z

[—3,3] while D is randomly generated in [0,3],¢ = 0 and Tz = 5.
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10" T T T T T
—#— Proposed Alg. (k; = 2/(n + 1))
Proposed Alg. (kni =4/2*n + 1)3)
Proposed Alg. (kni =6/(3*n + 1)4)
o —+— Proposed Alg. (k; =8/(4"n+ 1)%)
10 a3 —~A— Proposed Alg. (kn'i =10/(5*n + 1)6)
4
210'F 1
[im|
102F 1
103 | | | | Y VY
0 10 20 30 40 50 60
Iteration number (n)
Figure 9. Experiment 6.7(1):Casel
10
—¥— Proposed Alg. (k_; = 2/(n +1)?)
Proposed Alg. (k ;= 4/(2"n + 1)3)
Proposed Alg. (kni =6/(3*n + 1)4)
o —+—— Proposed Alg. (kni =8/(4*n + 1)5)
107F A —A— Proposed Alg. (k, ; = 10/(5"n + 1))
14
210 1
w
102F 7
108 | | | | YN
0 10 20 30 40 50 60

Iteration number (n)

Figure 10. Experiment 6.7(1):Case2
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Algorithm 5.5.

Step 0. Select initial points zg,z1 € H;. Let Sy = IH1, Sn_1 =
SnN-1Sn—2...50, Sy_1 = S§S7...Sy_1, ¢ = 1,2,...,N and set
n=1.

Step 1. Given the (n — 1)th and nth iterates, choose 6, such that
0<80, <6, with 6,, defined by

. . .
i {mm {9, [F— }, if &, # Tp_1,
=

0, otherwise.
Step 2. Compute
Wy, = Ty + Op (g, — Tp1).
Step 3. Compute
Yn.i = Po,(Si_1wn — An.iBiSi_1w,,)

. (Cn,i“rci)”Si—lwn_yn,z” : G
min{ 5.5 1 wn—Bognsl y Ani Fpnit, i BiSiqwy

Ani = ~Biyni #0,
Anyi + Pnis otherwise.
Znyi = Sic1Wn — BniTn,
where
Tng = Oi—1Wn — Yn,i — )\n,i(BiSiflwn - Biyn,i)
and
(Si—1Wn =Y iy"n,s) .
ﬂ _ (:Zﬁ + k"vi)W? lf rn,i 7é 0
" 0, otherwise.

Step 4. Compute

bn = Zfil 5n,i (wn + nn,igj_l(zn,i - Siflwn)%
where

nit @)l 1wn—zni° : Q &
GratolSioron=2nsll )G (S qwn — 200)] # 0,

Nni = ||S’§’Ll(»§i71wn—zn,i)”2
0, otherwise.
Step 5. Compute
Tn1 = (1 — Qp — gn)wn + gnbn
Set n :=n + 1 and return to Step 1.

Example 6.2. For each i = 0,1,...,4, we define the feasible set C; = R™,

Tix = % and A;(x) = Mz, where M is a square m x m matrix given by

-1, if k=m+1—j5 and k>j,
ajr =141 if k=m+1—5 and k <},
0, otherwise.
We note that M is a Hankel-type matrix with nonzero reverse diagonal.
Example 6.3. Let H; = R? and C; = [-1—i,1+i]?, i = 0,1,...,4. We define
Tix = ;_%1 and the cost operator A; : R2 — R? is defined by
Ai(xvy):(_xeyay)v (22011a34)
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Table 3. Numerical results for Experiment 6.7(1)

Proposed Alg. 3.1 Case 1 Case 11
Iter. CPU time Iter. CPU time
Pni = ot 13 3.5072 14 4.0949
Pni = iy 13 2.7786 14 3.3384
Pni = Gy 13 2.7132 14 3.3103
Pni = Gy 13 2.7295 14 3.3348
Pnyi = Gopays 13 2.7467 14 3.2094
10° T T T T T T

—¥— Proposed Alg. (¢, ; = (15)/(n*"))
—&— Proposed Alg. (¢, ; = (30)/(n®%")

)
4 Proposed Alg. (c,; = (45)/(n°%0"y)
- %_5—‘\6\ —+— Proposed Alg. (c, ; = (60)/(n%%")) |
)

—A— Proposed Alg. (c, ; = (75)/(n%°"))

10-4 1 1 ! 1 ! 1
1 2 3 4 5 6 7 8

Iteration number (n)

Figure 11. Experiment 6.7(2):Case I

We consider the next example in infinite dimensional Hilbert space.

Ezample 6.4. Let H; = (L2(R), ]| - ||2),¢ = 0,1,...,4, where £2(R) := {z =
(T1, 22, @jy . ),y € R0 352, lz;]? < oo}, |z|l2 = (> |lz;2)2 for
all z € fr(R). Let C; := {x = (z1,22,...,2j,...,) € E : |zl < i+ 1},
and we define T; = szs and the cost operator A; : H; — H; by Ajx =
(m + lz|Dz, (s > 0;i = 0,1,---4). Then, A; is uniformly continuous
and pseudomonotone.

We test Examples 6.1, 6.2, 6.3 and 6.4 under the following experiments:
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10° T T T T T T
—#— Proposed Alg. (¢, ; = (15)/(n*"))
—&— Proposed Alg. (¢, ; = (30)/(n*%"))

A4 Proposed Alg. (¢, ; = (45)(n®%"))
1 —+— Proposed Alg. (c,; = (60)/(n®%"))
107 F !
)

—A— Proposed Alg. (¢, = (75 /(n0.00001)

@
2102 1
L
103 1
h
10.4 L L L L L L
1 2 3 4 5 6 7 8

Iteration number (n)

Figure 12. Experiment 6.7(2):Case II

Experiment 6.5. In this experiment, we check the behavior of our method by
fizing the other parameters and varying ¢, ; in Example 6.1. We do this to
check the effects of this parameter and the sensitivity of our method to it.
We consider ¢, ; € {(nil), (nfl)z, (njl)g,, (nf1)4, (n-1|-11)5} with m = 25, m =
50, m = 100 and m = 200.

Using ||2ns1 — zn|| < 1072 as the stopping criterion, we plot the graphs of
|Xnt1 — @n|| against the number of iterations for each m.. The numerical
results are reported in Figs. 1, 2, 3, 4 and Table 1.

Experiment 6.6. In this experiment, we check the behavior of our method by
fizing the other parameters and varying c, ; in Example 6.2. We do this to
check the effects of this parameter and the sensitivity of our method on it.

We consider ¢, ; € { =%, 8%, =500, mooot» =o-sgoor } Withm =10, m =
20, m = 30 and m = 40.

Using ||Zn+1 — xn|| < 1073 as the stopping criterion, we plot the graphs
of |[xns+1 — zn|| against the number of iterations in each case. The numerical
results are reported in Figures 5, 6, 7, 8 and Table 2.

Finally, we test Examples 6.3 and 6.4 under the following experiment:

Experiment 6.7. In this experiment, we check the behavior of our method by
fizing the other parameters and varying k,; and c,; in Examples 6.3 and
6.4. We do this to check the effects of these parameters and the sensitivity of
our method on them.
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Table 4. Numerical results for Experiment 6.7 (2)

Proposed Alg. 3.1 Case 1 Case 11

Tter. CPU time Tter. CPU time
Pri = 7a7 8 0.0354 8 0.0327
Pni = iy 8 0.0211 8 0.0198
Pni = Griays 8 0.0211 8 0.0195
Pni = Gy 8 0.0172 8 0.0192
Pni = Grrns 8 0.0222 8 0.0189

(1) We consider k,; € {(n-21-1)7 (2ni1)2’ (3n_?_1)3, (4nil)4, (5"1_81)5} with the
following two cases of initial values To and 1 :
Case I: xg = (2,3); x1 = (3,4);
Case II: xo = (1,3); x1 = (2,0).
Using || Tn1—2n|| < 107% as the stopping criterion, we plot the graphs of
|€n+1—2n || against the number of iterations in each case. The numerical
results are reported in Figs. 9, 10 and Table 3.
(2) We consider ¢y, ; € {%, nf_%l , n(fg’m , nO_GO%m, no_géwl} with the following
two cases of initial values oy and 1 :
Case I: w9 = (3,1,%,---); oy = (3,1, L ...

13 3767 127
. _ 1 . _ (1 1 1
Case II: xg = (2,1,3,-+); 21 = (3, 5,25, " )-

Using || @n11—2n|| < 107% as the stopping criterion, we plot the graphs of
|€n+1—2n | against the number of iterations in each case. The numerical
results are reported in Figs. 11, 12 and Table 4.

Remark 6.8. Using different initial values, cases of m and varying the key
parameters in Examples 6.1-6.4, we obtained the numerical results displayed
in Tables 1, 2 and 3 and Figs. 1, 2, 3, 4, 5,6, 7, 8,9, 10, 11 and 12. We noted
the following from our numerical experiments:

(1) In all the examples, the choice of the key parameters ¢, ;, kyn,; and ¢y, ;
does not affect the number of iterations and no significant difference in
the CPU time. Thus, our method is not sensitive to these key parameters
for each initial value and case of m.

(2) The number of iterations for our method remains consistent in all the
examples and so well-behaved.

7. Conclusion

In this paper, we studied the concept of split variational inequality prob-
lem with multiple output sets when the cost operators are pseudomonotone
and uniformly continuous. We proposed a new Mann-type inertial projection
and contraction method with self-adaptive step sizes for approximating the
solution of the

problem in the framework of Hilbert spaces. Under some mild conditions
on the control sequences and without prior knowledge of the operator norms,
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we obtained strong convergence result for the proposed algorithm. Finally,
we applied our result to study certain classes of optimization problems and
we presented several numerical experiments to illustrate the applicability of
the proposed method.
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