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Abstract. The well-known Fibonacci sequence has several generaliza-
tions, among them, the k-generalized Fibonacci sequence denoted by
F®) The first k terms of this generalization are 0,...,0,1 and each
one afterward corresponds to the sum of the preceding k terms. For
the Fibonacci sequence the formula F,fﬂ — F?_, = F5, holds for every
n > 1. In this paper, we study the above identity on the k-generalized
Fibonacci sequence terms, completing the work done by Bensella et al.
(On the exponential Diophantine equation (Fr(f_?_l)z — (F,Sfll)‘"” =",
2022. arxiv:2205.13168).
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1. Introduction

Let {F),},>0 be the classical Fibonacci sequence given by Fy = 0, Fy = 1
and Fpyo = Fyy1 + F, for all n > 0. A familiar identity related to these
numbers is given by the formula

Floy—Fpy = Fa, (1)

which holds for all integers n if we extend the Fibonacci sequence to all
integer indices using its recurrence formula.

Patel and Chaves [18] investigated an analogue of (1) in higher powers,
namely the Diophantine equation

nr1 — oy = Fm, (2)
obtaining the following result.
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Theorem 1. The Eq. (2) on (n,m,x) has only the non-negative integral so-
lutions (n,2n,2),(1,1,z),(1,2,x), (n,0,0).

Let £ > 2 be an integer. A generalization of the Fibonacci sequence,
called the k-generalized Fibonacci sequence, denoted by F*) := {F}Lk)}nz,(k,Q),
is given by the linear recurrence

FR =™ L p® o BB forall n> 2, (3)

n

with the initial conditions Fyf()ki?) = ka(3%3) =...= Fék) =0and Fl(k) =1.

We refer to each F,gk) as the nth k-generalized Fibonacci number. Note that
for k = 2, we have Fr(tz) = F,,, the usual nth Fibonacci number.

Recently, Bensella et al. [1] studied an analogue of Diophantine equation
(2) in k-generalized Fibonacci numbers, showing that

(F&) = (F2) = B, (4)

has no positive integral solutions (k,n, m,x) with z > 2 under the restriction
that 3 < k < min{n,logz}. In this paper, we revisit the above Diophan-
tine equation, remove the restriction from [1] and find parametric families of
solutions. Namely, we establish the following result.

Main Theorem The only solutions (k,n,m,x) of the Diophantine equation
(4) withk >3, n>4, m>2 and x > 2 are

(2 +30-7,4,3-2° 43072 +0-3), £>2;
(2¢ + 20— 4,521 120 — 4,271 1 (¢ —3)/2), £ >3, £ odd.

Solutions with at least one small index or exponent (so, which do not
satisfy the inequalities from the hypothesis of our Main Theorem) are called
trivial and appear in Theorem 3.

Before we move into details, let us do a brief description of the method.
First, we use lower bounds for linear forms in logarithms of algebraic numbers
to get a polynomial bound for n, m and z in terms of k. When £ is small, we
use a variation of a result due to Dujella and Pethé on continued fractions to
lower the bounds into a computationally feasible range. When £ is large, we
use the fact that the dominant root of the k-generalized Fibonacci sequence
is exponentially close to 2 and substitute it into our calculations, this way
we get a simpler linear form in logarithms which allows us to bound k and
complete our calculations.

The calculations were done with Mathematica and the running time was
about one hour on 25 computers.

2. Preliminary Results

2.1. On k-Fibonacci Numbers

The k-generalized Fibonacci sequence and its terms have an extensive list
of properties. Here, we only present some of them, namely those strictly
necessary to address our problem. For more related data, we invite the reader
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to consult [1,10], where one finds some background for this paper, as well as
[2,3,5,7,9,11,13,16,17,19].
Lemma 1. Let aq, s, ..., ax be all the zeroes of the characteristic polynomial
Uy (2) = 2F — 21 — ... — 2 — 1 for the sequence FF).
(i) Uy is irreducible over Q[z] with one real zero outside the unit circle,
named o := aq (sometimes denoted by a(k) to emphasize its dependence
on k), which satisfies 2(1 —27%) < a < 2.
(ii) The first k 4+ 1 non-zero terms in F*) are powers of two, namely
Fl(k) =1 and F,(Lk) =9n—2 forall 2<n<k+1.
Also, F,gi)z =2k — 1 and, moreover,
FR) < on=2 forall n>k+2. (5)
(#i1) Let fr(z) :=(z—=1)/(24+ (k+1)(z —2)). For alln >1 and k > 2,

k
FF =3 fila)ai" " = fr(a)a™ " + en(n) (6)
i=1
with |ex(n)| < 1/2.
(iv) Forallk>2andi=2,...,k
fr(a) € 11/2,3/4] and | fi(ci)] < 1. (7)

Thus, fr(a) is not an algebraic integer, for any k > 2.
(v) For all k > 19,

1 k-1 k
fk(a)>§+w and fk(a)a>1+w.
(vi) Foralln>1 and k > 2,
a"? < FT(Lk) <ol (8)

(vit) The sequences (F,(Lk))nzl, (F,(/“)),QQ and (a(k))k>2 are non decreasing.
(viit) For alln >3 and k > 3, we have F,(lk_)l/Féi)l < 3/7.

Since our equation involves the powers (F,gk))f” for r = n £+ 1, we need
the following lemma.

Lemma 2. Let k > 2, z,r positive integers. Then

z/Olr—l

e . e
(FM)* = fel@)*a" D" (14 n), with  |n,| < Tar 1
Proof. By Binet’s formula (6) and inequalities (7), it follows that
F(k) T _ z  (r—1)z 1 ek(r) )
(F:") fr(a)"a + fr(@)ar—1
Then, if we take
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we get
x . r—1
(x/ozr’l) x/a Y=t pet/o
|Th| < Z ]l ar 1 Z ,7 _ 1 S arfl ’
Jj=1 j>1
where we have used the fact that (7) implies |ex(r)] < 1/2 < fr(«). O

The following identity is due to Cooper and Howard (see [6]).

Lemma 3. For k > 2 andn >k + 2, we have
-1
Fék:) —gn—2 Z Crus gn—(k+1)j—2
j=1

where

5] om0

with the classical convention that (Z) =0 if either a < b or if one of a or b

is negative and |x| denotes the greatest integer less than or equal to x.

The following lemmas are consequences of the previous one and will be
essential to effectively solve the Diophantine equation (4).

Lemma 4. Ifk+2 <r < 2% for some c € (0,1), then the following estimates
hold:
(i) P = 2772 (1= 52k + 508 4+ ¢ k), with [((r, k)| < s, where
f(r k) :=6(r —2k+1)(r — 2k — 2) and
5 0, if r <2k+2,
Tl ifr>2k+2

FEven more,

By . ) 2r 2
(ii) F®) =272 (14 ¢'), with |¢'] < oF < 3=
4r? 1
k) _ or—2 y "
(ii7) F*) =2 (1 s +C >7 with |¢7] < 555 < o2k(1—0) -

Proof. By Cooper and Howard’s identity in Lemma 3, we can write

Cr,l 6Cr,2
(1 T 9kl + 92k+2 +¢(r, k)) ’

where C,.1 =r —k, C’,Q—(r—%—&— 1)(r — 2k —2)/2 and

F(k) — 27”72

T

|Cm| 277
IC(r, k)| < o 9(k+1)j < Z 2(k+1)]j|
j:
- 273 (r/2k+1)] 3 - 273 G2
93k +3 (G - 3)! 93k +3

Jj=3
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Since 7 < 2¢* with ¢ € (0, 1), then er/2M <o, Thus, we get

473
I¢(r k)| < 2313

which corresponds to (7). Further, since we have

-k k 2
L L and AGL)) ! ! ,
k1 O gk+1 92k+3  92k+3  9k+3
we can conclude (ii) and (ii7). O

As a consequence of the previous lemma, we have the following result.

Lemma 5. For integers * > 1, k > 2, i € {-1,1}, n+1i > k+ 2 and
max{n +i,z} < 2°¢ for some c € (0,1/2), the estimate

k) \* _ 2 z(n+i—k)
(FnJri) = Q(H-H )z (1 — T + fi

holds with

24(nx)? 6
|&] < 92k+2 92k(1—2¢) °

Proof. By item (iii) of Lemma 4 with » = n + 4 and ¢ € (0,1/2), we have

(k) _ on+i—2 n+i—k " . g An+1)? 1
Foi =2 (1 e TG ) With |G < —ore < oy

Hence,

)\ % i) n+i—k v
(F,(Lj) — o(n+i=2) (1—2k+1+<{’> .

We now use the binomial theorem to analyze

n+1t—k A\

We put A; := —(n+i—k)/28FL so |A;] < (n+14)/28FL. Since n + i < 2k,

we get that
2 n+1
1
Gl < 2(1—c)k <2k+1) :

Further, let

fi = (1 + A,’ + CZH)E —1- Z‘Az
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Thus,
el < alct+ 3 (1) 140+ Y
=2 M
dr(n41)? <
W+Z( z (|4 H‘KHD)
j=2
dz(n+14)?  [15z(n+i)\> 15z(n+14)\’
< Tomkre T ok+1 Z ok+1
j=0
r?(n+1i)? [4 132%2(n+14)?  24(nx)?
22k+2 ;4'9 T 92k+2 92k+2

In the above, we used that

2(| 4]+ |¢V)) < x(n+1) <1+ 1 ) - 1.53:(n—|—z').

ok+1 o(1—o)k ok+1

Furthermore, since the above number is smaller than 2(1,12% < % it follows

that the sum of the geometrical progression is at most

1.01z(n + i)\’ 1 A
Z ok+1 < | _ LoLa(nti) <%

J=0 2k+1

In addition to this, we used for the last inequality that n > 3,7 < 1, so
(n+i)*<(n+1)%<(4/3)*n? and 13 x (4/3)% < 24.
O

Finally, we present some relations between the variables in the Eq. (4).

Lemma 6. Let (n,m,x,k) be a solution of the Diophantine equation (4) with
nm>k+1, >1and k > 2 and assume that

k > 2logy(m + k).

Then, one of the following holds:
(i) n—1=-1, 0,1 or2 (mod k+1). Thus, m =1 or 2 (mod k+1).
(ii) Letting r1 be the residue of n by division with k+1, with 3 <r; <k-—1,
we have (r1 — 2)x < 2logy(m + k) + k — 1.

Proof. Let us take

m+k 2(m + k)
= —— 4+ k-2, =k +1; ==t 4+ k-1
T * Y w5 kE+1 +
By relation (3), we have the identity F,(lk) = 2FT(£)1 —FT(Lk_)k_1 foralln > k+1.

Reducing modulo 2 we get that M = F(k)
modulo 2 with period k£ + 1. Since Fl(k) = Fz(k) = 1 and F(k) 2172 =
0 (mod 2) for j = 3,...,k + 1 it follows that FT(, ) is even except when

n = 1,2 (mod k 4+ 1). So, assuming F(+)1 and F )1 are both even, we get
that n — 1 £ —1,0,1,2, (mod k + 1)). We erte n—1=(k+1)s1 +r

.1 (mod 2), so F) is periodic
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with m € {3,...,k—1}. Thenn—-1+k = (k+1)(sy +1)+ 7 — 1 and
[(mn —1+k)/(k+1)] —1 = s1. We recall that by Cooper and Howard’s
formula (Lemma 3),

FR = on=3 4 zl: Cpy ;2" (RH1DI=3,
j=1
Note that, the exponent of 2 in the last term above is n—(k+1)s; —3 = r; —2.
Thus, 27172 | Fflk_)l Similarly, since n + 1 = (k + 1)s1 + r1 + 2, we have that
(n+1)+k=(k+1)(s1+1)+7r +1, so, we have that 2 | F,Elj_)l Hence,

20022 | (F) = (F) = R, (9)

We now use Cooper and Howard’s formula

s—1
k -2 —(k+1)j—2
FP =2m=2 43 " Cpy j2m- kDI =2,

j=1
where s = [(m+k)/(k+1)|(> 2). Write m+k = s(k+1)+r, where 0 < r < k.
Then the last term of the above sum has exponent of 2 equal to
m—(s—1)(k+1)—2=sk+1)+r—k—(s—1)(k+1)—-2
=(k+1)—k+r-—2

=r—1.
Therefore, we have
s—2
2k+7“71 | 2m72 4 Z Om j2m7(k+1)j727
j=1

SO

F(k) — 2k+7’71M 4 2’rflcm 1

m

with some integer M. We proceed to calculate an upper bound for vo(Cy, s—1).
We have

Conom1 = (~1)* ( (’" ~le- 1>k> B (m ~(:= Dk 2))
S () -(3)

Then,
s+ r=2\((s+7)(s+r—1)—(s—1)(s—2))
C’”’“_( s—3 ) (s—2)(s—1)
_(5+r—2>(r+1)(25+r—2)
s—3 (s=1)(s—2)
(s+7‘2>(7’+1)(25+7“2)
S\ r+1 (s—2)(s—1)

| (S+:_2>(28+r—2)
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where | denote the symbol of divisibility.
Thus, we have

V2(Cm,s—1) S 1] <

<logy(s+r —2) +1logy(2s + 1 —2).

In the first inequality we have used Kummer’s inequality (see [14]), which
states that the 2-adic valuation! of (;’}), is equal to the number of carries in
the sum between w and v — w in base 2, in particular

() -2 (15)- 5] -[55]) = e

=1

s+1r—2

. >+V2(23+r—2)

as the above sum contains at most |log, v| nonzero terms and each nonzero
term is equal to 1.
Since

s+r—2<2s+r—-2<sk+1)+r<m+k,
we get that v9(Cy, s—1) < 2log, (m + k). Thus, if k > 2log, (m + k), then

Vo(F) = w28 IM 4 Cpps 12771 = 15(Ch s 1277Y)
< 2logy(m+ k) +r—1.

Since Vg(Fy(,f)) > (r; — 2)x according to (9) and r < k, we get (ii). O

3. Tools

3.1. Linear Forms in Logarithms

Since we use a Baker-type lower bound for a nonzero linear form in logarithms
of algebraic numbers, in this section we present the necessary concepts and
results.

Let 1 be an algebraic number of degree d over Q with minimal primitive
polynomial over the integers m(z) := ag Hle(z —1n;) € Z|z], where the
leading coefficient ag is positive and the 7;’s are the conjugates of 7. The
logarithmic height of 7 is given by

d
1
h(n) := pi <loga0 + Zlogmax{m,l}) .

i=1
In particular, if n = p/q is a rational number with ged(p,q) = 1 and g > 0,
we then have h(n) = log max{|p|, ¢}
For example, since Wi (z) is the minimal primitive polynomial of «, we
have Q(a) = Q(fx(«)). Besides, by (7), we have that |fi(cy;)| < 1 for all
i=1,...,kand k > 2. Thus,

ha) = (loga)/k and h(fr(a)) <2logk, forall k> 2. (10)
See [5] for further details concerning the proof of (10).

Ly (m) is the exponent of 2 in the factorizatién of m # 0 in primes factors.
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The following properties of h(-) will be used in the following sections:
h(n£7) < h(n) +h(y) +log2,  A(py™") < h(n) + h(7),
hn) = h(n™), h(n®) = |slh(n) (s € Z).

Our main tool is a lower bound for a non-zero linear form in logarithms
of algebraic numbers due to Matveev [15]:

Theorem 2. (Matveev’s theorem) Let K be a number field of degree D over
Q, 7,-.-,% be positive real numbers of K, and by, ..., b; rational integers.
Put

A=At qbe 1 and B> max{|bi],...,|b]}.
Let A; > max{Dh(v;),|log~:|,0.16} for i =1,...,t. If A # 0, then
|A| > exp(—1.4 x 30'73 x t25 x D?*(1 +log D)(1 + log B)A; - - A;).

3.2. Analytical Arguments
Note that, for 1, ..., real algebraic numbers,

A;:ry’l’l -.-fyf‘ —1 and T :=bjlogm + -+ bilogn,

are such that A = el — 1. Therefore, it is a straight-forward exercise to show
that |T'| < (1 —¢)~1|A|, when |A| < ¢, for all constant ¢ in (0,1). We use this
argument several times without mentioning it.

On the other hand, in some specific parts of our work, we need the
following analytic result, which correspond to Lemma 7 from [12].

Lemma 7. Ifr > 1 and T > (4r%)", then
Y

(log y)"

3.3. Reduction by Continued Fractions

The application of the results from the previous subsections give us some
large bounds on the integers variables of the Diophantine equation (4). Since
these bounds are very large, we use some results from the theory of continued
fractions and geometry of numbers to reduce them. Here, we present these
reduction techniques.

For the treatment of homogeneous linear forms in two integer variables
we use a classical theorem of Legendre.

<T, implies y < 2"T(logT)".

Lemma 8. Let M be a positive integer and Py /Q1, P2/Q2, ... the convergents
of the continued fraction [ag,a1,...] for 7. Let N be a positive integer such
that M < Q1. If aps := max{ay : 0 < £ < N+ 1}, then the inequality

v 1

E‘ = (CLM + 2)’&2,

holds for all pairs (u,v) of integers with 0 < u < M.

’T_

Next, we present a slight variation of the result of Dujella and Pethé
(Lemma 5a in [8]). For a real number X, we use

|1X]| := min{|X —n| : n € Z}

to denote the distance from X to its nearest integer.
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Lemma 9. Let M and Q be positive integers such that Q > 6M, and A, B, T, i
be real numbers with A >0 and B > 1. Let € := ||uQ|| — M||7Q||. If ¢ > 0,
then there is no solution to the inequality
O<|ur—v+p/ <A -B™Y,

in positive integers w,v and w with

1
» > l08(AQ/e)

- logB

In practical applications, @ is the denominator of a continued fraction

convergent for 7.

u<M and

4. Some Considerations

Recall that we are working with integers £k > 2, n > 1, m > 2 and = > 1.
First, we present some trivial solutions of Eq. (4).

Theorem 3. The trivial solutions (k,n,m,x) of Diophantine equation (4) are
(2,n,n,1), (2,n,2n,2) forall n>1,;
(k,1,2,z), (k,2,2,1), (k,2,k+2,k), forall k>2andzx>1,;
and
(22,3,2z + 2,2), forall x> 2.

Proof. When k = 2, according to Theorem 1, the Diophantine equation (2)
only has the solutions (n,m,z) = (n,n,1) or (n,2n,2), for all n > 1 or
(1,2,z) for all z > 1.
Now, let us consider some particular values of n:
e If n =1, then (4) corresponds to F¥ = 1, which has the solution m = 2
for all kK > 2 and x > 1.
e If n = 2, then (4) corresponds to FR) = 9o 1, which has only the
solutions (m,z) = (2,1) and (k + 2, k) for all k > 3 by the results from
[4].
e If n = 3, then, when k > 3, we have that Eq. (4) corresponds to F,(yic) =
22 — 1, which has only the solutions (k,m,x) = (z,2z + 2,z) for all
x > 2, again by the results from [4].
Hence, from now on we may assume that k£ > 3 and n > 4. Note that
by inequalities (8), we have that

et < B = (R0 (%) < ()" <

and
a(n—l)x—l < a(n—l)x _ a(n—Q)x < (ij_)l)r B (Fr(bk_)l)x _ Fﬁf) < Q™ L
Thus, we can conclude that
(n—1)x <m < nx+2. (11)

So, if we take x = 1, the previous inequality implies that m = n or n + 1,
which do not provide solutions for Eq. (4). O
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The previous arguments reduce our problem to find the solutions (k,n,
m, ) of the Diophantine equation

k) \* k) \*
(PE)" = ()" = 20,
with k>3, n>4, m>2and x > 2.

4.1. Non-zero Linear Forms in Logarithms

In this section, we show that the linear forms in logarithms of algebraic
numbers, to which we apply Theorem 2, are non-zero. Let us take

Ar = fi(a)amtg (e g,
As = (fi() a2 I (@2 1) 1,

As = fr(a)a™ ! (F:j_)l) —1;
A4 = fk(a)l—wam—l—nx _ 1;
A5 = fk(a)mflanmf(mfl)(l _ 04721) —1,

K = Q(«) and D = [K : Q] = k. With the previous notation, we prove the
following result.

Lemma 10. A; # 0 for alli € {1,2,3,4,5}.
Proof. For 1 =1,2,3,4 and 5, if A; =0, then
fk:(a) e {al—mz(n—l)m7al—mQ(n—3)m(22r _ 1),a1—m (FT(Lk—;—)l) }
and
fk(a)x—l c {am—l—nx’an;c—(m—l)(l _ a—Qx)} )

All these cases imply that fi(«) would be an algebraic integer since « is a
unit in Ok, which contradicts (iv) from Lemma 1. O

5. The Case n < k
By (4i) in Lemma 1, the equation is
Since n > 4 and
(n—=1)x — (n—3)ax =2x > 1,
it is clear that F\¥ cannot be a power of 2. Thus, by (i7) of Lemma 1,
m > k + 2. Using inequalities (5) and (8) in (12), we have
2(7171)9:70.2 < F7Smk) < 2m72 and 2(m72)/2 <O¢m72 < Frqu) < 2(n71)w7

which gives

m—1zx+18<m<2(n—1z+2. (13)

We next establish some additional relations between the variables in the
Diophantine equation (12).
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Lemma 11. Let 4 < n < k. If (k,n,m,x) is a solution of (12) with x > 2,
then

r < 3.2 x 10" Ek*(log k)? log m. (14)
and
m < 3.4 x 10*°k? (log k)°. (15)
Proof. The Binet formula (6) implies that

e 2
(Ay| = | fe(a)am 2= (n=Dz 1) < 3o (16)
We apply Theorem 2 on inequality (16) with ¢ := 3, K := Q(«), D
B :=m and

(’Yl)bl) = (fk(a)7 1)7 (727b2) = (a,m - 1)a (737b3) = (2’ _(n - 1)%‘),
A1 =2k IOg k’, A2 = 077 A3 = 0.7k.

k,

We have
exp (—4.4 x 10" x E*(log k)% logm) < |A] < 27G2=1),
We conclude that
x < 3.2 x 10"k (log k)% log m,

as we wanted to prove.

Returning to Eq. (12), we also include 2(n=3) into the above linear form
in logarithms, getting

] = |(fi(@))~tamtn Do 9(g2e 1) 1 < (17)

am

We apply again Theorem 2 with ¢ := 4, the same K, D and B, and

(71,01, A1) := (fr(a), —1,2klog k), (y2,b2,As) := (a,—(m —1),0.7),
(73, b3, A3) := (2, (n — 2)z,0.7k), (Y4, b, Ay) = (22% — 1,1, 1.4kx).

The conclusion of Theorem 2 together with the above inequality (17) yield

m < 6.7 x 102Ek* (kz) (log k)2 (log m)
< 2.2 x 10%E%(log k)* (log m)?,

where we have used inequality (14). Hence, by Lemma 7 with (y,r) := (m,2)
and T := 2.2 x 10%°k?(log k)*, we have

m < 3.4 x 10%°k°(log k)°,

which corresponds to inequality (15). O
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5.1. When k£ < 600
We start by looking for an upper bound on z. So, we take

Iy :=(m—1)loga — (n—1)xlog2 + log(fr(a)).
Since z > 2, by inequality (16) we have that

3

0<|(m-—1loga— (n—1)xlog2+log(fr(a))| < 22

So, if we set
T, = (loga)/log2, py :=log(fr(e))/log2, A:=5, B:=2,
we then get
0<|(m—1)m —(n—1)x+ | < AB™2, (18)
For each k € [4,600], we consider M := 3.4 x 10%°k%(log k)®, which is an upper

bound to m — 1, according to inequality (15). A computer search shows that

ken[i%}éo] {Llog (AQ(k)/ek) /log BJ} < 1190.

Hence, by Lemma 9, we can conclude that = < 595.
Now that we have bounded z, let us fix it in [2,595] and consider

2% — 1
Iy:=(m—1)loga — (n—3)xlog2 —log (fk(Oé)> .

Using inequality (17) in its logarithmic form, we obtain a similar inequality
to (18), namely

where we put
log o log((2** — 1)/ fr(a))
= — r = — ) A= d By:=a.
Tk 10g27 M, 10g2 5 an k @

Therefore, for k € [4,600] and x € [2,595], we apply Lemma 9 to inequality
(19) using M := 3.4x10*°k%(log k)°. With computational support, we obtain

log (AQ™) /e, ) /log By } < 1520,
k€[4,6011]1,a;<e[2,595] {Log @ ek ) [log Br] p <
Thus, by Lemma 9, we have that m < 1520.

In summary, for n < k, the integer solutions (k,n,m,z) of (12) must
satisfy k € [4,600], z € [2,595], m € [k + 2,1520] and, by (13)

n€[4,N] with N :=min{k,1+ [(m—1)/x]}.

However, a computational search in the above range for solutions of the Dio-
phantine equation (12) gave us only those that we indicated in the statement
of the Main Theorem (the first family for ¢ € [2, 8] and the second family for
¢ € [3,9] and odd).
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5.2. When k£ > 600
Given that

m < 3.4 x 102k (log k)® < 28/2,
by equality (12) and Lemma 4, (i7) with ¢ = 1/2 for r = m, we get

m—1
|2(n—1)as _ 2(n—3):v o 2m—2| < 2
2k/2 °
Thus, dividing by 2™ 2, we get
n— — — — —(m— 2
|1_|_2( 3)z—(m=2) _ 9(n—D)z—( 2)|<W'

By (13), we have (n —1)a — (m—2) < 0.If (n— 1)z — (m —2) < —1, then in
the above inequality the left-hand side is larger than 1/2, which contradicts
the fact that & > 600. So, m —2 = (n — 1)z.

Now, by equality (12) and Lemma 4, (iii) with ¢ = 1/2 for r = m, we
have

m—k 1 2

ok+1 92z

4m
< 92k+2"

Assume that the left-hand side is non-zero. Then

m—k 1 1
2k+1 o 2@ — 9omax{2z,k+1}"

If 22 < k + 1, the left-hand side above is > 1/2F+1, If 22 > k + 2, then
m—k 1 1 1 1

ok+1 92z = 9k+1  Qk+2 ~ 9k+2°

Hence, the inequality

m—k 1
ok+1 ~ 92z

1
= 9k+2

holds in all cases. Thus, we get

1 4m?
2k+2 < 22k+2’

which leads to
2k/2 < 9m < 6.8 x 102k (log k)°.
However, this implies k < 400, a contradiction. In summary, we have
2m=2 =2=r and  227(m — k) = 2K

Now, if m > 2k + 2 then by Lemma 4, (i) with ¢ = 1/2 for r = m, we
obtain

f(m, k)

92k+3

4m3

23k+3"

with fm,k) = (m =2k +1)(m — 2k — 2),

which lead us to a contradiction on k£ > 600. Hence, m < 2k + 2. Thus, by
Lemma 3, our equation becomes

2(n71)x _ 2(n73)z _ F’,(yf) —9om=2 _ 2m7k73(m _ k)
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We get 2™ F=3(m—k) = 2("=3)7 But also m—k = 21722 Since m < 2k+2,
we have that

k+1—2z =logy(m — k) <log,(k+ 2),

S0
k+1—logy(k + 2)
x> 5 :
However,
m—2 2k
—-1= < 5 f k > 600
" z S (k+l-_logy(k+2)/2 ° or = o0

showing that n < 5. Hence, n € {4,5}. Further, let ¢ := k + 1 — 2z. Then
m =k + 2% so ¢ > 1. Next, we have
m—2 k+2¢-2

.

Finally, since also m — k = 2(0=3)2=(m=k=3) ' e get that

(=(Mn-3)x—(m—-k-3)= (2_3)(k+2f—2)—2f+3

(n—1)
_(n=3), 2% n+3
 (n—1) n—1 n-1
This gives
k_2€+1—(n+3)+(n—1)£_{2“1—74—3@ if n = 4;

n—3 20— 44920  ifn=-5.

Since m < 2k + 2, we have 2/ = m — k < k + 2. When n = 4, we get
26 < k+2 =21 43¢5, and the above inequality holds when ¢ > 1. When
n =75, we get 2° < k+2 =242/ — 2, and again the above inequality holds
for all £ > 1. So, we have
. kE+1-1¢

-
which give us the parametric families of solutions

(k,nym, ) = (29 +30-7,4,3-2° +30— 7,2 40— 3),
(28 +20— 4,52 20 — 4,271 + (1 - 3)/2)

indicated in the statement of the Main Theorem. In the first case £ > 9 (to

insure k£ > 600), while in the second case ¢ > 10 (again, to insure k > 600)
and ¢ must be odd to insure that x is an integer.

m=k+ 2 and

6. The Case n > k

Here, as before, we need to establish some relations between the variables in
our equation. The following result gives us an inequality for x in terms of k
and n.
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Lemma 12. Let (k,n,m,x) be an integral solution of (4) with n >k > 3 and
x > 2, then

r < 7.2 x 10%nk*(log k)? log n. (20)

Proof. Equation (4) can be rewritten as
fr(@am ™ = (FE) == (F2)) —ex(m). (21)

Dividing both sides of equation (21) by (Fr(fgl)”” and taking absolute values,
we get

— FPN\T 2
fe(@)a™? (FT(L%) - 1‘ <2 ( 1) < 53w (22)

[As| = —
F)

where we used Lemma 1, (viii).
We apply Theorem 2 with the parameters ¢ := 3,

(71,01, A1) := (fr(a), 1,2k log k), (72, ba, As) := (a,m —1,0.7),
(3, b3, Az) := (FY, —2,0.7nk)

and K, D, B as for A;.
Now, Theorem 2 combined with inequality (22) yields

x < 1.15 x 10"nk*(log k)? logm
< 1.2 x 10Mnk*(log k)? log(nz), (23)

where we used the fact that m < nz + 2, which follows from (11).
We next extract from (23) an upper bound for = depending on n and
k. Multiplying by n both sides of the inequality (23) we obtain

nx < 1.2 x 10Mn2k* (log k)? log(nx),

Taking y := nx and T := 1.2 x 10"n2k*(log k)?, by Lemma 7 and the fact
that n > k,

nx < 7.2 x 10"°n?k*(log k)? log n.
It remains to divide by n both sides of the previous inequality. O

We now work under the assumption that n > 700 to find an upper
bound for n,m and z in terms of k only.

Lemma 13. Let (k,n,m,z) be an integral solution of (4) with n > max{k, 700}.
Then the following inequalities

n <8.6x10%k%(logk)®, 2 < 1.8 x 10k (logk)°,
m < 1.5 x 102k (log k)° (24)
hold.
Proof. Given that n > k, from (20), we have that
r < 7.2 x10%n°(logn)?. (25)
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Thus, for i = +1,

x 7.2 x 10%n5(log n)3 1

T < o2 08 since n > 700.

Then, by Lemma 2, we can write

x ) )

We now use (26) to rewrite the Eq. (4) as

- X  nr — 4 xr  nr —4X 1
| fr(@)a™ ™t = fr(@)®a™ (1 — a™27)| < 2| fiu(a)*a™ (1 —a~? )+ 5
(27)
Dividing both sides of the previous inequality by fi(a)*a™®, we conclude
that
1

11—z, m—1-nz —2z —2z
| fr(@)' o —(1=a™?)| < 2pna|(1 - )"‘W

< lnnl + 1 1 v
n 2 \ qn—2

2
< o081’

where we have used the fact that 1 — a=2% < 1/2, fr(a)a™ > a" 2 and
(n—2)xz+12>0.8n for all n > 700, k > 3 and = > 2. Hence,

—z, . m—1l—-nz 2 1 3
|A4| = |fk(Oé)1 o 1 -1 < W + E < J’ (28)

with % := min{0.8n, 2z}.
We apply again Theorem 2 with the parameters ¢ := 2,
(71,01, A1) = (fre(a),1 —x,2klogk), (v2,b2,As) := (a,m — 1 — nx,0.7),

and K and D as before. Moreover, we can take B := z, since [m—1—nz| < x
by inequality (11).

The conclusion of Theorem 2 and the inequality (28) yield, after taking
logarithms, the following upper bound for k:

k<9 x 10 k*(logk)? log z. (29)
If K = 0.8n, then from (29),
n < 1.2 x 103 (log k)* log z,
and using the inequality (25), we obtain that
n < 1.2 x 10"°k?(log k)* (log(7.2 x 10'®) + 5log n + 3loglog n)
< 103 (log k)?(121ogn)
< 1.5 x 10" k> (log k)? log n,

since n > 700. Hence, we apply Lemma 7 with T := 1.5 x 10*k3(log k)?
and (y,r) := (n,1) to obtain an upper bound on n depending only on k.



13 Page 18 of 25 C. A. Gémez et al. MIOM

Further, inserting the resulting bound on n in terms of k in (20) and using
the inequality (11), we have that

n < 8.1x 102k (logk)®, =< 1.8 x 10°°%"(logk)®,
m < 1.5 x 108k (log k)°. (30)
If k = 2z, then by (29) and Lemma 7 with T := 4.5 x 10°k3(log k)? and
(y,r) = (z,1), we get
r <22 x 10"k (log k)3. (31)

Furthermore, given that x < 0.45n we have by Lemma 2, that for ¢ = +1
z/a"t "l < 0.45n/am% < 1/a%98" since n > 700. Thus,

k r z  (n+i—1)x . 1

We return to the inequality (27) and dividing both sides by fi(a)a™ 1,
we obtain

()~ o U (107 1] < 2l ffo) a0 D (1 — )
1
+ 2fr()am—1

2a(fi(a)a)*? y 1
< 0-98n 1-a™)+ am—1
(3/2)0.8n 1
<4 ( o098 ) T Sosen
2
< 0380

where we used the inequalities:

x<08n, nr—(m-—1) <z, m—1>0.38n,

fe(@)a <3/2, 4(3/2)°8" /%9 <1/ and 1 —a 2" <1,
valid for n > 700, x > 2 and k& > 3. In conclusion, we have shown that

2
0381 "

‘fk( )ac 1 ot~ (m— 1)( _a—2w)_1‘ < (32)
Here, we apply again Theorem 2 with the parameters ¢ := 3,

(71,01, A1) = (fi(a),z — 1,2k1ogk), (72,b2, A2) := (a,nx — (m —1),0.7),
(73,63, A3) == (1 — ", 1, 2x)

and K and D as before. Moreover, again we can take B := x. Combining the
conclusion of Theorem 2 with inequality (32), we get

n < 1.3 x 10'? x k*(log k)?z log . (33)
By (31), we have z < 2.2 x 1011 k3 (log k)3, therefore
logz < log(2.2 x 10') 4 3log k + 3loglog k < 30log k
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since k > 3. Hence, returning to inequality (33) and taking into account that
m < nx + 2, we have in summary

n < 8.6 x 102*k%(log k)°, r < 2.2 x 10"k (log k)3,
m < 2 x 10°k% (log k)°. (34)
Comparing inequalities (30) and (34), we get that
n < 8.6 x 10**k%(log k)°, z < 1.8 x 103k (log k)©,
m < 1.5 x 10k (log k)?,

as we wanted to show. O

The inequalities in Lemma 13 were obtained under the assumptions that
n > 700. However, when n < 700 the inequalities (11) and (25) yield smaller
upper bounds for z and m in terms of k.

6.1. When k£ < 700

Here, we prove the following result where we establish some computational
ranges to search for the integral solutions of equation (4).

Lemma 14. Let (k,n,m,x) be an integral solution of Diophantine equation
(4) with n >k, k <700 and x > 2. Then m € [My, My] with

My:=[(n—1)x+18] and M;:=2(n—1)z+2. (35)
Furthermore, if n > 700, then n < 1810 and x < 1260, otherwise x < 1150.

Proof. Note that the range for m is given by inequality (13). Now, let us
start assuming n > 700, which allows us to use the inequalities of Lemma 13
in order to obtain upper bounds on n, x and m. Taking into account the
inequality (28), we take

Ty = (z—1)log(fu(a)™) + (m — 1 —na)log .
Then, using the analytic argument of Sect. 3.2, we get
6
T4 < —, with & = min{0.8n, 2z}.
aK

Dividing the above inequality by (z — 1) log o, we obtain

log(fr(a)™1) _nz+l-m 6 - 10
log a x—1 ab(z—1)loga ~ af(x—1)

(36)

Now, we need to distinguish two cases:
e Case m = 1 + nx. Here, the inequality (36) correspond to
log(fr(a)™1) 10
log o af(z—1)°
A quick computational search shows that the left-hand side of the previ-

ous inequality is greater than 0.7 for all k € [3,700]. Thus, since z > 2,
we get

0.7 < = (37)
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Now, since k = min{0.8n, 2z}, if we assume that £ = 0.8n, then, by
inequality (37), we get n < 6, a contradiction with our assumption
about n. Therefore, we have k = 2z, which together with inequality
(37) implies 2 = 2. Now, by inequality (32) with m = 1+ nz and using
k € [3,700], we get

0.5 < |10g(fk:(a)) + lOg (1 — a_4) ‘ < 4/a0.38n’

where the left-hand side was found using computations. However, this
inequality implies n < 11, again a contradiction.

e Case m # 1+ na: Here we apply Lemma 8 to inequality (36) using
k € [3,700]. To do it, let us take 7, := log(fr(a)~!)/loga. So, by
inequality (24), we look for the integer ¢ such that

QM > 1.8 x 10k (log k) > & — 1,
and take ap; = max{az(-k) 0 <i < ty, 3<Ek <700} Then, by
Lemma 8, we have that
nx —(m—1) - 1

x—1 (apr +2)(z —1)2°

Hence, combining the inequalities (36) and (38), and taking into account
that apr +2 < 1.1 x 102°8 (confirmed by computations), we obtain

o’ < 1.1 x 10299,

Tk — (38)

If kK = 0.8n, since n > 700 > k, by inequality (25) we have
a%8" < 8.6 x 10%2*n>(log n)?,

which implies

n < 1010. (39)

Thus, let us consider

I :=log fr(a) + (m — 1) log o — x log F,(L’_?l, (40)
with k € [3,700] and n € [701,1010]. Note that, by inequality (22), we
have

4
ICs] < 53+
Dividing both sides by log FT(LTI, we get,
log log fi () 3
(=D |~ " | < 330 (1)
1Og Fn+1 10g Fn+1 ’

where we used that logF,(L}f,r)1 > log F5(3) = log7. In order to apply
Lemma 9, we take

1 1
og o i e ogful®) 4

= —, = - and B :=2.3,
log FT(H_)1 log FT(H_)1

Vk,n -
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for k € [3,700] and n € [701,1010] with M := 3.7 x 1033%7 (log k)6,
thanks to inequalities (13) and (24). We obtain

{L1og (4Q*" /ey,,,) /10 B} < 1260,

which, by Lemma 9, implies
x < 1260. (42)

max
k€[3,700], ne[701,1010]

Now, if kK = 2z, then o?* < 1.1 x 1029z, which implies
& < 360. (43)
So, we go back to inequality (32) and take
T5 = (z — 1)log(fx(a)) + (nz — (m — 1)) log o + log (1 — a~ %) .
Since |T's| < 4/a%3%" dividing by log a, we obtain

log(fr(a)) = log (1 —a™2) 7
—(m—1— A
log o * log o (m nz)| < V-38n

(1)

We take

log(fi(e)) , log (1 —a™®)

s =(r—1
Tk, (z ) log o log o

We have that

min < —(m—=-1—-—nx)| < ——.
ke[3,700], z€[2,360] 17kl < 170 = )| 0-38n

Computationally, we found that the minimum on the left-hand of the
previous inequality is at least 7 x 107297, Therefore, we get

n < 1810. (44)

To sum up, if n > 700, then by inequalities (39), (42), (43) and (44),
all the positive integral solutions (k,n,m,x) of Eq. (4) satisfy n < 1810 and
z < 1260.

Finally, let us consider n < 700. Since in this section we are working with
k <700 and n > k, it is clear that k£ < 699. So, let us use I's as we defined
it in (40) to proceed as we did with (41). This time we take k € [3,699] and
n € [k+1,700] with M := 2.6 x 1033k" (log k)®, which is given by inequalities
(13) and (24). We get

log (AQ™®) /ey ) /log By | b < 1150
ke[3,699]r,n7?é([k+1,700]{L0g( @ [k, >/ 8 kJ}* ’

which, by Lemma 9, implies < 1150. g

In conclusion, our problem is now reduced to a computational search
for integral solutions of the Diophantine equation (4) in the ranges indicated
by Lemma 14; i.e., in the ranges k € [3,700], m € [Mo, My] (with the limits
given by (35)),

n € [701,1810] and z € [2,1260],
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or
n€lk+1,700] and =z € [2,1150].
A computer search using Lemma 6 allow us to conclude that there are no

integral solutions for Eq. (4) in these ranges.

6.2. When k£ > 700

From now on, we assume that k£ > 700. We show that there are no such
solutions. We have, from (24), that

n+i<87x10%k5(logk)® < 2924 m < 1.5 x 108310 (log k)? < 20-48F,

We recall that n > k4 1, so m > k + 1 according to (11). By item (iii) of
Lemma 4 (for m with ¢ := 0.48) and Lemma 5 (for n + ¢ with ¢ € {1} and
¢ :=0.24), we conclude that

k) om—2 m—k 7 " 1 .
F) =9 (1—2k+1+g‘>, |€|<W’
®) \* _ o(nti—2 (n+i—k) 0

where 61 =1 for alln > k + 1 and

5. — 1, forn > k + 3;
170, forne {k+1,k+2}.

Now, let us take M = max{(n — 1)z, m — 2} and N = min{(n — 1)z, m — 2},
so, we get

6(1+06) 1 1+ 5 1
(n—1)z _ 9(n=3)x _ gm—2 M “ %
|2 2 2 ‘S 2 ( 21.04k 21.04k 20.52k+1 20.52k+1)
2M+2
< 20.52k

In the above, we used that x(n+i—k) < 2(n—1) < m < 2048 for i € {1},
where the second inequality follows from (11), in addition to k > 700. After
dividing by 2™ becomes

1 1 1 n—1)x n—3)x m—2
_Wﬁ_ﬁ<ﬁﬂ)_%)_2’<

4

1 20.52k °

If M > N, then the left-hand side is at least 1/4, so 29°2% < 16, a contra-
diction since k > 700. Thus, M = N, or, equivalently, (n — 1)z = m — 2. We
next get

x(n—k+1) m-—k 1 8
ok+1 T oRtT T 93| S glodk
or
x(n—k+1)—(m—k) 1 8
9k+1 T 92z < 91.04k *
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But
z(n—k+1)—(m—k)=z(n—k+1)—(m—-2)+ (k—2)
=zn—k+1—-(n—-1))+k—2
=(k-2)(1-2)<0.
Thus,
x(n—k+1)—(m—k) 1 (k—2)(z—1) 1
ok+1 T 92a - ok+1 - ok+17
and we get
1 8

2k+1 < 21.04k’

or 2094 < 16, a contradiction with & > 700. Thus, we showed that our
Diophantine equation has no solution in the range n > k > 700.
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