Mediterr. J. Math. (2023) 20:302
https://doi.org/10.1007/s00009-023-02503-1
1660-5446,/23/060001-16 -
published online September 12, 2023 Mediterranean Journal
© The Author(s) 2023 of Mathematics

®

Check for
updates

Lipschitz-Free Spaces over Cantor Sets and
Approximation Properties

Filip Talimdjioski

Abstract. Let K = 2" be the Cantor set, let M be the set of all metrics
d on K that give its usual (product) topology, and equip M with the
topology of uniform convergence, where the metrics are regarded as
functions on K?. We prove that the set of metrics d € M for which the
Lipschitz-free space F(K,d) has the metric approximation property is
a residual F,s5 set in M, and that the set of metrics d € M for which
F(K,d) fails the approximation property is a dense meager set in M.
This answers a question posed by G. Godefroy.
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1. Introduction

Lipschitz-free spaces have become an active research area in Banach space
theory in recent years. For a metric space (M,d) and a point xg € M, we
define the Banach space Lipy(M,xo) consisting of all real-valued Lipschitz
functions f on M that vanish at zq, equipped with the norm

o @ =1

For any « € M, we define the bounded linear functional §, € Lip,(M, z¢)* by
d:(f) = f(x), f € Lipy(M, o). The closed linear span of the set {0, : z € M}
is called the Lipschitz-free space F (M, xg). It is well known that Lip, (M, zo)
is isometric to the dual space of F(M, o) and that the Banach space structure
of both spaces does not depend on the choice of the base point zg. We will
hereafter write Lipy(M) and F(M) without specifying the base point, and
call F(M) simply the free space over M. In the book [20], Weaver provides a
comprehensive introduction to Lipschitz and Lipschitz-free spaces. In it, the
latter are called Arens-Eells spaces and are denoted by AE(M).

One direction of research in this area has been the approximation prop-
erties of free spaces. Results involving the approximation property (AP)
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appear in [12-14]. Results involving the bounded approximation property
(BAP) appear in [8,11,15], and metric approximation property (MAP) re-
sults appear in [3-5,7,11,12,17,19]. More details can be found in the intro-
duction to [19] and in [10].

In particular, we mention that if M is a sufficiently ‘thin’ totally dis-
connected metric space then F(M) has the MAP. For example, if M is a
countable proper metric space (i.e. where all closed balls are compact), then
F(M) has the MAP [4]. Also, as a corollary of [20, Corollary 4.39], F(M)
has the MAP when M is compact and uniformly disconnected (this notion is
defined at the beginning of Sect. 2). Moreover, as a corollary of [15, Proposi-
tion 2.3] and [1, Theorem B], F(M) has the MAP when M is a subset of a
finite-dimensional normed space and is purely 1-unrectifiable, which is equiv-
alent to the condition that M contains no bi-Lipschitz image of a compact
subset of R of positive measure. On the other hand, in [12], G. Godefroy
and N. Ozawa constructed a compact convex subset C' of a separable Banach
space such that F(C) fails the AP. Also, by a result in [13], there exists a
metric space M homeomorphic to the Cantor space such that F(M) fails the
AP.

Given a compact metric space M with metric d and a Lipschitz function
f: M — R, we say that f is locally flat [20, Definition 4.1] if for every x € M,

lim Lip(f1 5, (2)) = 0.

where B.(x) = {y € M : d(y,x) < €}. The Little Lipschitz space lip,(M)
is the subspace of Lip,(M) consisting of all locally flat Lipschitz functions.
By [20, Corollary 4.5], lipy(M) is a Banach space. It often happens that
lipy (M) = {0}, for example when M is a connected smooth submanifold of
RN, We say that lipy(M) separates points uniformly [20, Definition 4.10] if
there exists a € (0,1] such that for every z,y € M there is f € lipy(M) such
that Lip(f) < 1 and |f(z) — f(y)| = ad(x,y). By [1, Theorem A, Theorem
BJ, lipy (M) separates points uniformly if and only if lip,(M) is an isometric
predual to F (M), which holds if and only if M is purely 1-unrectifiable. If M
is compact and purely l-unrectifiable, then by [2, Proposition 3.5], if F(M)
has the MAP then lip,(M) has the MAP. But also, by the remarks after [9,
Problem 6.5], if lipg(M) has the MAP then F(M) has the MAP as well.

In [9], G. Godefroy surveys various aspects of the theory of free spaces,
including the lifting property for separable Banach spaces, approximation
properties of free spaces, and norm attainment of Lipschitz functions and
operators. Regarding the bounded approximation property of the free space
over a compact set M, he states a very useful criterion (see the end of Sect. 2)
in terms of ‘almost-extension’ operators from Lipschitz spaces over finite
subsets of M to Lipy(M). In the last section he states a number of open
problems, several of which concern approximation properties of free spaces.

Let K = 2" be the Cantor set, equipped with the usual (product) topol-
ogy. Define M C C(K?) to be the space of all metrics d on K compatible with
its topology. We equip M with the metric induced by the usual (supremum)
norm of C'(K?). The set M is a G5 subset of C(K?) (a proof is provided at
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the beginning of Sect.2), and is therefore a Polish (i.e. separable and com-
pletely metrisable) space. For d € M we write Lipy(K,d) and F(K,d) for
the Lipschitz space and free space over the metric space (K, d), respectively.
We define the following subsets of M:

AN ={d e M : F(K,d) has the A-BAP}, for \ € [1,0),
Af ={d e M : F(K,d) fails the AP},
P={deM : (K,d) is purely 1-unrectifiable}.

In [9, Problem 6.6], Godefroy asks what the topological nature of the set
Ay is (it is nonempty by [13, Corollary 2.2]). Also, more precisely, he asks
whether the set Ay is residual in M.

In this paper, we investigate the topological properties the subsets of
M defined above. The main results are the following.

Theorem 1.1. The set Al is a residual F,5 set in M.
Proposition 1.2. The set Ay is a dense meager set in M.

In particular, these results indicate that it might be difficult to use a
Baire category argument to show that Ay is nonempty (note that the proof
of this fact in [13] uses other techniques).

The paper is organised as follows. Section 2 concerns notation and pre-
liminary results. In Sect. 3 we give the proofs of Theorem 1.1 and Proposition
1.2. Furthermore, we prove that P is a dense G5 set and M\ P is dense. As a
corollary, we obtain that the set of metrics d for which F(M) is a dual space
to lipy (M) and both F(M) and lip,(M) have the MAP is residual. Finally,
in Sect. 4, we construct a family (d,,) of metrics on K of size continuum, such
that there is no algebra isomorphism between Lip, (K, d,) and Lip, (K, dg)
whenever a # . This should be compared with [13, Corollary 2.3], wherein
it is shown that there exists an family (d,) of metrics on K of size Ry, such
that F(K,d,) is not isomorphic to F(K,dg) for o # 3.

2. Notation and Preliminary Results

For a metric space (A,d), * € A and r > 0 we write Bé(z) = {y € A :
d(z,y) < r}. If C C A then write BX(C) = {y € A : d(y,C) < r}, where
d(y,C) = inf{d(y,z) : « € C}. For a real-valued Lipschitz function f on
(A, d), Lip,(f) denotes the Lipschitz constant of f with respect to d. If (B, e)
is another metric space and f: A — B then the Lipschitz constant of f is
denoted by Lip, . (f). We call (A,d) and (B,e) proportional if there exists
a surjection f: A — B and ¢ > 0 such that d(z,y) = ce(f(z), f(y)) for all
x,y € A. The space (A,d) is called uniformly disconnected [20, Proposition
4.12] if there exists r € (0, 1] such that for any distinct z,y € A there are
complementary clopen sets C, D C A such that z € C,y € D and d(C, D) >
rd(z,y), where d(C, D) = inf{d(z,t) : z € C,t € D}.

For d e M, K1, Ky C K, and z € K we put D(K;, K3) = sup{d(x,y) :
x € Ky,y € Ky}, and D(z, K1) = D({z}, K1). We write D(K7) or diam(K7)
for D(K4, K7). If S is a nonempty set then we call a finite family {S7,...,S,}
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of nonempty subsets of S a partition of S if S; NS; = () whenever ¢ # j and
U?zl S; = S. If X is a Banach space then Bx denotes the closed unit ball of
X. If Y is another Banach space then X ~ Y means that X is isomorphic to
Y.

We will first provide a short proof of the fact that M is a Gj set in
C(K?). Let u be the canonical metric on K:

(@,1) 0 ifx =y,
m? = . . o .
ey 27" if ¥ # y and n € N is minimal, such that z(n) # y(n).

Define

A={feC(K?: f(x,x) = f(z,y) — f(y,2) =0 < f(z,y) + f(y,2) — f(=,2)
for all z,y,z € K},

and for n € N, define
B, ={f € C(K?) : f(x,y) > 0 whenever pu(z,y) >2""}.

The set A is clearly closed and hence G5 in C(K?), and the sets B, are
open by compactness. Therefore, the set AN (2| B, is Gs. Pick any d €
AN, B, and observe that d is a metric on K. Let 7; be the topology on
K induced by d. Since for any « € K, the function d(z,-) is continuous on
K, BY(z) is open in the topology of K for any r > 0. Thus, 7 is a coarser
topology than the one on K. Therefore, any closed subset C' of K is compact
in 74, and is, therefore, closed, because 7, is Hausdorff. Thus, 7; agrees with
the topology on K, so d € M. As d was arbitrary, M = AN 2, B, and
so M is Gs.

The following is a crucial lemma that allows us to make a small change
to a given metric on K in a very flexible way.

Lemma 2.1. Suppose that d € M,e > 0,6 € (0,1] and K’ is a nonempty
clopen subset of K. Let {K1,..., K]} be an arbitrary partition of K’ into
clopen sets satisfying D(K]) < 5, and let ey, ..., e, € M be arbitrary. Then,
there exists d € M such that ld— JHOO <€ d and d agree on K\K', (KZ',J)
is proportional to (K, e;), and b(Kz’) <4 fori=1,...,n.

Proof. Let d € M,e >0, and K’ C K be given. Suppose that {K},..., K/}
is a partition of K’ satisfying

(2.1) D(K)) <

i , fori=1,...,n,

DO

and let ey, ...,e, € M be arbitrary. As each K/ is homeomorphic to K, we
can find a metric d; on K/ compatible with its topology such that (K, d;) is

isometric to (K, %DK()K;))Q). Hence,

(2.2) Dy(K!) = min(6, D(K?)).
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Now, define d: K2 — [0, 00) by

d(z,y), ife,ye K\ K/,
D(z,K}), ifxeK\K andy e K|,
d(z,y) ={ D(y,K!), ifreK andye K\K
di(z,y), if x,y € K| for some ¢,
D(K},K}) ifx e K,y € K} for i and j such that i # j.

We will now show that d is a metric on K. It is clearly symmetric and
satisfies 07(30711) = 0 if and only if z = y. To show the triangle inequality,
pick z,y,z € K. If z,y,2 € K\K’ or z,y,z € K/ for some i then the tri-
angle inequality follows from the triangle inequality for the metric d or d;,
respectively. We now consider the remaining cases:

Case 1: z,y € K\K' and z € K| for some 1.

We have

dw,y) = d(z,y) < d(z,2) + d(z,9) < d(z,2) +d(zy).
By compactness, there exists 2/ € K} such that c?( z) = d(z,7"). Thus,
+d

(y,2).

d(z,2) = d(w,2') < d(z,y) + d(y,2') < d(z,y) +
We can similarly show c?(y, z) < c?(y7 x) + J(:c, z).
Case 2: z € K\K’ and y, z € K/ for some 1.
As d(a: y) = d(x z), we have d(z,y) < d(z,z) + d(z,y) and d(x z) <
d(z,y) +d(y, ). Now let 3/, 2’ € K/ be such that D(K}) = d(y’, z"). We have
d(y, 2) = di(y, 2) < D(K]) by (2.2)
=d(y,2) <d(z,y') +d(',z) <d(z,y) +d(z, ).
Case 3: z € K\K',y € K| and z € K| with i # j.
Let y' € K[ be such that c?(z:,y) =d(z,y’). We have
d(w,y) = d(z,y/) < d(x,2) +d(2,y) < d(z,2) +d(z).
Similarly, d(z,z) < d(z,y) + d(y, z). Now let y; € K/ and 2, € K be such
that cz(y, z) = d(y1,21). We have
dly, =) = d(yr, 21) < d(yn, ) +d(w, 21) < dly,2) +d(x,2).

Case 4: z,y € K] and z € K, where i # j.
Let 2/,y" € K| be such that d(z',y") = D(K]). We have
d(z,y) = di(w,y) < D(K]) by (2.2)
=d(z',y) <d(z',2) +d(z,y) <d(z,z)+d(zy).
Also
d(x,2) = d(y.2) < d(y) + d(y, =),

and similarly J(y, z) < cZ(y, x) + J(x, z).
Case 5: z € K|,y € K},z € Kj and 4, j and [ are distinct.
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Let 2’ € K] and y' € K7} be such that d(z,y) = d(z',y'). We have
d(z.y) = d(2'y) < d(a',2) + d(z,y/) < dlx,2) +d(z,y).

Therefore, d is a metric on K. Also, d is continuous on K2 because it is
continuous on each set of the form K] x K7, K x (K\K') and (K\K') x K.
Therefore, similarly as in the proof that M is G, we conclude that de M.
To show ||d — d||c < €, pick 2,y € K. If z,y € K\K' then d(z,y) = d(z,y).
If x € K\K' and y € K for some i, then let y' € K/ be such that d(z,y) =
d(z,y’). Then

|d(3c,y) - d(m,y)| = |d(x,y/) - d($7y)| < d(@/?y/) <
by (2.1). If 2,y € K for some i then

|d(.’E,y) - d(l’,y)| < d((E,y) + d(.’E, y) = dl(xa y) + d(l’,y) <,
by (2.1) and (2.2). Finally, if z € K[,y € K} for i # j thenlet 2’ € K|,y € K]
be such that d(z,y) = d(z’,y’). We have

|d(z,y) — d(z,y)| = |d(x/7y,) —d(z,y)| < d(n@x’) + d(y, y/) <é
by (2.1). The last assertion of the lemma follows from (2.2). O

b

[N e

Remark 2.2. Note that the metric d satisfies d(z, y) > d(z,y) whenever z,y €
K and x,y do not both belong to K| for any i =1,...,n.

Corollary 2.3. Let d € M,e > 0, and K/ C K be a clopen subset. Then,
there exists a partition {Ky,...,K,} of K' consisting of clopen sets such
that, for any arbitrary ey, ..., e, € M, there exists a metric d € M such that
|d—d|ls <€, d and d agree on K\ K', and (K;,d) is proportional to (K, e;)
foreachi=1,... . n.

Proof. Let d € M,e > 0 and K’ be given. Using the compactness of K’
and the fact that each point in K’ has a local base for its topology con-
sisting of clopen neighbourhoods, we can find a cover Cy,...,C, of K’ such
that C; is clopen and D(C;) < § for each i = 1,...,p. Now inductively de-
fine Ki = Cy and K{,; = Ci11\Uj—, K. By dismissing any empty K we
obtain a partition {K7,..., K/} of K’ (where n < p), consisting of clopen
sets satisfying D(K]) < § for each i = 1,...,n. Now, if e1,...,e, € M
are arbitrary, the corollary follows from an application of Lemma 2.1 with
0=1. O

We will also need the following results.

Lemma 2.4. Suppose that d € M and (d,), € M are such that d, — d
uniformly. Let (M, p) be a compact metric space, L > 0 and h,: K — M
be functions such that Lipy, ,(hn) < L for each n € N. Then there erists a
subsequence (hn,)i of (hn)n and a function h: K — M such that Lip, ,(h) <
L and hy,, — h uniformly on K as i — oco. Furthermore,
(1) if J >0 and hy, is bilipschitz with Lip, 4 (h,') < J for all n, then h is
bilipschitz with Lipmd(h’l) < J,
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(2) if hy, is surjective for all n, then h is surjective.

Proof. We will show that the functions (h,,), are d-p-equicontinuous. Pick
€ > 0, and pick n € N such that ||dx — d||c < 55 for & > n. Then, for k > n
and z,y € K such that d(z,y) < 55,

p(In@) (W) < Ldu(w,y) < L (7 +dlay)) < e

Therefore, (hy), is equicontiuous on (K, d). By the Arzela-Ascoli theorem,
there exists a continuous h: K — M and a subsequence (hy,;); of (h, ), such
that h,, — h uniformly. For x,y € K,

p(n(@), h()) = lim p(ho, (@), b, (1)) < Tim Ldy, (2, ) = Ld(z, ).

11— 00 11— 00

Hence, Lip, ,(h) < L.
If J > 0 and h,, is bilipschitz with Lip, 4 (h, ) < J for all n € N, then,
similarly as previously we can show that h is bilipschitz with Lipp’d(h_l) <J.
Now assume the h,, are surjective. Pick y € M, and let ¢ > 0. Choose
i € N such that ||h — hg,|lcc < €. If hg, (z) =y, then |h(z) — y| < e. As € was
arbitrary, y is a limit point of h(K). Since h(K) is compact, y € h(K) and h
is surjective. 0

Proposition 2.5. Let d € M, xq be the base point of (K,d) and {K1,..., Ky}
be a partition of K consisting of clopen sets. If K| = K;U{xo} fori=1,...,n
then

f(K,d) Zf(Ki,d) P1...P1 f(K;l,d).

Proof. Let xy be the base point of each K as well. We define the bounded

~

linear operator T': Lip, (K, d) — Lipy(K1,d) oo - - - Poo Lipy (K}, d) by

T(f) = (flxps-- - fliy)-

It is easy to see that T is surjective. Pick z,y € K,z # y. If z,y € K, for
some 7 then clearly M <||T(f)| for each f € Lipy(K,d). Otherwise,

d(w,y) > miniz; d(Ki,(;(?)y)Zt b, so
If(@) = f)l _ 4 »
T d(zy) <b (If(x)\ + |f(y>|) < 27 D(K)||T(f)|.

Therefore, || f|| < max (1,2b*1D(K))||T(f)|| for each f € Lipy(K,d), which

shows that T is an isomorphism. It is not hard to see that T is the adjoint
of the operator T : F(Ki,d) ®1 ... 01 F(K),d) — F(K,d),

Te(V1y ooy Un) =11+ ..o+ Un,

(the spaces F (K, d)) are seen as subspaces of F(K, d), by [20, Theorem 3.7]).
Therefore, T, is the required isomorphism. O

Theorem 2.6. (Grothendieck) If X is a separable dual Banach space with the
AP then X has the MAP.
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A proof of the previous theorem can be found in e.g. [16, Theorem
l.e.15]. Finally, in this section, we give a useful criterion, due to Godefroy,
for the A-BAP of free spaces over compact metric spaces in terms of ‘almost-
extension’ operators [9, Theorem 3.2] (also [8, Theorem 1]). We will need one
of the several equivalent conditions for the A-BAP stated in [9, Theorem 3.2].
For a finite subset M’ C M of a compact metric space M, and € > 0, we
say that M’ is e-dense in M if for every y € M there is an x € M’ such
that d(y,z) < e. Note that if (M,,),, is an increasing sequence (with respect
to inclusion) of finite subsets of M such that | J;—; M, is dense in M, then
there exists a sequence (€,,), of positive numbers tending to 0 such that M,
is €,-dense in M for all n € N.

Theorem 2.7. Let M be a compact metric space and (My,), be a sequence of
finite €, -dense subsets of M with lim,, .o, €, = 0. Then, F(M) has the \-BAP
if and only if there is a sequence (T, of operators Ty, : Lipy(M,,) — Lipy(M)
such that |T,|| < X for all n and

lim sup |75 (f)|a,, — flloe = 0.

nmee JE€BLipg (Mn)

3. Topological Properties of A*, A; and P

In this section we give our main results. We will first prove that A* is an F,;
set in M for any A > 1. Fix a dense sequence of distinct elements (x,)5%

in K. For n € N, define 4,, = {21,...,z,}, and for n € N;A > 1 and € > 0,
define

B,);’E = {d € M : there exists T: Lipy(A4,,d) — Lipy(K,d) such that
1T <A and suppep,, o I(TF)la, = flleo < €}

Proposition 3.1. The set B, . is closed in M for eachn € N,e > 0 and A > 1.
Proof. Fix some n € N,e > 0 and X > 1. Let (dg)x be a sequence in B, , con-
verging to d € M. For each k € N, pick some T} : Lipy (A, d) — Lipy (K, dg)

such that |T;| < A and

sup  |[(T%f)

JFE€BLipg(An,dy)

A, — [l < e

Fix an m € N,m > n. We consider the sequence of operators (S;)32 |,
where Sy : Lipg(An,d) — Lipy(An,d) is defined by Si(f) = Tr(f)|a,,. As
dy, — d uniformly and A,, is finite, it is not hard to see that (||Sk||)52; is
a bounded sequence. Therefore, by compactness, (Si); has a subsequence
(Sk,); which converges to an operator P,,: Lipy(A,,d) — Lipy(Am,d). For
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any f € Lipy(An,d), we have Lip,(f) = lim; .o Lip,, (f) and for z,y € A,,,

[P (f)(2) = P () (9)]
Jim [ Sk, (£)(x) = Sk, (Hy)l = lim [Tk, (f)(z) = T, (H ()]

limsup Lip 4, (Th,(f))d, (w,y) <limsup [Ty, | Lip 4, (f)dx,(2,y)
j—o0 Jj—00

< ALip o(f)d(@, y)-
Therefore, | P, | < A. It is also clear that

s (P, — Fle <
€DBLipy(Ap,d)

Now, fix a basis fi,..., fn—1 of Lipg(An,d) with ||fi]| = 1 for all ¢ €
{1,...,n — 1}. For each ¢ and m > n extend the function P, (f;) to (K,d)
without increasing its Lipschitz constant, by McShane’s extension theorem
[20, Theorem 1.33]. Now for ¢ € {1,...,n — 1}, consider the sequence
(P (fi))m=n+1 € ABLip, (i,4)- By the Arzela-Ascoli theorem, we can obtain a
subsequence (P,;)52, of (P )p—, 1 such that P, (f;) converges uniformly
to some continuous function T'(f;) on K, for all i € {1,...,n — 1}. Since for
z,y € K,

IT(fi) (@) = T () )l =l [P, (fi) (@) = P, (fi) (y)] < Ad(,),

we conclude that T'(f;) € ABLip, (k,q) for alli € {1,...,n —1}. We extend T'
by linearity to Lipy(Ax, d).
For each p € N and each i = {1,...,n — 1}, we have

T(fi)(wp) = N P, (fi)()-

Therefore, by linearity, T(f)(z,) = limj_o Py, (f)(z,) for each
[ € Lipg(A,,d). Now, let p,l € N, p < [. Then x,,7; € A,,; whenever
m; > [, hence

(T1)(zp) = (L))l = i [(Pon, [)(@p) = (P, ) (1)

< ALip o(f)d(wp, 21).

From the fact that (z,,)72; is dense in K follows that Lip,(T'(f)) < A Lip,(f),

and so ||T|| < A. Also, it is not hard to see that
sup  [(T(f))a, = fllo < e

J€BLipy(An.a)

Therefore, d € Bﬁ,e and Bé,e is closed. O

IN

Remark 3.2. In the second part of the previous proof, extending P,,(f;) by
McShane’s extension theorem is done for convenience rather than necessity.
Alternatively, we can define T'f only on the set {x,, : n € N} and then extend
to K using the density of {z,, : n € N}.

Proposition 3.3. The set A is F,5 in M for any A > 1.
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Proof. According to Theorem 2.7 with M = K, M,, = A,,, n € N, F(K,d)
has the A-BAP if and only if there exists a sequence («,), of positive real
numbers converging to 0 such that d € Bﬁ’an for all n € N. This is
equivalent to

Vk € N3ng e NVn>ng, de B, 1,

or
dceN U N By
keNngeNn>ng
Now the statement follows from Proposition 3.1. O

For a € 2<N (that is, a is a finite sequence of 0s and 1s) and n € N,
let I(a) denote the length of a, and define R, = {a € 2<N : I(a) = n}, and
Co={r € K : x|q12, 1)) = a}. Each C, is a clopen subset of K with
diam, (C,) = 2-Ua)=1 "and, for each n € N, K is the disjoint union of the sets
{C, : a € R,}. For each a € 2<N let r, = (a(1),...,a(l(a)),0,0,...) € K.
For d € M and n € N, we define T?: Lipy({r, : a € R,,},d) — Lipy(K,d) by
T(f)(x) = f(re| o) Also define

d D(Ca7 Ob)

,,,,,

: max = ————.
An a,b€ Ry ,a#b d(Ca, Cb)
Lemma 3.4. The operator TY satisfies | T4|| < x¢.

Proof. Let f € Lipy({r, : a € R,},d), Lip(f) <1,and z,y € K. If z,y € C,
for some a € R, then T(f)(x) = T4(f)(y). If x € Cy,y € Cp where a,b €
R,,a # b, then

(T4 @)~ THN) 1) = F0)] _ dram) _ D(Ca, Cy)
d(.l?, y) d({L‘7 y) B d(l‘7 y) - d(Oaa Cb) .
Therefore || 74| < x4. O

Define U,, = {d € M : x% <1+ 1} for each n € N. It is clear that U,
is open in M.

Proposition 3.5. For each ng € N, Uflo:no U, is dense and open in M.

Proof. Let ng € N. Obviously J,_, U, is open. Pick d € M and ¢ > 0.
By compactness of K, we can find n > ng such that d(z,y) < § whenever
w(x,y) < 27" x,y € K. We then have D(C,) < § for all @ € R, (strict
inequality holds by compactness of C,). Apply Lemma 2.1 to d,e,d = 1,
K’ = K, the partition {C, : a € R, } of K’, and ¢; = p for all i. We obtain
a metric d such that |d — d|js < €. By the definition of d in Lemma 2.1, for
a,b € Ry,a#b,

D(Cy, Cy) = D(Ca, Cy) = d(Cy, Cy).
Hence ij =1, and so de U,. 0

We are now ready to prove the main results.
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Proof of Theorem 1.1. By Proposition 3.3, it suffices to prove that Al is
residual, and by Proposition 3.5, it suffices to prove

N U U.cA.

no=1n=ng
If d is in the set on the left-hand side, then there exists an increasing sequence
of natural numbers ny < ny < ... such that d € Uy, for all i. Then, [T || <
1+ i for all 4, by Lemma 3. 4 It is easy to see that the last condition of
Theorem 2.7 holds for M = K, the subsets M; = {r, : a € R,,}, and the

d

Hid p for i € N, since (TE (f)|m, = [ for all f € Lipy(M;,d), and

|7 || — 1. As Us2, M; is dense in K, by Theorem 2.7 we obtaind € A'. [

operators

Proof of Proposition 1.2. The fact that Ay is meager follows from Theorem
1.1. To show it is dense, let d € M and € > 0. By [13, Corollary 2.2] there
exists d’ € Ay. According to Corollary 2.3 with K’ = K and e; = d’ for all ¢,
there exists d € M and a partition {K1,...,K,} of K consisting of clopen
sets such that ||d — d|js < € and (K;,d) is proportional to (K,d'). According
to Proposition 2.5,

F(K,d) = F(K},d) @1 ... & F(K,,d),
where K = K; U {0} and o is the base point of K. Since proportional
metric spaces have isometrically isomorphic free spaces, F (Kl,d) fails the

AP. As F(K;q, ) has codimension 1 in F(K7, d) we have that F (K7, d) fails
the AP as well. Hence, F(K, d) fails the AP. O

We now state and prove some properties of the set P of metrics d for
which (K, d) is purely l-unrectifiable. Denote by A the Lebesgue measure
on R.

Proposition 3.6. The set P is G5 in M.
Proof. For m,k € N define
Vink = {d € M : there exists a compact K’ C K and h: K’ — R,
such that m~'d(z,y) < |h(z) — h(y)| < md(z,y)
for all z,y € K’, and A(h(K")) > k*l}.

We will prove that V,,  is closed. Let (dp)nen C Vin i converge uniformly to
d € M, and let K/ and h,,: K/, — R be the compact set and bilipschitz func-
tion, respectively, associated to d, for each n € N. By taking a subsequence,
we can assume that the K, converge to a compact set K’ C K (in the Vietoris
topology of R). We extend each function h,, to a function (again denoted by
hy) on K by [20, Theorem 1.33], while preserving its Lipschitz constant with
respect to d,,. We can assume, by translation, that h,(0,0,...) = 0 for each
n. As the diameters of (K, d,) are uniformly bounded, the sets h, (K) are
all contained in some fixed bounded interval. By Lemma 2.4, there exists
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a subsequence (hy,); converging uniformly to a function h: K — R with
Lipy(h) < m.

Now, let z,y € K’ be arbitrary and let (z;);, (y;); C K converge to x
and y, respectively, and be such that z;,y; € K;LI_ for each i € N. Let € > 0
and pick 7 such that

d(.]?, xi)a d(ya yl)a ”h - hTMHOO’ ||d - d7h HOO <€
Then

|h(z) = h(y)| = |h(z;) — h(ys)| — [h(z) — h(z3)| — |h(y) — h(yi)]
> [h(@i) — h(yi)| — 2me > |hn, (¥5) = hn, (yi)] — (24 2m)e
> mdy, (zi,y;) — (2 + 2m)e

>mtd(xg,y;) — <2 +2m+ m_1>e
> mil(d(xa y) —d(z,z;) —d(y,vi)) — (2 +2m + ml)e

>m ™ td(z,y) — (2 +2m+ 3m1)e.

As € was arbitrary, we get |h(z) — h(y)| > m~'d(x,y). This means that h
satisfies the bilipschitz condition in the definition of V;, 5 on the set K.

To show that A(R(K")) > k™1, pick € > 0 and set U = Bl (h(K")).
We have that h~1(U) is an open set in K containing K’. Choose i such that
K}, Ch ' (U) and |h — hy,|ls < €. Then

ha (K, € BI((K,) € BI(U) € Byl(h(K")).

Hence, A(Blzl(h(K/))) > A(hy,(K},)) > k7. As € was arbitrary, we get
that A(h(K")) > k='. Therefore, d € V,,, x and so Vj, . is closed. As M\P =
Um,keN Vin,k, we have that M\P is F,,, and so P is G;. O

Proposition 3.7. The set P is dense in M.

Proof. Let d € M and € > 0 be arbitrary. It is not hard to see that (K, u)
is uniformly disconnected. By [20, Corollary 4.39 (ii)], F(K,p) is a dual
space. Then by [1, Theorem B], (K, u) is purely l-unrectifiable. According
to Corollary 2.3 applied to d, ¢, K’ = K and e; = p for all 4, there exists a
partition {Ky,..., K,} of K consisting of clopen sets, and a metric de M,
such that ||J—d||OO < eand (K, J) is proportional to (K, u) for all i. Therefore,
each (K;, J) is purely l-unrectifiable. Hence, it is not hard to see that (K J)
is also purely 1-unrectifiable. O

Proposition 3.8. The set M \ P is dense in M.

Proof. Let d € M and € > 0 be arbitrary. Let d’ € M be such that (K, d’) is
isometric to a Cantor subset of R of positive measure. Then, clearly (K,d’)
is not purely l-unrectifiable. According to Corollary 2.3 with K = K’ and
e; = d for all i, there exists d € M such that |d — d|e < € and (K, d)
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contains a clopen subset proportional to (K,d’). Then, (K, (f) is not purely
l-unrectifiable. g

Corollary 3.9. The set of metrics d for which F(K,d) is the dual space of
lipy (K, d) and both lipy(M) and F(M) have the MAP is residual in M.

Proof. Let G be the set of metrics in question. Clearly, G C A', and by
[1, Theorem B, G C P. Also, if d € P N A® then by [2, Proposition 3.5],
lipy (K, d) has the MAP, so d € G. Therefore, G = P N Al and the corollary
follows from Proposition 3.6, Proposition 3.7, and Theorem 1.1. O

4. Lipschitz Equivalence Classes

In this section, we consider subsets of M consisting of Lipschitz-equivalent
metrics, and describe some of their basic topological properties. For any d €
M, we consider the ‘Lipschitz equivalence class’ of metrics

Ey={d € M : there exists a surjection h: K — K and n > 0
such that n~td(z,y) < d'(h(z), h(y)) < nd(z,y)
for all x,y € K}.
Proposition 4.1. There is a family (d,) € M of size continuum such that
Eq, N Eq, = 0 whenever o # (3.

Proof. For each A € (0,1), let dy € M be such that (K,d)) is isometric to
the A\-middle-thirds Cantor subset of R. By [6, Exercise 2.14], the Hausdorff
dimension of (K, dy) for each X € (0,1) is 1g°g2 By [6, Corollary 2.4], there

is no bilipschitz surjection from (K, dy) to (K, dy ) for different A and X', and
the statement follows. O

Proposition 4.2. For each d € M, E; is a dense meager F, set in M.

Proof. Fixd e M. If d € M and € > 0 are arbitrary, we will show that there
exists a metric d € E, which is e-close to d. We apply Corollary 2.3 to (f,
K’ = K, and ¢, to get a partition K,..., K,, of K consisting of clopen sets.
Now if e; € M is such that (K, e;) is 1sometrlc to (K;,d) fori=1,...,n, then
by the same corollary, we obtain a metric d € M, such that ||d — d||OO <,
and (K, d) is proportional to (K, e;), and hence to (K;,d), for all i. It is not
hard to see that then d € E,4. Therefore, E; is dense in M.
Now for n € N, consider the set

= {d' € M : there exists a surjection h: K — K such that
n"td(z,y) < d(h(z),h(y)) < nd(z,y) for all x,y € K}.

Suppose that (di)52, is a sequence in E} converging to dy € M. Let hy: K —
K be the surjection associated with dj, for each k¥ € N. By Lemma 2.4,
there exists a surjective function h: K — K satisfying the condition in the
definition of E} with dy for d’. This shows that dy € E’} and so E7 is closed.
Since By = U, ey EY, Eq is I,. Moreover, E}} is nowhere dense because if
e € E4 then E, is dense in M and E. N E4 = (). Therefore E, is meager. [
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For a bounded metric space M, we define Lip(M) (resp. Lip(M,C))
to be the space of all real (resp. complex)-valued Lipschitz functions on M
equipped with the norm || f| = Lip(f) + ||f|lcc (the Lipschitz constant of
a complex-valued function is defined by the same supremum as for a real-
valued function). Under pointwise multiplication of functions, Lip(M) and
Lip(M,C) are Banach algebras. Note that by [20, Lemma 1.28], Lip(M, C)
is isomorphic to Lip(M) @ Lip(M) as a Banach space. We can also view
Lipy(M) as an algebra under pointwise multiplication, however the Lipschitz
constant is not submultiplicative. Instead, it satisfies Lip(fg) < || flooLip(g)+
llgllcoLip(f), which implies || fg| < 2diam(M)|| f|/|gll- Therefore the product
is continuous, which implies that there is an equivalent norm which is sub-
multiplicative. If X and Y are two algebras over the same field (R or C), then
we call amap h: X — Y an algebra isomorphism if h is linear, bijective, and
respects multiplication, i.e. h(zy) = h(z)h(y) for all z,y € X.

Corollary 4.3. There exists a family (dy,) € M of size continuum such that
there is no algebra isomorphism between Lip,(K, do) and Lip,(K,dg) when-
ever do, # dg.

Proof. Suppose that di,ds € M are such that there exists an algebra isomor-
phism h: Lipy(K,d;) — Lipg(K,ds). The map h: Lip(K,d;) — Lip(K,da),
given by E(/\lK + f) = Alg + h(f), is an algebra isomorphism, where A € R,
1k is the constant function on K equal to 1, and f € Lipy(K,d;). Then the
map il: Lip((K, dl)v(c) - Lip((K, dQ)a (C)v given by h(.f +ig) = h(f) +ih(g)7
is again an algebra isomorphism. Finally, by [18, Theorem 5.1], there exists a
bilipschitz surjection from (K, dy) to (K,ds), and the corollary follows from
Proposition 4.1. O

We do not know (in ZFC) whether there exists a family (d,) € M of
size continuum such that F (K, d,) is not linearly isomorphic to F (K, dg) for

a# fB.
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