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Abstract. In this paper, we establish the existence of a nonnegative non-
trivial weak solution for a fractional critical (p,q)-Laplacian problem
with discontinuous nonlinearity. The approach is based on suitable vari-
ational methods.

Mathematics Subject Classification. 35R11, 49J52, 35J92, 35B09, 35B33.

Keywords. Fractional nonlocal operators, discontinuous nonlinearity, crit-
ical exponent.

1. Introduction

In this paper, we focus on the existence of nonnegative weak solutions for the
following fractional problem:

{i_Aglsﬂu + (_A)22u S [i(u)7 f(u)] + ‘u u 1ﬁ IE}V\Q’ (1_1)

7,2

where Q C RY is a smooth bounded domain, 0 < s; < 59 < 1,1 < p < g <

%, qs, = ij gzq is the fractional critical exponent, f € L. (R) and

f(t):=limess inf f(7)
- e—0 t—1

|<e

\
and

f(t):=limess sup f(7).

e—0 [t—7|<e
For a € (0,1) and ¢ € (1,00), the fractional («,t)-Laplacian operator (—A)¢
is defined up to a normalizing positive constant by setting

|u(z) — uly)|"~

(=A)fu(z) :==2PV. P (u(z) = u(y))dy,

RN
for all v : RY — R smooth enough. We stress that fractional and nonlocal
operators are currently studied in the literature due to their importance in
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the description of several physical phenomena; see [5,22] for more details.
When the nonlinearity f : R — R is continuous, (1.1) falls within the realm
of the fractional (p, ¢)-Laplacian problems of the type

{ (=A)stu+ (=A)2u = g(z,u) inQ,

u=0 in RV\Q, (1.2)

where g(z,t) is a Carathéodory function in £ x R with subcritical or critical
growth as |t| — oco. For problems like (1.2), several existence and multiplicity
results appeared in the recent literature; see [8,14,27] and also [4,6,9,30] for
problems in RY. We notice that the fractional operator (—A)5" 4 (—A)32 in

q
(1.1) is nonhomogeneous in the sense that does not exist any o € R such that

[(—A)S + (—A)2)(tu) = t7[(—=A)3 + (=A)22](u)  for all £ > 0.

The fractional (p, g)-Laplacian operator can be considered as the fractional
counterpart of the (p, ¢)-Laplacian operator —A, — A, which appears in the
study of reaction-diffusion problems arising in biophysics, plasma physics,
and chemical reaction design; see [20]. More precisely, the prototype for these
problems can be written in the form

uy = div[D(u)Vu] 4 c(x,u), D(u) := |Vu|P~2 + |Vu|?"2 (1.3)

In this context, the function v in (1.3) denotes a concentration, div[D(u)Vu]
represents the diffusion with a diffusion coefficient D(u), and ¢(x,u) corre-
sponds to the reaction term related to source and loss processes. Some inter-
esting existence and multiplicity results for (p, ¢)-Laplacian problems can be
found in [10,12,24,29,35,38] and the references therein. On the other hand,
the functional associated to the (p, ¢)-Laplacian operator is a particular case
of the following double-phase functional

Fpgu:9) = /Q (IVul? + a(2)|Vul7) dz,

where 0 < a(z) € L (), which was introduced by Zhikov [39,40] to describe
the behavior of strongly anisotropic materials in the context of homogeniza-
tion phenomena. We also recall that, from a regularity point of view, F, 4
belongs to the class of nonuniformly elliptic functionals with nonstandard
growth conditions of (p, q)-type, according to Marcellini’s terminology. We
refer the interested reader to [32,33] for a more detailed discussion about
double-phase variational problems.

Along this paper, we assume that the nonlinearity f : R — R is a
measurable function such that f(¢) = 0 if ¢ < 0 and satisfies the following
conditions:

(f1) There are C > 0 and r € (q,¢,) such that
IfO)] <C@ -+t forallt € R.
(f2) There exists 6 € (q,q;,) such that
0<OF(t) <tf(t) forallteR,

where F(t) := fg f(r)dr.
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(f3) There is 8 > 0 that will be fixed later, such that
H(t—p) < f(t) forallteR,
where H is the Heaviside function, i.e.,
1 if¢t>0,
H(t)"{o if ¢ < 0.

(f1) limsup,_,q tq( ) — .

A typical example of a function satisfying the conditions (f1)—(f4) is given
by

0 if te (7007 §)7
1 if teQn(Z,p],
ft) =190 if t e (R\Q)N 0,43,

-1

S, I;':% if t>p,m>1and q € (q,4,).
Note that the above function has an uncountable set of discontinuity points.
We emphasize that elliptic boundary value problems involving discontinuous
nonlinearities have been widely investigated by several authors; see [1-3,11,
16,25,26] and the references therein. These problems can be used to deal
with free-boundary problems arising in mathematical physics, such as the
obstacle problem, the seepage surface problem and the Elenbaas equation;
see [17-19]. On the other hand, in nonlocal fractional framework, only a few
papers considered nonlinear problems with discontinuous nonlinearities (see
for instance [7,13,23,37]) but none of them involves the fractional (p,q)-
Laplacian operator. Strongly motivated by this fact, in this paper we aim
to obtain a first result for a critical fractional (p, ¢)-Laplacian problem with
discontinuous nonlinearity. More precisely, our main result can be stated as
follows.

Theorem 1.1. Assume that (f1)—(fs) hold. Then, (1.1) admits a nonnega-
tive nontrivial weak solution, namely, there exists a couple (u, p) where u €
Wi 1(Q)\{0} is a nonnegatwe function such that

[ ) =l ) g (ol) =) o,

|1; — y|N+81p
u(y)]12(u(@) — u(y)) (e(z) — p(y))
//Rw |z — y|N+s2a dady

= / pcpder/ lu|%: " 2upde  for all o € WE(K),
Q Q
and p € L7 () satisfies
p(x) € [f(u(z)), f(u(z))] a.e. in Q.

Moreover, the set {x € Q: u(x) > B} has positive measure.

The proof of Theorem 1.1 is obtained by following the strategy used in
[25]. More precisely, we combine the mountain pass theorem for non differen-
tiable functionals [21,28] and invoke the concentration-compactness lemma
by Lions [31] in the fractional setting; see [4,14,34]. However, due to the



288 Page 4 of 17 V. Ambrosio and D. Di Donato MJOM

nonlocal character of the involved nonlocal operators, several calculations
performed throughout the paper are much more elaborated with respect to
the case s;1 = s = 1 considered in [25]. Moreover, we are able to cover the
case 1 < p < ¢ which has not been attacked in [25] (where the authors as-
sumed 2 < p < q). Therefore, Theorem 1.1 extends and improves Theorem
1.1 in [25].

The paper is organized as follows. In Sect. 2 we fix the notations and
we collect some preliminary results about the fractional Sobolev spaces and
critical point theory for locally Lipschitz continuous functionals. In Sect. 3
we provide the proof of Theorem 1.1.

2. Preliminaries

Let s € (0,1) and p € (1,00). Assume N > sp. Denote by D*P(RY) the
completion of C2°(RY) with respect to

// )|pd dy
R2N |£L' — |N+ép ’

D¥P(RY) := {u € LP*(RY) : [u],, < o0},

or equivalently

where p} = Nj\i L - is the fractional critical exponent. Let us introduce the

fractional Sobolev space

WeP(RY) = {u € LP(RY) : [u],,p < oo}

endowed with the norm

1
lullsp = ([ulf, + lulp)”

It is well-known that W*P(R") is continuously embedded into Lf(R™) for
all t € [p,p?] and compactly embedded into L*(Bg) for all t € [p,p%) and for
all R > 0 (see [22]). Let

[U]p,p

Ssp =

s7

Let us introduce the space
WSP(Q) == {u € WSP(RYN) :u =0 in RV\Q}
equipped with the norm

[ullo,s.p = [u]sp-

We observe that W (Q) is continuously embedded into L!(RY) for all ¢ €
[p, pt] and compactly embedded into L*(RY) for all t € [p, p?); see [22]. Below
we recall the relation between W3"?(€) and W;*?(Q2) when 0 < 51 < s3 < 1
and 1 <p<q.
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Lemma 2.1. [14, Lemma 2.2] Let 0 < s; < s3 < 1,1 <p<q and Q C RN
be a smooth bounded domain in RN, where N > saq. Then, W5>9(Q) C
WSHP(Q) and there exists a constant C = C(|Q, N, p, q, s1,52) > 0 such that

0510 < llullo,ssgs  for all w € Wg=*(4).

[l

In view of Lemma 2.1, we deduce that the right space to study (1.1) is
Wi?(2). To deal with the critical growth of the nonlinearity in (1.1), we
will use the following variant of the concentration-compactness lemma [31]
established in [34] (see also [4,14] for related results).

Lemma 2.2. [34, Theorem 2.5] Let s € (0,1) and p € (1,00). Let (uy) be a
bounded sequence in W' (). Then, up to a subsequence, there exists u €
WyP(2), two Borel regular measures p and v, J denumerable, x; € Q, v; >0,
py >0 with p; +v; >0, j € J, such that

up, — u in WP(Q),  u, — u in LP(Q),

/ |un () — un(y)|

p *
|I—y‘N+5p dxdyiﬂ, |un Ps _\1/7

u(x) —u(y)|?
"= /RN wdxd% D Hibay g = ),
jeJ

v=|u

Pi oy Zujéxj, vj = v(z;),

jeJ
L*
P .
pj = Sspr;®  forall j € J,
where 51_7. is the Dirac mass at x;.

Hereafter, we collect some results about critical point theory for locally
Lipschitz continuous functionals; see [19,21,28] for more details.

Let X be a real Banach space endowed with the norm || -||. A functional
I: X — R is locally Lipschitz continuous (in short, I € Lip;..(X,R)) if for
each v € X we can find an open neighborhood V :=V,, C X of v and some
constant K := K, > 0 such that

[I(vy) — I(v2)| < K|lvg —wva]| for all vy,ve € V.
Let I € Lipjoc(X,R). The generalized directional derivative of I at u € X in
the direction v € X is defined as
I(u+h+ov)—I(u+h)

I°(u; v) := limsup .
h—00c|0 o

Therefore, I°(u;-) is continuous, convex and its subdifferential at z € X is
given by

OI%u; 2) := {p € X* : I°(u;v) > I°(u; 2) (v — 2)  for all v € X},

where (-, -) is the duality pairing between X* and X. The generalized gradient
of atue X is

OI(u) :={p € X*: {p,v) <I°u;v) forallve X}
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Because 1%(u;0) = 0, 0I(u) is the subdifferential of I°(u;-) at 0. We also
have the following facts:

O0I(u) C X* is convex, not empty and weak * -compact,

Au) 1= min |l x- : € DI(w)},

OI(u) = {I'(w)} if I € C*(X,R).
A point ug € X is a critical point of I if 0 € 9I(up). A number ¢ € R is a
critical value of T if there exists a critical point ug € X such that I(ug) = c.
We say that I satisfies the nonsmooth Palais—Smale condition at level ¢ € R
(nonsmooth (P.S).-condition for short), if every sequence (u,) C X such that

I(un) — cand A(u,) — 0 has a (strongly) convergent subsequence. We recall
the following variant of the mountain pass lemma.

Theorem 2.3. [19,28] Let X be a real Banach space and I € Lipio.(X,R)

with I(0) = 0. Assume that there exist a,r > 0 and e € X such that
(i) I(u) > « for allu € X such that ||ul| =,
(ii) I(e) <0 and |e|| > r.

Let

c:= Alfren; tren[gﬁ] I(y(t)) and T := {y € C°([0,1], X) : v(0) = 0 and I(y(1)) < 0}.

Then ¢ > « and there is a sequence (u,) C X (named a nonsmooth (PS).-
sequence) such that

I(uy) — ¢ and A(u,) — 0.

If, in addition, I satisfies the nonsmooth (PS).-condition, then ¢ is a critical
value of I.

Finally, we have the following result.
Proposition 2.4. [19,28] Let ¥(u) := [, F(u)dx. Then, ¥ € Lipioc(LPT1(2),R)
and 8¥(u) C L7-1 (RN). Moreover, if p € 0% (u), we have
(@) € [ (u(@)), Flu(z))] for a.e. v e

3. Proof of Theorem 1.1

We will look for nonnegative weak solutions of (1.1) by finding critical points
of the Euler-Lagrange functional I : W;*(Q) — R given by

I(u) = Q(u) — ¥(u),
where
S T Lo 1 +)455
Q(u) T 1;”“”0,51,;0 + 6”“”0,32,(1 - qT Q(u ) €T,

S2
and

U(u) := / F(u)dz.
Q
Note that I € Lip,.(W5*?(2),R) and
I(u) ={Q" (u)} — 0¥ (u) for all u € Wy>(Q),
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where

- [ e w2 (u(e) — uw)(el@) — o)

|z — y|[NFsp

[u(z) — u(y)|**(u(@) —uy))(p(z) — ¢y))
+ //R2N dzdy

|1~ — y|N+52¢1
Q

Lemma 3.1. The functional I satisfies the (PS). condition for

11 Y
c < (9 - q*> 5522’2.

52

Proof. Let (u,) C W5*%(2) be a (PS).-sequence of I, namely
I(u,) ¢ and  A(u,) — 0. (3.1)
Take (wy,) C OI(uy) such that
l[wnlls = Aun) = o0n(1),

and
Wn = Q/(un) — Pns
where p, € 0T (uy,).

Claim 1. (u,) is bounded in W3*9(Q).
We observe that (fz) gives
1 1
gPn(@)un(@) = 5 f(un(@))un(7) = F(un())
for all n € N and for a.e. z € Q.

Then we have

1
et 14 flullo,sz.g 2 I(un) = 5 (wn, un)

1 1 1 *
> 7”“”’1”:8,51,;0 + 7””"”8,32,(] - /(ui)qszdw _/ F(u")dx
p q Q Q

*
qs,

1 1 1 [ g 1
= gl erp = GllunlEns+ 5 [ )2+ 5 [ prada

_ <% - é) lunl® o, + G - %) 16,524
Jr/ﬂ <%pnun - F(un)) dz + <% - q;) /Q(u:)qzzdx

> (% - é) wnllf s, »+ G - %) [ [
(g foor

1 1
> (5) loalln




288 Page 8 of 17 V. Ambrosio and D. Di Donato MJOM

where we have used 6 > ¢ > p. Therefore, (u,) is bounded in W§>(€2). Note
that, by Lemma 2.1, (u,,) is also bounded in W;**(£2). Up to a subsequence,
we may assume that

up, — u in Wy29(Q),
u, — uin LYRY) for all t € [1,¢7,), (3.2)

Uy — U a.e. in RY.

Claim 2. u, — 0 in W;>%(Q) and (u;}) is a (PS).-sequence for I. Here
2t := max{r,0} and = := min{x,0} for z € R.

Using (wp,u,, ) = on(1), f(t) =0 for ¢ <0, and observing that
le —y| 2 (z—y)(a” —y ) >|z” —y | forallz,y € Randt > 1,

we deduce that

() — i (9) P o
//]RzN |1‘ — y|N+51P (un({L‘) - u"(y))(un (CL‘) — U, (y))dxdy

s [[ D O ) @) @)~ o )z
eon |x—y|N+52q n n\Y n n\Y Y

Ju, (z) — uyy (y)|? // lu, () — uy, (y)]?
—//w |x—y|N+sw TIF | Jon  Jz— g Y

which implies that u,, — 0 in W;>9(Q). In particular, (u,}}) is bounded in
Wy29(Q). Combining I(u,) — ¢, u, = uft +u,, u;, — 0 in W3»%(Q2), and
the Brezis—Lieb lemma [15], we obtain

¢+ on(1) = I(uy) = I(uy) + on(1),

that is I(u,7) — c. Let us now show that A(u,7) — 0. Take ¢ € W;*?(Q) such
that ||@]|0,s,,¢ < 1. Let s € {s1,s2} and t € {p, ¢}. Define

‘//Rzz\r |un |:17 y|N(+s)t|t_ (u"(x) - un(y))((b(x) - ¢(y))d3§dy

no

/ / [ (@) = un W7 )t ) () — o)) dady
. |$ y|N+at n " '

In light of A(u,) — 0, to prove that A(u,}) — 0, it suffices to verify that
A, — 0. Let us recall the following inequalities (see [36]):

- Cllal + |yl —y] i ¢ >2
t—2, . t—2 _ )
(el =2 =2 - < { G M) ISSINCE)

for all z,y € RY. Assume ¢ > 2. Using the first relation in (3.3), z —2" = 2~
for all 2 € R, the Holder inequality, u;, — 0 in W"'(Q) and (u;}) is bounded
in WSH(RY), we see that

A <C//RZN enlt) =t e (0 = O 0) - s o)

y)|dady
< O[un]s,tQ[u;]S,t[Qﬁ]s,t < C[UHZEZ — 0.
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Suppose 1 < t < 2. Then, exploiting the second relation in (3.3), v —a+ = 2~
for all # € R, the Holder inequality and u;, — 0 in W'*(€2), we have that

N T |
avsc [ O~ o)ldady < Clus sy o)
< C[ n]s St — 0.

Therefore, A, — 0 and so (u;}) is a (PS).-sequence for I. Thus we may
assume that u, > 0 in RY for all n € N. Clearly, v > 0 in RY.

a; *
/unzdx—> / ulsz dx.
Q Q

Invoking Lemma 2.2, we can find a denumerable set J, sequences (z;) C
Q, (u)), (vj) C [0,00), j € J, such that gj +v; > 0 and

Claim 3. It holds

|un( ) un( )| N €5y N
/RN Wdl‘dy Mty  Un v, (34)

and we have

|u(z) — uly)|®
nz /RN dedﬁzﬂy )
jed
v=ul + Z Vil (3.5)
JjeJ
L

5'52_111/;':2 <pwp; foralljeJ

Fix j € J. For p > 0, define ¢,(z) := ¢(**), where ¢ € C°(R") is such
that 0 < ¢ < 1,% = 1 in By(0), ¢ = 0 in R¥N\B,(0) and |Vb|oe < 2. Since
(unt,) is bounded in W3>(Q), we have

on (1) = (wn, untby)

Un (L) — Unp p—2
= [ e e ) = ) () — 0 1) ()l

o=y

+ [ et R ) — ) (0 0) — ()0 0kl

|x — y‘N‘f’SZ‘Z

—/ uZ;’prdx—/pnwpund%
Q Ja

whence

|un () — un(y)|” // |un () — un(y)|?
//]R2N |IL'* |N+51P djp dxdy—i— R2N |ZL'* |N+S2q ’(/} (:c)dxdy

Un (7) — uy (y) P2
—— [ e ) — ) 00) = ) ()l

] e () = ) o) = ) ()l

+/Un521/1pd:17+/p7l¢pund$+0n(1)~
Q Q
(3.6)
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Notice that, by (3.4) and (3.5),

e Nép) Uy(e)dedy 20 forall n e N,

R2N - !

) un y)P

nlggo//RzN | |CE— N+§2q)| (P (z)dzdy (3.7)

u(y)[”
/ vodp 2 //Rm |Z‘—y|N+92q To = e Y+ Hye

On the other hand, using the Holder inequality and the boundedness of (u,)
in WitP(Q),

up () — p—2
| // 2N| e () = ) 0) = () 1)y

ey <//RN |¢|px - y|N+s(1p) 2E >pdwdy>;
= (//]R?N Wﬂx— N+s(1p)| |un(y )|pdxdy);.

Thanks to [4, Lemma 2.3], we see that

- %o ()] Pdady —
ti i [ sy <o,

and so

Up, —up(y)|P2
g iy [ O ) )00

—¥p(y))un(y)dzdy = 0. (3.8)

In a similar fashion,

N [un () — un(y)]7 u .
ey / N |$ e (e () — (1) (0 2)

—1,(y))un(y)dedy = 0. (3.9)
Now, by (f1), we see that

0 < pu(x) < O+ (uy(x))"™) forall n € N and for a.e. 2 € Q. (3.10)

’/ pnwpundx’ <C [/ szunder/ wpu:de}
B2, (0) Q Q

and exploiting (3.2) and the fact that ¢) has compact support, we infer

Hence,

(3.11) lim lim prtpundr = 0.
p—0n—oo B, (0)

Finally, due to (3.4) and (3.5), we have

n—oo

lim u;]fzz/)pdx = / Y,dy = / uq:21/)pd:v+1/j. (3.12)
Q Q Q
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Combining (3.6)—(3.12), we obtain u; < v; which together with (3.5) yields
N N

q

v > ,5’32,qu;;2, that is, v; = 0 either v; > S;ﬁ?]. If the relation v; > S@
holds for some j € J, then

n—oo

n—oo

and letting p — 0 we find

1 1)\
e> (2 - — S;Q,q
(9 Q> >

which gives a contradiction. Therefore, ; = 0 for all j € J, and this proves
the claim.

Claim 4. u,, — u in W;>7(Q).

Note that Claim 3 and the Brezis—Lieb lemma [15] yield

o1
/uf{f2 (un —u)dx
Q

_ -1
< / |un|q:2 1|un —u|dz < |up — u|q;«2 |un|Zi2 = o, (1).
Q 52

(3.13)
On the other hand, (3.10) and the boundedness of (u,) in L"(€2) ensure that
(pn) is bounded in L™/("=1(Q) because

/ lonl/ "V da < c/ (Lt Jun )"V de < &y / (14 [un|") dz < C1]Q| + Cs.
Q Q Q

Hence, by Holder inequality, we have that
[ patin =)@ < 1palepo-plun =l

and exploiting Claim 3 and the boundedness of (p,) in L71(Q), we arrive
at

/ pn(un —u)dz = 0,(1). (3.14)
Q

Now, since (u,, —u) is bounded in W5*%(2) and ||w,,|| = 0, (1), we know that
(wp, Uy, — u) = 0, (1). Let us recall the following inequalities (see [36]):

(3.15)

-yl < Cllz[* 2z — [yl 2y, 2 — y) if t >2,
T — . .
IS Olalt=2 — [y, 2 — )]s (Jaft + [y1) 5 i1 <t<2,
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for all z,y € RY. In particular, (|z|' =2z — |y|'~2y,x —y) > 0 for all 7,y € RY
and ¢ > 1. Then, using (3.13) and (3.14), we have that

OS// , |Un(90)—un(y)lq”(w(w)—un(y))((Un(ﬂc)—U(w))—(un(y)—U(y)))dxdy

\:p — y|N+52q

[ ) = w2 ae) = ) nfe) = o)) = (1) = w0
R2N

o — y| N +s21

// |tn (@) = wn (Y)[P 72 (un (2) = un () (un(z) = u(@)) = (un(y) — W) 4y
R2N

o — g

_ // |u(z) — u()[P~2(u(z) — uy)) ((un (@) — u(z) — (un(y) — wW)) 41y
RZV

|z — y|[N+sip

dxdy

|un (2) = un ()]77 2 (un () — un(y))((un(z) — u(z)) = (un(y) — u(y)))
“ /..

|z — y|N+s2a

[ o) = el ae) = ) () = o) = (1) = )

|$ — y|N+52q

= // |un () = un (Y)|P~2(Un (2) = un () ((un (@) — u(z)) = (un(y) — u(y))) dady

o=y

b ) = @ ) — 0t ) =) = 100 U

|z — y|N+s24

*/ UZ _1(un —u)dz f/ pn(Un —u)dz + 0, (1)
Q Q

= (wnaun - u> +0n(1) = On(1)7
from which

// [ () = un ()12 (i (2) = un (W) ((un (2) = u(@)) = (uny) = w@®)) 4 4
R2N

@ — y[N T

// — ()| 72 (@)~ w)(n () — u(@)) = (unly) — @) 0o
]R}N

‘x — y‘N+S2q

Now, if ¢ > 2, it follows from the first relation in (3.15) that ||u,—ul|o,s,,¢ — 0.
When 1 < ¢ < 2, we use the second relation in (3.15) and the boundedness
of (uy,) in W3>?(Q2) to deduce that ||u, —ul|o,s,,q — 0. In conclusion, u, — u
in Wg»(Q). O
The next lemma will be used to choose the constant 3 > 0 in (f3).

Lemma 3.2. (i) There are v € W3*%(Q) and T > 0 such that

I(tv) < c. 3.16
e, (tv) <c (3.16)

(ii) There are v,7 > 0 such that I(u) > 7 for all w € Wy*9(Q) with
HU'HO,SQJZ =7
(iii) There is e € W5 9(Q) such that ||e||o,s,,q > 7 and I(e) < 0.

Proof. Take v € C§°(2) such that v > 0, v # 0 and ||v||0,s,,¢ = 1. Let us
consider the continuous function g : [0,00) — R defined as
e g%

g(t) = || VIG5, + P v

.

s,
2.

az,

It is easy to check that g is increasing in (0,t¢.) for some t, > 0. Since
g(t) = o(t) as t — 0, we can select T' > 0 such tat
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(1) T < ts,
(2) maxejo,rg(t) < g(T) <c,
(3) g(T) =T [,vdx <0.

In order to prove (i), we observe that

I(to) = HCI T / 2

qéde—/F( v)dx

<! || 16 oo
il L
b g,
= g(t) < max ¢g(1) < g(T) <c foralltel0,T].

T€[0,T]

Consequently, (3.16) holds.
Using the growth assumptions on f and the Sobolev embeddings, we
deduce that there are Cy,Cs,C3 > 0 such that
qaz r
0;2;(1 - CSHUHO,SZ#I'

I(u) = Culullg 5,4 = Callu

Recalling that ¢ < 7 < ¢f,, we easily deduce that (ii) is valid.
Finally, we prove (iii). Using (f3), we see that

1 1 *
IT0) = L0l 0+ 2 IT0 g~ o [ (T0)rdo— [ P(To)da
q qs, J2 Q
:g(T)—/F(Tv)dx
Q
<g1) - [ (To- )t
Q

Since [,(Tv — B)Tdzx — [,Tvdz as 3 — 0, there exists § > 0 small such
that I(Tv) < 0. O

Now we are ready to give the proof of Theorem 1.1.

Proof of Theorem 1.1. In light of Lemmas 3.1 and 3.2, we can apply The-
orem 2.3 to infer that (1.1) admits a nonnegative weak solution (u,p) €
W§9(Q) x L71 (). Finally, we verify that the set

{zx € Q : u(z) > [}

has positive measures. Suppose, by contradiction, that u(z) < § a.e. in Q.
Then, since u is a solution of (1.1), we deduce that

Wl + lulds, o = /Q puds + /Q uths de.

Now, using (f1), we have

||U||0 ,52,q S Hu”[) ,81,p + ||u||g,52,q

:/pud:ch/uq:z dz
Q Q

§C/(u+ur)dx+/uq:2dx
Q Q
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< [C(B+B7) + B72]|.
Since I(u) = ¢ > 0, we can find M > 0 such that ||ul|o,s,,q > M and so
M < [C(B+67) + 5]

The above inequality is impossible if we choose 5 > 0 sufficiently small and
thus we get a contradiction. The proof of Theorem 1.1 is now complete.
O
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