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Simultaneous Approximation by
Gauss—Weierstrass—Wachnicki Operators

Ulrich Abel® and Octavian Agratini

Abstract. In this note, we spotlight a generalization of Weierstrass in-
tegral operators introduced by Eugeniusz Wachnicki. The construction
involves modified Bessel functions. The operators are correlated with
diffusion equation. Our main result consists in obtaining the asymptotic
expansion of derivatives of any order of Wachnicki’s operators. All co-
efficients are explicitly calculated, and distinct expressions are provided
for analytical functions.
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1. Introduction

The starting point of this note is the following generalized Gauss—Weierstrass

transform:
. 1 (z —y)?

- 2%/H/]Rf(x —y) exp (—Zj) dy, (1)

where ¢t > 0 is a parameter, z € R, and f : R — R is chosen such that the
integral exists and is finite. Actually, (1) represents the convolution of f with
the density of the normal distribution (also called Gaussian distribution)
having the expectation null and the variance 2t. W(f;-,t) is a smoothed
out version of f, and physically W (-;-,¢t) = W; is correlated with a heat or
diffusion equation for ¢ time units. It is additive

Wi, o Wy, = Wi 14, (t1,t2) € (0;00) X (0700)7

this being read as follows: diffusion for ¢; time units and then t5 time units
is equivalent to diffusion for ¢; + ¢35 time units.
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We sketch a formal proof of this relation:

(Wi, 0o Wi,) f) (@)

sk e () (e [
exp <—(z4_t2y)2> f(y) dy) dz
vl ([

exp <(x4t12)> exp <(Z4tzy)> dz) 1 (y) dy.

Direct calculation confirms that

e (x—2)* (z—y)°
/700 exp (— e )exp (— TS ) dz

_ 2w eXp< (z—y)* )

/Lyl 4(t1 +t2)
1 2

and we obtain

(W oW 1) @) = - [ ()

o )= ——— exp | —————

no e NCICES DN A WS
fy)dy = Wi g, f) ().

Examining relation (1) shows that W; is translation invariant, meaning
that the transform of f(z + a) is W(f;x + a,t), for a € R.

We mention that the W; transform can extend to ¢ = 0 by setting W)
to be the convolution with the Dirac delta function. This case does not come
to our attention.

The special case t = 1 can be interpreted this way. Taking in view the
formula:

. 1 .
e’ = M/ efuyefyz/zldy, u € R,
R

d

if we replace u with the formal differential operator D = s and utilize the
x

Lagrange shift operator

e P f(z) = f(z —y), z€R,
then we get

P f(x) = % /R e VP f(w)e Ay = W(f;a, 1),

which allows us to get the following formal expression for this particular
transform:

2
W, =eP".
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D* is to be understood as acting on the signal f as

esz(m)ziw, z € R.

k!
k=0

The operator e

For more documentation on W; transform, see Zayed’s book [6, Chapter
18: The Weierstrass Transform].

In 2000, Eugeniusz Wachnicki [5] defined and studied an integral op-
erator representing a generalization of W; which involves modified Bessel
functions. Our paper focuses on bringing to light new properties of Gauss—
Weierstrass—Wachnicki integral operators. In the next section, we present
these operators pointing out some already established properties based on
which we will highlight their noteworthy features. The main results are set
out in Sect. 3.

2. The Operators

In the beginning, we recall the modified Bessel function of the first kind and
fractional order o > —1, see [2, Chapter 10]. Using the traditional notation
1, it is described by the series

© 1 2\ 2k+a
=3 grgrary ) 2

where I' is the Gamma function. I, forms a class of particular solutions of
the ordinary linear differential equation

22w (2) + 2w/ (2) — (a® + 2*)w(z) = 0.

In the motivation of our results, we will also use the low-order differen-
tiation with respect to z described as follows:

L L2 = 2 T () 3)

see [2, Formula (9.6.28)).
Set Ry = [0,00). For a fixed constant K > 0, we consider the space

Ex ={f:Ry — R| f is locally integrable and exists M; > 0,
()] < My exp(Ks2), s > 0},
The space can be endowed with the norm || - |5 as such

Ifllzx = sup [f(s)| exp(—Ks?).
sER

We consider the operator W, defined on Ef by the following relation:

00 2 2
Walfint) =5 [ st (<) 1 () feds. @

where a > —1/2, (r,t) € (0,00) x (0,00) and I, is given at (2).
This operator was introduced in [5, Fq. (1)] with a minor modification
of the domain F in which the author inserted f € C'(R.), the space of all
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real-valued continuous functions defined on Ry. Since W, f, f € Fk, is well
defined for any K > 0 , we can consider the domain of W, as

E= U Fk.
K>0

Wachnicki [5, Theorem /] showed the convergence

Jim Wa(fint) = f(r), f € ENC(R.),

uniformly on compact subintervals of (0, 0).

Also, in [5], the author specified that for « = —1/2, the operator defined
by (4) turns out to be the authentic Gauss—Weierstrass operators. Because
this statement was not accompanied by a proof, we insert it as a detail in
our paper. More precisely, we prove

W_ipof = W.]?a [ € Bk, (5)

see (1), where f(s) = f((sgns)s), s € R.
By using the hyperbolic cosine, the identity

Iipp(z) = \/? cosh(2)

takes place; see [2, page 443]. Further, for any (r,t) € (0,00) x (0, 00), we can
write successively

W_12(f;m,t)

7 oo () e )

o o () (o (5) e () o
i [ (e (- 7”‘32)+exp<_(ﬁj>2))f<s>ds
i o () s [ o5 oo

=W(f;r,t)

and statement (5) is completed.
W, f is intimately connected to a generalized heat equation having the
expression; see [3, Eq. (1.3)],

ou(r,t)
0D ayutr), )
where p = 2(a+ 1), @« > —1/2, and the operator
0% u—-10
A, =2 g
B or? r  or

is the Laplacian in radial coordinates when . = n € N. As already mentioned,
it is usual to refer to ¢ as time. If f € Ex NC(R), then W, f with a =n/2—1
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is a caloric function, which means it is a solution of equation (6) on a certain
domain D,

1
D= t): t< — .
{(r,) r>0,0< <4K}

For detailed proof, see [3, pages 254-255].

Recently, these operators have come back to the attention of some au-
thors. For example, in [4], an extension of W, f was achieved for continuous
functions defined on the domain (0,00) x R and bounded by certain two-
dimensional exponential functions. In [1], the authors obtained the asymp-
totic expansion of the operator W, (f;r,t) as t — 0T, for functions f € F
being sufficiently smooth at a point r > 0. If f belonging to F is a real
analytic function, then

Walfirt) ~ Y eala, fyr)t" (¢ —0%), (7)

n=0
where the coefficients are given by

wten )= o () [ (a2 ) v ®)

= nln w=1
( [1, Theorem 3]). In this paper, we study simultaneous approximation by

the operators W, (f;r,t). The main result of this paper (Theorem 6) states
that the expansion (7) can be differentiated term by term, i.e.,

a m oo 8 m
. ~ I n +
() wetrnn~2|(5) esn]e oo
To obtain an autonomous exposure, in this preliminary section, we recall
some notions which will be used in establishing our results.
The factorial powers (falling and rising factorial, respectively) are marked
as follows:

j—1 gl
ui:H(u—l), uJ:H(u—i—l), jeN.
1=0 =0

An empty product (5 = 0) is taken to be 1.
For |z| < 1 and generic parameters a, b, and ¢, the Gauss hypergeometric
function o F is defined by

211 (a, b c; 2) :Z

Jj=0

alb) 27

o g

(9)

with this series being convergent; see [2, Chapter 15]. Outside the disk with
unit radius, the function is defined as the analytic continuation with respect
to z of this sum, with the parameters a, b, ¢, held fixed. For a particular case
z =1, the identity

I'(e)I(c—a—1b)
T(c—a)l(c—1b)’
c#0,—1,-2,..., takes place.

2Fi(a,b;c;1) = Re(c—a—b) >0, (10)
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3. Results

In the first stage, we establish some technical formulas gathered in a few
lemmas. Set Ng = {0} UN.

a m
The first result is an explicit representation of (87") Wea(f;r, t) in

terms of Wy, (f;7,t), 7 € No. We mention the identity that we will state
contains a finite sum.

Lemma 1. Let f belong to Ex and let W f be defined by (4). For any m €

N07
I i) = 3 (2 (LAY gy
(6’)‘) a(f,rv t) *j>0 ij! <2j>r / (%A) oz(fvrv t) (11)

holds, where A denotes the forward difference of step one with respect to c.

Proof. If f € FEx, for t > 0, we have

8 1 00 o 2 2
o Wo(f;rt) = 2t/ S‘XHE (exp (_r LS )r_ala (;i)) f(s)ds.

Formula (3) yields the relation:

0
EWa(f;Ta t) = %(Wa+l(f§7"7 t) = Wal(fsr,t) = Q%AWa(f;T, t). (12)

We will establish the proof of identity (12) by mathematical induction.
Obviously, the assertion is valid for m = 0. Assuming that it is true for an
arbitrary m, we show that it takes place for m + 1. Relations (11) and (12)

imply

9\ = @) m
() Walfir ) =2, o (37)
) 1 m—j . 1 m—7j+1
x [(m — 2j)rm ! (%A) + M2t <2tA> ] Wa(fir)

L 1 m—+1
— .m+ —_A .
r (Qt ) Wa(fir,t)

+2 [2] S ;31 (2jm 2)(m_ S (;i?!! (m

j>1

m+1l—j
M= 2j+1 .
(32)  watsino

m—+1
— am+1l [ .
=r (2t ) Wa(f;7,t)
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Considering the elementary identity

m m m+1
. Tl )= s
27 —1 27 27
we obtain that (11) is valid for m + 1, and the induction is completed. O

Recall that in the following, A stands for the forward difference of the
step h = 1 with respect to a.

Lemma 2. Let f € Ex be a real analytic function and let W, f be defined by
(4). For any m € Np,

AW (f;r,t) ~ ZA cnla, )t (t—07),

where the quantities cp(c, f,r) are described by (8). For m <n,

m 4n IN""[ il O\
et = o () [0 (55 ) SOV |19
and for m < n, A"c,(a, f,7) = 0.

Proof. Based on the m-th order forward difference with the step h = 1, we
get

m

ATt — Z(il)mfk (TZ) whtoetk — wnJra(w o l)m

k=0

Consequently, taking into account (8), we can write

A en( f,r) = —o (8(1)” {w"*“(w—l)’" (ai)nf(f\/ﬁ)M

nl,r.Qn

(&) el

for k # m, we deduce that A™c¢,(a, f,7) is null for m > n. Otherwise, if
m < n, application of the Leibniz rule for differentiation yields

sratn = (&) e (&) L

which leads us to (13), and the proof of our lemma is completed. U

w:l'

Since

Our first main result can be read as follows.

Theorem 3. Let f € Ex be a real analytic function and let W, f be defined
by (4). For any m € Ny, the relation

<§T>m W(f;7, 1) ~ Z (o, f,r)t" (t— 0%) (14)
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holds, where the coefficients are given by

=4 (2SS ) G)

x lwmmjm ((;{))Hm_jf(rﬁj)] )

w=1

Proof. Let m € Ny be fixed. Concatenating the conclusions of Lemmas 1
and 2, we can write

a m

2m Z ( ) m—2j Z Am—jcn(a’ f,?")tn_m+j

7>0 n=m-—j
2m Z ( ) e Z A™H Cnt+m—j (Oé, fa T)tn (t - O+)(16)
7=>0 n=0

Further, with the help of the relation (13) applied for A™ ¢, 4, (a, f,7),
for each n € No, the coefficient of t" can be found to be

2m Z ( ) me QjAm_jcn-l-m—j(av,ﬂr)

§>0

) 4n+m—j
m—2j
2m Z < ) n!rQ(n+m7j)

7>0

() [wm (aym_jf w»*u)} oy = 0 1
ow ow W=t T

see (15). Returning to (16), the statement (14) is proven. O

Remark Choosing in (15) m = 0, the sum is reduced to a single term (j = 0)
and clf (a f,r) coincides with ¢, (v, f,r) defined at (8).
Now, we show that

Al (@)= (3) enanfin). (1)

where " (a f,r) and ¢, («, f,r) are as defined by (15) and (8).
To present our result (see Proposition 5), we first need to establish some
identities that involve hypergeometric functions defined by (9) and (10).

Lemma 4. Let m € Ny and x > m — 1, x € Z, be arbitrarily chosen.
(1) For any z, |z| < 1/4, the identity

= (0 V) () (o).

(18)
holds, where o Fy is given by (9).
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(ii) For z = 1/4, the identity
Z (29)! (m) pM=L = 27 (2) 1 (19)

S 41 \2f

holds.

Proof. (i) The sum of the left-hand side of (18) is finite and has terms only
for integer values of j satisfying 0 < j < [m/2], where |- ]| stands for the floor
function. Using the obvious formulas

2= (2) ==

valid for any p € Ny and real or complex w, we can write the next set of

@)

— m27j m—j __ (_m)Zj T
~jim! dlml (z—m+ )L
. mNJ . m—1 i
(5]
™ 2 2
om! (x —m+1)dj! '

From the above relations, we obtain

=) - E e

j=0 j=0

Considering (9), the relation (18) is proved.
(ii) Choosing z = 1/4 in (18) and using (10), this identity can thus be
rewritten as

1
> (25)! (m>xmj_xm T(z—m+ 1T (x+ 2) o0
=0 Y\ I‘(m—m-l-l)l"(ac—m—&-l)'
2 2 2
The Legendre duplication formula for the Gamma function

]_—‘(Zw) = % 22w—1f(w)F <’LU + ;) , 2w # 0,—-1,-2,...,

see, e.g., [7, Eq. 5.5.5], allows us to write

1
I'(z — nr =
(x=m+1) (m + 2) _ T(z—m+ )2z + 1)27%
1\ _ —2z+m
F(x—T;+1)F(m—T;+2) I(z+ 12z —m+1)2
_yem 207
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Returning to (20), identity (19) is obtained, and our lemma is completely
motivated. O

Since ¢, (a, f,r) is a finite linear combination of derivatives of f, it is
sufficient to prove Identity (17) for monomials e;, e;(r) = r* (i € Ny). We
confirm this in the next proposition.

Proposition 5. For any m € Ny and n € Ny, the identity

cﬂ”](a,ei,r) = (;) cn(aye;,T) (21)

holds for all monomials e; (i € Ny), where cml (o, -,7) and cp(a, -, ) are re-

spectively defined by (15) and (8).

Proof. For m = 0, we have highlighted this identity; see Remark. Further,
we consider m € N.

an] (v, €4,7)

_ l 2 2n,+m,z (2])' m i n

n! \ r = 4351 \25) \ Ow

, 9\t
n+m—jt+a [ Y i,,1/2

[w <8w> n ] ’w:l
SRV @ty ()Y

n! \r o~ 4751 \25) \ Ow 2 w=1

’/‘i 2 2n+m (2])' m i n+m—j i n
() 2wl )G G 22

On the other hand,
a m
(({97’) cn(a,ei,r)

_41 ﬁmi in n+aini/2
T onl [(81") 1"2"} (810 {w (5‘11)) v Mw—l

4n .
= — (i — 2n)2ypi—2n—m (

n!

(]

(]

,r.z' 22n

)
(Y () o
(

2"y (425]] _)!! (;;) <; - n)j = (i — 2n)™, (24)

Jj=0

We have taken into account that

=6 -6
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Now, we turn to Lemma 4. By choosing x := /2 — n in the identity (19), we
obtain exactly (24). Thus, relation (21) is proven. O

Now, we can state our main result.

Theorem 6. Let f € Ex be a real analytic function and let W, f be defined
by (4). For any m € Ny, the relation

(2) watsirtr~ [ (2) entantn] e =00

n=0

holds, where the coefficients c,(«, f,r) are given by (8).
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