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1. Introduction

In this paper, we prove the existence of bounded and locally Hélder contin-
uous weak solutions of the homogeneous Dirichlet problem related to a class
of nonlinear fourth-order elliptic equations whose model is

_ |O¢‘ o |D°‘u|p“72D°‘u o in

|a]=1,2
where Q C RN, N > 3, is an open-bounded set, o = (a1, ...,ay) is a multi-
index with nonnegative integer components and length |o| = a3 + -+ + an
ol
and D%u(x) (z) Here, 6 and p, are real numbers, such

T 0x0a7 . 0a%Y
that 0 <6 <1 and

if o =1
pa=12 ol (1.2)
p if la] =2

with 1 <p < 4, 2p < ¢ < N, and f € L/(Q) with ¢ > 7.
In the case § = 0, Eq. (1.1) is the fourth-order prototype of a class of
nonlinear higher order elliptic equations introduced by I. V. Skrypnik in [42].
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It is well known that for the 2m-order equation

> (-1)*D*Aq(z,u, D'y, , D™ u) = 0 (1.3)

la|<m

the ellipticity condition

Z Aa(,8)80 2 C1 Y [l = Ca Y (gl

lee|= lee|=m 1Bl<m

does not ensure the boundedness of a solution v € W™P(Q), unless mp > N
(as a consequence of Sobolev’s embedding theorem) or mp = N (see [20])
or N — mp is sufficiently small (see [49]), while in the case where N > mp,
examples of equations with unbounded weak solutions are available.

In [42], I. V. Skrypnik has selected a subclass of (1.3) imposing a
strengthened ellipticity condition which, in the model case, takes the fol-
lowing form:

> Al xnfgazcl( Z el + 3 16al),

1<|a|<m laf=1
where C1 > 0, p > 2, andmp<q<N.
This condition allowed reaching Holder continuity of any generalized
solution u € W14 (2) N W™P(Q) without any further relation on N, m, p.
Here, we consider a degenerate version of Skrypnik’s fourth-order oper-
ator in the sense that the differential operator

«@ —2T\y«

_ _pylelpe | Pulfe "D

u—Alw) = > (=)D {(1+|u|)9(1’a_1) , 0<0<1,
|a]=1,2

though well defined, is not coercive on Wy 4(Q) N WP () when u is large.

Due to this lack of coercivity, standard existence theorems for solu-
tions of nonlinear equations cannot be applied. We overcome this difficulty
by approximating our problem with a sequence of homogeneous nondegen-
erate Dirichlet problems and we will prove an L°°—a priori estimate on the
approximating solutions which, in turn, implies an a priori estimate in the
energy space. Once this has been accomplished, a compactness result for the
approximating solutions allows us to find a bounded weak solution of the
problem (1.1) which is, as well, locally Holder continuous.

It is worthwhile to note that in the case of second-order equations, the
existence of solutions of the Dirichlet problem

[ IVulTiVe ] .
_dlv[(1+|u)9(q1) =f inQ

u=20 on 0N

under various assumptions on f, has been studied in the papers [1,2].

We point out that the equation we are dealing with presents two more
difficulties: it involves a fourth-order operator which behaves like a system of
PDESs, and moreover, it has non smooth coefficients. Many of the well-known
techniques which work for one single equation of second order do not hold
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anymore in the framework of high-order equations and we need to find a
suitable method to overcome the issues.

This article is organized as follows. In Sect. 2, we formulate the hypothe-
ses and state the results. In Sect. 3, we prove two a priori estimates will be
used in the proof of the main theorem. At last, in Sect. 4, we give the proofs
of the existence of bounded solutions as well as their Hoélder’s continuity.

2. Preliminaries and Statement of the Results

Let © be an open-bounded set in RY with N > 3. We denote by N(2) the
number of different multi-indices «a, such that |o| = 1, 2.

Let Ay (z,7,6) : Q@ x R x RN — R, with |a| = 1,2, be Carathéodory
functions (i.e., Ay(-,7,&) are measurable on Q for every (,€) € R x RNV(®2)
and A, (z,-,-) are continuous on R x R¥(?) for almost every = € Q) satisfying
the following structural conditions, for almost every x € €, every n € R and
£ & eRN@ g2 ¢

é’a Pa
Z Aa(xﬂ%f)ﬁaZm Z (1_|_||n)|9(10a1)’ (2.1)

la|=1,2 |a|=1,2

> Mal@n & w3 gl + D Il 22)
la|=1,2 Ja|=1 |a|=2

Z [Aa(xﬂ?»f) - Aa(x7773€/)] (ga - géx) > 0> (23)
|a]=1,2

where vy, v5 are positive constants, the numbers p,, |a| = 1,2 are de-
fined by (1.2), and

ferL' () witht> N/q. (2.4)
We set
Wy (Q) = Wh(Q) n W2P(9),
and
Wy () = Wy () N W5 P(Q).
The assumptions (2.1)—(2.4) allow us to give the following:
Definition 2.1. A weak solution of the problem
Z (=D)*DA, (2, u,D'u, D?u) = f  in Q

|a]=1,2

(2.5)

D% =0, |a] =0,1 on 0N}
is a function u : 2 — R, such that
ue Wy(Q),
Z /Aa(sc,u,Dlu,DQu)D“v dx = /fv dx (2.6)
Q

lal=1,2 ¢
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for every v € W;g(Q)
Our first result states the existence of a bounded weak solution of (2.5).
Theorem 2.2. Let us suppose that conditions (2.1)—(2.4) are satisfied and

q—D
0<< —.
p(g—1)
Then, there exists a weak solution u of the problem (2.5), in the sense
of Definition 2.1,
such that

(2.7)

[ulloo < M (2.8)
where M > 0 is a constant depending on 0, N, q, p, v1, v2, |Q| and || f|[1+(q)-

Under the same assumptions, as in the nondegenerate case, it can be
readily proved the local Holder continuity of any weak solution u € W;;(Q) N
L>(Q). Namely

Theorem 2.3. Let us suppose that conditions (2.1)~(2.4) and (2.7) are sat-
isfied. Let u € W;g(ﬂ) be a bounded solution of the problem (2.5). Then,
there exists p € (0,1), depending on the data and on ||u||p~(q), such that

we CYP(Q) and for any domain ' CC Q, we have

loc
u(z) —uy)| < Clz —yl”  for any z,y € &,

where C' is a positive constant depending on the same parameters of p and
d' = dist(QY, 00Q).

Remark 2.4. In the case 6 = 0, operators satisfying condition (2.1) have been
studied in connection with many other questions such as homogenization
problems, L'-theory, qualitative properties of the solutions, and removable
singularities in the degenerate and nondegenerate case (see [4,5,16-18,26,40,
43]). Moreover, a class of nonlinear fourth-order equation with principal part
satisfying (2.1) and lower order term having the so-called "natural growth”
or a convection term has been studied in [8,12,45-47].

In the framework of second-order elliptic equations with a lower order
term having natural growth with respect to Du, the existence of bounded
solutions has been studied in [3] assuming f in L*(Q2), with ¢ > %, and in
[6,7,10,11,14,15] assuming f in a suitable Morrey space.

For related arguments on elliptic systems with special structural condi-
tions, see also [9,13,19,22-24,28-38].

Remark 2.5. We point out that the assumption (2.4) on f required in The-
orems 2.2 and 2.3 is the same which yields to the existence of bounded and
Holder continuous solutions for nondegenerate (i.e., § = 0) fourth-order equa-
tions. In this last case, examples of unbounded solutions of equation (1.1),

with f € L%(Q) and f ¢ L%“(Q)7 for any € > 0, are constructed in [48].
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3. A Priori Estimates

We begin this section recalling an algebraic lemma due to Serrin (see Lemma
2 in [41]).

Lemma 3.1. Let x be a positive exponent and a;, B;, i =1,..., N, be two sets
of N real numbers, such that 0 < a; < 400 and 0 < §; < x. Suppose that z
is a positive number satisfying the inequality

Then

where C' depends only on N, x, Bi, and ~v; = ﬁ, i=1,...,N.

Given n € N, let T},(s) be the truncation function defined by
s if [s| <n
T(s) =
nsign(s) if [s| > n.
Following the technique already used in [1] and [2] in the framework of
second-order elliptic equations, let us define the following Dirichlet problems:

un € Wy (9Q),
Z /Aa(x,Tn(un),Dlun,D2un)Dav dx = /fv dx (3.1)
la]=1,2 Q
for every v € Wzlzf(Q)
Since

[al?
Z Aa(x,Tn(n),§)a = 11 Z W’

lal=1,2 la|=1,2

for almost every z € Q and for every (n,£¢) € R x RV, by Leray Lions
existence theorem (see [39]), there exists a solution w,, € W;g(ﬂ) of problem
(3.1). Moreover, every u,, is bounded thanks to the boundedness result of [25]
(see also [45]). Now, we are going to prove the following.

Lemma 3.2. Assume that conditions (2.1)—(2.4) are satisfied. Let u,, be a
solution of the problem (3.1) for every n € N. Then, there exists a positive
constant M, depending only on 0, N, q, p, vi, va, |Q| and ||f|[1: (), such
that

[|un|loo < M for every n € N. (3.2)

Next lemma deals with the boundedness of u,, in the energy space.
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Lemma 3.3. Let hypotheses (2.1)—(2.4) be satisfied. Then, there exists a posi-
tive constant C, depending only on 6, N, q, p, v1, va, || and || f||1+(q), such
that

lunllyipaq) < C for every n € N. (3.3)
P

To prove the previous two lemmas, we have to state some auxiliary
propositions. First of all, we need to ensure that the composition of a suitable
function ¢(s) with a function u € Wzl;,’(Q) belongs to W;I?(Q)

Lemma 3.4. Let ¢ € C%(R) be a function with bounded derivatives ¢' and (",
such that ((0) =0. Ifu € WQIV’;](Q), then

((u) € Wy (92),

and for each multi-index o, such that |a| = 1,2, the following assertion holds:

DYC(u) = ¢'(u)D + Rjq(u), (3.4)
where
0 if Jal=1
Rioj(u) =14 ¢"(w) > DuDVuif |o|=2.
1Bl=l~I=1

Next, we present a slightly modified version of a well-known Stampac-
chia’s lemma (see [44]), whose proof is contained in [2,25]. See also [21] for
new generalizations.

Lemma 3.5. Let ¢ : RT — R be a nonincreasing function, such that
o(h) < mfiok)yke”[d)(kj)]l*“, forall h>k > ko >0,
for some positive constants ¢y and kg, withv >0,0<6 <1 and p > 0.
Then, there exists k* > 0, depending on cg, 6, v, u and kg, such that

6(k*) = 0.

Proof of Lemma 3.2. Given k > 1 and o > 1+ 24 (note that o > 2), let
us consider the function v = ((u,) with

¢(s) = Us\ — k]isign(s).

Due to the boundedness of u,, as a consequence of Lemma 3.4, v is an
admissible test function in (3.1), and it holds

o—1 .
D% = o [|uy,| — k‘]+ D%uy, 4 Rjq(un) a.e. in £, (3.5)
with Rjo(un) = 0if |a] =1 and
o—2
|Rja (un)] < 0*[lun| = k]7" Y D unf?, (3.6)
18l=1

if |a] = 2. O



MJOM Existence of Holder Continuous Solutions Page 7 of 17 182

Choosing v = ((uy,) in (3.1), we obtain

Z / (z, Ty (tn), D'y, D un)[ [|un\ ] 71Daun+R|a‘(un) dx

la|=1,2 ¢

= /f[|un| — k]isign(un) dx. (3.7)
Q

Using the ellipticity condition (2.1), from the above relation, we get

1/10/ Z D% [P [|un\ — k]ail dx

0(pa—1 +
o W T ()P

SC{ Z /|Aa(x7Tn(Un)7Dlu,,”Dzun)HRla‘(unﬂdx
la|=2 ¢

+ [ |1 [lun| = K] dzp. (3.8)
/ }
Q

From now on, we will denote by ¢ a positive constant not depending on

n (namely, it may depend on N, ||, p, ¢, v1, va, ||f]]:) and whose value may
vary from line to line.

We are going to evaluate the integrals on the right-hand side of (3.8).
Due to the growth condition (2.2) and the estimate (3.6), we get

1= Y [ 1Aa(@ L), DV, D?un) | Ri )| s
lal=28

p—1
gc/[ S D+ Y \D“unr?] " lunl = K772 Y D% unl* dz. (3.9)
& T lal=2 lal=1 lal=1

Taking into account the inequality

1 <14 |Tp(un)| <1+ |uy

and using Young’s inequality with exponents 4

—1, 4 and pq , for all 7 > 0,
we obtain

I< CT/ Z [D"u (o] — k] 7" da

0(pa—1 +
a2 (UF Tnun))2re=h

+C(7) [/ (1+ Iun\)e(q_l)(ﬁ_l) [lunl = K] 775 dx] (3.10)

Q

From (3.8)—(3.10), it results

|D un‘pa o—1
[um — CT:| / Z T3 T, (i) )Fo D [un| — k|7 da

Q ‘Oé' 12

<ol [ ual) ) g -4 0]

+
Q
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+/ I [[unl — k] da. (3.11)
Q

Now, we set § = qf%
1+ |un| < 2(k+ [|un| — k]+) ifk>1,

we obtain

|D unlpa o—1
nl — k d
Q/ 2 TTIn >|)9<w1>““' i de

{ke(q 1)(6—1) “u |- ]07175 da

+

/[|un|— ]a 1-6+0(g—1)(6—1) d +/|f| [t | — ] da:}. (3.12)

Q

We denote by A, (k) the level set of |u,|, that is
Ap(k) ={z € Q : |u,(2)| > k}
and by |A,, (k)| the n-dimensional Lebesgue measure of A, (k).
Let ¢ > max{%j)_‘s_l,l + 6}. Using hypothesis (2.4) and
Holder’s inequality, we evaluate terms on the right-hand side of the above
inequality, as follows:

[ 18100l = K7 o < oy ([ Dl = 117 o) (3.13)
Q Q
, 0‘—1/—5 .
/ [|un| — k]i_l_(S do < C(/ [lunl _ k-]it d.]?) ot |An(k)|1—T,5
Q Q
(3.14)
and

/[|un| _ k:} i—1—5+9(q—1)(5—1) d

Q
o—1-540(g—1)(5—1)

ot’ T et _o=1-6+6(g=1)(5—-1)
<ol [ llwad -4 aa) [An(l) 1T,

Q
(3.15)

where ¢’ is the conjugate exponent of t. From (3.12)—(3.15) and dropping
the integrals involving second derivatives in the left-hand side of (3.12), we
deduce

|D u”' o—1
/Z (14T ( (q—l)[|un|—lﬂ+ dx

I\l

o—1-96

Sc{k"(‘“)“”)(/[Iunl—k]‘f' d:c) A (R
Q
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o=1-5+0(g=1)(5-1)

+(/ [lnl = K] ) ™ [An ()|~
Q

+(/ [ln] = 4] ) ™" (3.16)
Q

7—1 t—1
The use of Holder’s inequality, together with relations

L+ T (un)] <14 Juy| < 2(k+ [|un| - k]+)’

Let0<'y<qandchoosea>max{q 70l ) 1,0(‘1 DE=1)=0-1 1+5}

yields to

/|D1u|"[|un| - k} i_l dz
Q

|D04un|q . %
/ Z (1 4+ |Tr (uy)])f(a=1) [|Un| - k’]+ dx]

II1

g {kﬁe(q_%/ lunl = K] d) 7 14 ()~ 5

Q

14— p(g—1 _
o-1+ 25 0(g—-1) ot g— a=x

’ - gy = o1+ 25 6(¢-1) e
+(/Uun\—k]‘” a0) w37

Using (3.17) in

(
[ [l =157 0]

Q
’ L,l
Sc{(/“uﬂk]f d:c)gt !
Q
o—1-6~

+k9<q—1><5—1>%(/[|un\_k]i’ dr) 7" |An(k)| ()
Q

3.16) and Sobolev’s embedding theorem, we obtain

, %1 o—1—516(g—1)(5-1)
+(/ [|un| - k] f dl‘) ! ’ |An(k)|%[1_ i ] }

Q

o—1g—~ )

kD[ [l =17 ) 7T a0 05
Q

—1+-2_0(q—1
R A o1+ -2 0(q—1)

+(/ [lun = )7 dz) 7" qAn(k)ﬂlw]"q”},

Q

(3.18)
Ny
N

where v* = g
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Now, we choose 7, such that

ot = (0—1—1—7)%*. (3.19)

Note that 0 < v < q if ¢ > W and, in turn, this inequality is

satisfied, because 0 > 0, 1 —¢ < 0 and t > N/q.
Now, we set

0o (up) = (/ [un| — k]it/ dx)ﬁ

Q

and

X:%Ut’, Az%@(q—l),
ﬂ1:071+%5 ﬂ2:071+g+g0(q71)7
ﬁ3=0’—1—%575420'—1-1-%[9((]—1)—5},

Ps=0—-1+10(q—1)(6-1)=¢], Bs=0—-1+16[0(¢—1)—1].

Then, the inequality (3.18) becomes

[(po(u”)] X < C{k/\ [@U(Un)]ﬁl |An(k‘)‘ (1— 00;,1 ) T

o1+ 2 0(@=1)7
o (un)] 2 An (k)| -]
Ad Bs 1_6717%5
+k [‘po(un)] ‘An(/{iﬂ at’
(3.20)

NGRS [Sﬁa(un)]ﬁﬂAn(kﬂl_w

Bs o1+ 7[6(g—1)(5-1)-4]
i oo (un)] A (k)]

s _ ool

+ [0 (un)] 7 [An (k)* .

Note that the exponents (31, B2, B3, (34 are less than x for any 0 < 6 < 1,
while (5, s are less than y thanks to the assumption (2.7). As a consequence,
we can apply Lemma 3.1 to the previous inequality with

a1 = AL 0 75 ag = (4, () mer [ asoe ]

B4

ag = K| Au (K)o, ay = KOV |4, (k)|

Bs Be.

as = KMAL (K)o, ag = |An(k)|[* o,
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obtaining
) 6
/ [lun| = k]7" do < 37K | A (B, (3.21)
o i=1
where
_ q— o—1 ot __ — g—1
no= %(1 T ot )x—ﬂl - %(1 T o )Ut/’
_ o142 0(g—1) | ¢
R e
_ =y _oml g |,
= @-Di-9) {1 ot ot
ot o—1-24§
T2 = (1 - fg’) Xftﬁs = “/(qq+5) (1 T o )Utl’
— Ba ) _ot'  _ q o—1+210(g—1)=d]\ _,
4= ( N Tg’) Xx—Bs — (q+6-0(q—1)) (1 N at/ ot
_ Jéi ot’
75 = ( o ﬁ) X—Bs
B . o—14+2[0(g—1)(6—1)—6]\ _,
= 3@t 0q-D(-1) (1 - T ot
_ Be ot’
6 = ( - ﬁ) X—0B6
_ q o—1+16[0(q—1)—1] ,
= 3gto-0(g—1)3] (1 - ot! ot
and
A 0 bY)
TN = — > T2 = U, 73 = )
X — b X — Ps
A6 —1) A
T4 = ) T5 = ) Te = 0.
X — B X — Bs

We observe that under condition 0 < 6 <
i=1,...,0, is less than 1.

Moreover, the function v = v(o), defined through (3.19), is positive and
bounded and

q—p
every number T7;
p(q—l) v

N
lim ,Y(U) = <4g,

o—+00 t

whence every v;, ¢ = 1,...,6, goes to +00 as 0 — +oc.
Finally, choosing o sufficiently large, we deduce ; > 1 for i =1,...,6.
Now, for every h > k > 1, being [|u,|— k]+ > h—kon A,(h), we have

6 ’
Cknat )
|An(h)] < Z W\An(k)l”;

=1
hence, there exists 7, ¢ = 1,...,6, such that
1 ckno’t'
A, (h)| < —— A, (k)|™".
514 < G 1A ()
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Therefore, using Lemma 3.5, we conclude that there exist two positive
constants k* and dy (independent of n), such that

|A, (k) =0 for every k > k* + dy.
Hence
[lun]loo < M for every n € N (3.22)
with M = k* + dp.
Proof of Lemma 3.3. Using v = u,, as test function in the integral identity

(3.1), applying the ellipticity condition (2.1), the growth condition (2.2), and
Young’s inequality, we have

D, [P
Vl/ Z (1 + | T (un)]) 0 Pa—D) dz < [ |f||un| dz.
Q

|a]=1,2

Now, taking into account (3.22), from the above inequality, we obtain

/Z D%, [P da < (M + 1)7 /|f|d:c (3.23)

|a|=1,2

and the Lemma follows. O

4. Proofs of the Results

Before proving Theorem 2.2, we have to premise a compactness result for the
approximating solutions u,, which, together with the a priori estimates proved
in the previous section, will allow us to pass to the limit in the approximate
problems (3.1).

As a consequence of Lemma 3.2 and Lemma 3.3, there exist a subse-
quence, still denoted by {u,}, and a function u € W;g(Q) N L*°(Q), such
that {u,} is bounded in L>(Q) and

u, — uweakly in Wzlg(Q)
Uy, — u almost everywhere in Q.

We need to prove that the sequences {D“un}, |a] = 1,2 are almost ev-
erywhere convergent in ). To this aim, we exploit the following compactness
result whose proof is in [12].

Lemma 4.1. Assume that hypotheses (2.1), (2.2), and (2.3) hold, and let {z, }
be a sequence of functions, such that

Zn — Z in WQS(Q) weakly and a.e. in Q (4.1)

and

li A D! D?
n‘l}g}oo Z / 1' Zn;, Zn; Zn)

la]=1,2 g
—Au(z,2,D'z, Dzz)} D[z, — z]dz = 0. (4.2)

Then, {zn} is relatively compact in the strong topology of W21pq(Q)
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We are now in the position to prove the (relatively) compactness of
{un}. We take u,, — u as test function in the weak formulation of Problem
(3.1), and we obtain

Z Ao(2, T (), D g, D2y ) Dy, — u] da
\a|:1,2Q

_ /f(un —u) da.

Q
From the above equality, it follows:
Z / { ), DYy, D?uy,) — Ay (2, u, Dlu,Dzu)] D[u,, — u] dz
|D¢‘ 129
:/f(un— ) dx — Z /A (z,u, D u, D?u) D*[u, — u] do.  (4.3)
Q ‘Oél 129

The right-hand side of (4.3) tends to zero as n tends to +oo, since {un}
converges to u weakly™ in L*>°(£2), weakly in W;g(Q) and A, (x,u, Dlu, D%u)
belongs to LP«(Q), |a| = 1,2 thanks to (2.2). Due to the boundedness of

lunllnoes Tn(un) = uy for sufficiently large n and using Lemma 4.1, we con-
clude, up to a subsequence, that

u, — u  strongly in WQIZ? (Q).

Proof of Theorem 2.2. For any fixed function v € W;g(ﬂ), we can pass to
the limit as n — +oo in the weak formulation (3.1) and we get that u is a
weak solution of the problem (2.5), in the sense of the Definition 2.1. O

Proof of Theorem 2.3. Let u € ngg(Q) N L>(92) be a weak solution of the
problem (2.5) and let Q' be any strictly interior subregion of (2.
Set M = ||u||(q), and Theorem 2.2 gives us

|u(z)| < M for a.e. z € Q. (4.4)
U

d
We fix zg € ', 0< R < 1 and let be r, such that

alpa+ 7 —pa) S a,fal = 1,2, r(q+

MYy,
q—

— 2
N 2
= P } (4.5)
qt’ q—p

r < mln{l

We define
wi(R) = ess infp,poyu(z), w2(R) = ess supp, (4,)u(),
w(R) = wa(R) — w1(R).
From now on, thanks to the boundedness of the solution u and following

the outlines of the proof of [8] [Theorem 1.4] or [42], we can prove that there
exists 0 < p < 1, such that

w(R) < pw(2R) + R".
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Once the previous inequality is acquired, Theorem 2.3 follows by virtue
of [27] [Lemma 4.8, chap. 2]. O
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