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Abstract. We relate dual-band general Toeplitz operators to block trun-
cated Toeplitz operators and, via equivalence after extension, with
Toeplitz operators with 4 x 4 matrix symbols. We discuss their norm,
their kernel, Fredholmness, invertibility and spectral properties in vari-
ous situations, focusing on the spectral properties of the dual-band shift,
which turns out to be considerably complex, leading to new and non-
trivial connections with the boundary behaviour of the associated inner
function.
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1. Introduction

Multiband spaces occur naturally in applications. First, multiband signals
are seen in speech processing (see [2,4,6,24] for example), as an alternative
to the Paley-Wiener space PW (b) of inverse Fourier transforms of functions
in L2(—b,b), when both high and low frequencies are to be ignored. Second,
multiplex signal transmission, as a way of sending several signals down the
same channel, has many practical applications, and we refer the reader to [7]
for a detailed history of the subject with 137 references, tracing the analysis
back to work of Raabe and Shannon in the 1930s and 1940s. Furthermore,
in recent years, dual-band filters have become key components in ubiquitous
wireless communication devices such as cellular phones [26,29].

To see a basic example of a multiband space, which in this case is a dual-
band space, choose 0 < a < b and consider the inverse Fourier transform
of the space L%((—b,—a) U (a,b)), which is a space M C L%*(R). Indeed
M = PW(b) © PW(a).

If we define the inverse Fourier transform formally by

fo) =5 [ rea
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then this extends to an isomorphism between L?(0,00) and the Hardy space
H?(C™) on the upper half-plane, and L?(0,b — a) corresponds to the model
space Ky := H?(Ct)S0H?(C") where 6 is the inner function 0(s) = ¢*(t=%)s,

It is now clear that the space M above has the orthogonal decomposi-
tion

M = 9Ky & Ky, (1.1)
where
B(s) =e ™ and  (s) = e, (1.2)

More generally, let 6 be an inner function in H>°(C*), and ¢, 9 unimod-
ular functions in L*°(R) such that ¢Ky 1 1 Ky. Then we shall consider dual-
band spaces M := ¢Ky @ Ky and general Wiener—Hopf operators [18,36]
on those spaces.

Toeplitz operators are a basic example of a general Wiener—Hopf opera-
tor where the operator on L2, of the circle or the real line, which is compressed
(in this case, to the Hardy space H?) is a multiplication operator; in the latter
case we say that we have a general Toeplitz operator.

Truncated Toeplitz operators of the form Agu = Py(gu), where Py de-
notes the orthogonal projection onto Ky, are another example of general
Toeplitz operators. They have been much studied, since being formally de-
fined by Sarason [35], although they occur much earlier, for example in [1,34].
Some recent surveys on the subject are in [17,20].

The dual-band general Toeplitz operator (abbreviated to dual-band
Toeplitz operator in what follows) with symbol g € L, T, gM , is defined
on the space M := ¢Ky G YKy by

Té”u = Py (gu),

where P); is the orthogonal projection onto M.

In the particular case of the two-interval example given earlier, these
are unitarily equivalent to convolution operators restricted to the union of
two intervals. Clearly, the same definition can also be made in the more
usual situation of H?(D), except that now ¢, are unimodular in L°°(T)
and g € L*(T).

Two degenerate cases may appear: the decomposition M = 0Ky & Ky
gives the Paley—Wiener space as a special case, and the decomposition Ky2 =
Ko ® 0Ky is also a special case. In this paper we will assume that ¢t and ¢1)
are not constant multiples of the inner function 6 to avoid those limit cases.

Note that, in contrast with Toeplitz operators and truncated Toeplitz
operators, dual-band Toeplitz operators do not act on spaces of holomorphic
functions and M is not a direct sum of model spaces, unless ¢, 1) are constant.

In this paper we relate dual-band Toeplitz operators to block truncated
Toeplitz operators of a particular form, allowing for the information on the
unimodular functions ¢, ¥ and the symbol g to be encoded in the various
components of the matrix symbol of a block truncated Toeplitz operator.
By using the concept of equivalence after extension, these are in their turn
related to Toeplitz operators with 4 x 4 matrix symbols. We are thus able
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to discuss their norm, their kernel, Fredholmness, invertibility and spectral
properties in various important situations.

We consider in particular the spectral properties of the dual-band shift.
In fact this is a very natural particular case to consider since it has the
simplest possible symbol apart from constants and it is an important model
to understand the different roles played by @, on the one hand, and by ¢, 1,
on the other. There are also links with Volterra operators, as first noted by
Sarason [33].

This study also highlights the importance of using the equivalence after
extension between dual-band Toeplitz operators and block Toeplitz operators.
Indeed, it allows one to use the powerful Riemann-Hilbert method, used in
a variety of mathematical and physical problems [8,15,25], as well as the
theory of Wiener—Hopf factorization [9,30], in order to study kernels, invert-
ibility and Fredholmness of dual-band Toeplitz operators, to obtain explicit
expressions for the inverse operators and the resolvent operators and, for the
first time, to investigate certain boundary properties of inner functions, such
as the existence of an angular derivative in the sense of Carathéodory for 6
in terms of an L? factorization [28].

Our results are presented in the context of L? and L™ spaces on the
circle T, or H? and H* spaces on the disc I, but they apply also to the case
of L? and L spaces on the real line R and H? and H™ spaces on the upper
half-plane C™.

2. General Toeplitz Operators on Dual-Band Spaces

2.1. The Dual-Band Space M

Proposition 2.1. Let § € H*® be inner, and let Ky = H*> S 0H? be the corre-
sponding model space. Then for ¢, € L> unimodular, the spaces ¢pKy and
YKy are orthogonal if and only if the truncated Toeplitz operator A%w is the
zero operator.

Proof. If f =k; and g = ¢ky with k1, ks € Ky, then

(f,9) = (Vky, pka) = (¢pk1, ko) = (Pagipky, k2)
and this is zero for all f, g of that form if and only if A% v = 0. g

Let now M = ¢Ky®t v Ky, where 6 is inner, ¢,9 € L® are unimodular
and we assume that A%w =0, ie., ¢ € 0H? + OH? [35, Thm. 3.1]. We also

assume throughout the paper that ¢1) and ¢ are not constant multiples of
0.

M is a closed subspace of L? and the operator Py, defined by
Py f = ¢Psdf + VP f (f € L?) (2.1)

is the orthogonal projection from L? onto M.
One can define a conjugation Cy; on L? which keeps M invariant (and
is therefore a conjugation on M when restricted to that space). Recall that
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a conjugation C' on a complex Hilbert space H is an antilinear isometric
involution, i.e.,
C*=1y and (Cf,Cg)={g,f) forall f gecH.

The study of conjugations, which generalize complex conjugation, is moti-
vated by applications in physics, in connection with the study of complex
symmetric operators [21-23]. These are the operators A € L(H) such that
CAC = A* for a conjugation C' on H. We can define a natural conjugation
Cy on any model space Ky by

Cof = 07f, (2.2)
and it is known that any bounded truncated Toeplitz operator is Cpy-
symmetric [19, Chap. 8]. For H = M, we have the following result.

Proposition 2.2. The antilinear operator Cy; defined by
Caif = 060=F = pv:Ci f (2.3)
is a conjugation on L? preserving M as an invariant subspace.
Proof. If f € M has the form f = ¢k + ko with ky, ko € Ky, then
Cyuf =vCoki + ¢Coke € M, (2.4)
from which the conjugation properties are easily verified. O

2.2. A Matrix Representation

Let now TgM for g € L? be the operator densely defined in M by
TMf=Pugf (fe€L>®NM),

the density of L N M in M following easily from the density of L>° N Ky in

Ky, which was given in [35].

If this operator is bounded, we also denote by Téw its unique bounded
extension to M. The operator TgM is bounded, in particular, whenever g €
L. 1t is easy to see that (TM)* =TM.

Theorem 2.3. Let Té\/[ be a bounded general Toeplitz operator on the dual-band

space M = ¢Ky &+ Vv Ky, where 0 is inner and ¢,v € L™ are unimodular.
Then TgM is unitarily equivalent to the block truncated Toeplitz operator

Al AY
W= (Agg Zzé’) , (2.5)
g9

Pog

on Kg® Ky. Hence Té” = 0 if and only if each of the four truncated Toeplitz
operators composing W is 0.

Proof. Let My denote the operator of multiplication by ¢, and similarly for
other multiplication operators. We have the factorization

0N — 0 =
T _ M¢1;1gM¢ My AY }§ng
g MyAY, Mg MyASM;

() ). e

Pog 9
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This has the form U* AU, where U is a unitary operator from M onto K@ K.
Using the fact that M7z maps ¢Ky bijectively to Ky and Py, = My Px, Mg,
it is easy to verify that the identity (2.6) holds. O

There are some simplifications possible here, since some of these four
blocks may be 0. The basic properties of matrix-valued truncated Toeplitz
operators were studied in [27].

Theorem 2.4. If TgM is bounded, then it is Cy-symmetric.

Proof. We wish to check the identity TgMCM = C’M(TgM)*. Note that by

Proposition 2.2, we have
* 0 C@
UCyU* = <09 0 ) ,

where U is the unitary mapping given in (2.6). Hence

0 0 0 0
UTM CyU* = ( " A%#g) (0 Ce> _ <A¢ggce s )
Ab AL ) \Co 0 ASCy A%, Co

while
AV A0 CyAl CyAl
UC’M(TgM)*U* = (CO %0) (Aog Z?) = < é« jg}g C 19499 )
v ooy 9 0% 059
and these are equal since ACy = CyA* for any truncated Toeplitz operator
A. O

3. Equivalence After Extension

Definition 3.1. [3,37-39] The operators T : X — X and S : ¥ — Y are
said to be (algebraically and topologically) equivalent if and only if T = ESF
where E, F are invertible operators. More generally, T and S are equivalent
after extension if and only if there exist (possibly trivial) Banach spaces
Xo, Yo, called extension spaces, and invertible bounded linear operators E :
Y®Yy—> X®Xpand F: X & Xy — Y @Yy, such that

(g I?():E<§ IS)F (3.1)

In this case we say that 7'~ S.

It was shown in [14] that for g € L® the scalar Toeplitz operator Ag is
equivalent by extension to the block Toeplitz operator with symbol

0 0

g 0)°
This result was used in [13] to study spectral properties of Ag and, more
generally, to study asymmetric truncated Toeplitz operators.
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Motivated by the result of Theorem 2.3, we now consider the truncated

Toeplitz operator A% acting on Ky @ Ky, where G = (911 912> € (L>°)2*2

921 g22
and link it with the Toeplitz operator Tg acting on (H?)*, where
0 0 0 0
G— 0 O 0 0 _ (3.2)

gin g2 0 0
go1 g2 0 0
Clearly, for p,q,r, s € H?, we have (p,q,7,s) € ker Tg if and only if p,q € Ky
g11 912 p r 72 o~ 172 0 . .
and + 6 € Hi @ H. So (p,q) € ker A%, and likewise
(921 922> <Q> <3> 0 0 (.a) ¢
given (p, q) € ker AZ there exist r, s € H? with (p,q,r,s) € ker Tg.
The following theorem shows that the result in [13, Thm. 2.3] can be
extended to block truncated Toeplitz operators and in fact we can give the
result more generally for n x n blocks. We shall write Py for the orthogonal

projection from (H?)" onto (Ky)", and @ for the complementary projection
from (H?)™ onto O(H?)™.

Theorem 3.2. Let G € (L*),xn and let I, be the n X n identity matriz.

The operator A%, = PyGPy : Ky — Kj is equivalent after extension to
Tg : (H?)*™ — (H?)?™ with
01, 0
G= (G Mﬂ). (3.3)

Proof. We have, following the proof of [13, Thm. 2.3],
A% X PyGPy + Qg

because

(A% 0 ) ~ B (PQGP@ + Qo 0 > .
0 Ipcu2yn 0 Iioyn

where

Fi: KppO(H*)" — (H*)"®{0}" and E; : (H*)"®{0}" — K}&0(H?)"
are invertible operators, defined in the obvious way. On the other hand, it is
clear that, denoting by P the orthogonal projection from L? onto H?,

« (PsGP, 0
PyGPy + Qo ~ ( ’ 8+ Vs P+> C(H?)P" — (H?)?"

Now,

PyGPy+ Qo 0\  (Tor, — PoGTyr, Fo T pt 0
0 pt) - -pt Ty ) "9 \Ty; (PT—Tg) PY )

E F
where E, F : (H?)™ — (H?)™ are invertible operators with

E71 — T?In 0
Pt +PyGQy Ty,
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and

1 P+ 0
“\-7101,(Pt-Ts) P*)"

O
Corollary 3.3. For g € L™, one has TQM S Tg with
0 0 0 0
0= 2 ggw 2 8 (34)
g g 0 0
Proof. This is an immediate consequence of Theorems 2.3 and 3.2 . g

We clearly have the following corollary of the above.

Corollary 3.4. The operators TgM and W are invertible (resp., Fredholm) if
and only if Tg is invertible (resp., Fredholm), with G given by (3.4).

More general results will be proved later.

4. Kernels, Ranges and Solvability Relations

The equivalence after extension proved in Theorem 3.2 implies certain re-
lations between the kernels, the ranges, and the invertibility and Fredholm
properties of the two operators TQM and Tg with G given by (3.4) [3,37], and
therefore it implies certain relations between the solutions of

TY far = hay  for a given  hy € M (4.1)
and those of
TgF, = Hy foragiven H, € (H*)" (4.2)

In this section we study these relations, which also allow for a better under-
standing of the equivalence after extension obtained in the previous section.

Theorem 4.1. TngM = hyr with far,hyr € M if and only if TgF, = Hy
with Fy = (fi1) € (H)*, Hy € (Hy)* given by

fiv = fio = Podfu, far = —PT0g(Pog far + o Potb fur),
for = foo = Pobfur, far = —PT0g(dbPod far + Potbfar).  (4.3)
and
H, =(0,0,h1p, hag). (4.4)
Consequently, if far € ker TgM, then Fy € kerTg.
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Proof. First note that the equation (4.2) is equivalent to the Riemann-Hilbert
problem

GF, =F_+Hy, Fic€ (Hy)", (4.5)
where Hf = H? and H, = H702. Let
fr0 = Podfrr, hio = Pogha,
Jao = Potb far, hag = Pooh, (4.6)

so that fyr = ¢ fre+vY fog and hyy = phig+1phog. Given hyy € M we can write,
by (2.1), T, far = hay if and only if Pas (g (¢.f10 + 1 f20)) = dhag + hag, or
equivalently,

PPy f14 + g for) + VP (90 frv + gt for)
= ¢h1g +Yhag, fj+ = fjo € Kp.

Since pKy L 1Ky, this is equivalent to
Ofiy = fi- € Hy, Po(gfis +govfar) = hao,
0f2+ = fo- € Hy',  Po(g¢fiv + gfot) = hoo, (4.7)
which, in its turn, is equivalent to
éFr:Ff7 ngGlFr:Hg
where
_ (1 v _
Fip = (fix, fox) , G1 = 65 1) Hg = (h16, hag). (4.8)
Equivalently, there exist Fhy € HZ, such that
éFl_;,_ =F1_ 5 gG1F1+ :H9+F2_—0F2+. (49)

This system determines Fyy in terms of Fy, as Fb, = PT(0gG1F;y). So,
identifying Fiy € (H3)* with (F14, Foy), (4.9) is equivalent to

GF, = F_ + H,
with Hy = (0,0, hig, hog) and Fy = (f;+) where
fiv = Podfar, far = =P 09(Poadfrr + o Potd fur),
for = Popfar,  fay = —PT09(¢p0Pad far + Pot) far)- (4.10)
O

Theorem 4.2. TgF, = Hy with Fy = (f;j+), Hy = (hjy) € (H?)*, if and
only if TéMfM = hpr, where

far = &(fre = Ohy) + 9 (foy — Ohay) (4.11)

and

har = ¢Py(h3, — gO(hiy + ¢ha,)) + Y Po(hay — gb(dhiy + hay))(4.12)
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Proof. We have TgF, = Hy if and only if GF, = F_ 4+ H,, with F_ €

(Hy)*. Let Fie = (fis, fox) and Fox = (fax, fa+) where (f;+) = Fi and
let Hi1 = (hi+,hay), Hoy = (R34, hay. Then GF, = F_ 4+ H if and only
if

{ 01y = Fi+ Hyy (4.13)
9gG1Fi +0F = Fo_ + Hoy
where G is given in (4.8).
This in turn is equivalent to the system of equations
g(ﬁ‘1+~— 0H1+) = Flf 5 ~
gG1(Fiy —0H 4 ) + 0(Foy + PtgGiH — PT0H5,) (4.14)
—P9H2+ — Pgeg G1H1+ =Fy_ + P‘Gg G1H1+
Taking F1+ = FlJr - 9H1+ s F2+ = F2+ + P+g G1H1+ - P+9_H2+ we
get

OF, = F,_
gG}F1+ + 9F2+ — PpHyy — PybgG1Hy (415)
=F,_ + P 0g G1H1+ + Pg(HQ.;,_ + g GlH1+)

By Theorem 4.1 this is equivalent to TngM = hys with fy; and hpy
given by (4.11) and (4.12). O

Corollary 4.3. If F, € kerTg, with F\ = (fj4) € (H?)*, then far € ker T
with far = ofri + Y foy-

Note that (4.13) shows that any element of the kernel of Ty is determined
by its first two components f14 and foq, since

fay = PTOg(fry + o0 fay)
and
fay = PTOg(d0 fry + foy).
Let P; o be the projection defined by Pi o(x,y,u,v) = (x,y).
Corollary 4.4. The map
K: kerTgM —kerTg , Kfu = (fit, fotr, fat, fay)

with fj4 given by (4.3) is an isomorphism. We have
ket T) = K~ ker Tg = {¢ fiy + U for : (fig, for) € Proker Tg}.

From Theorems 4.1 and 4.2 we also obtain the following regarding
ranges.

Corollary 4.5. With the same notation as above,
(i) (hi4,hot,h3s, hyy) € ranTg if and only if

¢Py (hag — g0 (hiy + ¢ohay)) + Py (hag — g0 (p0hay + hay)) € ran T,
(ii) dhig + Yhaoy € ranTgM if and only if (0,0, h1g, hog) € ranTg.
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Moreover, we obtain a relation between the inverses of T;VI and Tg when
these operators are invertible.

Corollary 4.6. TgM is inwvertible if and only if Tg is invertible and, in that
case, (TgM)_1 = [¢P1,wP2,O,O]T§1UO, where Pj(x1,x2,x3,24) = ; and Uy :
M — (HF)*, is given by Uphar = (0,0, Pyghar, Paphar).

We can also relate the kernels of T;” and its adjoint as follows.

Theorem 4.7. If g € L>°, then ker T)" ~ ker(T})* = ker T}

Proof. Since TM ~ Tg, we have that ker TM ~ kerTg and ker(TM)* ~
ker T5;. So it is enough to prove that ker Tg, with G given by (3.4), is isomor-
phic to ker T = ker TGT. Since

kerTg = {¢+ €E(H)":Gpy=0¢_ € (H02)4}=

we have

Gor=¢- = 20y =G 1(29_) <= G v =1,
where 1 = Z¢_ € (H*)* and ¢ =Z¢, € (F3)4. Since

0 0 0 0
—=— 0 0 0 0
¢ '= a v
-9 —g¢ 0 0
g —g 0 0
0 0 0 1\ /6 0 g gop\ /0 0 0 -1
o o 1 o|lfo 6 ge¥ g 0 0 -1 0
o 0 -1 0 O 0 O 0 0 0 1 0 0o |’
-1 0 0 0 0 0 0 4 1 0 0 0
?T
it is clear that ker Ta—l ~ ker TET. O

Corollary 4.8. If TgM is Fredholm, then it has index 0. Consequently, TgM s
inwvertible if and only if it is Fredholm and injective.

5. The Norm and the Spectrum for Analytic Symbols

Clearly the norm of the dual-band Toeplitz operator T;V[ is the same as the
norm of the block truncated Toeplitz operator W. One important case that
can be analysed is when ¢ is in H* (in the language of dual-band signals,
this corresponds to a causal convolution on L?((—b, —a) U (a,b))).

The following is an easy generalization of scalar results which apparently
go back to [34].
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Proposition 5.1. Suppose that the symbol
B (g Wg)
vog g
is in (H*)ayo. Then

T3 |l = Wl = dist(8®, (H*)2x2 = [Tgell,
where the vectorial Hankel operator I'gg, : (H?)? — (L* & H?)? is defined by
F?qﬂ) = P(L29H2)2§<I>v.

Proof. Since the symbol ® is analytic, if we write (uj,us) € H? & H? as
(k1+ 001, ks +005) with the k; in Ky and ¢; € H?, then we have W (uq,uz) =
W (ky, ko) implying that the norm of the truncated Toeplitz operator W is
the same when the domain is H2 ® H? or Ky © Kj.
But Wu = §(P_ & P_)0®u = 0l'54u, and so
W = [Tgel = dist(62, H> (M2(C)),
by the vectorial form of Nehari’s theorem [32, Sec. 2.2]. O

Some results on the spectrum of W can be derived using known results
on the scalar case, particularly in the context of Proposition 2.1. Note that
the hypotheses of this theorem are satisfied in the original example given by
(1.1) and (1.2).

Theorem 5.2. Suppose that g € H>® and that ¢pop € OH>® or ¢np € GH>.
Then

o(T)) = 0(49) = {A € C:nf(|0(2)] + |g(z) — A)) = 0},
where the infimum is taken over D .
Proof. Assume that g € H> and that ¢y € #H>. Note that W has the

form
A 0
w4, )
Pog 9

and we claim that W is invertible if and only if Ag is. For the necessity note
that for arbitrary block operator matrices, if we have

GG 966 -6

then AP =1 and SA=1,s0S =SAP = P, and A is invertible with inverse
P.
The sufficiency follows from the formula

W71 _ < Ag - 0 >
(Ao, (a9 (g )

The spectrum of Ag for g € H* is described in [31, p. 66], and the H>°(C™)
case may be found in [13]. O
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For the essential spectrum of Az we may similarly prove the following
result.

Theorem 5.3. Suppose that g € H* and that ¢op € 0H>®. Then

cre(TgM) = ae(Az) = {)\ eC: lim_}gf(|0(z)\ +1g9(2) — A|) =0 for some & € T} ,

where z 1s taken in D.

Proof. The method of proof of Theorem 5.2 adapted to inversion modulo the
compact operators (i.e., in the Calkin algebra) shows directly that ae(TgM )=
0c(Af), and an expression for this is known from results in [5,13]. O

These results are of particular interest in the case of the restricted shift
or truncated shift Sy on M, with g(z) = z. We thus have

Corollary 5.4. If ¢ip € OH™>, then for the restricted shift Sy; on M we have
o(Su) = {2 € C: if (10(:)] + |z~ A) = 0},
and
oe(Su) ={ eC: llgnjgf(|9(z)| + 1]z = A]) =0 for some £ € T}
={\eT: 11213/1\1f(|9(z)|) = 0}.

6. The Double-Band Shift: Spectral Properties

In order to have matrix symbols which are essentially bounded, and since
Yo € OH? 4+ OH?, we assume here that ¢ = A_0 + A, 0 with A, € H>®
and A_ € H>. In this case, for g = z — A\, we have in W (see (2.5)) A% =

g
A%+5(2_)\) and A%m = AZJ;(Z_)\). Using the result of Corollary 3.3 we thus
associate to the operator T, | with A € C, the matrix symbol
0 0 0 0
0 0 0 O
= — . -1

9 s=X  (z=NA0 6 0 (6.1)

(z—AN)A_¥0 z—A 0o 0

6.1. Eigenvalues and Eigenspaces
By Corollaries 4.3 and 4.4 we have that ker TM |, ~ ker Tg, and fM € ker TM |
if and only if

M =0f1e + U fay (6.2)

where fi, and fo, are the two first components of ker Tg, C (H?)*. Note
that ker Tg, consists of the solutions f, € (H?)* of

Gafy = f-, with fy € (H*)*, f- € (H2)*. (6.3)
It is easy to see from (6.3) that all components of fi and f_ are determined

by fi+ and foq.
We will consider the cases A e D, AeD™ ={z€C:|z|>1}and A €T

separately.
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Proposition 6.1. If A € D then:

() ker TV, = {0} <= Ay = 0\ — A (0) A_(0)(1 — BO)B(N)® #0
(i) dimkerTM, =1 < A, =0 and [0()\)| —|—| (0] +]A_(0)|#0
(iii) dimkerTM, =2 <= Ay =0 and 6(\) = A, (0) = A_(0) = 0.

Proof. From (6.1) and (6.3) we get, for fi = (fi+, fox, f3+, fax) # 0,
o [ fs+\ _ o\ (AvSfe- f3=\ _ (k1
e () o () —e-n (f)+ () - () oo
with k1, ke € C, since the left-hand side is in (H?)? and the right-hand side
of the first equality is in (H 2)2. Therefore

(z =N fir +0fs =k

and, since 0f1, = fi_, we have

(Z - >\)f1— 7?1431 = *f3+ =C, eC, (65)
so (z — A) fi+ = k1 + C160 and we have ky = —C10()\). It follows that
0 —06(\
fir =Cy (A). (6.6)
Analogously,
000
for =C4 P (6.7)
and it follows that
1—06(\) L 1=00(N)
fi-=C0—— foo=Cr———
Js+ =—-C1, Jag =—

fa—=—=0(N)C1 + AL (1 - 06(N)Cs
fio=—0(N)Co+ A_(1—06(N\)C .
Since fs_, fa— € Fg, we must have

—0(N)C1 + A4 (0)(1 — 0(0)8(N))C2 = 0

—0(\)Ca + A_(0)(1 - 0(0)0(N)Cy = 0. (6.8)
If C; = Cy = 0, we get from (6.4) that f = f_ = 0. A necessary and
sufficient condition for (6.8) to have non zero solutions, C,Cs, is that the
determinant of the system is zero, i.e., Ay = 0. So (i) holds.
If Ay =0, then (6.8) is equivalent to
O(A)C1 = A4 (0)(1 - 0(0)0(A)Ca. (6.9)
If O(\) # 0, we must have also A, (0), A_(0) # 0 and the system (6.8) is
equivalent to ¢ = A (0) M Cy. If O(X) = 0 then AL (0)A_(0) = 0.
If A, (0)=0,A_(0)# O7 then

0 .
Ci1=0, fiy =0, for = 52m7 with 35 € C;
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if A, (0)# 0,4_(0) =0, then

0 .
Co =0, fiy = 51; with 81 € C, faq =0;

A?
if A, (0) = A_(0), we have

0 .
f1+—/31 % for = ﬂQz—)\Wlth B, P2 € C.

So (ii) and (iii) hold. O
Proposition 6.2. If A € D™ then :

(i) ker TM, = {0} <= A, —1—A+( )AZ(0)(8(0) — 6(N))* # 0,
(ii) dlmkerTM)\—l — A, =0.

Proof. From (6.4) we get
(Z — )\)f1, — gkl = Cl <~ (Z — )\)f1, = C1 -I-gkl
Replacing z (€ D7) by A we see that

Cl = —g(/\)k/’l, with ?()\) = 9(1/X)
Analogously, we get Co = —0(\)kz, so

9 O(\ ?—5 A
flf ( )7 f27 ( )
zZ—A zZ—A
It follows that
1—66(\ 1—66(\
fiv = %7 for =k %
far = O(N)k1, far = 0Nk,

foo =ki+ A ka(0—0(N), fao=ke+A k1(0-0(\) . (6.10)
Since f5_, fa_ € Fg, we must have, from (6.10),
ki + A4 (0)k2(6(0) —8()) = 0
ko + A_(0)k1(A(0) — B(N) = 0. (6.11)

and discussing this system as in the proof of Proposition 6.1 we conclude that
(i) and (ii) hold. Moreover, if Ay = 0 we see that

— . 1—00()
fi = B 0)@0) - ) P,
1—60(\
Jor =8 — )(\ )7
with 3 € C, which determines the kernel of TM , by (6.2). O

To study ker T, where A € T we will need the following two lemmas.

Lemma 6.3. If ¢, € H? then ¢4 (2)(z —\) — 0 when z — X € T nontangen-
tially in D.
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Proof. For ¢, € H? we have |¢p(w)| < ||¢+] ||kwl|l, where k,, is the re-
producing kernel function k,(z) = 1/(1 — wz), with ||ky| = 1//1 — |w|?.
Hence

[z = Alllo4 |l
6(2)(z M) < =
V1-—]z|
and this tends to 0 if z tends nontangentially to A € T, as this means that
|z — Al < C(1 —|z]|) for some constant C'. O

We say that an inner function 6 has an angular derivative in the sense
of Carathéodory (ADC) if and only if 6 has a nontangential limit
O(A\) = lim 9( )
z—X .t
0(z) —0(\)

zZ—=A
limit 0 (\) at A [19,35]. By Theorem 7.4.1 in [19], 6 has an ADC at A € T

0(z) —
if and only if there exists a € T such that L}\a

P
Lemma 6.3, that there exists the limit §(A) and we have 8(\) = a. Thus we
have:

with |§(\)] = 1 and the difference quotient has a nontangential

€ H?, which implies, by

Lemma 6.4. 6 has an ADC at A € T if and only if:
(1) lim, .y ¢ 0(2) exists in C (denoted by 6(\)) and

(i) Li — i(’\) € H2.

We denote by Tapc the set of all A € T where 6 has an ADC.

Proposition 6.5. Let A € T. If ker TM , # {0} then A € Tapc.

Proof. Consider again (6.3), now with A € T, and assume that fi, f_ # 0.
then, as in the proof of Proposition 6.1, we get (6.4) and, if k1 = ko = 0, we
have that (z — A) fi+ + 0f3+ = 0, which implies that

( - MNfi-=-f3x =CeC.

It follows that f,_ = P /\, so C' = 0 and therefore f1_ = f14 = 0. Analo-

gously, from (6.4) we get for = 0if ko = 0. Thus, to have a non-zero solution
to (6.3) either k; or ko must be different from 0. Assume that k; # 0. Then,
from (6.4),

(z=Nfiy +0fsy =k1 = (z=Nfi- —0ki=—f3, =CeC =
(Z—)\)flf :C—f—gkl e (Z_)\)flJr :Ce‘f'kl
000

From Lemma 6.3 it follows now that there exists (\) and f14 = C \
-

H?, so that by Lemma 6.4 6 has an ADC at .
Corollary 6.6. If A € T\ Tapc then ker TM, = {0}.

Proposition 6.7. Let A € Tapc. Then, for Ay defined as in Proposition 6.1,
(i) if Ay # 0 then ker TM, = {0},
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(ii) if Ay =0 then dimker TM, = 1.
Proof. Analogous to the proof of Proposition 6.1, taking into account Propo-
sition 6.5 and noting that now we cannot have ¢(\) = 0. O

We summarise the previous results as follows.

Theorem 6.8. (i) ker M, and ker(TM ,)* have the same finite dimension
for all X € C.
(i) A € o,(TM) if and only if A € D, Ay =0, or A € D™, A\ =0, or
A€ Tapce, Ay = 0, where Ay and KA are defined in Proposition 6.1
and 6.2 , respectively.

Remark 6.9. For A\ € a,(TM), the previous results provide a description of
the eigenspace in each case.

The following corollary applies in particular to the case considered in
Theorem 5.2.

Corollary 6.10. If A, (0)A_(0) =0 then A € 0,(TM) < X e D, 6()\) =0.
Corollary 6.11. If A, (0)A_(0) # 0 then

A€o, (TM)YND = 6(N\) =0

A€o, (TM)ND™ = 6(1/N) #0
6.2. Fredholmness and Essential Spectrum

It is easy to see, using equivalence after extension and the theory of Wiener—
Hopf factorization (WH factorization) that T2 , is Fredholm for all A € C\T.
Indeed, this is a particular case of the following more general result. Here we
denote by R the space of all rational functions without poles on T.

Theorem 6.12. Let R be a rational function without zeros or poles on T, i.e.,
R € GR. Then A¥ is Fredholm.

Proof. It is enough to prove that T, with

0 0 0 0

0 4 0 0

Gr=| p RA0 6 0
RA_6 R 0 0

is Fredholm. This follows from the fact that Gr admits a meromorphic fac-
torization ([10,12], see also [11], Theorem 3.3) of the form Gp = M_M;"
with M*! € (H* +R)"* and M € (H*® + R)*** given by:

1 0 0 0
0 1 0 0
My = 0 0 —-R 0 |’
0 0 0 -R
6 0 1 0
0 [ 0 1
M-=1"r» gras o 4Anr
RA_9 R A_R 0



MJOM Dual-Band General Toeplitz Operators Page 17 of 24 175

as can be easily verified. 0
Corollary 6.13. o.(TM) C T.

Now, to study the Fredholmness of Ay_ y for A € T we use another
factorization of Gy. Indeed, more generally, for any R € R we can factorise

e (75 ) (o)
= R(A_ 1+> Izxo R(1 —0)Iox2 0I2x2

_ Gr
Hp

where both factors depend on the symbol R € R (or the point X if R = z— ),
but the roles of A_; A, (i.e., ¢ and ¥) and 6§ are separated.

Since Hp € G(H>® + R)***, it follows that Gg admits a WH-
factorization in L? [9] (also known as generalised factorisation [30] or ®-
factorisation [28]), whose existence is equivalent to T, being Fredholm [9],
if and only if G admits such a factorization (Theorem 3.10 in [30]). Since
G g does not depend on A4 or A_, and for Ay =0 or A_ = 0 the operator
W defined in Theorem 2.3 is triangular, taking into account this theorem we
conclude the following:

Theorem 6.14. T is Fredholm if and only if A% is Fredholm.

The Fredholmness of truncated Toeplitz operators with rational symbols
R € R was studied in Section 5 of [13] in the equivalent setting of the real
line. For the case R = z— A, taking into account also Corollary 6.13, we have:

Corollary 6.15. The essential spectrum o.(TM) is contained in T and does
not depend of Ay or A_, but only on the point \ and the inner function 6.
We have

oe(TM) = 0c(AY) = 0(0) = {)\ €T: liminf |6(2)| = 0} .
Z—A,Z€

Remark 6.16. Since, by Theorems 4.7 and 6.8 , the dimensions of ker T%A
and ker(TM ,)* are equal and finite, we see that if A € o(6) the range of TM |
is not closed.

6.3. Invertibility, Spectrum and Resolvent Operators

From Corollary 6.15 and from the description of ker T, obtained in Sec-
tion 6.1, taking moreover into account Corollary 4.8, we easily get the spec-
trum of the dual-band shift.

Theorem 6.17.

()YAea(TM) == AeD,A\=0)V(AeD ,A,=0)V(AeTna(b))
\/(>\ ETADC\O'(G),A)\ ZO);
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(i)

op(TM) ={A €D, Ay =0} U{A €D, Ay =0} U{A € Tapc, Ay =0},

z

UG(TM) = T\TA[)Cu {)\ S TApcﬂO'(e),A)\ #* 0}

z

o (TM)y =9

where Ay and Av,\ were defined in Propositions 6.1 and 6.2.

From Theorem 6.17 we see in particular that unlike the essential spec-
trum, o(TM) is in general clearly different from o(A?).

For A ¢ o(TM), e, A €D, Ay #0,0or A € D™, Ay # 0, or A €
Tapc \ 0(0), Ay # 0, we can explicitly define the resolvent operator by
using Corollary 4.6 and a bounded canonical Wiener—Hopf factorization of
Gx, of the form Gy = G\_Gy, since we have, in that case, (Tg,)~! =
(QA+)*1P+(Q,\_)*1P‘J(FH2)4 [9]. That canonical factorization will be given be-

low for A € DU Tapc\o(0) with Ay #0; for A € D™, A, # 0, the canonical
factorization can be obtained analogously. Those factorizations, which were
obtained by solving a Riemann—Hilbert problem of the form Gy¢, = ¢_ with
¢y € (H*)* and ¢_ € (H?)* for each of the column factors as in [8], can be
checked directly by multiplication of the matricial factors.

Note that if A € T\o(6) then 6 has an analytic continuation to a neigh-
bourhood of A and there is clearly an ADC for 6 there with i&)‘) € H>. If

A € Tapc No(f) then %&/\) € H?\H® (page 505 of [35]); in this case Gy
has an L2-factorization [28], but it is not bounded nor a WH factorization,
although the factors are given by the same expressions as in the theorem
below.

Theorem 6.18. (i) IfA €D or A € Tapc\o(f) and Ay # 0 then Gy admits
a bounded canonical factorization of the form Gy = Gx_Gxr4 where

(i) if A =1— A, {0)A_(0)8(0) #0,

0+ A+(0)€(0)W 9—9(;) *AX(O) 0
_ A_(0) AL (A (06(0)  6-6(N)
g)\i - A 0 0 + - A zZ—A )
—(z—=A) -1 0 0
0 0 —(z—2A) -1
and
1+ A+(0)§(0)970)§ 17297(§)§ _ AJZA(O)g 0
g _/TA(O@ 0 1+ A+<O)€(O)970)§ 179<§>5
A—= T = -
931 —0(n) 933 AL(1—-06())0)
9a1 A_(1—6(N0) 943 —0(N)
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with
21 = —i 0) A9—A 0
gi = — 32 (5 = (A0 - A, (0)(0),
— z — )\ p—— ] - [
9n = —x— (A= = A-(0) + A44(0) A-(0)6(0) A- (6 - 6(0)))
— z — )\ = — — [
933 = "X (Ar — AL (0) + A4 (0) A_(0) 6(0) A4 (6 — 6(0))),
g1 = =50 (e (47 A 0)F0).
Note that in this case det g;j det Gy = —A\/A € C\ {0}.
(ii) If A = 0, in which case A4(0), A_(0), 6(0) # 0 and A, (0)0(0) =
7;, we have
A_(0)6(0)
~ A, (0)(1 - 00(0)) =2 — A, (0)6(0) 0
—6O(A
g;i = 0 O 1 z—A s
“H0)AL(0)(z —A) —1 0 0
(2= \) 0 0 1
and
~ A (0)(0 - 0(0)) 1-8008 ~ A (0)0(0) 0 0
o _ 1 0 9 10008
AT = AL 0)(z — A —0(N) (A7~ AL (0)0(0))(z — A) A3 (1 - 6(A))
—A(0)A_(0-0(0)(z—A) A_(1—06(N)8) 1 — A1 (0)0(0)A_8(z — A) —0())
with
A
det(Gay )™t = det G = A, (0)(1 — 20(0)8(N\)) = UT(AO) e C\{0}.

7. L2-Factorization and Angular Derivatives

In Sect. 6.2 the Fredholmness of T’ Z]‘f y» or Tg, , was studied from a factorization
of Gy, which we repeat here for convenience:

Gr=H_G (7.1)
with

(7.2)

+ = 4x4 5 055> O2x2
H> € (H®+R) andgx—((zA ,

)(1 - 5)12><2 912><2

using the fact that G, admits a WH factorization if and only if C:k admits a
factorization of the same type. Indeed it is well known that the existence of a
WH factorization for G € (L*)"*™ is equivalent to the Fredholmness of the
Toeplitz operator T¢ (see, e.g. [9, Thm. 1.1] or [28,30]).

It may happen that Gy admits an L2-factorization which does not satlbfy
the condition of boundedness for the densely defined operator G +P+g N

R* — (L?)* (see [9,28]) Although in that case one cannot conclude that Tg,
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is Fredholm, it is still possible to use it to characterize several important
properties of the operator, such that as injectivity [28]. This leads us to the
question of existence of such a L2-factorization for G - Somewhat surprisingly,
we obtain a necessary and sufficient condition for existence of an ADC of 6
at A € T in terms of an L?-factorization, a relation which appears here for
the first time.

Theorem 7.1. Let A € T. The inner function 6 has an ADC at A if and only
if Gx has an L? factorization.

Proof. (i) Assume that Gy = Gx_ DGy, with D = diag{z"} with k; € Z,
j=1,2,3,4. Since det G, = 1, we must have Z _1 kj = 0. If, for some j, we
have k; = —n < 0, then there exists a non-zero solutlon to

(o) () == () (73)

with ¥4, 10y € (H?)? and 1_, s € (H2)?, given by the j’th column of
the factors. So we have, with 01y, = 2" _,

(2 = A)(1 = O)tp14 + Ohay =Z"1hg
= (2= N1y — (2 = N)Z"P1- + Ohoy =Z"Pa
== (Z — A>¢1+ + 0thoy =Z"Po_ + (Z — )\)Enl/q, =(C e (7.4)

If C = 0 (which necessarily happens if n > 1) then 114 = 194 = 0 and there
is no nontrivial solution to (7.3). So we must have n < 1 and C # 0. For
n > 1, from (7.4),

7z — A\h1— — 0C = —pay = A(z — \) + B, with A, B € C%,

Now we must also have B # 0 because, otherwise we would have ¢, — A =
QC = 5 € H? with C # 0, which is impossible because A € T. Going back to
(7. 4) then

(5 = Ny +0(~A(z — \) — B) = C
— (z=N)(¢Y1+ —0A) =C+0B;

by Lemma 6.3, it follows that 6(\) exists and, since 1, — A € (H?)?
get that %&A) € H? and 0 has an ADC at \ by Lemma 6.4.

(ii) Conversely, suppose that 6 has an ADC at A\. Then g » admits the following
L? factorization (obtained as before by solving a Riemann-Hilbert problem):
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—1f0()\);£ _ 0(0),9,\_@\ g>\+ with

1-6(\)0
oo 1 o0 0 0
7 1-6(\)8
A o o 1L =
—f:%( A) =140\ (0 —1) 0 0
7-9(0) -
0 0 _17W(2_/\) —14+6(\)(0—-1)
1 0—0(N)
EIRRER " o— 2 A)
é;i = 0 0 = 0(0) +0 ,
(=) -1 0 0
0 0 —(z—A) -1
. 1 5 A . S >y .
-if O(N) = IO Gy = Ga_diag (z,7, z, 2)Ga4 with
L] 0 0
~ 5 12608 5
g/\_ — B 0 T\ 0 \ z ,
208 —1—6(N) 0 —z=2 g
0 2N —-1-06(1) 0 —=2
8-60) g 0 0
- 9—6(\)
g/\—i = 0 =X 0 0
“1 0 —(z=) 0
0 -1 0 —(z-))

O
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