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Abstract. In the paper, we study some new criteria for the oscilla-
tion of the nonlinear second-order delay difference equations of the
form Δ(r (t) (Δx (t))α)+q (t) xβ (t − m + 1) = 0, via comparison with a
second-order linear difference equation or a first-order linear delay dif-
ference equation whose oscillatory behavior is discussed intensively in
the literature. The presented results essentially improve existing ones.
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1. Introduction

In this paper, we shall study the oscillatory behavior of the solutions of
nonlinear second-order delay difference equations of the form

Δ(r (t) (Δx (t))α) + q (t) xβ (t − m + 1) = 0. (1.1)

We shall assume that

(i) {q(t)} and {r(t)} are positive real sequences,
(ii) α and β are ratios of positive odd integers,
(iii) m≥1 is a positive integer.

Moreover, it is assumed that

R(t, t0) =
t−1∑

s= t0

r− 1
α (s) → ∞ as t → ∞. (1.2)

Recall that a solution of (1.1) is a nontrivial real-valued sequence {x(t)}
satisfying (1.1) for t ≥ t0 − m + 1.

Solutions vanishing identically in some neighborhood of infinity will be
excluded from our consideration. A solution x of (1.1) is said to be oscillatory
if it is neither eventually positive nor eventually negative; otherwise, it is
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called nonoscillatory. An equation itself is said to be oscillatory if all its
solutions are oscillatory.

The problem of investigating oscillation criteria for various types of
difference equations has been a very active research area over the past several
decades. A large number of papers and monographs have been devoted to this
problem; for a few examples, see [1–11,13–15] and the references contained
therein.

The main goal of this paper was to provide some new oscillation criteria
for Eq. (1.1) via comparison with a second-order linear difference equation
or a first-order linear delay difference equation whose oscillatory behavior is
discussed intensively in the literature. We will demonstrate the usefulness of
our main results via some applications to neutral difference equations and
some examples.

2. Comparison Theorems

To obtain our result, we need the following two lemmas:

Lemma 2.1. Let {q(t)} be a sequence of positive real numbers; m is a posi-
tive real number and f: R→ R is a continuous nondecreasing function, and
x f(x) > 0 for x �= 0. If the first-order delay differential inequality

Δy(t) + q(t)f(y(t − m + 1)) ≤ 0

has an eventually positive solution, so does the delay equation

Δy(t) + q(t)f(y(t − m + 1)) = 0.

This Lemma is an extension of the discrete analogue of known results. See
Lemma 6.2.2 in [2] and also in [11]. The proof is immediate.

Lemma 2.2. Let {x(t)} be an eventually increasing solution of Eq. (1.1).
Then xβ−α(t) ≥ ϕ(t), where ϕ (t) is given by

ϕ (t) =

⎧
⎨

⎩

1 if α = β
a if α < β
bRβ−α (t, t1) if α > β,

(2.1)

where a and b are positive constants and all large t ≥ t1 ≥ t0.

Proof. Since {x(t)} is a positive increasing solution of Eq. (1.1), there exists
a constant c > 0 such that x(t) ≥ c for all t ≥ t1 for some t1 ≥ t0. Now, one
can easily find that

x(t) ≥
t−1∑

s=t1

r−1/α(s)
(
r1/α(s)Δx(s)

)
≥ R(t, t1)

(
r1/α(t)Δx(t)

)
. (2.2)

Since r(t) (Δx(t))α is positive and non-increasing on [t1,∞), there exists a
constant C > 0 such that

r(t) (Δx(t))α
< C for t ≥ t1.



MJOM New Oscillation Criteria of Nonlinear Page 3 of 11 166

Summing this inequality from t1 to t-1, we have

x (t) ≤ CR (t, t1) for t ≥ t1

and for some constant C > 0 and so,

xβ−α (t) ≥ ϕ (t) =

⎧
⎨

⎩

1 if α = β
a if α < β
bRβ−α(t, t1) if α > β,

where a = cβ−α and b = Cβ−α. This proves the Lemma.
For t ≥ t1 ≥ t0 , we let

Q1 (t, t1) =
1
α

q (t)
(

Rα (t − m + 1, t1)
R (t + 1, t1)

)
ϕ (t − m + 1)

and

Q2 (t, t1) =
1
α

Rα (t − m + 1, t1)
r(t − m + 1)

q(t)ϕ (t − m + 1) .

Now, we present our first oscillation result for Eq. (1.1) via comparison with
second-order linear difference equation.

Theorem 2.1. Let α ≥ 1,the conditions (i)–(iii) and (1.2) hold. If the second-
order linear difference equation

Δ
(
r

1
α (t)Δx (t)

)
+ Q1 (t, t1) x (t + 1) = 0 (2.3)

is oscillatory for all large t ≥ t1, then Eq. (1.1) is oscillatory.

Proof. Let {x(t)} be a nonoscillatory solution of Eq. (1.1), say x(t) > 0, and
x(t − m + 1)) > 0 for t ≥ t1 for some t1 ≥ t0. The proof if x(t) is eventually
negative is similar, so we omit the details of that case here as well as in the
remaining proofs in this paper. Then, it follows from Eq. (1.1) that

Δ(r (t) (Δx (t))α) = −q (t) xβ−α (t − m + 1) xα (t − m + 1) < 0, (2.4)

It is easy to see that there exists a t2 ≥ t1 such that

x(t) > 0,Δx (t) > 0 and Δ(r (t) (Δx (t))α) < 0, for t ≥ t2.

By using (2.1) in (2.4) we have

Δ(r (t) (Δx (t))α) ≤ −q (t) ϕ(t − m + 1)xα (t − m + 1)

Inequality (2.4) can be written in the following form:

Δ
(
r

1
α (t)Δx (t)

)α

+ q (t) ϕ (t − m + 1) xα (t − m + 1) ≤ 0.

Δ−derivative yields

Δ(r (t) (Δx (t))α) = Δ
(
r

1
α (t)Δx (t)

)α

≥ α
(
r

1
α (t)Δx (t)

)α−1

Δ
(
r

1
α (t) Δx (t)

)
,
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or,

Δ
(
r

1
α (t)Δx (t)

)
+

1
α

(
r

1
α (t)Δx (t)

)1−α

q (t) ϕ (t−m+1) xα (t−m+1) ≤ 0.

(2.5)

Using (2.2), there exists t3 ≥ t2 such that

x(t − m + 1) ≥ R (t − m + 1, t1) r
1
α (t − m + 1) Δx(t − m + 1) for t ≥ t3,

(2.6)

using the fact that r
1
α (t)Δx (t)is a nonincreasing sequence, we see that

r
1
α (t) Δx (t) ≤ r

1
α (t − m + 1) Δx(t − m + 1) for t ≥ t3, (2.7)

and using (2.6) in (2.7) we get

r
1
α (t) Δx (t) ≤ r

1
α (t − m + 1) Δx (t − m + 1)

≤ R−1 (t − m + 1, t1) x(t − m + 1).

Substituting this inequality in (2.5) and using the fact that α ≥ 1, we see that

Δ
(
r

1
α (t)Δx (t)

)
+

1
α

(
R−1 (t − m + 1, t1) x(t − m + 1)

)1−α

×q (t) ϕ (t − m + 1) xα (t − m + 1) ≤ 0,

or,

Δ
(
r

1
α (t)Δx (t)

)
+

1
α

Rα−1 (t − m + 1, t1)

×q (t) ϕ (t − m + 1) x (t − m + 1) ≤ 0.

From (2.2) It follows that

Δ

(
x(t)

R(t, t1)

)
=

R(t, t1)Δx(t)− x(t)
r1/α(t)

R(t + 1, t1)R(t,t1)
≤ 0,

i.e. x(t)
R(t,t1)

is eventually nonincreasing for t ≥ t2. Thus, we have

x(t − m + 1))
R(t − m + 1, t1)

≥ x(t + 1))
R(t + 1, t1)

,

and so,

Δ
(
r

1
α (t)Δx (t)

)
+

1
α

Rα−1 (t − m + 1, t1)

×q (t)
(

R (t − m + 1, t1)
R (t + 1, t1)

)
ϕ (t − m + 1) x (t + 1) ≤ 0,

or,

Δ
(
r

1
α (t)Δx (t)

)
+ Q1 (t, t1) x (t + 1) ≤ 0.

But by Lemma 1 of [14], the corresponding Eq. (2.3) has a positive solution.
We derive a contradiction which completes the proof.

By Applying Theorem 3.5 in [8] to Eq. (2.3), we have the following
oscillation result;
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Corollary 2.1. Let α ≥ 1, the, conditions (i)–(iii) and (1.2) hold. If there ex-
ists a nondecreasing positive sequence {π(t)} such that for any t ≥ t0

lim sup
t→∞

t−1∑

t0

[
π (s) Q1 (t, t1) − r

1
α (s)
4

(
Δπ(s)
π(s)

)2
]

= ∞, (2.8)

then Eq. (1.1) is oscillatory.
Next, we present our second oscillation result for Eq. (1.1) via compar-

ison with first-order delay difference equation.

Theorem 2.2. Let 0 < α ≤ 1, the conditions (i)–(iii) and (1.2) hold. If the
first-order linear delay difference equation

Δw(t) + Q2 (t, t1) w (t − m + 1) = 0, (2.9)

is oscillatory for all large t ≥ t1 , then Eq. (1.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of Eq. (1.1), say x(t) > 0 and x
(τ(t)) > 0 for t ≥ t1 for some t1 ≥ t0. The proof if x(t) is eventually negative
is similar, so we omit the details of that case here as well as in the remaining
proofs in this paper. Proceeding as in the proof of Theorem 2.1, we obtain
the inequalities (2.5)–(2.7). Using (2.6) into (2.5), we have

Δ
(
r

1
α (t)Δx (t)

)
+ 1

α

(
r

1
α (t)Δx(t)

)1−α

q(t)ϕ (t − m + 1)

×
(
R (t − m + 1, t1) r

1
α (t − m + 1)Δx(t − m + 1)

)α

≤ 0, for t ≥ t3,

or,

Δ
(
r

1
α (t)Δx (t)

)
+

1
α

(
r

1
α (t − m + 1)Δx(t − m + 1)

)1−α

× (R (t − m + 1, t1))
α

r(t − m + 1)
q(t)ϕ (t − m + 1)

×
(
r

1
α (t − m + 1)Δx(t − m + 1)

)α

≤ 0,

or,

Δw(t) + Q2 (t, t1) w(t − m + 1) ≤ 0, (2.10)

where, w(t) = r
1
α (t)Δx (t) > 0. Summing inequality (2.10) from t ≥ t3to u

and letting u → ∞, we obtain

w(t) ≥
∞∑

s=t

Q2 (t, t1) w(s − m + 1) for t ≥ t3.

The function w(t) is strictly decreasing on [t3, ∞). It follows from Lemma
2.1 that the corresponding difference Eq. (2.9) also has a positive solution.
We arrive at a contradiction which completes the proof.

By summing Eq. (2.9) from t - m+1 to t -1, we have the following result:
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Corollary 2.2. Let 0 < α ≤ 1,the conditions (i)–(iii), and (1.2) hold. If for
all large t ≥ t1

lim inf
t→∞

t−1∑

s=t−m+1

Q2 (t, t1) = ∞, (2.11)

then Eq. (1.1) is oscillatory.

Example 2.1. Consider the second order difference equation

Δ (Δx(t)3) + q (t) xβ (t − m + 1) = 0, (2.12)

Here,α = 3, and β > 0 and q (t) is a positive of real sequence, r(t) =1,
R(t, t0) = t − t0.

If the second-order linear difference equation

Δ2y(t) +
C

α

(
t − m + 1 − t1

t+1−t1

)
(t−m+1−t0)

2

q (t) ϕ (t−m+1) y (t+1) = 0

is oscillatory for all large t ≥ t1 and any constantC ∈ (0 , 1] .All condition of
Theorem 2.1 are satisfied and hence we see that Eq. (2.12) is oscillatory.

3. Applications

In this section we apply our previous results to neutral second-order difference
equations of the form

Δ(r (t) (Δy (t))α) + q (t) xβ (t − m + 1) = 0, (3.1)

where (I)y(t) = x(t)+p1 (t) xγ (t−k1) +p2 (t) xδ (t−k2) or, (II) y(t) = x(t) +
p(t) xγ (t − k) ,

γ and δ are ratios of positive odd integers with 0 < γ ≤ 1 and δ ≥ 1 , k, k1
and k2 are positive integers and {p(t)}, {p1 (t)} and {p2 (t)} are positive se-
quences of real numbers.

To obtain our results we need the following lemma:

Lemma 3.1. [12]. If X and Y are nonnegative, then

Xλ − (1 − λ) Y λ − λXY λ−1 ≤ λ< 1, (3.2)

where equality holds if and only if X = Y.
Now, we present our oscillation result for Eq. (3.1) with (I),
i.e., second-order equation with sublinear and superlinear neutral terms.

Theorem 3.1. Let the conditions (i)–(iii), and (1.2) hold and let

lim
t→∞ Rδ−1 (t, t0) p2 (t) = 0 and lim

t→∞ p1 (t) = 0 . (3.3)

Equation (3.1) is oscillatory if one of the following conditions holds for all
large:

t ≥ t1 and any constant C ∈ (0 , 1] :
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(I) The second-order linear difference equation

Δ
(
r

1
α (t)Δx (t)

)
+ C Q1 (t, t1) x (t + 1) = 0, (3.4)

with α ≥ 1, is oscillatory.
(II) Let α ≥ 1 and assume that there exists a nondecreasing positive sequence

{π(t)} such that for any t ≥ t1 ≥ t0

lim sup
t→∞

t−1∑

t0

[
Cπ (s) Q1 (t, t1) − r

1
α (s)
4

(
Δπ (s)
π (s)

)2
]

= ∞, (3.5)

(III) The first-order linear delay difference equation

Δw(t) + CQ2 (t, t1) w (t − m + 1) = 0 (3.6)

with α > 0 is oscillatory.
(IV) Let 0 < α ≤ 1 and condition (2.11).

Proof. Let {x(t)} be a nonoscillatory solution of Eq. (1.1), say x(t) > 0, x(t−
k1) > 0, x(t−k2) > 0, and x(t−m+1) > 0 and y(t) > 0 for t ≥ t1 for some t1 ≥
t0. The proof if x(t) is eventually negative is similar, so we omit the details
of that case here as well as in the remaining proofs in this paper. Then, it
follows from (3.1) that

Δ (r(t) (Δy(t))α) ≤ − q (t) xβ (t − m + 1) < 0, (3.7)

Since x(t) ≤ y(t), it follows from the definition of y(t) that

x (t) = y (t) − p1 (t) xγ (t−k1) − p2 (t) xδ (t−k2)

≥ y (t) − p1 (t) yγ (t−k1) − p2 (t) yδ (t−k2)

≥ y (t)− p1 (t) yγ (t) − p2 (t) yδ (t)

≥ y (t) − p2 (t)
y (t)

y1−δ (t)
− p1 (t) [yγ (t) − y (t)] − p1(t)y(t) (3.8)

By applying (3.2) with

λ = γ ,X = y and Y = (
1
γ

)
1

γ−1 ,

we obtain

yγ (t) − y (t) ≤ (1 − γ) γ
γ

1−γ for t ≥ t1. (3.9)

Substituting (3.9) into (3.8) we find

x(t) ≥ y(t) − p2(t)
y(t)

y1−δ(t)
− p1(t)y(t)−p1(t) (1 − γ) γ

γ
1−γ

≥y(t) − p2(t)
y(t)

y1−δ(t)
− p1(t)y(t))

− p1(t) (1 − γ) γ
γ

1−γ

≥y(t)

[
1 − p2 (t)

1
y1−δ (t)

− p1 (t) − p1(t) (1 − γ) γ
γ

1−γ

y(t)

]
(3.10)
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Since y(t) > 0 and Δy(t) > 0 on [t2, ∞), there exists a constant c1 > 0 such
that

y(t) ≥ c1 for t ≥ t2. (3.11)

Since r(t) (Δy(t))α is positive and non-increasing on [t1,∞), there exist a
constant C > 0 and a t3 ≥ t2such that

r(t) (Δy(t))α
< C for t ≥ t3. (3.12)

Summing the inequality (3.12) from t3 to t-1 we have

y (t) ≤ CR (t, t3) for t ≥ t4, (3.13)

for some t4≥ t3 and for some constant C > 0.
Using (3.11) and (3.13) in (3.10) gives

x(t) ≥ y(t)

[
1 − p2 (t) (CR (t, t3))

δ−1 − p1 (t) (1 +
(1 − γ) γ

γ
1−γ

c1
)

]

x(t) ≥ y(t)
[
1 − B

[
p2 (t) (R (t, t3))

δ−1 + p1 (t)
]]

for t ≥ t4 (3.14)

where B = max {1 + (1−γ)γ
γ

1−γ

c1
, Cδ−1}.

Now, in view of (3.3), for any ρ ∈ (0, 1) there exists tρ ≥ t4 such that

x(t) ≥ ρy(t) for t ≥ tρ. (3.15)

Fix ρ ∈ (0, 1) and choose tρby (3.15). Since limt→∞ τ(t) = ∞, we can choose
t5 ≥ tρ such that τ (t) ≥ tρ for all t ≥ t5. Thus, from (3.15) we have

x(τ(t)) ≥ ρy(τ(t)) for t ≥ t5. (3.16)

Using this inequality in Eq. (3.1) we find

Δ (r(t) (Δy(t))α) + q(t)ρβyβ(t − m + 1) ≤ 0. (3.17)

The rest of the proof is similar to that of Theorem 2.1 and hence is omitted.

Example 3.1. Consider the second-order neutral difference equation

Δ

((
Δ

[
x (t) +

1
t
x

1
3 (t−k1) +

1
t3

x3 (t−k2)
])3

)
+ q (t) xβ (t − m + 1) = 0,

(3.18)

and the second-order difference equation with a sublinear neutral term of the
form

Δ

((
Δ

[
x (t) +

1
t
x

1
3 (t−k1)

])3
)

+ q (t) xβ (t − m + 1) = 0. (3.19)

Here, α = 3, γ =1
3 , δ = 3 and β > 0 , k, k1 and k2 are positive integers and

p(t)=1/t= p1 (t) ,
p2 (t) = 1

t3 , q (t) are positive sequences of real numbers. r(t) = 1, R(t,
t0) = t − 1 − t0.

If the second-order linear difference equation

Δ2y(t)+
C

α

(
t − m + 1 − t1

t + 1 − t1

)
(t−m+1−t0)

2
q (t) ϕ (t − m + 1) y (t+1) = 0,
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is oscillatory for all large t ≥ t1 and any constantC ∈ (0 , 1] .Applying Theo-
rems 2.1 and 3.2 we see that both Eqs. (3.18) and (3.19) are oscillatory.

Next, we present the following oscillation result for Eq. (3.1) with (II),
i.e., second-order equation with a sublinear neutral term.

Theorem 3.2. Let the conditions (i)–(iii), and (1.2) hold and let limt→∞p1
(t) = 0 .

Then the conclusions of Theorem 3.1 hold.

Proof. Let {x(t)} be a nonoscillatory solution of Eq. (1.1), say x(t) > 0,
x(t − k)) > 0andx(t − m + 1) > 0 and y(t) > 0 for t ≥ t1 for some t1 ≥ t0.
The proof if x(t) is eventually negative is similar, so we omit the details of
that case here as well as in the remaining proofs in this paper. Then, it follows
from (3.1) that

Δ (r(t) (Δy(t))α) ≤ − q (t) xβ (t − m + 1) < 0, (3.20)

Since x(t) ≤ y(t), it follows from the definition of y(t) with y(t) is a nonde-
creasing sequence that

x (t) = y (t) − p (t)xγ (t − k)
x (t) ≥ y (t) − p (t) yγ(t)

x (t) ≥ y (t)
(

1− p (t)
y1−γ (t)

)
.

Using (3.11), there exists a constant b ∈ (0 , 1] such that

x(t) ≥ b y(t) for t ≥ t1.

The rest of the proof is similar to that of Theorem 2.1 and hence is omitted.

Example 3.1. Consider the second-order neutral difference equation

Δ

((
Δ

[
x (t) +

1
t
x

1
3 (t−k1) +

1
t3

x3 (t−k2)
])1/3

)
+ q (t)xβ (t − m + 1) = 0,

(3.21)

and the second-order difference equation with a sublinear neutral term of the
form

Δ

((
Δ

[
x (t) +

1
t
x

1
3 (t−k1)

])1/3
)

+ q (t)xβ (t − m + 1) = 0. (3.22)

Here,α = 1/3, γ = 1
3 , δ = 3 and β > 0 , k, k1 and k2 are positive integers and

p(t)=1/t= p1 (t),
p2 (t) = 1

t3 , q (t) are positive of real numbers. r(t) =1, R(t, t0) = t-1-t0.
If the first-order linear delay difference equation

Δw(t) +
C

α
(t − m + 1 − t1)

1
3 q (t) ϕ (t − m + 1) w (t − m + 1) = 0,

is oscillatory for all large t ≥ t2 and any constantC ∈ (0 , 1] , then Eqs. (3.21)
and (3.22) are oscillatory.
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General Remarks

The results of this paper are presented in a new form and of high degree of
generality.

Our main task here is to reduce the oscillation of half-linear delay dif-
ference equations and/or nonlinear delay difference equations to the oscilla-
tion of linear or first-order difference equations whose oscillatory behavior is
known and literature is filled with all types of criteria.
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