
Mediterr. J. Math. (2022) 19:88
https://doi.org/10.1007/s00009-022-01981-z
1660-5446/22/020001-6
published onlineMarch 18, 2022
c© The Author(s) 2022

On Weak∗-Extensible Subspaces of Banach
Spaces
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Abstract. Let X be a Banach space and Y ⊆ X be a closed subspace. We
prove that if the quotient X/Y is weakly Lindelöf determined or weak
Asplund, then for every w∗-convergent sequence (y∗

n)n∈N in Y ∗ there ex-
ist a subsequence (y∗

nk
)k∈N and a w∗-convergent sequence (x∗

k)k∈N in X∗

such that x∗
k|Y = y∗

nk
for all k ∈ N. As an application, we obtain that

Y is Grothendieck whenever X is Grothendieck and X/Y is reflexive,
which answers a question raised by González and Kania.
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1. Introduction

Throughout this paper, X is a Banach space. We denote by w∗ the weak∗

topology on its (topological) dual X∗. The space X is said to be Grothendieck
if every w∗-convergent sequence in X∗ is weakly convergent. This property
has been widely studied over the years, we refer the reader to the recent survey
[7] for complete information on it. By a “subspace” of a Banach space we mean
a closed linear subspace. If Y ⊆ X is a subspace, then (i) the quotient X/Y
is Grothendieck whenever X is Grothendieck, and (ii) X is Grothendieck
whenever Y and X/Y are Grothendieck (see, e.g., [3, 2.4.e]). In general, the
property of being Grothendieck is not inherited by subspaces (for instance, c0
is not Grothendieck while �∞ is). However, this is the case for complemented
subspaces or, more generally, subspaces satisfying the following property:

Definition 1.1. A subspace Y ⊆ X is said to be w∗-extensible in X if for every
w∗-convergent sequence (y∗

n)n∈N in Y ∗ there exist a subsequence (y∗
nk

)k∈N and
a w∗-convergent sequence (x∗

k)k∈N in X∗ such that x∗
k|Y = y∗

nk
for all k ∈ N.

Indeed, it is easy to show that a Banach space is Grothendieck if (and
only if) every w∗-convergent sequence in its dual admits a weakly conver-
gent subsequence. Thus, a subspace Y ⊆ X is Grothendieck whenever X
is Grothendieck and Y is w∗-extensible in X. The concept of w∗-extensible
subspace was studied in [4,11,15] (there the definition was given by replacing
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“w∗-convergent” by “w∗-null”; both definitions are easily seen to be equiva-
lent). Independently, it was also considered in [12, Sect. 3] in connection with
set-valued integration. Note that every subspace is w∗-extensible in X when-
ever BX∗ (the closed unit ball of X∗, that we just call the “dual ball” of X)
is w∗-sequentially compact (cf. [3, 2.4.f]). However, this observation does not
provide new results on the stability of the Grothendieck property under sub-
spaces, because the only Grothendieck spaces having w∗-sequentially compact
dual ball are the reflexive ones.

In this note, we focus on finding sufficient conditions for the
w∗-extensibility of a subspace Y ⊆ X which depend only on the quotient
X/Y . Our motivation stems from the question (raised in [7, Problem 23])
of whether Y is Grothendieck whenever X is Grothendieck and X/Y is re-
flexive. It is known that the separable injectivity of c0 (Sobczyk’s theorem)
implies that if X/Y is separable, then Y is w∗-extensible in X in a stronger
sense, namely, the condition of Definition 1.1 holds without passing to sub-
sequences (see, e.g., [1, Theorem 2.3 and Proposition 2.5]). Our main result
is the following (see below for unexplained notation):

Theorem 1.2. Let Y ⊆ X be a subspace. Suppose that X/Y satisfies one of
the following conditions:
(i) Every non-empty w∗-closed subset of B(X/Y )∗ has a Gδ-point (in the

relative w∗-topology).
(ii) dens(X/Y ) < s.
Then Y is w∗-extensible in X.

Given a compact Hausdorff topological space K, a point t ∈ K is called a
Gδ-point (in K) if there is a sequence of open subsets of K whose intersection
is {t}. Corson compacta have Gδ-points (see, e.g., [6, Theorem 14.41]), and
the same holds for any non-empty w∗-closed subset in the dual ball of a weak
Asplund space (see, e.g., the proof of [5, Theorem 2.1.2]). Thus, we get the
following corollary covering the case when X/Y is reflexive.

Corollary 1.3. Let Y ⊆ X be a subspace. If X/Y is weakly Lindelöf deter-
mined or weak Asplund, then Y is w∗-extensible in X.

As an application of the above we get an affirmative answer to [7, Prob-
lem 23]:

Corollary 1.4. Let Y ⊆ X be a subspace. If X is Grothendieck and X/Y is
reflexive, then Y is Grothendieck.

As to condition (ii) in Theorem 1.2, recall that the density charac-
ter of a Banach space Z, denoted by dens(Z), is the smallest cardinality of
a dense subset of Z. For our purposes, we just mention that the splitting
number s is the minimum of all cardinals κ for which there is a compact
Hausdorff topological space of weight κ that is not sequentially compact. In
general, ω1 ≤ s ≤ c. So, under CH, cardinality strictly less than s just means
countable. However, in other models there are uncountable sets of cardinality
strictly less than s. We refer the reader to [14] for detailed information on s
and other cardinal characteristics of the continuum.
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Any of the conditions in Theorem 1.2 implies that B(X/Y )∗ is w∗-
sequentially compact (see [5, Lemma 2.1.1] and note that the weight of
(B(X/Y )∗ , w∗) coincides with dens(X/Y )), which is certainly not enough to
guarantee that Y is w∗-extensible in X (see Remark 2.5). The ideas that we
use in this paper are similar to those used by Hagler and Sullivan [9] to study
sufficient conditions for the dual ball of a Banach space to be w∗-sequentially
compact. By the way, as another consequence of Theorem 1.2 we obtain a
generalization of [9, Theorem 1] (see Corollary 2.6).

The proof of Theorem 1.2 and some further remarks are included in
the next section. We follow standard Banach space terminology as it can be
found in [5] and [6].

2. Proof of Theorem 1.2 and Further Remarks

By a “compact space” we mean a compact Hausdorff topological space. The
weight of a compact space K, denoted by weight(K), is the smallest cardi-
nality of a base of K. The following notion was introduced in [10]:

Definition 2.1. Let L be a compact space and K ⊆ L be a closed set. We say
that L is a countably discrete extension of K if L \ K consists of countably
many isolated points.

Countably discrete extensions turn out to be a useful tool to study
twisted sums of c0 and C(K)-spaces, see [2] and [10]. As it can be seen in the
proof of Theorem 1.2, countably discrete extensions appear in a natural way
when dealing with sequential properties and twisted sums. Lemma 2.2 below
isolates two properties of compact spaces which are stable under countably
discrete extensions, both of them implying sequential compactness. Never-
theless, sequential compactness itself is not stable under countably discrete
extensions (see Remark 2.5).

Lemma 2.2. Let L be a compact space which is a countably discrete extension
of a closed set K ⊆ L. Then

(i) if every non-empty closed subset of K has a Gδ-point (in its relative
topology), then the same property holds for L;

(ii) weight(L) = weight(K) whenever K is infinite.

Therefore, if either every non-empty closed subset of K has a Gδ-point (in
its relative topology) or weight(K) < s, then L is sequentially compact.

Proof. (i) Let M ⊆ L be a non-empty closed set. If M ⊆ K, then M has a
Gδ-point (in the relative topology) by the hypothesis. On the other hand, if
M ∩ (L\K) �= ∅, then M contains a point which is isolated in L and so a
Gδ-point (in M).

(ii) Let R : C(L) → C(K) be the bounded linear operator defined by
R(f) = f |K for all f ∈ C(K). Then R is surjective and C(K) is isomorphic
to C(L)/ ker R. The fact that L is a countably discrete extension of K im-
plies that ker R is finite-dimensional or isometrically isomorphic to c0. In any
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case, ker R is separable and so dens(C(K)) = dens(C(L)). The conclusion fol-
lows from the equality dens(C(S)) = weight(S), which holds for any infinite
compact space S (see, e.g., [13, Proposition 7.6.5] or [6, Exercise 14.36]).

The last statement of the lemma follows from [5, Lemma 2.1.1] and [14,
Theorem 6.1], respectively. �

We will use below the well-known fact that dens(Z) = weight(BZ∗ , w∗)
for any Banach space Z.

Proof of Theorem 1.2. Let (y∗
n)n∈N be a w∗-convergent sequence in Y ∗. With-

out loss of generality, we can assume that (y∗
n)n∈N is w∗-null and contained

in BY ∗ . Clearly, there is nothing to prove if y∗
n = 0 for infinitely many n ∈ N.

So, we can assume further that y∗
n �= 0 for all n ∈ N. By the Hahn–Banach the-

orem, for each n ∈ N there is z∗
n ∈ X∗ with z∗

n|Y = y∗
n and ‖z∗

n‖ = ‖y∗
n‖ ≤ 1.

Let q : X → X/Y be the quotient operator. It is well-known that
its adjoint q∗ : (X/Y )∗ → X∗ is an isometric isomorphism from (X/Y )∗

onto Y ⊥. In addition, q∗ is w∗-to-w∗-continuous; hence, K := BX∗ ∩ Y ⊥ =
q∗(B(X/Y )∗) is w∗-compact. Observe that for every x∗ ∈ X∗ \ Y ⊥ there exist
x ∈ Y , α > 0 and m ∈ N such that x∗(x) > α > z∗

n(x) for every n ≥ m. Hence
L := K ∪ {z∗

n : n ∈ N} ⊆ BX∗ is w∗-closed (so that L is w∗-compact) and
each z∗

n is w∗-isolated in L (bear in mind that z∗
n|Y = y∗

n �= 0). Then (L,w∗)
is a countably discrete extension of (K,w∗), with (K,w∗) and (B(X/Y )∗ , w∗)
being homeomorphic. Bearing in mind that dens(X/Y ) coincides with the
weight of (B(X/Y )∗ , w∗), from Lemma 2.2 it follows that L is sequentially
compact and, therefore, (z∗

n)n∈N admits a w∗-convergent subsequence. The
proof is finished. �

If X is Grothendieck and Y ⊆ X is a subspace such that X/Y is sepa-
rable, then Y is Grothendieck (see [8, Proposition 3.1]). This fact can also be
seen as a consequence of Corollary 1.4, because every separable Grothendieck
space is reflexive.

As an immediate application of Theorem 1.2 we also obtain an affirma-
tive answer to [7, Problem 22] (note that p ≤ s and that the strict inequality
p < s is consistent with ZFC, see, e.g., [14, Theorems 3.1 and 5.4]):

Corollary 2.3. Let Y ⊆ X be a subspace such that dens(X/Y ) < s. If X is
Grothendieck, then Y is Grothendieck.

Remark 2.4. In fact, the previous corollary is a particular case of Corol-
lary 1.4. Indeed, on the one hand, the assumption that dens(X/Y ) < s
implies that B(X/Y )∗ is w∗-sequentially compact. On the other hand, the
Grothendieck property is preserved by quotients and any Grothendieck space
with w∗-sequentially compact dual ball is reflexive (cf. [1, Proposition 6.18]).

Remark 2.5. In general, the w∗-sequential compactness of B(X/Y )∗ is not
enough to guarantee that a subspace Y ⊆ X is w∗-extensible in X. Indeed,
it is easy to check that if both BY ∗ and B(X/Y )∗are w∗-sequentially compact
and Y is w∗-extensible in X, then BX∗ is w∗-sequentially compact as well (see
the proof of [4, Proposition 6]). On the other hand, there exists a Banach
space X such that BX∗ is not w∗-sequentially compact although B(X/Y )∗
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is w∗-sequentially compact for some separable subspace Y ⊆ X (see [9], cf.
[3, Sect. 4.8]).

Hagler and Sullivan proved in [9, Theorem 1] that BX∗ is w∗-sequentially
compact whenever there is a subspace Y ⊆ X such that BY ∗ is
w∗-sequentially compact and X/Y has an equivalent Gâteaux smooth norm.
Since every Banach space admitting an equivalent Gâteaux smooth norm is
weak Asplund (see, e.g., [5, Corollary 4.2.5]), the following corollary general-
izes that result:
Corollary 2.6. Let Y ⊆ X be a subspace such that BY ∗ is w∗-sequentially
compact. If X/Y satisfies any of the conditions in Theorem 1.2, then BX∗ is
w∗-sequentially compact.
Note added in proof The condition that every weak* compact subset has a
Gδ point (with respect to the weak* topology), is implied by the space being
a Gateaux differentiability space (see, e.g., the proof of [5, Theorem 2.1.2]).
Thus, Corollary 1.3 also applies when X/Y is a Gateaux differentiability
space. This fact was kindly pointed out to us by Warren Moors.
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Fundación Séneca [21319/PDGI/19].

Funding Open Access funding provided thanks to the CRUE-CSIC agreement
with Springer Nature.

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to
the original author(s) and the source, provide a link to the Creative Commons
licence, and indicate if changes were made. The images or other third party ma-
terial in this article are included in the article’s Creative Commons licence, unless
indicated otherwise in a credit line to the material. If material is not included in
the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permis-
sion directly from the copyright holder. To view a copy of this licence, visit http://
creativecommons.org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Avilés, A., Cabello Sánchez, F., Castillo, J.M.F., González, M., Moreno, Y.:
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[8] González, M., León-Saavedra, F., Romero de la Rosa, M.P.: On �∞-
Grothendieck subspaces. J. Math. Anal. Appl. 497(1), 124857 (2021)

[9] Hagler, J., Sullivan, F.: Smoothness and weak* sequential compactness. Proc.
Am. Math. Soc. 78(4), 497–503 (1980)

[10] Marciszewski, W., Plebanek, G.: Extension operators and twisted sums of c0
and C(K) spaces. J. Funct. Anal. 274(5), 1491–1529 (2018)

[11] Mordukhovich, B.S., Wang, B.: Restrictive metric regularity and generalized
differential calculus in Banach spaces. Int. J. Math. Sci. 50, 2653–2680 (2004)

[12] Musia�l, K.: Pettis integrability of multifunctions with values in arbitrary Ba-
nach spaces. J. Convex Anal. 18(3), 769–810 (2011)

[13] Semadeni, Z.: Banach Spaces of Continuous Functions. PWN, Warsaw (1971)

[14] van Douwen, E.K.: The integers and topology. In: Handbook of Set-Theoretic
Topology, pp. 111–167. North-Holland, Amsterdam (1984)

[15] Wang, B., Zhao, Y., Qian, W.: On the weak-star extensibility. Nonlinear Anal.
74(6), 2109–2115 (2011)

G. Mart́ınez-Cervantes
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