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On a Class of Linear Cooperative Systems
with Spatio-temporal Degenerate Potentials

P. Alvarez-Caudevilla , F. Belinchén and C. Brandle

Abstract. This paper analyses a class of parabolic linear cooperative
systems in a cylindrical domain with degenerate spatio-temporal po-
tentials. In other words, potentials vanish in some non-empty connected
subdomains which are disjoint and increase in size temporally. Then, the
vanishing subdomains for the potentials are not cylindrical. Following
a similar idea to the semiclassical analysis behaviour, but done here for
parabolic problems, under these geometrical assumptions, the asymp-
totic behaviour of the system is ascertained when a parameter, in front
of these potentials, goes to infinity. In particular, the strong convergence
of the solutions of the system is obtained using energy methods and the
theory associated with the I'-convergence. Also, the exponential decay
of the solutions to zero in the exterior of the subdomains where the
potentials vanish is achieved.
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1. Introduction

The analysis shown in this paper focuses on the asymptotic behaviour, when
the parameter A > 0 goes to infinity, of solutions Uy = (uly,\,quA)T to
a parabolic system defined on the cylindrical domain with spatio-temporal
coefficients Q7 = Q x (0,7), where @ C RY is an open set and N > 1,
T > 0, and with spatio-temporal coefficients. In particular, we consider the
linear matrix problem

8tU,\ + (E + P)\)U,\ = F,\ in QT,
U=0 in 90 x (0,7), (Py)
U>\(Z‘, 0) = U07)\(I) n Q,
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Figure 1. Representation of domain © x (0,7). The cones
correspond to the sets O,

where the vector Ugx = (up1 ., u02.0)? € H(Q) := HI(Q) x HI(Q) rep-
resents the initial condition of our parabolic problem, Fy := (f1.x, fax)? €
L?(Qr) := L*(0,T,L*(Q)) x L?(0,T, L*(£2)) and

£4Pri= (_OA —OA) * (312((?,?) 1321((;,’;))) ' (1.1)

Moreover, the coefficients considered in the problem are spatially and tem-
porally heterogeneous in the sense that

a;: Qr - RTYU{0}, a;:Qr —RT, i=1,2

are bounded measurable functions, with a; non-negative and «a; positive, and
such that the domains

Oy, =Int({(z,t) € Qr : a;i(z,t) =0}) #0, (1.2)

are connected sets with boundary of zero Lebesgue measure in RY. Further-
more, from a structural point of view, we suppose that these two regions do
not intersect, for any time ¢ € (0, 7). In other words, there exist two cylinders
C1,Cy € Qr such that O,, C C1, Oy, C Cy and such that Cy and Cs satisfy
C1NCy =0 for every t € (0,T); see Fig. 1.

Note that we have not considered any pathological sets due to the fact
that we are interested in seeing how the domains evolve geometrically under
the conditions of our potentials.

As it will be shown throughout this work, the asymptotic behaviour of
U, strongly depends on the nature of potentials a;. As a particular example,
if the problem (P)) were an eigenvalue problem we might face two different
situations: either there exist non-empty regions where a; vanish. So that, due
to the monotonicity of the principal eigenvalue with respect to the domain
(see [4,6,14] for further details), the first eigenvalue of (Py) is bounded above
and the limit problem has a bounded principal eigenvalue associated with an
eigenfunction which concentrates on these regions. Or the first eigenvalue
diverges when A — oo if the potentials are strictly positive with the associ-
ated eigenfunction being positive everywhere inside the cylindrical domain.
Therefore, we will focus on analysing the situations where we have degenerate
spatial and temporal potentials a;, as described above.
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1.1. Organization of the Paper and Main Results

In Sect. 2, we deal with the stationary version of (Py), avoiding any depen-
dence on time. For that particular problem, Lax—Milgram theorem shows the
existence and uniqueness of weak solutions Uy. Then, a standard application
of the I'-convergence theory based on energy functionals proves the strong
convergence of Uy when A — oo to the solution U € H (K,,) x H}(K,,) of
a limit elliptic problem (see (PZ.)), with K,, being the regions where the po-
tentials a; vanish at any fixed time ¢. This result is proved in Proposition 2.3
and based on results shown in [3]. Note that we have used the same notation
for the solution of the stationary problem and the parabolic problem (Py),
even though they are different. However, since the stationary problem will
be used just as an auxiliary problem, we prefer to avoid any extra notation,
irrelevant for the final purpose of the paper.

The existence and regularity of solutions to (Py) is stated in Sect. 3. Note
that, since (Py) is a classical system of parabolic equations, existence, unique-
ness, and regularity of the weak solutions follow from the standard Galerkin
method. In particular, under our hypothesis about the initial condition, we
obtain that the solution Uy € H(Qr) := L?(0,T, H}(2)) x L?(0,T, H(£2))
is continuous in time and (Py) is satisfied in a weak sense.

Finally, as we have said, the main goal of this paper is the study of the
behaviour of the solution of problem (Py), Uy, when the parameter A tends
to infinity. To this aim, in Sect. 5, we first obtain an estimation for Uy

sup ()\/ (AU,) - U, dzx dt) < C, for C a positive constant, (1.3)
A Qr
which implies that, at the limit, the components u; must be equal to zero
almost everywhere, from now on a.e., in any set of the form {a; > e} with
¢ > 0. Indeed, considering the union for n € N of the sets with e = 1/n, we ac-
tually obtain that u; = 0 a.e in Q7\O,,, where the vanishing subdomains O,
are defined in (1.2). Note, even though we are assuming a periodic-parabolic
problem, the results obtained in this work follow an analogous asymptotic
behaviour if considering an elliptic problem with heterogeneous potentials.
Those similar elliptic cooperative systems were analysed previously in [1,3].
The main result proved in see Sect. 5 shows that Uy converges strongly
in H}(Q7) to the unique (weak) solution U of the limit problem

{@UJrEUF in QT)

U(2,0) = Up(z) in Q, (1.4)

with u; = 0 a.e. in Qr\O,,. The uniqueness of U is proved in Sect. 4. The
convergence of weak solutions of (Py) was already observed in [13] in a single
equation setting, as a starting point for a more detailed analysis about the
associated semigroup. This was then used in [13] to analyse the asymptotic
behaviour of a non-linear periodic-parabolic problem of logistic type (first
analysed by Hess [16]; see also [14]) dyu — Au = pu— a(z, t)uP. This equation
is used in some models of population dynamics.

Observe that (1.4) is not a standard Cauchy-Dirichlet problem for the
heat equation, since each component of the solution U is defined just in
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O,, and the sets O,, can be in general non-cylindrical domains; see Fig. 1.
These types of problems with non-cylindrical domains appear in various ap-
plications and have been under analysis in other contexts for related problems
to (1.4); see for example [9-12,14,19] and the references therein. In this work,
we show the existence and uniqueness of its solution. Indeed, in Sect. 4, a
simple energy bound proves that the solution U of (P,) has to be unique if it
exists. To prove this result, we use the energy methods performed in Sect. 2
for the stationary-associated problem. These calculations can be seen as the
continuation of a previous work, [3], where the stationary problem was ad-
dressed through the I'-convergence theory and the paper [2], using different
methodologies.

Furthermore, we should mention that in the particular situation when

fi=fix=for a:=a1=a2 «a:=oa1=a2 W :=U,x=Up2,x in £,
the unique solution of system (Py) becomes (u,v) = (w,w) where

Owy + (A + Xa(z, t)wy = a(z,t)wy + fr  in Qr,
wy =0 in 99 x (0,7), (1.5)
wx(z,0) = wo () in Q,

reducing our model to one single equation setting. Thus, the analysis carried
out here is equivalent to the results obtained in [13,14, 18] assuming one single
equation. In [14], the potentials vanish in cylindrical domains and our results
can be applied to similar problems as the ones considered there. On the other
hand, [13] assumes more general non-cylindrical domains and the particular
technical condition Oa;(x,t) < 0, a.e. in (x,t) € Qr, that we impose here
to get the asymptotic behaviour of the problem (1.5), when the parameter A
goes to infinity, falls into their setting for one single equation.

Our final result, see Sect. 6, is a quantitative measure of the convergence
of the components u; 5 in the regions where potentials a; are different from
0, that is in O . More precisely, applying a Barry Simon’s argument [20] we
prove, under certain extra conditions on a; and «; and assuming that O,, # 0,
that each component u; » decays exponentially fast to 0 with respect to A in
the region Qr\Oq,.

In fact, Uy decays much faster than the standard estimate (1.3). Barry
Simon’s analysis was performed to give some partial answers for the semi-
classical limit of the Schrédinger operator (—h2A + V) in RY, when V > 0
is a C*° potential bounded away from zero at infinity and has a finite num-
ber of non-degenerate zeros, multiple wells. Furthermore, he proved that the
ground states concentrate into the set of zeros of the potential V' | and either
there is a rapid eigenvalue degeneracy or the limiting ground states reside
asymptotically in a single well decaying exponentially to zero away from that
well.

We have used these ideas to compute the exponentially decaying to zero
in the regions where the potentials are away from zero. From an application
point of view, the boundaries of the subdomains O,, can be seen as potential
barriers such as in Quantum mechanics. Moreover, at the limit A\ — oo, the
solution U will be zero everywhere apart from within the subdomains O,,,
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i.e., the solution cannot surpass those potential barriers. Furthermore, the
decay outside the subdomains O,, goes exponentially fast to zero.

We have also obtained a similar estimation for the stationary problem.
We observe that the previous lemma can be particularised to a linear eigen-
value problem, i.e., f; x = ou; x, so that we can get a decay estimate for the
eigenfunctions on the boundary of vanishing regions O,,.

Finally, we might use our results in a future work to perform some
numerical analysis of the non-cylindrical limiting problem (Ps) that can be
approximated by means of the cylindrical problem (Py) for a big A, which
is simpler to handle. The strong convergence of the solutions along with the
exponential decay shown provide us with with enough information to perform
such an analysis.

1.2. Notation

The linear cooperative system (Py) we are dealing with consists of two dif-
fusive equations coupled through linear terms in the domain, each of them
defined in Q7 = Qx(0,T). In this context, we will use, whenever it is possible,
matrices and vectors to simplify the notation and we will keep the subindex
1 to point out i = 1,2, but we omit this clarification in what follows, when
we focus on the components of the system.

We will use capital letters to denote vectors, while small letters to indi-
cate the two components of the vector. Thus, let U = (uy,us)” be a vector
composed by the two scalar functions u;. We write U > 0 if w3 > 0 and
us > 0 in the domain of definition.

We frequently use calligraphic letters to denote matrices. In particular,
L will stand for “the laplacian matrix”

~A 0
= (V)

and P, might be written as

Pri=A—S =2 (““g’” GQ(g’t)) - <a2((:)r,t) al(g’t)> ;o (16)

see (1.1). Analogously to the vectors, M > 0 (or >) denotes a matrix whose
entries are strictly positive (or non-negative) and we will say that M > N if
M — N > 0 (respectively <, < or >).

As for the functional spaces, in the sake of completeness and readabil-
ity, we summarize here the main definitions that we are going to use. Let
L2(Q) be the space L?(Q) x L?(Q), equipped with the usual scalar product
(®,¥)r20) = D ;{¢i,¥i)12(0) and the norm ||'I'Hi2(m = ||¢1-||2L2(Q). If
we write ® - ¥ to denote the Euclidean scalar product of ® and ¥, we can
express ||<I’||2L2(Q) and (®, )12 (q) as follows:

[®llL20) = (P, ®)r2(0) = /Q‘I’ - ®dz, (@, ¥)r20) = /Q@ - Wdr.

To simplify the notation, we frequently use ®° = ® - ®. Additionally, let
D® be the 2 x N Jacobian matrix. We denote the Frobenius inner product
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D® - DW¥ between the matrices D® and DW as
D® - D¥ = <D<I> DW)p = tr(D®T DW)

= ZZ 00 awl = Vo1 - Vb + Vs - Vi,

ox;
i=1 j=1 J

so that [D®|* = D®- D®. Consequently, the norm || D®||1,2(q) and the scalar
product (D®, DW)y2(q) are

||D‘I)||L2(Q) :/ ‘D‘I’|2d$, <D‘I)7D‘I’>L2(Q) = / D® - DW¥dzx.
Q Q

Furthermore, we define the norm and the scalar product in H(Q) = H'(2) x
H'(Q) (see [17, Chapter 7]) through the expressions

1@l () = Z 19l Z20) + IVillZ2q) and (@, @) (o)
= Z<¢i; Vi) r2) + (Voi, Vi) 12(q),
respectively. Therefore
91 = (@ B = [ 82+ DBPdr. (@ W)

:/'I)-\II—I—D‘I’-D\IIda:.
Q

2. The Stationary Problem

Let © C RY be a bounded open domain and a; : @ — R* U {0}, bounded
non-negative measurable functions. We will focus on the stationary version
of (P)\)
{EU)\-F’P)\U)\:F)\ in Q, (P5)
U,=0 in 09Q. A

If Fy € L%(Q) is a family of pairs of functions depending on the real param-
eter A > 0 and uniformly bounded in L?(£2), then existence and uniqueness
of solutions Uy € H}(Q2) to this problem yield form Lax—Milgram theorem,
[15].

Moreover, we denote K,, := {z € Q;a;(z) = 0} C Q, are two closed
sets in RY and consider

Qq, = Int(K,,) # 0. (2.1)
Since a; are bounded in Q and the sets K,, are closed in R", we define the
space Hi(K,,) as follows, see [3]:
H)(K,,) = H'RY) N {u; =0 ae. in RV\K,,},

and, hence, thanks to the hypothesis (2.1), we find that H}(K,,) # {0}.
Observe that since we are considering closed sets we are Workmg with a
functional space of the form Hi(A), where A is a closed subdomain of RY.
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Hence, we cannot say that H}(A) = H}(Int(A)), since to do so, we would
need stronger assumptions on the regularity of the set A.

Let us also consider the limit problem, which will be later discussed in
detail

LU=F in Q, o
{U =0 in 092, (P%)

where U € H}(K,,) x H}(K,,) and F € L?(Q), where F € L?(Q) is the
limit of Fy in the weak topology of L?(Q2), when X tends to +oc.
Finally, given V, we define the energy functional Ey in L%() as

By(V) = /Q|DV| dx—&—)\/Q(AV)-de if Ve HY(Q), 22)

400 otherwise,

and the limit functional £ as

) = /Q|DV\2dx if Ve HY (K,,) x H} (Ka,),

E(V (2.3)

400 otherwise.

Proposition 2.1. The solution Uy of (P3) is the unique minimiser in H{ ()

for

W i I\ (W) := B\ (W) — 2/

F, ~de—2/(SUA) Wdz. (24)
Q

Q

Proof. Let Uy be the unique solution of (P§) and let V be any function
belonging to H}(€2). Then, Uy —V is an admissible test function in the weak
formulation of (P3), so that

0:*/|DUA|2dx+/DU/\'DVdCU*>\/(AUA)‘UAdx
Q Q Q

+)\/Q(AUA)~de+/QFA-(UA—V)dx—k/Q(SUA)-(UA—V)dx.
(2.5)

Subsequently, applying the Young’s inequality, we arrive at one hand to
1 1
/DU,\~Dde < 7/ |DU|*da + 7/ |IDV | dz (2.6)
Q 2 Ja 2 Ja
and on the other hand to

/\/Q(AUA)-de :/\/Q (430,) - (42V) ax < g/ﬂ(AUA)-UAdm

+%/Q(AV) -V dz, (2.7)
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where A2 denotes the diagonal matrix with a}/ % on the diagonal. Next, using
(2.6) and (2.7) in (2.5), it yields

1/ |DU,\\2dx+é/(AU,\)-UAdx—/F,\~U,\dm—/(SU,\)~U,\dx
2 Q 2 Q Q Q
1
§7/|DV|2dz+i/(AV)~de—/FA-de—/(SUA)-de.
2 Ja 2 Ja Q Q
(2.8)

Thus, we can conclude that Uy is a minimiser of (2.4).

To prove the uniqueness of the minimiser, we show that if Uy minimises
(2.4), then it is a solution of (P5). To do so, let Uy be a minimiser of (2.4)
and take any ® € H{(Q2). We define j)(b) := I,(Uy + b®), for b € R and
U, +b® € HY(Q), so that

ia(b) = Bx(Uy + b®) —z/ﬂFA - (UA+b<I>)dx—2/Q(SUA) (U +b®) da.

The scalar function jy(b) has a minimum at b = 0 which implies that

0 - A0 :/DUA-D'&dx—&-)\/(.AUA)"I’dl‘
db b=0 Q Q
_/F/\(I)dx—/(SU)\)q’d]) (29)
Q Q

The equality (2.9) is satisfied for any test function ® € H}(€2). Therefore,
it follows that U is solution of (P5) and, actually, the unique minimiser of
(2.4). O

The analogous result holds for the limit problem.

Proposition 2.2. The solution U of (P%) is the unique minimiser in H} (K,,)
x H}(K,,) for

W= I(W):= E(W)—2/F-de. (2.10)

Q
Proof. Let U be the unique solution of (P5) andlet Y € H} (K., ) x H} (K,,).
Then, U -7 is an admissible test function in the weak formulation of (P%)),
so that

0:7/ |DU\2da:+/DU'Dde+/F~(U7Y)d;z:.
Q Q Q

Note that the integration domain for each component ¢ is K,, due to the
geometry of the problem. Now, we apply Young’s inequality, so that

1 1
7/ \DU|2dx—/F-de§7/ |DY|2dx—/F-de. (2.11)
2 Q Q 2 Q Q

Therefore, (2.11) shows that U minimises (2.10).

The proof of uniqueness follows the same scheme as the proof of Propo-
sition 2.1. We take here U as a minimiser of (2.10), ¥ any function in
H}(K,,)x H}(K,,) and define for b € R and U+b% € H}(K,,) x H3 (K,,),
the function j(b) = I(U + bW¥). O
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Proposition 2.3. The solution Uy of (P§) converges strongly in H*(Q) when
A — +00, to the unique solution U of (P%.).

Proof. The proof is based on a standard application of the I'-convergence for
the functionals Ey and E; see [3] for further details.

For any A > 0, the solution U} of (P§) is bounded in L?(2), since Lax—
Milgram theorem claims that Uy € H}(€2). We first prove that the sequence
{U,}rs0 is compact in L?(Q2). Indeed, Uy € H}(Q) is an admissible test
function for the weak formulation of (P3). Consequently

Q Q Q Q

Using that Uy, is bounded in L?(£2) together with the fact that the potentials
a; are bounded measurable functions and applying Holder’s inequality, we get

[ 1DUR s < (IFs o) + llas +al=(o) [V uego
Q

Besides, since Uy € H}(Q2), Poincaré’s inequality claims that see [8, Corol-
lary 9.19]

[UA[f2(0) < ClIDUAE2 (g,

where C' depends on (). As a result, the function U} is uniformly bounded
in H}(Q).

Let V be any point in the L?(£2)-adherence of the family {Uy}xo. In
other words, there exists a subsequence, still denoted by U, which converges
in the strong topology of L%(€2) to V. Since Uy, is bounded in H}(2), we can
assume without loss of generality that Uy weakly converges in H}(Q) to a
function that necessarily must be V.

Next, let U € H}(K,,) x H}(K,,) be the solution of the limit problem
(P%). The sets K,, are disjoint, which means that u; = 0 a.e. in Q\K,,. In
particular, by definition of this solution, we have that Aa;u; = 0 a.e. in Q
and E)\(U) = E(U) for every A > 0. Recall that U}, is the unique minimiser
in H}(Q) of the functional given by Eq. (2.4). Then

E)\(U)\) — 2/ F, -U,dx — 2/ (SU,\) -Uydz < E,\(U)
Q Q

—Q/F)\-Udl‘—Q/ (SU,\)~UdCE. (2.12)
Q Q

Hence, letting A go to infinity in the previous inequality and taking into
account Proposition 2.1, the lower semicontinuity of the functionals F) and E

with respect to the weak convergence, and the I'-convergence of the sequence
E\ to E, see [3], it follows that:

E(V)*Q/ F-Vdz < 1in1>\inf <E>\(U>\)72/ FA-UAdI72/(8U>\)-U/\dm)
Q Q Q
< lim sup (EA(UA) —2/ F,- U, dm—2/ (SU,) - Uy dx)
A Q Q

< E(U)—2/ F.-Udz, (2.13)
Q
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which shows that V is a minimiser and thus V = U. By uniqueness of the
adherence point, we infer that the whole sequence U, strongly converges in
L2(2) to U and weakly in H}(€2).
It remains to prove the strong convergence in H{(Q). To do so, it is
enough to prove
DU L2 — [DUl|Le(q)-

The weak convergence in H{(2) implies that [[DUllp2iq) < liminf),
|DUA|L2(q). Therefore, (2.13) confirms that |[DUlg2) > limsup,
|DU||L2(q)- Finally, the convergence of the whole sequence comes from
uniqueness of the adherence point in L?(). O

As a consequence of Proposition 2.3, we easily obtain the following re-
sult.

Proposition 2.4. Assume that F converges to F weakly in L*(Q) and let Uy
be the solution of the problem (P§). Then, when A — oo

)\/Q(AUA) .Uy dz — 0. (2.14)

Moreover, the convergence of NAU  holds in the x-weak topology of H=1(Q) :=
H=YQ) x HY(9Q).

Proof. Due to Proposition 2.3, we know that U}, strongly converges in H} (£2)
to U, solution of (P%). Furthermore, F) weakly converges in L2(f2) to a
function F € L?(Q). In particular

/|DUA|2dxH/|DU|2dx:/F~de, /F,\~U,\dzH/F-de.
Q Q Q Q Q

Now, passing to the limit, as A tends to infinity, in the expression
/ |Z)IJ)\|2 dz + /\/ (AUA) -Uydx = / F, - U, d$+/(SU)\) - Uy dx,
Q Q Q Q

implies that
/(SU) Udz =0,
Q

since U € H}(K,,) x H}(K,,). Thus, we obtain (2.14).
Next, let Uy be solution of (P§) and ® € H}(£2) a test function. Once
we integrate by parts in {2 we arrive at

/UA-(EQ) dx+/\/ (AUA)JI’dx:/F,\~<I>dx+/(SU,\)-UAdx.
Q Q Q Q

For each @ that satisfies || ® (g1 (o) < 1, we find

‘)\/ (.AU)\) P dr| < HF)\”LQ(Q) + ||DUAHL2(Q)
Q

+llaa + ezl L @) ULz < C.
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Taking the supremum in ®, we get

’A/Q(AUA)w@dx <c. (2.15)

Therefore, the sequence NAU}, is weakly-* sequentially compact in H=1(Q)
and we obtain the convergence by uniqueness of the limit in the distributional
sense. g

Remark 2.1. The estimation (2.15) will be improved in Sect. 6 performing
an analysis which shows an exponential decay to zero of the solutions in the
regions where the potentials are strictly positive. These results are mainly
based on an argument performed by Barry Simon [20] in obtaining the semi-
classical limit for an elliptic eigenvalue problem with potentials vanishing in
multiple wells.

3. Existence and Regularity of the Solutions of Problem (P)

In this very short section, we state the theorem that ensures existence and
uniqueness of weak solution Uy of problem (Py). The proof is based on the
well-known Galerkin method, which is rather standard for scalar problems,
see [15], and easy to adapt to vector problems. Therefore, we give here just
some details of how the proof would be.

Theorem 3.1. There exists a unique (weak) solution, Uy € H§(Qr) of prob-
lem (Py).

To apply Galerkin’s method to get the existence of solutions, one might
first construct solutions Uy ,,(¢), with w; x., € L?(0,T, Hi(Q)) of certain
finite-dimensional approximations to (Py) and, then, we pass to the limit. To
do so, consider vector Wy, := (w17k7w27k)T, with & € N, so that w;  only
depend on x and where {W, }22; stands for an orthogonal basis in H}(2) and
an orthonormal basis in L?(Q), such that w; x m(t) := >, di gm(t)w; k. In
particular, we take {W}72, the complete set of normalised eigenfunctions
of £, under the decomposition (1.6) in H}(Q). Actually, by the definition of
the operator £, we have pairs of eigenfunctions for each component of the
operator —A in 2 with homogeneous Dirichlet boundary conditions.

The following remarks will play an important role in the subsequent
analysis.

Remark 3.1. (Theorem 3, Chapter 5.9, [15]). If U € H}(Qr) and 9,U €
H'(Qr) = L2(0,T, Hy () x L*(0,T, Hy ' (2)), then

U € ([0, 7], L*(Q)) x C(]0,T], L*()),

after possibly being redefined on a set of measure zero. Moreover, the mapping
t— ||U(t)Hi2(Q) is absolutely continuous and

d
E”U(t)”%?(m =2(0:U(1),U(t))r2(0)-
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Remark 3.2. (Improved regularity, [15]). Let Ug, € H*(Q) := H?*(Q) x
H?(Q), 0,F, € L2(Qr) and let Uy be the weak solution of (Py). Then

U, € L™(0,T; H()) x L(0,T; H*(Q)),
0y Ux € L=(0,T; L*(Q)) N L*(0, T, H () x L>(0,T; L*()) N L*(0, T, Hp (%)),
iUy e H Q7).

4. Uniqueness of the Solution of the Limiting Problem

We study in this section the uniqueness of solutions to the problem that
emerges as the limit of (Py) when A tends to infinity. In Sect. 5.2, we prove
the existence of the solution as the limit of the solutions of (P).

To this aim, let ® € H}(Qr) be a test function and consider the weak
formulation of (Py)

/ (0,U-®+ DU - D& + A(AU) - & — (SU) - &) dz di = / F.®dadt;
T T

we get the limit problem for this equation, at least formally, by noting that,
as A — oo, thanks to (1.3), the solution concentrates in the regions where
a; vanish, and is equal to zero everywhere else, so that the term A(AU) - ®
disappears. Hence, since in the limit u; = ¢; = 0 a.e. in Q7 \O,, and due to
the geometrical structure (1.2), we get that fQT (SU) - ® dx dt cancels out.

Therefore, we consider

/(8tU-'I>+DU~D'I>)da:dt:/ F - ®dzdt,

. (Poo)
u; = ¢; =0 a.e. in Qr\Oy,
U(z,0) = Uy € H}(Q).

which will turn out to be, as we will see in the next section, the limit problem
of (P)\)

Observe that Remark 3.1 establishes that solution U of (Ps) is contin-
uous in time. Therefore, the initial condition Ug(z) makes sense in L2().
Moreover, Galerkin’s method provides us with the following regularity of the
solutions for F € L?(Q7) and Uy =€ H}(Q):

U e Hl(QT), 8tU S H_l(QT).

Proposition 4.1. Let U be a solution of (Ps). Then

1 1
7. 5up ||U(t)||%2(sz) + ||DUH%2(QT) < §||U0Hi2(sz) +T||F||%2(QT)- (4.1)
te(0,7)

Proof. Let U be a solution of (P), and s € (0,7). Define Qg = Q x (0, s).

Choose ® = U1y ), where 1y is the characteristic function of (0, s), as
test function in (Ps)

|DU*dzdt = / F-Udxzdt.
Qs

Qs Qs
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Thanks to Remark 3.1 and taking into account the regularity of U and 0,U,
it follows that ¢ — HU(t)HiQ(Q) is absolutely continuous and hence:

d
&HU(t)HiQ(Q) = 2(0:U(¢), U(t))r2(0),

for a.e. 0 <t <T. Therefore, we get

1 1
5||U(s)||L2(Q)_5\\U(0)||L2(m+/ \DU|dmdt:/ F.-Udzdt.
Qs Q

S

Moreover, Young’s inequality and the Integral Mean Value Theorem imply
that

k 1
F-dedt‘ < Z|FE 200 + 7/ U?dzdt
‘~/Qs 9 (@Qs) " of 0s

ke T 2
< §||FHL2(QS) + ﬁt:(%%) 1U[122(0)-

Indeed, if we set k = 2T

1
SIUGRey + [ IDUP dode < 3[Ulaoy + TIFI (g

Qs
+i SUP¢e(0,T) o) H%Q(Q).

The previous calculations are true for every s € (0,7). Thus, taking the
supremum in s € (0,7'), we get (4.1). O

Corollary 4.2. There exists at most a unique solution U of (Ps).

Proof. Assume that U; and Us are two different solutions of (Ps,) and define
Y :=U; — Us. Then, Y is also a solution of (P ) with F =0 and Uy = 0.
Consequently, if we insert Y into Eq. (4.1) turns out that Y = 0, which
implies the uniqueness of the solution of (P,). O

5. Asymptotic Behaviour as A Goes to Infinity
5.1. Energy Bounds

The convergence of U, to U, solution of (P, ), comes from a series of uniform
energy estimates in A for Uy and 9;U,. In particular, if we use U} as a test
function in the weak formulation of (P)), we obtain a bound that guarantees
that u; = 0 a.e. in O,,.

On the other hand, 3;U, belongs to H}(Qr) if Up, € H?*(Q) and
0;Fy € L?(Q7), according to Remark 3.2. Under these assumptions, we can
use 0;U, as a test function in the weak formulation of (Py) to find a bound
which claims that [[0;Ux||p2(q,) < C if we assume that the potentials a; are
time decreasing and satisfy the following condition:

sup <)\/ (A(z,0)Uq ) - Ug.a dx) < 00,
A Q

where Uy, is a bounded sequence in H{(12).
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Lemma 5.1. Let U be the weak solution of problem (Py) with Uy, € H{(9)
the initial condition and Fy € L2(Qr). Then

3.2 10Ol + DU,y +3 [ (43Un) - Undoa
< %”UO,/\H%Z(Q) +TIFAF 200 + Sélf{\lal lz=(@r)s lazllL=(@m HIUxlL2(@r)>
(5.1)
where L= (Qr) = L*°(0,T, L>=(2)).

Proof. Let Uy be the solution of (Py) and s € (0,7)) and let ® = Ujx1jg g
be a test function. Then, the weak formulation of (Py) yields

1 1
SO — 5[V Ol + [ [DULFdede+ A [ (AUL)- Usdadr
Qs

T

:/ F)\-U)\dxdt-i-/ (SUA)-UAdIdt.
Qs

T

Repeating the same procedure as in the proof of Proposition 4.1, and knowing
that all coefficients c; and ay are uniformly bounded, once we apply Holder’s
inequality, we obtain equation (5.1), so we omit the details. O

Next, we want to find an uniform bound for [|0;Ux||L2(g,). To this aim,
we must assume a time monotonicity condition for the potentials a;.

Definition 5.2. We say that the functions a; : Q7 — R™ U {0} satisfy a time
decay condition in Q7 if they are Lipschitz and

Opai(x,t) <0, ae. in (z,t) € Q. (5.2)

Lemma 5.3. Let the potentials a; satisfy a time decay condition in Qr, Ug x €
H2(Q) and 0,Fy € L%(Qr). Then, the solution Uy of (Py) satisfies

(1—6)/T(8tU,\)2dxdt+ sup (/Q|DU,\(5)|2dx)

s€(0,T)

2 2 g 2
g/TF,\dde—/QDUO,,\ dx+£||U/\HL2(QT)

+)\/ (A(z,0)Ux(0)) - Ux(0) dz, (5.3)
Q
for € > 0 sufficiently small and § = maxq, {1l Lo (@r), |zl L@ }-

Proof. Remark 3.2 implies that 9, U, € H}(Q2). Thus, for each s € (0,7,
® = 0;U) 1, is an admissible test function in the weak formulation of
(Py). In fact, we get

/ (0,Uy)?dzdt+ [ DU, - D(0,U,)dzdt
Qs Qs

+/ (P\U,) - 0;Uydadt = / F, - 0,U,dzdt. (5.4)
Qs Qs
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Moreover, since Vu; x € L?(0,7, H'()) and V(9u; ) € L*(0,T, L*(Q)),
thanks to Remark 3.1 and Fubini’s theorem

1 /5d
DU, - D(9,Uy) dz dt = 7/ = (/ DU,\|2dm> dt,

Qs
and
S/d /1
A (AU,) - 0, Uy daxdt = )\/ ( </ (AU,) - U, dl‘)
Qs 0 de \ 2 e}
1
—*/ (.A/U)\) - U, dx) dt,
2 Jo
such that

;a0 ,  Oai(x,t)
A<Oa’2)’ “T T

If we substitute the above expressions into (5.4), we arrive at

1 A
/Qs(atU)\)le'dt+2/QDU)\(S)|2dx+2/9(-'4(1'75)U)\(3))'U)\(5)dx

A

—*/ (AIU)\)-U)\dQEdt
2 Qs

1
:/ F,\~8tU,\dxdt+/ (SU,\)-c’?tU,\dxdt—i—f/ |DU(0)|? dx
Qs Qs 2 Jo

A
+5 [ (A0 0a0) - Us0) d.
Q
Applying Young’s inequality, it yields

1 1
/ F) -0, Uydzdt < 7/ F?\dxdt—kf/ (0;Uy)?*dz dt,
Qs 2 Qs 2 Qs

and

1
/ (SU,\)-atUAdxdtg—/ (SUA)zdxdt—&—E/ (9,U)? dz dt,
Qs 2¢ Qs 2 Qs

for a sufficiently small € > 0. Therefore, we have

(1—¢) / (0, U)? dzdt + / |IDU(s)[?dz+ X [ (A(z,5)Ux(s)) - Ux(s)dz
Qs Q Q

—)\/ (A/UA)~U)\dl'dt
Qs
€

1
g/ Fidxdt—i—f/ [(a1u27,\)2+(a2u1’,\)2]dxdt+/ IDUL(0)2 de
Qs Qs Q

+ )\/ (A(z,0)U»(0)) - Ux(0) dex.
Q
Finally, using Definition 5.2, we conclude that

(1_6)/ (0,UN?dadt + [ |DU(s) da
Qs Q
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1
g/ Fidxdt—kf/ (SUA)dedH—/ DU, |* dz
Qs Qs Q

+>\/Q(A(:c,0)U,\(O)) .U, (0) dz.

Taking the supremum in s and applying Holder’s inequality we arrive at (5.3).
(]

5.2. Convergence of Weak Solutions

Using the previous estimation results, we prove the weak convergence of U
to U, solution of problem (P, ), under the assumption that a; satisfy a time
decay condition in @7 and imposing certain additional conditions.

Let F be a bounded sequence in L?(Qr), U » a bounded sequence in
H}(2), and suppose that 9;Fy € L?(Qr), Ug,x € H?(2). Moreover, assume
that F, weakly converges to F in L?(Q7) and Uy, n weakly converges to
Uy € H}(Q), at least for a subsequence.

Proposition 5.4. Suppose that potentials a; satisfy a time decay condition in
QT and that

sup ()\/Q (A(x,0)Uq x) - Ug .z dx) < 00. (5.5)

A

Furthermore, let Uy be a solution of problem (Py). Then, when X\ tends to
infinity, Uy weakly converges in H(Qr) to U, the unique solution of prob-
lem (Pw).

Proof. Due to Lemma 5.1, we know that U, is uniformly bounded in H}(Qr).
Consequently, it weakly converges in H(Qr) to a function U € H}(Qr).
Simultaneously, Vu; y weakly converges to Vu; in L%(0,T, L*(Q)). Assuming
the time decay of a; (5.2), and since Up, € H?*(Q) and 9;F, € L*(Qr),
thanks to Lemma 5.3 and Eq. (5.5), we arrive at [|0;U||L2(@,) < C. Thus,
9,U) weakly converges in L?(Qr) to some limit W € L2?(Q7), which must
be equal to 9;U by uniqueness of the limit in the distributional sense. This
proves that 9,U € L?(Q7).
Additionally, due to (5.1), we find that

sup <)\/ (AU,) - U, dxdt) <C,

A

which implies that, in the limit, u; must be equal to zero a.e. in any set of
the form {a; > e} with € > 0. Indeed, for the union of sets, such that n € N
with e = 1/n, we obtain that u; = 0 a.e. in Q7\O,,. Besides, U satisfies the
system (Ps) in the weak sense. Hence, let @ be a test function in H}(Q7),
such that ¢; = 0 a.e. in Q7\O,,. The election of ® and the fact that Uy is
a solution of (Py) implies

0, Uy - ®dxdt + DU, - D®dxdt
Qr Qr

—/ (SUY) - ®dedt= | Fy-®dedt. (5.6)
T QT
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Next, passing to the limit in the weak sense, we arrive at

U - ddxdt + DU-D@dxdtz/ F - ®dzdt. (5.7)
Qr Qr T

Also, we observe that

/ (SU)- ®dzdt =0,
T

since fQT arugpy drdt = 0 and fQT asuy o ddt = 0. Each term u; , mainly
lives in O,,;. Consequently, the coupling terms vanish as the value of A in-
creases.

It remains to show that U is a solution of (P ). For that purpose, we
prove that U(z,0) = Ug(x) a.e. in x € . Then, let ® € H(Qr) be any
function that satisfies ®(7") = (0,0)7. Then, considering U,(0) = Uy, in
the weak formulation of (Py), and integrating by parts, we get

—/UO’A*I)(O)dzE— U, -0;®dxdt + DU, - D®dxdt
Q Qr Qr

:/ FA-dedt—&—/ (SU,) - @ dxdt.

T
Passing to the limit as A tends to infinity and due to the weak convergence
of Up,» to Uy, we get

7/U0~‘1>(0)dx7 U-0;Pdxdt
Q Qr

+ DU -D®dxdt = / F-®dxdt. (5.8)
Qr T

Now, integrating by parts again, we can conclude that

/U 0)dz — U-0;®Pdadt
Qr

+ DU -D®dxdt = / F.-®dxdt. (5.9)
Qr T

Comparing Eqs. (5.8) and (5.9), we find that

/U0 dm:/QU(O)

due to the fact that ®(0) is arbitrary, we deduce that U(0) = Uy in L2().

Finally, the convergence of Uy to U in H}(Q7) is satisfied a priori
for some convergent subsequence. However, by uniqueness of the solution of
problem (P ), see Proposition 4.1, the convergence is fulfilled for the whole
sequence. ]

Corollary 5.5. Let O,, C Qr be time increasing open sets, such that po-
tentials a; satisfy a time decay condition in Qr and let O, Fx € L?(Qr),
Uy, € H?(Q). Then, there exists a unique solution for the problem (Px,).

Proof. 1t is sufficient to apply Proposition 5.4 with the following potentials
a;(z,t) given by dist ((gc,t)7 Oai) , and such that Fy =F, Uy, = U,. O




249 Page 18 of 27 P. Alvarez-Caudevilla et al. MJOM

5.3. Strong Convergence in H(l)(QT)

We use a similar argument to the one introduced in Sect. 2 to prove the
strong convergence of the solutions U} of problem (Py) to the solution U of
problem (P.), when the parameter A goes to infinity.

Theorem 5.6. Let Uy the solution of (Py). Under the same hypothesis as
in Proposition 5.4, Uy converges in the strong topology of Hy(Qr) to U,
solution of the problem (Ps).

Proof. Lemma 5.1 shows that sequence {U,} is bounded in H}(Qr). On the
other hand, Proposition 5.4 shows that U, weakly converges in H}(Q7) to
U, the unique solution of (Ps). Moreover, the lower semicontinuity of the
norm respect to the weak convergence implies

[Ultyior) < Jim inf [0 gy (5.10)
Thus, to obtain the strong convergence, we only have to prove the inequality
involving the limit-sup. To do so observe that, for a.e. fixed ¢, U, solves

LU, + MU, = F, + SU, — §,U,, such that Uy is a minimiser in H} ()
for the energy, that is

WHEA(W)J/FA.deﬁ/(SUA)-deH/atUA-de,
Q Q Q

where E) is defined by (2.2). Furthermore, in Proposition 5.4 we obtained
that

Uy — 0, U weakly in L%(Qr).
Now, since ||DUx||L2(.) < Ex(U) for a.e. fixed t, we get

/|DU,\|2daz—2/(F,\—8tUA)~U,\d:c—2/ (SU,) - Uy dz
Q Q Q

SEA(U)\)—2/(F)\—8tU)\)-U,\dI—2/ (SU)\>-U)\d:L‘
Q Q
SE)\(U)—Q/(F)\—atU)\)-de

Q

:/ |DU|2dx—2/(FA—8tU,\)-de. (5.11)
Q Q
Now, we integrate in ¢ € [0,T] and consider the following: estimations

/ (Fyr— ,Uy)-Usdedt —~ | (F—8,U)-Udedr,
T Qr

/ (8U,) - Uy dadt — 0. (5.12)
T

Finally, calculating the limit-sup when A goes to infinity in (5.11) and using
(5.12), we find that

1DUllez(@q) 2 limsup [[DUA|rz(@q)- (5.13)

We know that every sequence U) converges to U, solution of problem (Px),
in the strong topology of L?(Q7r), due to the fact that Uy is bounded in
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H}(Qr) and the uniqueness of the solution of (Ps,). Thanks to inequalities
(5.10), (5.13) and of the previous property, we conclude that every sequence
U, converges in the strong topology of H}(Qr) to U. O

6. Simon Exponential Estimate

6.1. Stationary Case

As part of his Semiclassical works, Barry Simon, see [20, Theorem 4.1], estab-
lished a strong convergence of the solutions for a class of Shrodinger operators
of the form (—h?A + V) in RY, where V > 0 is a C* potential bounded
away from zero at infinity and having a finite number of non-degenerate zeros,
multiple wells. In particular, it shows how the solutions for these operators
decay exponentially as the so-called Planck’s constant i goes to zero in the
regions where the potential is away from zero.

Following similar ideas, we obtain a very particular strong convergence
of Uy, as stationary solutions of problem (P3) far from the set Qq, U Qq,,
see (2.1). To this aim, let € > 0 be fixed and define Q. ,, := {z € Q; dist(z, Q)
> ¢}, and

§ :=min(d4,,04,) with 04, := min a;(z) > 0. (6.1)
TEQe a;

Define also H = (11,12)T, where n; : Q@ — R satisfies ; € W2°°() and is
equal to 1 in 5. 4, and equal to 0 outside €2, ,,. In the setting of Sect. 2, we
prove the following estimate.

Lemma 6.1. Let Uy the unique weak solution in H(SY) of the problem (P3).
There exists a constant C' > 0, such that for every A > 0

/ 2\/ mln(dlst(m Q3¢ ay ) dist(z,Q5, a2))772uz N
i %,
QE aj

()\26 = fix aiai,,\> dz < C,

where Uy y 1= ug x, Uz x = uix, and C = C(||Vnil| L (), [|AN:]| Lo (), €)-

Proof. Let € > 0 be fixed. For any function ¥ € H}(Qc.q,) X H}(2e,4,) and
any Lipschitz function p that satisfies |Vp|? < §/2, we can calculate

/V(eﬁ”wi) V(e ) da
Q
_ / (VA 24:¥p + e0w,) - (—Vae 0y p 4+ e v ) d
Q
- /Q (=MZ|Vpl? + |Vep|?) da

which impies

(90 9 05) + Mai?) da
> [ Mai= 9Py vtde = G [ wtae
Q
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due to the definition of &, see (6.1). If we choose ¥ = ¢V*H - U}, the next
computation holds

V(e 2fp77 uin) - Vugn = [V(e 2fp17 Ui ) +62f‘)u1 AVl - mi Vg a
= V(e QIPUzUz A) - (V(niwg x) — ui AV1;)
+ 2, A0V - Vg .

Since we have that V), = 0 in Qg 4, and in Qf , , we arrive at the following

e,a;’

expression on the left-hand side of inequality (6.2):
/ (Ve uy) - V(e ) 4 Aagy?) da
Q

B / (V( 2N ) - V(i) + Aag ezf”??z“?/\) dz
Q

€,a;

= [ (@ run) - Vur +daseV ) o (o)
Qea

saq

— / eQﬁpuMme -Vu; \dz
£,a \QZa a;

+/ V(e 2‘F”mu”\) u; AV de.
€,a \925 a;

Thus, eQﬁpn?ui7 A € H}(Qe4,) provides us with an admissible test function
for problem (P3) and we find that

/ (V( 2002u5.5) - Vi + Aage?Ynu? y — 0V ntug *) dz
QE («ZZ

(6.4)
=/ VA2, 5 fix da,
Q

£,a;

where Uy \ = ug,x, Uz,x = up x. Moreover, Proposition 2.3 implies
[UxlL2@) + [[DUL|lL20) < Cl[FAllL2 (o),

for a constant C'. In addition, Holder’s inequality allows us to obtain

GQﬁPUi,,\mvm Vi xdz| < C|Vnillze @l firll 720 VA
. () ()
ca; \Q2¢e,a;

(6.5)
where m; is defined by

m; = sup p(x).
2€Q% a; \Q2¢e,a;
Due to the fact that u; \Vn; € HJ (e 4,\Q2c.0,) and 1, € W22(Q), we can
integrate by parts the following term of (6.3) and get:

/ V( Q\Fpnlul /\) (Ui,/\vni) dz = _/ 2fpnzuz A(uz AAD;
c,a; \Q2¢e,a Qe,a; \Q2e a;

+ Vu; \ - Vi) d.
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Consequently

<O Vnill L= (o)

/ V(e 2fpmuz a) - (ui A V) da
c.a; \22¢ 0

2\/XmL.
(6.6)

+ 1A o (@)1 fi Al T2y

Combining the estimations (6.3), (6.4), (6.5), and (6.6) with (6.2), we arrive
at

Y
2 ezﬁpnfuix de < / 222y, 5 fi da
Qa,a~ Qa,a,-
! ‘ (6.7)
+ / 2f"nl i AU ) Ao + CeQﬁm’i,
Q

£,a,

where C' = C(||Vnill o= (), [|Anil| L= (), €). In particular, we specify the func-
tion p by setting

plx) == \/gmin (dist(z, Q5. ,,), dist(z, Q5. ,,)) ,

which satisfies all our needed assumptions (p is Lipschitz, |Vp|? < §/2 and
p = 0 outside Q¢ 4, UL, 4,). In this case, m; = 0 which implies that Eq. (6.7)
becomes

Y
-5 2fp 2 2 da:</ QI”mu”\f“\dx
+/ zfp Sui AU ) do + C,
Q

or equivalently

YY)
/ Q‘F”m Uq \ (2%‘7,\ — fi,>\ — a,ﬂi,A> dz < C,
Q

£,a;

which completes the proof. 0

Remark 6.1. We can use the previous lemma when f; = 0 in Q\£,,. Thus,
the convergence ratio Uy — 0 when A — oo far from Q,, U, is

5. . ¢ Y} .
/ 62\/)\2 mm(dlst Q5. al) dist(z, in,az))ui)\ <2Ui,)\ _ ai“i,A) dz < C.
Qae a;

This result considerately improves the previously mentioned estimation

)\/ (AU)\) -Uydx < C.
Q
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6.2. Parabolic Case

We extend the previous bound corresponding to the stationary case for the
parabolic case. To this aim, similarly as before, for each € > 0, we define

dg, =  min  a;(x,t) >0, ¢ =min(d,,,da,)- (6.8)
(w,t)eAg:ai
with A, o, := {(z,t) € Qr;dist((z,t),0,,) > £} . We also consider the func-
tion H = (n1,m2)7, n; : Qr — R, such that n; € W2>(Qr), is equal to 1 in
Ase o, and equal to 0 outside A, ,,.

Lemma 6.2. Let Uy be the solution of problem (Py) with initial data Ug \ €
Hj(Oa, N{t = 0}) x Hy(Oa, N {t = 0}).
Then, for each \ > 4, there exists a constant C > 0, such that

/ 62\505 mm(dlst((nc,t),AZ‘E’Q1 ),dlst((z,t),AQ‘S’EQ))nzui)\
A

e,a;

A0 R

<4Ui,/\ — fix— aiui,,\> dedt < C,

where Uy, 1= Uz, U2,) = Ui, C5 := Min <\/§, g), and the constant C
depends on &, V]| L=(@r)> 1AM L=(@r) and 10m; ]| L=(@r)-

Proof. Let ¢ > 0 be a fixed value. Consider any function ¥ € H!(Qr) that
satisfies 1; = 0 a.e. in AZ , and any Lipschitz function p : Q7 — R that
fulfils

max (|0;p|, |Vp|?) < §/2. (6.9)

Integrating in time the estimate (6.2) and using the definition of § given by
(6.8), we obtain

/ (V(eﬁ”wi)-V(e‘ﬁ”wi)—i—)\aiw?) dadt > Aﬁ/ ¥7 dz dt.(6.10)
Qr 2 Qr

We focus now on the time derivative and use estimate (6.9) to get the fol-
lowing expression:

)
>
<
=
(S5
B
S
<
=
=
8
&
I

VA QFopdedt+ [ 0 dadt
Qr Qr Qr

—VX [ ¢?opdadt

+% (Z;i(T)de—A¢i(o)2dx)

z—@ wfda:dt—l ¥;(0)% dz.
2 2 Jo

Qr

(6.11)
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Estimates (6.10), (6.11) allow us to obtain

[ (0 (aule ) 4 daie™ 000 4 9/ 0) - (e dodi

T

> é()\ V) | yidedt— 1/ ¥:(0)* d. (6.12)
Moreover, choose ¥ = eﬁpH-U,\. Assume also that A > 4, so that A—v/A >
A/2 is accomplished. Since Ug € HJ(Oq, N{t = 0}) x H} (Oy, N{t = 0}), we
have that [[1;(0)|/z2(q) = 0. Hence, we can rewrite equation (6.12) as follows:

A0
— Q‘F"nf 12 dx dt
4 Ja.
< [ (T i) T + Al
AE (17/
Q‘F”mu A(’?t(mu”\)) dz dt. (6.13)

Proceeding analogously as in the stationary case

/A <v( 2\/7%)771'&1 )\) V(Thuz A) + /\a €2fp 2 Z2 ) dz dt
:/ (V( 2f”77 uin) - Vg x —l—)\aie?‘r’\pnfuf,)‘) dx dt
A,
— / eQﬁpui,)\me -V, ydx dt
£,a \A25 a;

+/ V(e QIPU win) - U AV da dt.
cra; \A2e,a;

We recall that according to bound (5.1), there exists a constant C' > 0, such
that

10l (@r) < CUFAL2(@r) + UonllLe(e)-
Thus, due to Holder’s inequality

/ ezﬁpui,)\me -V, ydzdt
£,a \A25 a;

m; 2
< Ce [Vl 1) (Ifinllz2@r) + luoinllzzy) s (6.14)

where m; is defined as

mi = Sup p('x?t)
(€,t)€Ac a;\A2e a,

Notice that u; AV, cancels out outside A, ,,\ Az 4, and 7; € W22 (Q7)

/ V(e 2‘F”77 Ui n) - u AV da dt
g,a \A25 a;

= —/ eQﬁpmui,,\(ui,AAm + Vu; x - V) da dt.
As,ai \A2£,ai
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Hence, integrating by parts on the spatial domain, we find that

V( 2fp77ﬂ/fz )\) u; A Vn; do dt

Ae,ai \AZE,ai
< Ce2VAmi( @)
(6.15)

Vil Lo (@) + 1AN6] Lo (@) (

We decompose the term corresponding to the time derivative on the right
hand side of inequality (6.13) in two terms

/ zfpmul A0 (M ) ) de dt = / 2fpnl u; AOpu; x da dit
AE LLZ AE LLT

+ / 2‘F’Jn u; 20y dz dt,
A

e,a;

and due to the fact that 0;n; cancels out outside A. q,\As2cq,, we find the
upper bound

22020 dx dt| < Ce2YV 5 (18mi o= (@ry) (1firll 22 (@)

As,ai \A2e.ai
2
+HluoixllL2)) - (6.16)

Consequently, we rewrite inequality (6.13) using (6.14)—(6.16)

)\Z& zfpmzuf,\ dxdt < Ce2VAmi
Acal

+/ (V( Q‘Fpnful A) - Vg x + Aa; e2f”n2uf + eZﬁpnfui,A&ui,)\) dz dt,
A,
where C = C(||Vm\|Loc(Q), HAniHL"O(Q)a HathLoo(Q),E). Since i is identi-

cally zero outside A ,,, the function €2V n2u,; \ € L2(0,T; H(R)) is an
admissible test function for each component ¢ of (Py). Therefore

/ (V( QI”m ;) - Vuix + Aaze 2fp Zu? +62fp772 Uu; Aﬁtul,\) dx dt
A,

= / 62ﬁp771'2ui,>\fi,/\ dadt + / 2V Aep2 N7 ui Ui, da dt,
A

c,a; Ac.ay
i i

which implies that

E/ eV 022 | dz dt
4 Ja

e,a,

§062\/Xmi+/

eQﬁpnfui,Afi,,\ dz dt + / 2fp77 o AU, ) de dt.
Acla;

Aca,

(6.17)
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Finally, we choose as a particular case

p(z,t) := min <\/§ g) min (dlst((:v,t),Ags’al),dist((x,t), 35@2)) ,

which satisfy all our needed conditions (p is Lipschitz, [9;p| + [Vp|? < §/2
and has support on A, ,, U A, ,,). In this case, m; = 0, therefore, expression
(6.17) is reduced to

%)
4 Jac.,

+/ 2f”nz oG 2U;  da dt.
A

€,a;

GQﬁpU?“zZ,A dedt <C +/A 2220, i da dt

Equivalently

6
/ 2V P2y, (4%A — fix— aiﬁi)\> dzdt < C.
A

£,a;

O

To conclude, we observe that the previous lemma can be specified for a
linear eigenvalue problem with f; x = ou; x, where o stands for an eigenvalue
associated with the eigenfunction u; . Then, thanks to Lemma 6.2, we find a
decay estimation for the eigenfunctions on the boundary of the regions O, .

Corollary 6.3. In the particular case where f; =0 in Qr\O,,, we obtain the
following estimation of the solutions’ convergence Uy — 0 of problem (Py)
when A — oo outside the regions O, :

A ~ . . 6 0
e2eseVA Ui\ <4ui7,\ — aiui7)\) dedt < C, with ¢s := min (\/; 2) .
Azc.a;
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