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Abstract. In this paper we introduce a general class of integral operators
that fix exponential functions, containing several recent modified oper-
ators of Gauss—Weierstrass, or Picard or moment type operators. Point-
wise convergence theorems are studied, using a Korovkin-type theorem
and a Voronovskaja-type formula is obtained.
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1. Introduction

The classical Bohman—Korovkin theorem (see [10,22,23]) is one of the pivotal
results of approximation theory and several convergence theorems known in
literature employ this basic tool. It states that a sequence of positive linear
operators T, f acting on the set of the continuous functions over a compact
interval of the real line converges to the identity operator only if it converges
on a finite number of test functions which form a so-called Chebyshev sys-
tem. A complete treatment of the Korovkin theorem can be found in the
monographies [2,3].

In this respect, if a sequence of operators T), f is such that T, = ¢
for some continuous function ¢, then to obtain the convergence appears very
simple, if the functions ¢ belong to a Chebyshev system. Thus, it is of inter-
est to define sequences of operators that have this property. In literature
the so-called King type operators, have this property, especially in case of
discrete operators (see e.g. [21]). In this paper we define an entire class of
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positive linear integral operators which fix exponential functions. This kind
of results were obtained by Agratini, Aral and Deniz [1], by Aral [6] and
recently by Yilmaz, Uysal and Aral [26], by considering modifications of spe-
cific operators (Picard, Gauss—Weiertsrass and moment-type operators). All
the operators considered in these papers are special case of our present the-
ory. Our approach includes also all the integral operators having a compactly
supported kernel. Thus it applies for example to spline-type operators [11,24].
Related results can be found in [16,18,19] and [17].

For our operators, we apply the Gadjiev version of Bohman—Korovkin
theorem (see [14,15]) in case of unbounded domains, for functions belonging
to certain weighted spaces of continuous functions. Setting for every n € N
and a > 0,

o 1
Aan ::/ exp(at) K, (t)dt, M,(z):=x— o log Ay s

— 00

we define

oo

(Tuf)(@) = Aun / exp(—at) f (An(x) + ) K (1),

— 00

where {K,} is a family of non-negative functions (kernel) belonging to a
suitable function space. Setting for a > 0, exp,(z) := e** for € R, we show
that (T}, exp,)(xz) = exp(az) and (T, expy,)(x) = exp(2ax). Moreover we
show that T,,e; — e; where e;(x) = 27, j = 0, 1,2, so obtaining two uniform
convergence theorems in weighted spaces of continuous functions. Then, using
certain moduli of continuity we obtain certain quantitative estimates of the
convergence and finally a Voronovskaja-type asymptotic formula. These kinds
of asymptotic formulae are very useful also for applications, especially for
discrete operators, like e.g. sampling-type operators (see, e.g., [11-13]. For
integral operators of Mellin type see [7,8]). The last section is devoted to
several examples.

We recall here, that general approaches to convergence of integral oper-
ators was recently given in [9], and more recently in [20] and [25] in the frame
of nonlinear operators.

2. Basic Notations

Let us denote by R the set of real numbers, and by N the set of the positive
integers. By L!(R) we denote the space comprising all the Lebesgue integrable
functions on R with respect to the Lebesgue measure, and by L>°(R) the space
comprising all the essentially bounded functions on R. By C(R) we denote
the space of all the continuous functions defined on R. Finally, for r € N, we
will say that a function f : R — R is locally of class C" at a point z € R
if there is a neighbourhood U of x such that f is (r — 1)-fold continuously
differentiable in U and f(")(z) exists.
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3. The Class of Integral Operators

For any a > 0, we define the function exp,(t) := e, for t € R.
We define now the function space

Loy, (B) := {g : R—R: g()e € L (R)}.

Let now { K, } be a non negative kernel, that is, for every n € N, K,,(t) >
0, for every t € R, K,, € L*(R), and

1K, |1 :/ K,(t)dt = 1.

In what follows we assume that K, € Lexp (R), for every sufficiently
large n € N, namely for n > ng, with ng € N. We set, for n > ny,

e 1
Ay p = / exp, (t) Ky, (t)dt, An(z) =2 — o log Ay -

— 00
Note that from the assumption K, € Leyp, (R), we have A, ,, < 00, A_4, <
400 and if moreover for every n € N, K,, is an even function, that is
K, (t) = K, (—t), for every t € R, one has easily A, = A_q.n. We introduce
now the sequence of integral operators defined by

(T f)(z) == Aan /jo exp_, () f(An(x) + t) K, (t)dt
= Aun - e f(An(x) + 1)K, (t)dt, (3.1)

for every function f belonging to the domain D := ﬂn>n0 dom T},, where
dom T;, denotes the set of all the Lebesgue measurable functions f such that
(T.|f])(z) is convergent for almost all = € R.

Note that if f € L>®(R), then f € D. Moreover, the functions exp, and
expy, both belong to D. We have the following

Proposition 3.1. Under the established assumptions on the kernel {K,}, we

have

(Tn exp,)(2) = expy (@), (Tn expa,) (%) = expyq (). (3-2)
Proof. We have
(Ty exp,)(z) = Agon e~ tetOn@H) [0 (1 dt = A, e (@) / K, (t)dt

= Aa,neakn(w) = expa(x).

Analogously, we have

(T, expy, ) (x) = Aa,n/ e te2eQn@H [ (4)dt

= Aa,neza)‘"(x) / e K, (t)dt

Aa n
= Aa,’ﬂ eXan(‘r) (A )2 = €XPa, (JI),

s

that is the assertion O
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Remark 3.2. In order to establish a connection with classical integral opera-
tors of convolution type of the form

@@= [ T et 0K (1,

for continuous and bounded functions f € D we have

lim (T, f)(x) = (T, f) ().
a—07t
whenever
1

lim —log Aqn = 0.

a—0t a
Indeed, under the above assumptions on the kernel {K,}, it is easy to show
that lim, .o+ A, =1, and lim, g+ A, (2) = z. Thus under the assumptions
on the function f the assertion follows by the Lebesgue theorem of dominated
convergence.

4. Pointwise and Uniform Convergence

In this section we will study the pointwise convergence of T, f to f, where f
belongs to a suitable weighted space of continuous functions, as introduced
in [14], using a Korovkin-type theorem, established in [14] (see also [15]). In
order to do that, we introduce the following constants

B_un ::/ te K, (t)dt

o0

Cogn = / t2e” " K, (t)dt.
— 00

We call these constants the exponential moments of orders 1 and 2 respec-

tively. At the same way, we refer to A_,, as the exponential moment of

order 0. We introduce the following subspace of Leyp, (R), in which the above

moments are well-defined

Lisp,(R) = {g € Lexp, (R) : (c+d - )’ Ig() € L'(R)},

exp,
with ¢, d positive constants. If K., € LY, (R), then B_, ,,, C_, , exist finite.
Let us introduce now the test functions eg(t) = 1, ey (t) = ¢, ea(t) =

t?, t € R. Obviously, e; € D, for j =0,1,2.
We have the following

Proposition 4.1. Let K,, € LZ,, (R), for sufficiently large n € N. Then we
have

(Tneo)(:ﬂ) == Aa,n A—a,n
1
(Tnel)(x) = Aa,n A—a,nx - gAa,n A—a,n 1Og Aa,n + Aa,n B—a,n

and
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1
(Tre2)(z) = Agn A_gna? + <2Aa7n B_on—2A0n A _4n—log Aa,n) x
a

1 1
+ Aa,n Afa,n72 10g2 Aa,n + Aa,n Cfa,n - 2Aa,n Bfa,nf IOg Aamn
a a

Proof. We have

oo

(Theo)(z) = Aan e MK, (t)dt = Ay Ao
—o0
Next,
(Tuer)@) = A [ e O0n(a) + O (00
= Aan An(7) /OO e K, (t)dt + Agn b te” K, (t)dt
=AinA_ont—Asn A,a’né log Agp + Aan B_an-
Finally,
(The2)(z) = Aan b e (An(z) + )2 K, (t)dt
= Aan (A_n (2))*A_an + Aan C—ain + 2440 B_anAn(z)
=A.n A_a7nm2 + 24, (B_am — %A_am log Aam) T
+ Ao (Aa,n12 log2 Agpn +Cgn — EB,a,n log Aa,n) .
a a
The proof is completed O

Corollary 4.2. Under the assumptions of Proposition 4.1, if moreover

lim A,p= lim A_,,=1, (4.1)
n—-+oo n—-+oo
and
lim B_,,= lim C_,,=0,
n—-4o0o n—+oo
then
lim (Thej)(x) =e;(x) (j=0,1,2).
n—-+00 -
Proof. Tt is an immediate consequence of Proposition 4.1 O

Using Proposition 4.1 and Corollary 4.2, we now give a uniform con-
vergence result for the operators (7, f) when f belongs to suitable weighted
spaces of continuous functions. The key tool is a Korovkin-type theorem
proved in [14] (see also [15]).

Given a continuous, strictly increasing function ¢ : R — R, we define
the function p(z) := 1+ ¢*(z), and assume that lim, 4., p(z) = +oo.

We will consider two particular cases: ¢1(z) = z, and pa(x) = exp,(z),
and we set p1(z) := 1+ 22 and pa(z) 1= 1 + expy, (7).
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Let us consider the spaces, for j = 1,2

0 — . lim f(z) _
C,, (R) = {f € C(R): xiim (@) ly € R}.

Note that if f € ng (R), then |f(x)] < Myp;(z), for a suitable constant
M; > 0 and z € R. We define a norm on the space ng (R) on setting

S
”Wme

(o]
We are ready to prove the main theorem of this section.

Theorem 4.3. Let j = 1,2 and let f € ng (R). Then, under the assumptions
of Proposition 4.1 and Corollary 4.2, we have

i [T.f ~ fl,, =0.

Proof. First, consider the case j = 1. The test functions e; obviously belong
to C9 (R) and moreover

’ Tneo — €p
P1

. H Aa,n A—a,n -1

H S ‘Aa,n A—a,n - ]~|7 (42)
P1 0o

o0

and the last term tends to 0 as n — +o00. Next,
T,e1 —e1 T
e ‘ < |Aa,n Afa,n - 1| sup 2| |

P1 0o zer T2+ 1

1
+ =Aun Aanllog Aanl + Aan |B-anl,
a

and so

. Ther —ex
lim LA =0.
n—-+o0o pl

Analogously, one can see that

im [ Ine2=C2) _
n—-+00 P1 ’

For j = 2, taking into account of (4.2) and Proposition 3.1, we obtain again
the convergence on the test functions exp”(ax), for & = 0,1,2. Applying
Theorem 2 in [14] we obtain the assertion O

5. Quantitative Estimates

For K, € L%, (R), we define the absolute exponential moment of order 1 of
K, as

B = / et K ().

—00
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In the spaces ng (R), j = 1,2 we can define various modulus of continu-
ity. We begin with an estimate of the convergence expressed by Theorem 4.3,
in terms of the classical modulus of continuity w defined by
w(f,0) := sup [f(z+h) = f(x)]  (6>0).
|h|<6
As it is well-known, for any uniformly continuous function f one has
lims_.o w(f,0) = 0. We have the following estimate

Theorem 5.1. Let Ky, € L, (R), for sufficiently large values of n € N, and

let f € ng (R). Then for every § > 0, we have

1~ 1
_ < — =
It = 11, < (8) A (Ao + 3B+ 5 Ao log Au
1AL, [ Aan Ao — 1]
Proof. For every x € R and § > 0 we have
(D) @) = 1 @) < Au [ (]t iordon]) Ko (a1
oo a

+ |f ()] |Aa,nA—a,n —1|=1+I.

Thus we have to estimate only ;. In order to do that, we use the following
well-known property of w (see e.g. [4])

w(f,A0) < (1+Nw(f,8) (\d>0).

Setting \ := |

[t= % log Aun | lfsg Aur , we have
o t—Llog A
I < Agn (f, 5)/ emat (1 + W) K, (t) dt

1 o0
w0 Aun (A +5 [ (40 Mo o) K )21)

1~ 1
S w (f> 6) Aa,n <Aa,n + 7B7a,n + 7A7a,n ‘log Aa,n|) .

1) ad

Passing to norm, we get the desired result
1

1Tt = 71, < (£.0) A <A +
U1, [AamA—an — 1

~ 1
Bfa.n + Afa.n |10g Aa,n)
) a/é )

O

Corollary 5.2. Let the assumptions of Theorem 5.1 be satisfied, and (4.1)

holds. If moreover there is o > 0 such that (no‘é_am)n, and (n*|log Ag.n|)n
are bounded sequences, then there exists an absolute constant M > 0 such
that

1
IT2f = Tl < Mo (£ ) + Mo A = U1l

for sufficiently large values of n € N.
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Proof. It is a consequence of Theorem 5.1 on setting 6 = n=¢ O

Remark 5.3. Note that, under the assumptions of Corollary 5.2, if the func-
tion f satisfies a Lipschitz condition of order 1, and |44, Ay n—1] = O(n™%)
as n — +oo, then

I Tnf = fllpy = O™ (n— +00).

Now we state another estimate using a suitable weighted modulus of
continuity. In order to do that, we introduce the exponential moment of
order 4 of K,, € L, (R) setting

CXpa
. > —aty 4
E_gn = / e AR, (1) dt,

In order to establish rate of convergence, we will use special kind of modulus
of continuity w which is compatible with the space Cgl (R). This weighted
modulus of continuity was first introduced in [27] for f € C9 (Rf), then
considered in [5] for f € CJ (R) as follows:

_ |f(z+h) — f(z)]

w(f,0) = sup . 5.1

(1:9) cer fhj<s 1+ (h+2)? &)

For any function f € C’gl (R), m € N and \,§ € RT, & has the following
properties (see [5,27]):

1. @(f,0) is a monotonically increasing function of 4,
2. lim5*,0+ w (f, 5) = 0,

3. W(f,md) <mw(f,0), for every m € N,

4. O(f, ) < (1+XN)@(f,0) for every A > 0.

Theorem 5.4. Let Ky, € Lg, be such that E_., ezists finite. For f €
Cp. (R), there holds

1T f = £,
< 164000 (£./Coa)
X {C_a,n + (14 Cgn)Aan + \/ E_an+A_an(1+ CEa,n)}

+ ||f||p1 |Aa,nA—a,n - 1‘
provided that |a’1 log Aa_’n| < /C_q.n for sufficiently large n € N.

Proof. In view of Proposition 4.1, we have
(@af) @) = F@] < Aan | [~ €7 O (@) 40 K (0t = f(a) [
+[f(@)[[(Theo) (z) — 1]

[~ @0 - @l W

J —oo

1@ AanA—an —1].

For any ¢ > 0, properties of w enable us to write

If (@) +1) = f@)| = |f (z+t—a log Aun) — f (z)]

e K, (t) dt)

- Aa,n
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< (1 +(z+t—at logAam)z) @(f, |t —a""log Agnl)

1
< (1+ ($+t—a_110g14a,n)2) <1+ |t ¢ ;OgAa7n|> a(fa(s)

In view of this observation, there holds

|(Tnf)(m) - f($)| S a’(fv 5)Aa,n

oo a1
X / (1 +(z+t—a? logAa,n)Q) (1 + ta;ogAa,n> e K (t)dt

+1f@)|AanA—an =1 SO (f,6) Aa,n

oo 1 2 711 A
X / (1 + (x—i—t— flogAa,n) ) (1 + W) e K, (t)dt
oo a

1 A\
1+ (x+t——logAan Ee K, () dt
a

+1f(@)[AanAan =1 :=J1 +J2 + |f(@)||[Aa,nA-a,n — 1]

3 (f,8) Aan /OO

— o0

For Ji, using the well-known inequality |a —b|" < 2P=1(]al’ 4 |b]"),
a,be R, p>1, we have

J1 < a(fv‘s)Aa,n
—1] Aa,n
X <1 + (H(Sg’> {A,a,n +2C_g,n +2 (x —a"tlog Aa,n)2 A,a’n}

a”tlog Ag,nl

< 4Aq,0 (f,9) <1+ | 5 ){ca,n+(1+x2+a2log2 Aan)A_an}-

By the Cauchy—-Schwarz inequality for J,, we have
Jo = &(f, 5)Am/ (1+(z+t—a 'logAa,n)?) %e*“Kn(t)dt

00 1/2
< &(f, 5)Aa,n/ 1+ (z+t—a 'log Aa,n)%%ﬂtm(t)dt)l/z%.

— 00

Repeated application of the inequality |a —b|” < 2P=1(|a’ + |b]7),
a,b e R, p>1 yields

(1+ (@ +t-alogA,,)") < (1422 + X))

<2(1+4(2+ X2 (@)7) <2416 (¢ + AL (@)
=2+16t* +16 (:r —a tlog Aa,n)4
<24 16t" + 128 (2" + a *log Aa.) -

Using above inequality, we have

1/2 (C’_am)l/2

J2 <160 (f,0) Aan (B—am + A_an (1+2* +a *log A,,)) S

Collecting all inequalities we get

[(Tn f) (z) — f(2)]
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-1
W) {Cfa,n + (1 + 1'2 + (172 10g2 Aa,n) Afa,n}

< 4Aq,0B (f,9) <1 "

1/2 (Cfa,n)l/2

+ 16w (f7 6) Aa,n (E—a,n + A—a,n (1 + 1154 + a74 10g4 Aa,n)) s

+1f(@)]AanA—an—1].

Choosing § = (C,a,n)l/2 with |a‘1 log Aa7n| < ¢ for sufficiently large n,
dividing both sides by 1 + 22 and taking supremum over all z, we obtain

ITuf = £,
<1640,05 (£,7/Can) {Cam+ (14+a 2108 Agn) A

JF\/E—a,n + A—a,n (1 +a4 log4 Aa,n)} + ‘f(x)| |Aa,nA—a,n - 1‘
< 164005 (/O ) {Can + (14 Can) A
+\/E_a,n +A_an (1 + (C’_W,,)2) }

+ Hf”pl ‘Aa,nAfa,n - 1|

that is the assertion O

Remark 5.5. The estimate of Theorem 5.4 gives an evaluation of the con-
vergence in terms of the modulus of continuity with parameter /C_, .,
under the further assumptions that C_,,, — 0 and |A,, Ay, — 1] — 0 as
n — +o00. Thus one can obtain a corresponding corollary, as for Theorem 5.1
(see Corollary 5.2 and Remark 5.3).

6. An Asymptotic Formula

Here we establish two asymptotic formulae of Voronovskaya type for functions
fe ng (R), j = 1,2, which are locally of class C? at a point x. These kinds
of formulae give an exact evaluation of the order of pointwise convergence.
We examine the case j = 1.

Theorem 6.1. Let f € C’po1 (R) be locally of class C? at a point x € R. Let
Kn € L&, (R), for sufficiently large values of n € N, be a kernel satisfying
the assumptions of Corollary 4.2. Assume that there exist « > 0 such that

the kernel {K,} satisfies further the following conditions:

(1) hmn—>+oo na(Aa,n A—a,n - 1) = gOa hmn—>+oo naB—a,n = Ela
lim,, ;oo n*C_ypn = €2 and lim,,_, ; na% log Ag.n, = ¥3, with {; € R,
for 5 =0,1,2,3.

(ii) For every n > 0,

1 2
lim no‘/ et <t — —log Aam) K,(t)dt =0.
ntee Jhzn a
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Then,

lim n®[(Tof)(x) — f(2)] = bof () + (6 — Ls) ' () + %f”(fﬂ)- (6.1)

n—-+00

Proof. Since f has a polynomial growth of order 2, and locally of class C? at
the point x, using a local Taylor formula of the second order, we can write

FOu(@) +1) = f (:,; - 2logA,w 4 t) — @)+ (@) (t - élog Aam)

1" 2
+f (z) (t - 1 log Aa7n> + 7y <t — 1 log A, n)
2 a a ’

1 2
X (t — —log Aa’n> , (6.2)
a
where 74 (y) is a bounded function such that lim, .o r;(y) = 0.
We write
(Tnf)(z) — flz) = Aa,n/ e [f(Anlz) +1) — fla) Kn(t)dt

+ (Aa,n Afa,n - ]-)f(fﬂ) = Il + 12.

As to I we have by assumptions that n®Iy — £y f(z) as n — 4o00. Therefore
we evaluate now the term I;. Inserting (6.2) in I;, we can write

Il = Aa,n (B—a,n - AA—a,n1 IOg Aa,n) f/(x)
a
[ ()

A_on 2
+Aa,n (Ca,n + 727 10g2 Aa,n - 7B7a,n lOg Aa,n) + Rw
a a 2
= I{ + I} + R,, (6.3)
where
o0 1 1 2
Ry :=Aun e %y, (t — —log Aa,n> (t — —log Aa’n) K, (t)dt.
oo a a
Now,
. a . o 2
Jm n I = (01 = 43) f' (=), Jm I} = 5 /(@)

Thus we have to estimate the remainder term R,.

Since limy,_o7,(y) = 0, given an arbitrary ¢ > 0, there is § €]0,1]
such that |r;(y)| < € whenever |y| < §. We take now an index 7 such that
for n > m, one has a~!|log As.n| < 6/2. Thus for |t| < §/2, we have also
|t —a=tlog Ay | < 4. Thus

- (t - élog Aa,n>’ <ec (1t <5/2). (6.4)

Writing

/2 1 1 2
Ry, =Aun +/ e %r, (t - = logAa,n> <(t - 710gAa,n> K, (t)dt
—5/2 |t]>68/2 a a

: R1 + Ro,
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we have, by (6.4),

1 2B_
|R1| < Aane (Ca,n +Aan— log? Ag.n — —== log Aa,n) :
Therefore using the assumptions (i) we have, for a suitable absolute positive
constant M,
limsup n®|Ry| < Me.

n—-4oo
As to the term Rs, using the boundedness of r, we can write

1 2
ol < Auslrale | eat(t—-alogfahn) Ka(t)dt,

|t1>6/2
and by (ii) we obtain
lim n% Ry =0.
n—-+4oo
This implies
limsupn®|R;| < Me,

n—-+oo

that is |R,| — 0 as n — +o00. Thus the theorem is completely proved O

Theorem 5.4 works perfectly in several particular examples, as we will
see in the next section. But in certain situations, as for example, the moment-
type operators, formula (6.1) becomes

im0 (T f)(w) - f(2)] =0,

for a suitable constant « for which all the assumptions are satisfied. In case
of the moment-type operator, we have o = 1. If we try to take a = 2 some of
the assumptions (i) of Theorem 5.4 are not satisfied. This result is however
interesting, but it gives no exact information about the pointwise order of
approximation at a point z. Therefore, we will formulate a slight generaliza-
tion of the above theorem, in order to include also the case of moment-type
operators, by changing assumptions (i). We have the following

Theorem 6.2. Let f € Cgl (R) be locally of class C? at a point x € R. Let
Ky € L, (R), for sufficiently large values of n € N, be a kernel satisfying
the assumptions of Corollary 4.2. Assume that there exist o > 0 such that
the kernel {K,} satisfies assumption (ii) of Theorem 5.4 and the following
conditions:
(.]) hmn—>+o<> n(X(Aa,n Afa,n - 1) = EOy
hmn—>+oo n< (Bfa,n - Afa,n% 10g Aa,n) = )\17

(J.]) limn—>+oo ne (O—am + A;;Wn 10g2 Au,n - %B—a,n IOg Aa,n) = )\2
Then,

lim n*[(T.f)(x) = f(2)] = Lof(x) + A f'(z) + %f”(@“)- (6.5)

n—-+4oo

Proof. The proof is clearly exactly the same. O
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7. Examples

In this section we discuss some examples of kernels { K, } for which the theory
developed can be applied.

(1) The Gauss—Weierstrass kernel
For n € N, let us consider the kernel {K,,} with

Kn(t) = \/Ze_"t2 (t €R).

This kernel is defined by even functions. First we evaluate the exponen-
tial moments of orders 0,1, 2. In order to do that, we first calculate the
coefficients A, ,, using a differentiation under the integral. By solving a
simple first order linear differential equation, we obtain

Aum = A = \f/ et gy —

Hence Agn Ao pn =€ ?/(2n) Taking = 1, we obtain
2 a®
ngrfoo n(AgnA_gn —1) = nErfoon(ea /@n) 1) = 5
Moreover, using partial integrations, one has
2
Boun= =g Oy = o Aa 1 A,
and so
lim nB_,, = 1, lim nC_,, = 1
n——+oo 2" n—+oo 2

Next, we have

a
nEIEOQnIOgAa n — Za

therefore we have also

lim nlog Agpn =0.

n—-+oo

Therefore, {1 — ¢35 = —3a/4, ¢; = 1/2. Now we prove that the Gauss—
Weierstrass kernel satisfies also assumption (ii) of Theorem 5.4. Let
1 > 0 be fixed. Let us set

2
1
J = n/ et (t - logAa,n> K, (t)dt.
[t|=n a
Then

1
J < n/ e*‘”t2Kn(t)dt +n (2 log? Aa’n) / e K, (t)dt
[¢[>n a [t[>n

1
+2n—|log Agn| e | K, (t)dt =: Jy + Jo + J3.
a [tI>n
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As to J; we can write

nn

J = e~ 2ot 4t

VT [t|>n

_ {/ e—“fth—"fde/ e“ttze_”t2dt}
\/77— n n

= Ji +Ji.
For J{ we have by a suitable substitution,
e~ [
Jll < — ’02671)261’0,
VT Sy

and so by the absolute continuity of the Lebesgue integral, we obtain

lim Ji =0.

n—-+oo

Analogously,

J2< 1 /OO LwQ—v2d
—— e ve v,
l_ﬁ Vvnn

and again, since the integrand in the right-hand side is Lebesgue inte-
grable, we obtain J? — 0 as n — +o0. Next, we evaluate Jo. We have
immediately

Jo < a% 10g2 Aa,nA—a,n — 0, (n — +oo)_

Finally, we evaluate J3. Using the same reasonings as for the estimate
of Ji, we have

Js < avn e*“”/ te*"tgdt+/ eatte " dt
2ym n n

=:J3 + J3.

As for J; we obtain easily that J& — 0, J2 — 0 as n — +oo. Con-
cluding, we obtain assumption (ii) of Theorem 5.4. Therefore all the
assumptions introduced are satisfied with o = 1. The asymptotic for-

mula of Theorem 5.4 reads

CL2

. 3a / 1 "
Jim n(Tuf)@) = f@) = T @) = S @) + 31" @)

which is a result of [26].
The Picard Kernel
For n € N, let us consider the kernel {K,,} with

K, (t) = ge*ﬁlﬂ (t € R).

Also this kernel is defined by even functions. Let us evaluate the expo-
nential moments of order 0,1, 2. First we have
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and from sufficiently large values of n, A, , is positive. Moreover

lim n(Agnl_on—1)= 2¢%, lim nlog A, n= = a?.
n—-+oo n—-+400
Now, we evaluate the moment B_,,. Using elementary calculation,

based on partial integration, we can see that

2an 1 !
B_a,n:—ﬁ7 C_a"_\/ﬁ<(a+\/ﬁ)3 + (\/ﬁa)3>

Therefore,

lim nB_,, =—-2a, lim nC_,, =2.
n—-+oo n—-+oo

Finally we check assumption (ii) of Theorem 5.4. We proceed as in the
previous example. Let 17 > 0 be fixed and set

2
1
J = n/ et <t — —log Aa,n> K, (t)dt.
[t|>n a
We have

J < G / e e *‘Flt‘dt—i- log 1 2/ e~ e Vrltlgy
2 = n—a® Jigzy

/ e‘”|t|e\/m|dt} = Jy + Jo + Ja.
[t|>n

2
+—log 5
a n—a

Using now elementary calculations, based on suitable substitutions, it
is easy to see that
e N

o0 1 o0
J1 < / u2e " 2dy + f/ u26_“/2du,
2 Vnn 2 Vnn

for every n such that 1 —a/v/n > 1/2. Thus, J; — 0 as n — +o0.
Next, let us consider J5. We have easily

J2 < 710g A—a )

and so J; — 0 as n — +o0. Finally7 as to J3 we have

—an [eS) [e's)
Jsz < ¢ \/ﬁlog o 5 / ve dv + @ log n 5 / ue "2 du,
a n—a* J mn a n—a* J mn

for every n such that 1 —a/y/n > 1/2. Therefore, J;3 — 0 as n — +o0,
and assumption (ii) is satisfied. Therefore all the assumptions intro-
duced are satisfied with a = 1. The asymptotic formula of Theorem 5.4
reads

lim _n((T,.f)(z) - f()) = 24> f(z) - 3af'(x) + f"(2)

n— 00

which is a result of [6].



179 Page 16 of 21 C. Bardaro et al. MJOM

(3) The moment kernel
For n € N let us consider the kernel {K,} with

Kn(t) = nxpo,/m(t)  (t€R).

This kernel is not even, and the functions K, have compact support. We
calculate now the coefficients A, ,, A_qn, B_qn and C_, , and some
their properties. We have

1/n
Aa»n - n/ atdt ( aln — )v A—aﬂl - 2(1 - eia/n)v
0 a a

and so

1 1
lim A,,= lim A ,,=1, lim fnlogAanfi

n—-4oo n——+oo n—-+o0o
Moreover,
hrf n(AgnA_gn—1)=0.
Next,
—a/n —a/n 2
Bfa,n = _e + %(1 - —a/n) Cfa n — _e + 7Bfa,n7
a an a

and both tend to zero as n — +oc. Now,

7LEIEOO nB_,, =1/2, hr_{loo nCoq.n = 0.
Concerning assumption (ii) of Theorem 5.4, since the functions K, have
supports [0,1/n] for any given 1 > 0, one can find an integer ng such
that for any n > ng the set {¢ : |[t| > n} does not intersect the interval
[0,1/n], and so denoting H,, , := {t : |t| > n} N[0,1/n], we have

1 2
/ e~ (t — —log Aa,n) dt=0
H, a

This implies that assumption (ii) is trivially satisfied. Therefore all the
assumptions introduced are satisfied with o = 1. The asymptotic for-
mula of Theorem 5.4 reads

lim n((T,f)(x) - f(x)) = 0.

n—-+4oo

This result is not fully satisfactory, due to the fact that we have no
a precise order of pointwise approximation. Therefore we now employ
Theorem 6.2 with @ = 2. In order to do that, we have to check the
assumptions (j) and (jj). As to (j), we first calculate the limit

1
lim n? (Ba,n — —log Aa,n) ,
n—-+4o0o a

which can be written as

lim n—Q (—ae_a/" + ag(l —e ") —alog (g(ea/" — 1))) .

n—-4o0o 0‘,2
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This can be interpreted as a restriction of the limit

.a R e’ —1
lim — | —e™" + — log .
z—0 21 xT T

The above limit can be solved using elementary techniques, based on
the L’Hospital rule and its value is given by —3a/8. Now, in order to
calculate A1 we write

1
’I’L2 (Ba,n - Afa;n* log Aam)
a

1 1
=n? (Bam — —log Aa,n) +n%=log Aun(1—A_an),
a a
thus we consider only the limit

1
nEIEm HQE log Agn (1 —A_y5).
Since as we have seen before lim,,_ - (n/a)log A, , = 1/2, we have to
calculate only lim,,—. 4. n(l — A_, ;) and it is not difficult to see that
its value is given by a/2. Thus, finally we obtain A\ = —a/8.
Now we proceed to the calculation of Ay. At first we calculate the

limit

lim nZC’_a,n.

n—-+oo

Again this limit can be considered as a restriction of the limit

1 1—e*
lim — (—xe_g” —2e " +2 ¢ ) ,
r—0 21 x

and using an analogous elementary approach, its value is given by 1/3.
Next, using the previous results, we have immediately

A_
lim n?==%"1og? A,, = -
n—>-too CL2 g a,n 47

and
lim 2n2B_, , log A 1/2
im - —a,n an — .
n—-+oo an m 108 ’

Thus, we have Ay = 1/12.
The last limit £y = lim,,—, 0o n%(Aan A—an — 1) can be obtained
with the same reasonings as a restriction of the limit
pe” +e =2 — g2
7]

lim a
x—0 X

which is given by a?/12. Concluding, the Voronovskaya formula (6.5)
with a = 2 for the moment type operator is given by (see also [26])

ti_ (T )(@) = F(@)] = 57 (@) = /(@) + 57" (@).

n—-+o0o
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(4) A spline kernel
For n € N let us consider the kernel {K,} with

Kn(t) = n(l = [nt))X(—1/n,1/m(t) (L ER).

For this kernel we have, by elementary calculations

1/n 2n?
Ag = Ag = n/ (1 — nlt)t = 2 (cosh(a/n) ~ 1),
—1/n

and so
a2
lim Ayp, =1, lim n*(Agn,A o, —1)= o

n—-+o0o n—-+o0o

and lim,, ;oo n?log A, , = a®/12. Next,

1/n ) 4 2
By = n/ te= (1 = nt)dt = —=7 sinh(a/n) + ~—-(cosh(a/m) — 1),
—1/n

and
. a
lim n?’B_,, = —
n—-+oo ?

=2l

As to C_,,, we have

1/n
Coun = n/ 2(1— nlt])e—"dt

—1/n
2 8n . 12n?
= cosh(a/n) — P sinh(a/n) + i (cosh(a/n) — 1),
and so
lim n?C _1
n—-+oo —an 6

Finally, since the functions K, have compact supports [—1/n,1/n], we
easily see, as in the previous example, that (ii) of Theorem 5.4 is satis-
fied. Thus, all the assumptions used in the previous theory are satisfied
with a = 2. The corresponding asymptotic formula is given by

a2 a
ti_ (T f) () — £(2)) = S F(@) = $7/@) + 35 (@),

n—-+o0o

Remark 7.1. The kernel of Example (4) is generated by the spline function
of second order, defined by

Bo(x) = (1= |z|)x-1y(x)  (z €R).
The functions K, are given by K,(x) = nf2(nx), for € R. The spline
functions of order k are given by the formula (see e.g. [11,24])

k—1

+

where for any real number r, r denotes its positive part. The theory may
be applied also to any kernel generated by the spline (.
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Remark 7.2. Note that the kernels of any of the previous examples satisfy
the assumptions of Theorem 5.4, in particular the inequality

1
—|log Agnl < V/Ceoom,
a

for every a > 0 and sufficiently large n € N. First, note that since in any
of the above examples A,, > 1, we have log A, , > 0. For the modified
Gauss—Weierstrass kernel, one has easily

1
VC_gn > £ > —log Ag n-
2n  a

For the modified Picard kernel, one can employ the calculations of the limits
in Example (2): since nC_,,, — 2 as n — +oo, and

n
im Y log A, — 0,
n—+oo @
for sufficiently large values of n we obtain the assertion. Similar arguments
can be used for the remaining examples.

Remark 7.3. Further examples can be obtained using Phillips type operators
and Post-Widder type operators which act on functions defined over the posi-
tive real axis, (see [16,18,19] in which some modified version are introduced).

Remark 7.4. Our approach may be applied also in case of general exponential
functions of the form a=® for a > 1 as studied in [17] for Baskakov-type
operators that act on functions defined over the positive real axis.
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