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Abstract. Multivalued #-nonexpansive mappings are studied in Banach
spaces. The demiclosedness principle is established. Here we focus on the
problem of solving a variational inequality which is defined on the set of
fixed points of a multivalued *-nonexpansive mapping. For this purpose,
we introduce two algorithms approximating the unique solution of the
variational inequality.
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1. Introduction

The notion of x-nonexpansive maps seems to be interesting because the -
nonexpansivity holds when given two sets that are images of two different
points of the domain; it is possible to choose for each set (at least) a closest
point to the corresponding point of the domain so that the distance between
these two does not exceed the distance between the starting points. Therefore,
it is an idea that immediately calls back the usual nonexpansivity of the
single-valued case.

More precisely, let X be a Banach space and let C' be a subset of X.
Let K(C) be the family of compact subsets of C.

Definition 1.1. [10] A mapping W : C' — K(C') is said to be #-nonexpansive
if for all z,y € C and 2"V € Wax such that ||z — 2" || = d(z, Wz), there exists
yW € Wy with ||y — y"|| = d(y, Wy) such that

=" = 5™l < [l — yll

Recall that a point x € C is said to be a fixed point for a multivalued
mapping W if x € Wz.
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The concept of *-nonexpansive multivalued maps was introduced by
Husain and Latif [10] in 1988; it is a generalisation of the known notion of
nonexpansiveness for single-valued maps. In general, *-nonexpansive multi-
valued maps may neither be continuous (Example 1.1 in [9]) nor nonexpansive
with respect to the definition obtained by means of Hausdorff metric(see also
26]).

However, *-nonexpansivity and multivalued nonexpansivity are not so
far. In Theorem 3 of [15], it is proved that a multivalued map W : C' — K(C)
is #-nonexpansive if and only if the metric projection

P =u, € W :||lv —ug|| = inf —
w(o) = € W o~ = inf o=}

is nonexpansive.

Existence results of fixed points for multivalued mappings are, in gen-
eral, subtle and sometimes, surprising. For instance, the multivalued improve-
ment of the classical Banach contraction principle, proved by Nadler in 1969
[18], guarantees the existence of a fixed point for a multivalued contraction,
but not its uniqueness. Again, unlike to the single-valued case, the set of fixed
points of a multivalued nonexpansive mapping W : C' — K(C') on a strictly
convex Banach space is not, in general, a convex set, see [12] Section 3, and
the same holds for *-nonexpansive mappings too.

Xu, 1991 [26], has proved two existence results of fixed points for -
nonexpansive on strictly convex Banach spaces; Lopez-Acedo and Xu in [15]
(1995) have obtained existence result in the setting of Banach space satisfying
Opial condition.

Other surprising results, compared to the single-valued case, can be
found in the literature about the approximation of fixed points of multival-
ued mappings. We refer to a well-known counterexample due to Pietramala,
proved in [20] (1991): she proved that Browder approximation Theorem 1
in [2] cannot be extended to the genuine multivalued case even on a finite
dimensional space R2.

The problem that we are concerned within this paper is the following:
given a reflexive Banach space X and a closed subset C' C X, to find z* € C'
such that

(Az™, j(y — ™)) >0, Yy € C C D(A), (1.1)
where

e j(z) € J(z)and J : X — X* is the normalized duality mapping defined
by

J(z) = {a" € X" : (x,2") = 2" (2) = ||z|| [|]2*|| = ||=[|}- (1.2)
e A:D(A) C X — X is a n—strongly accretive operator, i.e. it satisfies

(Az — Ay, j(z — ) = nllz — y]*.
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The solution of (VIP)(1.1) is a singleton; indeed, given * and Z two
different solutions, one immediately notes that

(Az*, (% — 2*)) > 0 and (AZ, j(z* — 7)) > 0

hold jointly. Therefore, adding the inequalities
—n|z —z*|* > —(Az — Az*, j(z — 2*)) > 0,
ie. r =2z

In a Hilbert space H, (VIP)(1.1) is equivalent to a variational inequality
problem on the set of fixed points Fiz(WW) of a suitable nonexpansive map-
ping W; for instance, the metric projection on the subset C. In the setting
of a general Banach space, since there exist closed and convex sets that are
not fixed point sets of a nonexpansive mapping W : X — X (see page 25 in
[6]), this is no longer true.

In this note, we will work on a feasible set C' that is the fixed point set
of a multivalued *-nonexpansive mapping, i.e. given a strongly accretive op-
erator A: X — X and a multivalued #-nonexpansive mapping W with fixed
points, we focus on some approximation algorithms of the unique solution of
the variational inequality

(Az™,j(ly —a*)) >0, Yy € Fix(W). (1.3)
This problem encloses, as a particular case, viscosity problems
(I = fa*,j(y—a)) >0, Yy € Fix(W), (1.4)
when A =1 — f and, if A =1 — u, the problem
(" —u,j(y —z")) >0, Yy € Fiz(W), (1.5)

that is equivalent to the minimum problem min |jz — u||2
zeFiz(W)

These problems are widely studied as for the single-valued as for the
multivalued case; for details one should refer to [5,17,19,25,29].

The novelty of our work can be immediately recognised: the use of *-
nonexpansive mapping is no longer developed with respect to multivalued
nonexpansive although they can be of interest in view of Example 1.1 in [9]
and Example 1-2 in [26] respectively.

In our approach, with respect to multivalued nonexpansive case, we do

not use Banach limit.

Remark 1.2. We want to emphasise here that this last approach is not always
fully correct. Indeed, taking into account [31], we note that in many papers,
see for instance [8,11,24,32], Banach limits are used to define a function ¢
by

d(2) := LIM,, . yoo||wn — z|?, 2 € X,

where (2, )nen is a bounded sequence in X (which is generated by an iterative
method). It is easily verified that ¢ is continuous, convex and coercive (i.e.
¢(x) — 00, as ||z|| — +00). Hence, reflexivity of X ensures that ¢ attains its
minimum on a closed convex set C'. Let p € C be a minimiser of ¢ over C. If C
is a nonexpansive retract of X, this minimum is a global minimum on X. The
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goal is to prove that p is a fixed point of W. Using compactness arguments,
they proved that, given (w,)n,en C W, there exists a subsequence strongly
convergent to w € T'p (wrongfully indicated by the same sequence (wp,)nen).
Therefore, using the formula that defines the iteration, they proved that

H(w) = LMy — w][? < ... < LMy oo — pl[* = 6(p) = min &

(1.6)

and then drew the conclusion that w = p and thus p € Wp.

Unfortunately, the above argument holds for a subsequence (wy,, )ren of
(wn)nen only, and so (1.6) holds for a subsequence (x,, ) only; that is, the
correct statement of (1.6) should be

LIM oo ||Zn, — w||? < ... < LIMy oo |2y, — 2% (1.7)

Consequently, the conclusion w = p cannot be drawn from (1.7). Notice that
Banach limits are sensitive to subsequences, as the following simple example
shows: consider the real sequence a,, = 1 + (—1)"; then we have
LIM,—ootn = 1, LIM,,—o00G2r+1 = 0, LIM,_,0a9, = 2.
Therefore, the claim w = p in the above proof is not convincing.
The paper is organised as follows: in the next section, we introduce some

definitions and tools which are used in our proofs. In Sect. 3, we prove our
results and raise some open problems.

2. Preliminaries

Let (X, - ||) be a Banach space. Denote by K(X) the family of compact
subset of X.
In (1.2), we have quickly introduced the normalised duality mapping;
indeed it is the special case of the following.
A function ¢ : RT — R7T is said to be a gauge if:
L. ¢(0) = 0;
2. ¢ is continuous and strictly increasing;
3. p(t) — 400, as t — +00.
Associated with a gauge ¢ is the duality map
Jo(x) ={z" € X : (z,2%) = [lz[ll"[, e(llzl]) = ="}

Choosing ¢(t) = tP~1, for some p € (1, +0o0), the duality map is referred to
as the generalised duality map of order p; for p = 2, we get J(z). It is well
known that the Asplund’s result ' proved that J, is the sub-differential of
the convex functional ®(]| - ||) defined as

t
d(t) = / o(s)ds.
0
Since the relationship

J(@)e(|lz]]) = ll=]|* Ty (2) (2.1

L(see, for instance, [4,30])
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holds, it is easy to notice that the (VIP)(1.1) is equivalent to
<A$*?.7Lp(y_x*)> 20, vyec

Following Browder [1], recall that a Banach space X has a weakly sequentially

continuous duality map J, for some gauge ¢ if J,z,, — J,z in the weak™

topology of X* whenever x,, — x in the weak topology of X. The following
result is useful in fixed point theory and geometry of Banach spaces [14].

Lemma 2.1. Let X be a Banach space with a weakly sequentially continuous
duality map J, for some gauge . Assume (xy,) is a sequence in X weakly
converging to x*. Then
lim sup ®(||z,, — z||) = lim sup ®(||z,, — z*||) + @(|]|z — =*||) (2.2)
n—00 n—oo
for all x € X. In particular, X satisfies Opial’s condition, i.e.
limsup ||z, — 2*| < limsup ||z, — z||, Ve e X (2.3)

n—oo n—o0

(but not vice versa [7,28]).

Definition 2.2. [3] An operator A : X — X is said to be A—strict pseudocon-
tractive (A € (0,1)) if for every z,y € X there exists j(z —y) € J(x —y) such
that

(Az — Ay, j(z —y)) < [lz — ylI* = M — Az — (I - Ayl
Proposition 2.3. [3] Let X be a smooth Banach space, A : X — X be an
operator.

(i) If A is A—strict pseudocontractive then A is L— Lipschitzian, where L =
T+ AL

(i) If A is n—strongly accretive and A\— strict pseudocontractive with n+\ >
1 then (I — 7A) is a (1 — Tp)-contraction, for all T € (0,1), where

1)

Remark 2.4. Each linear operator A defined by Ax = kx, k > 1, is not a

strict pseudocontractive mapping therefore vice versa of statement (i) does
not hold.
In [28] it is proved that if A is a 7-strongly monotone and L—Lipschitzian

2
operator, then (I —7A) is a contraction if 7 < L—Z in the setting of a Hilbert
space.
A similar result is proved on g-uniformly smooth Banach spaces (see
[16]).

Next Lemma, proved in [27], will be a useful tool for our proof.

Lemma 2.5. Assume (b, )nen is a sequence of nonnegative numbers for which,

bpt1 < (1 —an)by 4+ 6py, n >0,

where (an)nen s a sequence in (0,1) and (0n)nen S a sequence in R such
that,
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1. 577 a, = oo;

2. limsup,,_, 2—2 <0 or Y710, < oo.

Then lim,,_, o b, = 0.

3. Results

Let W : X—K(X) be a *-nonexpansive multivalued mapping with nonempty

In view of Definition 1.1, for a given z € X and p € Fixz(W), for any
2" € Wz such that ||z — 2| = d(z, Wz), i.e 2" € Pyx, there exists p"
such that |[p — p"V|| = d(p, Wp) =0, i.e. p=p" € Pyp, and

12" = pll < |z — pl. 3.1)

Let us start with two easy examples showing that the convergence of a
classical viscosity method ([17,29]) is not guaranteed without any attention
on the choice of 2" € Waz.

Counter-Example 3.1. Let W : R — K(R) be defined as Wz = {x,x + 1}.
Note that W is x-nonexpansive mapping, Fix(W) =R and Wa # {x}
if v € Fix(W).

x
Let f(x) = B and let us consider the implicit iteration:

Ty = T f(x) + (1 — 1)z, (3.2)
where xV € Wxy,.
Since Wa = {x,x + 1}, we choose W(x,) > 2V = z, + 1 and our
iteration becomes:
201 — 7,
z, = M (3.3)

T’Il
It is clear that (xy,)nen does not converge for any null sequence (T )nen (i-e.
Tn — 0 as n — +00).
Lemma 3.2. Let W : X — K(X) and let Py be defined as
Pya:={u, € Wa: || —uz| = d(z, Wz)},
i.e. the projection of x on the set Wx. Then the following hold:
(i) If Py is the identity mapping then W is x-nonexpansive.

(i) W is x-nonexpansive if and only if Py is nonexpansive.
(i) If Fix(W) # 0 then Pw|pigw) is single-valued, i.e. Pwx = {x} for

each x € Fix(W) and Fix(W) = Fix(Pw).
Proof. (i) follows by definitions and (ii) is proved in Theorem 3 in [15].

To prove (iii), if Z € Py (Z) then & € {uz € Wi : |T—uz| = d(z, WZ)};
hence, d(Z, Wz) = 0. This implies that € Fiz(W), and

Fix(Pw) C Fiz(W)

is proved. On the other hand, if z € Fiz(W), d(z, Wz) = 0 then Py =
{ug : ||uz — z|| = 0}, ie. & = u,.
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Therefore, Py (z) = {z}, i.e Py is single-valued on the set of fixed
points of W and x € Fiz(Py) that conclude our proof. O

The next counter-example shows that the convergence of a classical
viscosity method is not certain even under the strong condition that the
metric projection Py is single-valued on Fiz(W).

Counter-Example 3.3. Let W : [0,1] — K([0,1]) defined as:

[mm+1] 0<:v<1
) 2 b - 2
Wax =

1 1

Since Py is the identity mapping, W is x-nonexpansive by Lemma 3.2 (i).
Let us consider iteration

Ty = Tnf(xnfl) + (1 - Tn)wy‘/bvv

where f :[0,1] — [0,1] is a contraction such that f(x) < x, x > 0 (so the
unique fized point is x = 0) and the following choice for xV is done:

1 1
Ty + =, 0<x, <=
W 2 2
x, =
1 1 < <1
Ty — =, - <z, <l
2 2
. . . 1 1
By induction we prove that if xo < 3 then x, < 3 for all n € N.
1 1
Let us suppose, by contradiction, that z,, < 3 and Typ41 > 3
Thus, xml =Tpt1 — 5 and
1—m7,
Tn+1l = Tn+1f(xn) + (]- - Tn+1)$n+1 - (72+1)
1(1—71, 1
:>xn+1:f(xn)7igSf(zn)ézngf
Tn+1 2

1
by inductive hypothesis. This is a contradiction; therefore, xy < 3 im-

1
plies z,, < 3 for all n € N. 2

1
Let g € [07 2} ; then the entire sequence lies in the same interval. This
is not possible because it can be written as

(1_7—71)‘

Tp = f(xnfl) + 27

1
2Note that same result can be obtained for f(z) := up < 5
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Since f is positive x,, > therefore our sequence (x,,)nen can not be

(1—1n)
2

Tn
1
found in {0, 2] for any null sequence (7,,)nen. This contradiction shows that

by such a choice of x| the algorithm does not work.

3.1. Iterative Approach

To prove our convergence results, the following demiclosedness type-principle
is necessary; for multivalued nonexpansive mapping demiclosedness principle
is well known by Theorem 3.1- [13]; for multivalued *-nonexpansive mapping
demiclosedness principle given in the next Lemma 3.4 seems to be new.

Lemma 3.4. Let X be a reflexive space satisfying Opial condition (2.3).

Let W : X — K(X) be a x-nonexpansive multivalued mapping with fized
points.

Let (yn)nen be a bounded sequence such that

A(Yn, Wypn) — 0, as n — oo.

Then the weak cluster points of (yn)nen belong to Fiz(W), (i.e. wy(yn) C

Proof. Since X is reflexive, let (yn, )ken C (Yn)nen weak convergent to z.
Since Wz is compact, it is closed and there exists (zn, )ren C Wz such
that

”ynk - an” = d(ynw WZ)
Still because of the compactness of Wz, there exists a subsequence (anj )j C
(2n,, )k € Wz strongly convergent to Z € Wz.
By definition of *—nonexpansivity, for any 7 € N and Yny, there exists
Uy(j) € Wyn,, with [lyn, - —uyi)ll = d(yn,;» Wyn,,) and u.(;) € Wz with
luz(jy — 2|l = d(z, Wz) such that

luy(y = vzl < lymi, = 211-

We now prove that z = 2, so will be z € Wz. If not, since d(y,, Wy,) — 0
and using the Opial’s inequality
limsup [y, — 2| < limsupllyn, — zn, || + [120i, = Z]l]
Jj—00 Jj—o0
— lim 5up (g, T2) < 1 sup [, — (s
Jj—00 Jj—00
< limsup(|lyn,, — uy() | + llug) — waipll]
]4)00
= limsup[d(yn,, , TYn,,) + luy() — vz (h)ll]
JHOO
< limsup [jyn, , — 2||
j—o0
< limsup [[yn,, — 2,

J—00

and this is absurd. Therefore z € Wz, i.e. z € Fia(W). O
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Our first result concerns the existence of a unique solution of our (VIP)
on the set of fixed point of a *-nonexpansive mapping.

Proposition 3.5. Let X be a reflexive Banach space with duality mapping J,
that is weakly sequentially continuous, for some gauge p.

Let W : X — K(X) a x-nonexpansive multivalued mapping such that
Fix(W) is nonempty.

Let A : X — X an n-strongly accretive and k—strict pseudocontractive
such that n +k > 1.

Then

(Ax™*,j(y — x™)) > 0, Yy € Fix(W) (3.4)

has a unique solution.
Proof. Uniqueness of the solution is already noted by means of the strong
accretivity of A. Let us prove the existence.

Since W is *-nonexpansive, Py is nonexpansive by Lemma 3.2 (ii). Let
(an)nen C (0,1) be a sequence such that a,, — 0 as n — +oo and let
w € (0,1). For any n € N, consider the multivalued mapping

Ty =a,(I —pA)+ (1 —an)Pw.
It is easy to verify that each T'), is a contraction. Indeed, if z,y € X, w =
(I —p,A)z € X, v= I — p,A)y € X we obtain that
H(pz,Thy) < apllw — vl + (1 — o) H(Pwa, Piwy)
< ay|(I—pA)z—(I—pA)y|+(1—an)H(Pwz, Pwy)
(by Proposition 2.3(ii)) < an(1 — )l — yll + (1 — )|z — y]
= (1= anpp)llz —yl|.
Then by Nadler fixed point principle, I';,, has fixed point and
Ty = on(I — pp Az, + (1 — ay)zt
is well defined for an opportune !’ € Pyx,. Let p € Fiz(W); then p =
Fiz(Pw) by Lemma 3.2 (iii) and Pywp = {p} i.e. Py is single-valued on
Fiz(W). Thus
lzn —pll = [lan(I — pA)z, + (1 — an) —pll
< anl|(I — pA)ay — (I — pA)pl + anpllApl| + (1 — )|, — pl|
(by (3.1)) < an(l = pp)llzn — pll + cnpllApl| + (1 = an)l|zn — pll

I pll
= (1 — appp)||zn — pll + anpp——

therefore,
HAPH

lzn = pll <
p

i.e. our sequence is bounded.
Moreover, for each w € Fixz(W),

< aplwy — pAz, —w, j(2, —w)) + (1 — )|z, — w|?
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= [lzn — w[® = anp(Azn,, (2, —w)); (3.5)
hence,
(Azp, j(zn, —w)) <0, Yw € Fiz(T). (3.6)
On the other hand, since A is n-strongly accretive, it follows from (3.6) that
0> (Azy, — Aw, J(z, — w)) + (Aw, J(z, — w))
> pllan — wl? + {Aw, j(z, — w)).
This implies that

e — w]]? < —%<Aw,j<xn —w)). (3.7)

Since (z,,)nen is bounded and (o, )nen is a null sequence it holds
[2n — 2 || = anl|(I — pA)z, — x| — 0, as n — oo;

therefore, d(z,, Pwx,) — 0 as n — oo and, as a rule, d(x,, Wz,) — 0 as
n — oo . By Lemma 3.4, the weak limit of (x,)nen are fixed points for .
Recalling (2.1) we can write (3.7) as

1 )
o(llw = zn|)|2n — wll® < Hllw — x| (Aw, o (w — 1)) (3-8)
and so

o(llw — ) < %<Aw,j@<w — z)).

Let w € wy(xy); there exists z,, — w and w € Fiz(T). Since the duality
map J, is weakly sequentially continuous

@(Hxnk 7’LU||) < <Aw7jtp(wiznk)> 4’07

1
n
as k — oo; hence, z,,, — w, by properties of ¢. Rewriting (3.6) with respect
to J, we get

0= (Azny, Jo(2n, —p)) = (Aw, jo(w—p)),  Vpe Fix(T).
Then w is a solution of (VIP) and, by the uniqueness of the solution, w,, (z,) =
ws(x,) = {w} and the thesis follows. O

Next we can define our first iteration.

Let A: D(A) C X — X be a strongly accretive operator and strict
pseudocontractive.

Let W : X — 2% be a multivalued *-nonexpansive mapping; let zo and
V' € Wxg such that ||zg — 2}V || = d(zo, Wxo), i.e. 2}V € Pyxg. Let

xr| = )\Q(CIL‘O — quxo) + (1 — )\o)xgv
Using definition of *—nonexpansivity, there exists x} € Wz such that ||z, —
2V = d(x1, Way), ie. 2}V = Pyxy and
w w
a1 = zg || < [lza = zol-

In a same manner, let

T = /\1(LE1 — ,UlA[El) + (1 - )\0)$¥V,
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and choose ¥ € Py xy and

oy —a1"|| < [z — 2.
Iterating this process we get a sequence
such that

lzniy = 20 | < l2nss = zall- (3.10)

Theorem 3.6. Let X be a reflexive Banach space with duality mapping J,
that is weakly sequentially continuous .

Let W : X — K(X) a *-nonexpansive multivalued mapping such that
Fix(W) is nonempty.

Let A : X — X an n-strongly accretive and k—strict pseudocontractive
such that n+k > 1.

Let (pin)nen C (0,1) and (Ap)nen C [0,a] C [0,1) such that

o M\ iy — 0, asn — o0 andZAnun:oo.

neN
o lim Pn— Aol
o lim [Hn—#n-1l _
n—oo /j"ﬂ

Then, for any choice xg as a starting point, the explicit process
Tpi1 = (I — pn Az, + (1 = \p)zY, (3.11)
defined choosing x!V in such a way that (3.10) is satisfied, strongly converges,
as n — 00, to the unique solution of (VIP)
(Az*,j(y — ™)) > 0, Yy € Fix(W). (3.12)
Proof. Defining B,, := (I — u,A), our iteration can be described by
Tp+1 = AnBra, + (1 — )\n)mW.

By hypotheses, every B, is a contraction using Proposition 2.3 (ii).
Let p € Fix(W) be a given fixed point of W; then by (3.1),
[Zn+1 =PIl € Anll Bazrn = pll + (1= Xa) [l = pl|
< Al Buwyn — Bapll + M| Brp — pll + (1 = An)[l2n — pll
<Al = pnp)l|zn —pll + (1 = A)l[zn — Il 4+ Anpnl| Ap||

Ap
= (1 - )\nﬂnp) Hxn - P|| + )\nﬂnp|p||

A A
Smax{nxn—pn,”[f’”} <. gmax{nxl —p||,”pp”},

and the boundedness of our sequence immediately holds.

Recalling that X is reflexive and since it satisfies Opial condition because
it has a weakly sequentially continuous duality mapping J,, (Lemma 2.1), our
next step is: to show that wy,(z,) C Fix(W).
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The claim will follow by Lemma 3.4 and by the asymptotic regularity
of (z)nen. Computing:

|Znt1=2nll = A Bn®n + (1 = Ap)2l — N1 Bpo12p—1 — (1= A1)zl 4 ||
< /\nHann = Bpawp || + [ An — )‘n71|||Bn71xn71 - erLV—1||
H(1 =)l — |
< M| Bnn — Bpxn—1|| + A\l Bntn—1 — Bn—1Zn_1|
+An = An-1[| Bp-12n-1 — ﬂ?fl_lll
(1 = Ap) [ = Tp1|
<A1 = prnp)l|lzn — -1l + Al Bnn—1 — Bo—1zn—1]|
+An = Anal|Br-12p-1 — %VLH + (1= A)[|n — Tp |
< (= Anpinp)l|@n = Tn—all + Anlpin — pin—1||| Azn ||
A = Aol Buoaza—r — 234 .
The boundedness of (z,,),en guarantees that there exists a constant M such
that
[Zn+1 = 2ol < (1= Aapinp)|Tn — Tp-1 |l + M P lpin — prn—1] + [An — An—1]]
= (1 = an)||@n — n-1l|| + M6y,
where
Qp = Aplln 5 Op = [)‘n|,un - Nn—1| + |)‘n - An—l” 5
hence, asymptotic regularity for (2, )nen follows by Lemma 2.5. Moreover,

llzn — xZV” < lzn = Tpga || + [[Tns1 — on”

< on = g1l + M| Bron — ITVLV

I;

(1= n)llzn — xrvLVH <lzn — znga |l + )‘nﬂn”AmrI/zVH-
Since (Apfin)nen is a null sequence and by asymptotic regularity, ||a, —
w
x, || — 0.
Observing that

d(zn, Way,) < ||z — 2l || = 0,

as n — 0o, by Lemma 3.4, the weak limits of (z,)nen are fixed points for W.
To prove the strong convergence, let w € Fixz(W) the unique solution
for (1.1). Such a (unique) solution exists by Proposition 3.5.
Since J,, is the sub-differential of ®, we have

O([|ant1 — wl)) = S(An(Bnan — w) + (1= Ap) (2] —w)]])
= (|| A (Bnn—Bnw)+Ap (Bpw—w)+ 1=\, ) (22 —w)]|)
< O([[An(Bran — Buw) + (1 — )\n)x'fVLV —w)
_Anﬂn<vajw(xn+1 - w)>
<A1 = ) @([|zn = w])) + (1 = Xn)@(||2) — wl])

_Anﬂn<Aw7j<p($n+l - w)>



MJOM  Approx of Solutions of VIP on Fix-Point Sets of Multival-Maps Page 13 of 19 157

< [1 - An,“np] (I)(Hxn - w||) - /\nl‘n<Awajso(zn+1 - w)>
(3.13)
Then
—Aw, jo(Tpi1 —w
B(enss — wl) < (1 - an) B([len — w]) + ap AL Te@nr1 =)

)

where a,, = A, p,p satisfies Lemma 2.5 (1). To apply Lemma 2.5, note that
there exists a subsequence of (z,,)nen for which
lim sup(— Aw, jp (1 — w)) = lim (—Aw, jp (20, —w)).
Tn—00 k—o0

Since (2, )nen is bounded and X is reflexive, there exists a subsequence
(Zn,, )jen C (Zn,)ken weak convergence to p; moreover, p € Fiz(W). By
the weak sequential continuity of the duality map we, therefore, conclude
that

limsup(Aw, jo(w — Tny1)) = lim (Aw, jo(w — zn, ) = (Aw, jo(w —p)) <0
n— oo J—0 7

since w is the unique solution of (1.1). Lemma 2.5 gives that ||z, — w| — 0,
as n — 00, being ®(||z,, — wl||) — 0, and the thesis follows. 0

By means of Theorem 3.6, we obtain viscosity iteration and Halpern
approach to minimisation problem

Corollary 3.7. Let X be a reflexive Banach space with duality mapping that
is weakly sequentially continuous, J,.

Let W : X — K(X) a x-nonexpansive multivalued mapping such that
Fix(W) is nonempty. Let f: X — X a n-contraction.

Let (An)nen C [0,a] C [0,1) such that

. . A — Ap—
ngrfoo)\nz(),%/\nzoo and nlingo“AiN:O.

Then, for any choice xo as a starting point, the explicit process
Tpp1 = A f (@n) + (1= Ap)z)
strongly converges, as n — oo, to the unique solution of (VIP)
(I = fe*,j(y —z*)) >0, Yy € Fix(W). (3.14)

Corollary 3.8. Let X be a reflexive Banach space with duality mapping that
1s weakly sequentially continuous, J,.
Let W : X — K(X) a x-nonexpansive multivalued mapping such that
Fix(W) is nonempty. Let (Ap)nen C [0,a] C [0,1) such that
An — An—
lim A, =0, A\, =00 and lim Pn =il

n—-+4oo n—oo )\n
neN

Then, for any choice xg as a starting point, the explicit process

Tpt1 = Apu+ (1 — /\n)zzv
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strongly converges, as n — 00, to the unique solution of minimisation prob-
lem

i —ull. 3.15
iegg(lw)Hx ull (3.15)

Ezxample. Let us apply Corollary 3.8 to W defined as in counter-example 3.3.
Let W :[0,1] — K(]0,1]) defined as

+1 0< <1
T, T 5| <z 5
Wax =
1 1
r——,x|, —<zx<1.
2 2

We have already noted that Py = I and Fiz(W) = R. For any (Ay)nen
satisfying the assumption of Corollary 3.8, following construction (3.11) our
iteration becomes

Tnt1 = A+ (1= Az,

Then a simple realisation of Lemma 2.5 applied to the unknown sequence
(zy, — u) gives the convergence of (z,)nen to u that solves the minimization
problem (3.15).

By a suitable modification of the idea that defines (3.11), we can define
another iteration; the proof of the following is based on the idea of Theorem
3.6.

Theorem 3.9. Let X, W and A as in Theorem 3.6. Let (fin)nen C (0,1) and
(A )nen C [0,a] C [0,1) such that

o 1, — 0, asn%ooandz,un:oo.

neN
A — Ay
e lim 7| n = An 1|:0.
n—oo l,l,n
o Ly M —Hamal
n—oo l,[,n

Then choosing V' as in the previous theorem, i.e. in such a way that (3.10)
is satisfied, the explicit iteration

Tpae1 = Ay + (1 — )\n)xzv - (1- /\n)unAa:xV (3.16)
strongly converges, as n — oo, to the unique solution of (VIP)
(Az™,j(y —2™)) >0, Yy € Fiz(W). (3.17)

Proof. Again define B,, := (I — p,A) in such a way that our iteration be-
comes:

Tpt1 = Ay + (1 — )\n)Bn:rZV.
Let p € Fix(W) be a given fixed point of W. Then
|Zns1 = pll < Anllzn = pll + (L= Al Bazy = Bupll + (1 = A )| Ap||
< Al = pll + (1= A) (1 = pnp)llay = pll + (1 = An) | Ap|
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by (3'1) < /\onn - p” + (1 - )\n)(l - Unp)”In _p” + (1 - An)ﬂnHApH

Ap
(1= (1= A)tnp) o — Bl + (1= A)pmp 221
A A
Snmx{nﬂl_ Lol pu} <me{”m Ll p|},
p

and the boundedness of our sequence immediately holds. To show that w.,(x,,)
C Fixz(W) asymptotic regularity is needed; therefore, let us compute

[E an < Allwn — xanH + ‘)‘n = An—tll|zn—1 — anlxxv—lll +

(1- /\n)”an};V - Bn—lﬂfzv_ﬂl

< Anllzn = 21l + [An — An-alllzn-1 — Bn—lxxv—lll +
(1- )‘n)Hanz; - Bn$K1|| +
( /\n)”anzv—l - Bn—wz]_l\l

< Anllzn — 21l + [An — An—alllzn-1 — Bn—lxxv—ln +
(L= An) (L= pmp)llay — || +
(1 M)l tn = pn|[[ Az |

by (3.10) < ”xn = Zn—1ll + [An = AncallTn-1 — Bn—lxxv—ln +
(1= 2)(A = pnp)l|zn — 2nall +
(1- >|Mn Nn71|||AerLV71”'

The boundedness of (z,,),en guarantees that there exists a constant M such
that
[Zn41 = znll < [An + (1= X)L = pnp)lllen — 20—
+M [|/\n - )\n—1| =+ ‘:U'n - Un—l”
=1 =1 = )pnp)|Tn — Tn-1]]
+M [|An - )\n71| + ‘,U,n - anlu
= (1= an)l|zn — 1| + Mdn,
where a,, := (1 — \p)pnp and 6, = [| A — 1| + |t — pn—1]]-
Applying Lemma 2.5, we obtain asymptotic regularity for (z,),en. Moreover,
l2n — x| < [lan = ngall + @na — )|
<z — g || + [[An(Tn — xTI/lV) + (1 = Ap)pn Az
< Nn = Znsa |+ Anlln — 2]+ (1= An)pall Az |l

ol

thus,
(L= A)lln =2 || < [lzn = @aga || 4 (1= An)pan]| Ay |-

Since (i, )nen is a null sequence and by asymptotic regularity, ||, —2! | — 0.
Observing that

d(mexn) < ”mn - xKVH — 0,

as n — 0o, by Lemma 3.4, the weak limits of (z,)nen are fixed points for W.
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To conclude, let w € Fix(W) the unique solution for (1.1) that there
exists by Proposition 3.5. Thus,

O(||znt1 —w])) = ([ An(zn — w) + (1 = X)) (Buay, —w)l])
= o(]|An (Zn* w) + (1= X)) (Bpay, — Buw)
—(1 = Ap)pnAw)|)
(I)(”)‘n(mn_w) (1_/\n)(Bn5'3¢VLV_an)H)
—(1 = M) (Aw, jo (Tni1 — w))
< M — w]) + (1= A)(1 = )@ (2 — 0]
—(1 = Ap)pn(Aw, jo(zni1 — w))
< (1= (1= Aa)pnp) &7 — )
—(1- )‘n)ﬂn<vajtp(xn+1 —w)),
B(lnss —wl) < (1= an) @((l0, — w]) + 0, T 200,

where a, = (1 — Ay)unp. To apply Lemma 2.5, following proof of Theorem
3.6, we get that

thUP<Awaj<p(w - x7b+1)> = jlirgJAwajgo(w - xnkj» = <Aw7j<p(w —p)> <0
since w is the unique solution of (1.1). Lemma 2.5 gives that ||z, — w| — 0,
as n — 00, being ®(||z, — w||) — 0, and the thesis follows.

FEzample. Take X =[P, p > 1, that is reflexive and it has a weakly sequen-
tially continuous duality mapping .J, with gauge ¢(t) = tP~1.

Take Wz := {z, 2z}, that is *-nonexpansive by Lemma 3.2(i).

Take A = I — u, u be fixed.

Consider the iterative process (3.16) with A, = 1 and p,, = ﬁ Then
all the hypotheses of Theorem 3.9 are satisfied and the iteration process (3.16)

becomes
Tn+1 Tf —Uu).

So Lemma 2.5 still yields that x,, — u, solution of the variational inequality
(1.5).

3.2. Open Questions

In what follows, we include some open problems that we think that they may
be of interest:

e Does the conclusion of our Theorems hold under weaker conditions on
underlying Banach spaces?

e [s it possible to replace the strict pseudocontractivity of A with Lips-
chitzianity as in the setting of Hilbert spaces?
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3.3. Conclusions

We studied multivalued x-nonexpansive mappings in Banach spaces. The
demiclosedness principle is established in reflexive Banach spaces satisfying
Opial’s condition (Lemma 3.4). Thus, the demiclosedness principle holds also
in reflexive Banach spaces with duality mapping that is weakly sequentially
continuous since these satisfy Opial’s condition.

We proved the existence of a unique solution of our Variational Inequal-
ity Problem (VIP) on the set of fixed point of a *-nonexpansive mapping
(Proposition 3.5) when X is a reflexive Banach space with duality mapping
that is weakly sequentially continuous J,, for some gauge ¢. We constructed
two iterative schemes (3.11) and (3.16) that converge to the solution of the
(VIP) in reflexive Banach spaces with duality mapping that is weakly se-
quentially continuous (Theorems 3.6 and Theorem 3.9, respectively).

Some examples and counter-examples are given.

Some open questions whose answer could be interesting are pointed out.
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