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Introduction

The first instance of n-ary algebras in Physics appeared with a generalization
of the Hamiltonian mechanics proposed in 1973 by Nambu [23]. More recent
motivation comes from string theory and M-branes involving naturally an
algebra with ternary operation called Bagger–Lambert algebra which gives
impulse to a significant development. It was used in [7] as one of the main
ingredients in the construction of a new type of supersymmetric gauge theory
that is consistent with all the symmetries expected of a multiple M2-brane
theory: 16 supersymmetries, conformal invariance, and SO(8) R-symmetry
acting on the eight transverse scalars. On the other hand, in the study of
supergravity solutions describing M2-branes ending on M5-branes, the Lie
algebra appearing in the original Nahm equations has to be replaced with a
generalization involving a ternary bracket in the lifted Nahm equations (see
[8]).
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In [6], generalizations of n-ary algebras of Lie type and associative type
by twisting the identities using linear maps were introduced. The notions of
representations, derivations, cohomology and deformations were studied in
[3,12,15,21,24]. These generalizations include n-ary Hom-algebra structures
generalizing the n-ary algebras of Lie type including n-ary Nambu algebras,
n-Lie algebras (called also n-ary Nambu–Lie algebras) and n-ary Lie alge-
bras, and n-ary algebras of associative type including n-ary totally associative
and n-ary partially associative algebras. In [4], a method was demonstrated
how to construct ternary multiplications from the binary multiplication of
a hom–Lie algebra, a linear twisting map, and a trace function satisfying
certain compatibility conditions; and it was shown that this method can be
used to construct ternary hom–Nambu–Lie algebras from hom–Lie algebras.
This construction was generalized to n-Lie algebras and n-hom–Nambu–Lie
algebras in [5].

It is well known that algebras of derivations and generalized derivations
are very important in the study of Lie algebras and its generalizations. The
notion of δ-derivation appeared in the paper of Filippov [14]. The results for
δ-derivations and generalized derivations were studied by many authors. For
example, Zhang and Zhang [26] generalized the above results to the case of Lie
superalgebras; Chen, Ma, Ni and Zhou considered the generalized derivations
of color Lie algebras, hom–Lie superalgebras and Lie triple systems [10,11].
Derivations and generalized derivations of n-ary algebras were considered in
[17,18] and other papers. In [9], the authors generalize these results in the
color n-ary hom–Nambu case.

This paper is organized as follows. In Sect. 1, we review some basic
concepts of hom–Lie algebras, n-ary hom–Nambu algebras and n-hom–Lie
algebras. We also recall the definitions of derivations, αk-derivations, αk-
quasiderivations and αk-centroid. In Sect. 2, we provide a construction pro-
cedure of n-hom–Lie algebras starting from a binary bracket of a hom–Lie
algebra and multilinear form satisfying certain conditions. To this end, we
give the relation between αk-derivations, (resp. αk-quasiderivations and αk-
centroid) of hom–Lie algebras and αk-derivations (resp. αk-quasiderivations
and αk-centroid) of n-hom–Lie algebras. In Sect. 3, we introduce the notion of
a hom–Lie n-tuple system which is the generalization of a Lie n-tuple system
which is introduced in [13]. We construct a hom–Lie n-tuple system using
a hom–Lie algebra. Finally, we give a relation between αk-quasiderivations
of a hom–Lie algebra and (n + 1)-ary αk-derivations of associated hom–Lie
n-tuple system.

1. hom–Lie Algebra and n-ary hom–Nambu Algebras

Throughout this paper, we will, for simplicity of exposition, assume that K

is an algebraically closed field of characteristic zero, even though, for most
of the general definitions and results in the paper, this assumption is not
essential.
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1.1. Definitions

The notion of a hom–Lie algebra was initially motivated by examples of
deformed Lie algebras coming from twisted discretizations of vector fields
(see [16,19]). We will follow notation conventions in [22].

Definition 1.1. A hom–Lie algebra is a triple (g, [ , ], α), where [ , ] : g×g → g
is a bilinear map and α : g → g a linear map satisfying

[x, y] = −[y, x], (skew-symmetry)
�x,y,z [α(x), [y, z]] = 0, (hom–Jacobi condition)

for all x, y, z from g, where �x,y,z denotes summation over the cyclic permu-
tations of x, y, z.

Definition 1.2. A hom–Lie algebra (g, [ , ], α) is called multiplicative if
α([x, y]) = [α(x), α(y)] for all x, y ∈ g.

We define a linear map ad : g → End(g) by adx(y) = [x, y]. Thus, the
hom–Jacobi identity is equivalent to

ad[x,y](α(z)) = adα(x) ◦ ady(z) − adα(y) ◦ adx(z), for all x, y, z ∈ g. (1.1)

Remark 1.3. An ordinary Lie algebra is a hom–Lie algebra when α = id.

Example 1.4. Let A be the complex algebra where A = C[t, t−1] is the ring
of Laurent polynomials in one variable. The generators of A are of the form
of tn for n ∈ Z.

Let q ∈ C\{0, 1} and n ∈ N, we set {n} = 1−qn

1−q , a q-number. The q-
numbers have the following properties: {n + 1} = 1 + q{n} = {n} + qn and
{n + m} = {n} + qn{m}.

Let Aq be a space with basis {Lm, Im|m ∈ Z} where Lm = −tmD, Im =
−tm and D is a q-derivation on A such that

D(tm) = {m}tm.

We define the bracket [ , ]q : Aq ×Aq −→ Aq, with respect to the super-skew-
symmetry for n,m ∈ Z by

[Lm, Ln]q = ({m} − {n})Lm+n, (1.2)
[Lm, In]q = −{n}Im+n, (1.3)
[Im, In]q = 0. (1.4)

Let α be an even linear map on Aq defined on the generators by

αq(Ln) = (1 + qn)Ln, αq(In) = (1 + qn)In,

The triple (Aq, [ , ]q, αq) is a hom–Lie algebra, called the q-deformed
Heisenberg–Virasoro algebra of hom-type.

Example 1.5. We consider the matrix construction of the algebra sl2(R) gen-
erated by the following three vectors:

H =
(

1 0
0 −1

)
; X =

(
0 1
0 0

)
; Y =

(
0 0
1 0

)
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The defining relations are

[H,X] = 2X; [H,Y ] = −2Y ; [X,Y ] = H.

Let λ ∈ R
∗ and consider the linear maps αλ : sl2(R) → sl2(R) defined by:

αλ(H) = H; αλ(X) = λ2X; αλ(Y ) =
1
λ2

Y.

Note that αλ is a Lie algebra automorphism.
In [2], the authors have shown that (sl2(R))λ = (sl2(R), [ , ]αλ

, αλ) is a
family of multiplicative hom–Lie algebras where the hom–Lie bracket [ , ]αλ

on the basis elements is given, for λ �= 0, by

[H,X]αλ
= 2λ2X; [H,Y ]αλ

= − 2
λ2

Y ; [X,Y ]αλ
= H.

Now, we recall the definitions of n-ary hom–Nambu algebras and n-
ary hom–Nambu–Lie algebras, generalizing n-ary Nambu algebras and n-ary
Nambu–Lie algebras (also called Filippov algebras), respectively, which were
introduced by Ataguema et al. [6].

Definition 1.6. An n-ary hom–Nambu algebra (N , [ , . . . , ], α̃) consists of
a vector space N , an n-linear map [ , . . . , ] : N n −→ N and a family
α̃ = (αi)1≤i≤n−1 of linear maps αi : N −→ N , satisfying[

α1(x1), . . . , αn−1(xn−1), [y1, . . . , yn]
]

=
n∑

i=1

[
α1(y1), . . . , αi−1(yi−1), [x1, . . . , xn−1, yi], αi(yi+1), . . . , αn−1(yn)

]
,

(1.5)

for all (x1, . . . , xn−1) ∈ N n−1, (y1, . . . , yn) ∈ N n.
The identity (1.5) is called the hom–Nambu identity.

Let X = (x1, . . . , xn−1) ∈ N n−1, α̃(X) = (α1(x1), . . . , αn−1(xn−1)) ∈
N n−1 and y ∈ N . We define an adjoint map ad(X) as a linear map on N ,
such that

adX(y) = [x1, . . . , xn−1, y]. (1.6)
Then, the hom–Nambu identity (1.5) may be written in terms of the adjoint
map as

adα̃(X)([xn, . . . , x2n−1])

=
2n−1∑
i=n

[α1(xn), . . . , αi−n(xi−1), adX(xi), αi−n+1(xi+1) . . . , αn−1(x2n−1)].

Definition 1.7. An n-ary hom–Nambu algebra is a triple (N , [ , . . . , ], α̃) that
is called n-hom–Lie algebra if the bracket [ , . . . , ] is skew-symmetric, i.e
[xσ(1), . . . , xσ(n)] = (−1)sign(σ)[x1, . . . , xn] for σ ∈ Sn.

Remark 1.8. When the maps (αi)1≤i≤n−1 are all identity maps, one recovers
the classical n-ary Nambu algebras. The hom–Nambu identity (1.5), for n =
2, corresponds to the hom–Jacobi identity (see [22]), which reduces to the
Jacobi identity when α1 = id.
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Let (N , [ , . . . , ], α̃) and (N ′, [·, . . . , ·]′, α̃′) be two n-ary hom–Nambu
algebras where α̃ = (αi)i=1,...,n−1 and α̃′ = (α′

i)i=1,...,n−1. A linear map
f : N → N ′ is an n-ary hom–Nambu algebra morphism if it satisfies

f([x1, . . . , x2n−1]) = [f(x1), . . . , f(x2n−1)]′

f ◦ αi = α′
i ◦ f ∀i = 1, . . . , n − 1.

In the sequel, we deal sometimes with a particular class of n-ary hom–Nambu
algebras which we call n-ary multiplicative hom–Nambu algebras.

Definition 1.9. A multiplicative n-ary hom–Nambu algebra (resp. multiplica-
tive n-hom–Lie algebra) is an n-ary hom–Nambu algebra (resp. n-hom–Lie
algebra) (N , [ , . . . , ], α̃) with α̃ = (αi)1≤i≤n−1 where α1 = · · · = αn−1 = α
and satisfying

α([x1, . . . , xn]) = [α(x1), . . . , α(xn)], ∀x1, . . . , xn ∈ N . (1.7)

For simplicity, we will denote the n-ary multiplicative hom–Nambu algebra
as (N , [ , . . . , ], α) where α : N → N is a linear map. Also by misuse of
language, an element x ∈ N n refers to x = (x1, . . . , xn) and α(x) denotes
(α(x1), . . . , α(xn)).

1.2. Derivations, Quasiderivations and Centroids of Multiplicative
n-hom–Lie Algebras

In this section, we recall the definition of derivation, generalized derivation,
quasiderivation and centroids of multiplicative n-hom–Lie algebras.

Let (N , [ , . . . , ], α) be a multiplicative n-hom–Lie algebra. We denote
by αk the k-times composition of α (i.e. αk = α◦· · ·◦α k-times). In particular,
α−1 = 0, α0 = id.

Definition 1.10. For any k ≥ 1, we call D ∈ End(N ) an αk-derivation of the
multiplicative n-hom–Lie algebra (N , [ , . . . , ], α) if

[D,α] = 0 i.e. D ◦ α = α ◦ D, (1.8)

and

D[x1, . . . , xn] =
n∑

i=1

[
αk(x1), . . . , αk(xi−1),D(xi), αk(xi+1), . . . , αk(xn)

]
.

(1.9)
We denote by Derαk(N ) the set of αk-derivations of the multiplicative n-
hom–Lie algebra N .

For X = (x1, . . . , xn−1) ∈ N n−1 satisfying α(X) = X and k ≥ 1, we
define the map adk

X ∈ End(N ) by

adk
X(y) =

[
x1, . . . , xn−1, α

k(y)
]

∀y ∈ N . (1.10)

Lemma 1.11. The map adk
X is an αk+1-derivation that we call the inner

αk+1-derivation.
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We denote by Innαk(N ) the space generated by all the inner αk+1-
derivations. For any D ∈ Derαk(N ) and D′ ∈ Derαk(N ), we define their
commutator [D,D′] as usual:

[D,D′] = D ◦ D′ − D′ ◦ D. (1.11)

Set Der(N ) =
⊕

k≥−1
Derαk(N ) and Inn(N ) =

⊕
k≥−1

Innαk(N ).

Definition 1.12. An endomorphism D of a multiplicative n-ary hom–Nambu
algebra (N , [ , . . . , ], α) is called a generalized αk-derivation if there exist
linear mappings D′,D′′, . . . , D(n−1),D(n) ∈ End(N ) such that

D(n)([x1, . . . , xn]) =
n∑

i=1

[
αk(x1), . . . , D(i−1)(xi), . . . , αk(xn)

]
, (1.12)

for all x1, . . . , xn ∈ N . An (n+1)-tuple (D,D′,D′′, . . . , D(n−1),D(n)) is called
an (n + 1)-ary αk-derivation.

The set of generalized αk-derivations is denoted by GDerαk(N ). Set
GDer(N ) =

⊕
k≥−1

GDerαk(N ).

Definition 1.13. Let (N , [ , . . . , ], α) be a multiplicative n-ary hom–Nambu
algebra and End(N ) be the endomorphism algebra of N . An endomorphism
D ∈ End(N ) is said to be an αk-quasiderivation, if there exists an endomor-
phism D′ ∈ End(N ) such that

n∑
i=1

[
αk(x1), . . . , D(xi), . . . , αk(xn)

]
= D′([x1, . . . , xn]),

for all x1, . . . , xn ∈ N . We call D′ the endomorphism associated with the
αk-quasiderivation D.

The set of αk-quasiderivations will be denoted by QDerαk(N ). Set
QDer(N ) =

⊕
k≥−1

QDerαk(N ).

Definition 1.14. Let (N , [ , . . . , ], α) be a multiplicative n-ary hom–Nambu
algebra and End(N ) be the endomorphism algebra of N . Then the following
subalgebra of End(N )

Cent(N ) = {θ ∈ End(N) : θ([x1, . . . , xn]) = [θ(x1), . . . , xn], ∀xi ∈ N}
is said to be the centroid of the n-ary hom–Nambu algebra. The definition is
the same for the classical case of n-ary Nambu algebra. We may also consider
the same definition for any n-ary hom–Nambu algebra.

Now, let (N , [ , . . . , ], α) be a multiplicative n-ary hom–Nambu algebra.

Definition 1.15. An αk-centroid of a multiplicative n-ary hom–Nambu alge-
bra (N , [ , . . . , ], α) is a subalgebra of End(N ), denoted Centαk(N ), given
by
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Centαk(N )

=
{

θ ∈ End(N ) : θ[x1, . . . , xn] =
[
θ(x1), αk(x2), . . . , αk(xn)

]
,∀xi ∈ N

}
.

We recover the definition of the centroid when k = 0.

If N is a multiplicative n-hom–Lie algebra, then it is a simple fact that

θ[x1, . . . , xn] =
[
αk(x1), . . . , θ(xp), . . . , αk(xn)

]
, ∀p ∈ {1, . . . , n}.

2. n-hom–Lie Algebras Induced by hom–Lie Algebras

In [4], the authors introduced a construction of a 3-hom–Lie algebra from
a hom–Lie algebra, and more generally of an (n + 1)-hom–Lie algebra from
an n-hom–Lie algebra. It is called the (n + 1)-hom–Lie algebra induced by
n-hom–Lie algebra. In this context, Abramov gave a new approach of this
construction (see [1]). Now, we generalize this approach in the Hom case.

Let (g, [ , ], α) be a multiplicative hom–Lie algebra and g∗ be its dual
space. Fix an element of the dual space ϕ ∈ g∗. Define the triple product as
follows:

[x, y, z] = ϕ(x)[y, z] + ϕ(y)[z, x] + ϕ(z)[x, y], ∀ x, y, z ∈ g. (2.1)

Obviously, this triple product is skew-symmetric. Straightforward computa-
tion of the left hand side and the right hand side of the Filippov–Jacobi
identity (1.5) if ϕ ◦ α = ϕ yields

ϕ(x)ϕ([y, z]) + ϕ(y)ϕ([z, x]) + ϕ(z)ϕ([x, y]) = 0. (2.2)

Now, we consider ϕ as a K-valued cochain of degree one of the Chevalley–
Eilenberg complex of a Lie algebra g. Making use of the coboundary operator
δ : ∧kg∗ → ∧k+1g∗ defined by

δf(u1, . . . , uk+1)

=
∑
i<j

(−1)i+j+1f([ui, uj ]g, α(u1) . . . , ûi, . . . , ûj , . . . , α(uk+1)), (2.3)

for f ∈ ∧kg∗ and for all u1, . . . , uk+1 ∈ g, we obtain that δϕ(x, y) = ϕ([x, y]).
Finally, we can define the wedge product of two cochains ϕ and δϕ,

which is a cochain of degree three, by

ϕ ∧ δϕ(x, y, z) = ϕ(x)ϕ([y, z]) + ϕ(y)ϕ([z, x]) + ϕ(z)ϕ([x, y]).

Hence, (2.2) is equivalent to ϕ ∧ δϕ = 0. Thus, if a 1-cochain ϕ satisfies the
equation (2.2), then the triple product (2.1) is the ternary Lie bracket and we
will call this multiplicative 3-hom–Lie bracket the quantum Nambu bracket
induced by a 1-cochain.

Definition 2.1. For φ ∈ ∧n−2g∗, we define the n-ary product as follows:

[x1, . . . , xn]φ =
n∑

i<j

(−1)i+j+1φ(x1, . . . , x̂i, . . . , x̂j , . . . , xn)[xi, xj ], (2.4)

for all x1, . . . , xn ∈ g.
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Proposition 2.2. The n-ary product [ , . . . , ]φ is skew-symmetric.

Proof. Let x1, . . . , xn ∈ g and, fixing two integers i < j, we have

[x1, . . . , xi, . . . , xj , . . . , xn]φ

=
∑

k<l:k,l �=i,j

(−1)k+l+1φ(x1, . . . , xi . . . , x̂k, . . . , xj , . . . , x̂l, . . . , xn)[xl, xk]

+
∑

i<l �=j

(−1)i+l+1φ(x1, . . . , x̂i . . . , xj , . . . , x̂l, . . . , xn)[xi, xl]

+
∑
l<i

(−1)i+l+1φ(x1, . . . , x̂l, . . . , x̂i, . . . , xj , . . . , xn)[xl, xi]

+
∑
j<l

(−1)j+l+1φ(x1, . . . , xi . . . , x̂j , . . . , x̂l, . . . , xn)[xj , xl]

+
∑

l<j,i �=l

(−1)j+l+1φ(x1, . . . , xi, . . . , x̂l, . . . , x̂j , . . . , xn)[xl, xj ]

+(−1)i+j+1φ(x1, . . . , x̂i, . . . , x̂j , . . . , xn)[xi, xj ]
= −[x1, . . . , xj , . . . , xi, . . . , xn]φ.

Given X = (x1, . . . , xn−3) ∈ ∧n−3g, Y = (y1, . . . , yn) ∈ ∧ng and z ∈ g,
we define the linear map φX by

φX(z) = φ(X, z),

and

φ ∧ δφX(Y ) =
n∑

i<j

(−1)i+jφ(y1, . . . ŷi . . . ŷj . . . , yn)δφX(yi, yj)

=
n∑

i<j

(−1)i+jφ(y1, . . . ŷi . . . ŷj . . . , yn)φX([yi, yj ]).

Theorem 2.3. Let (g, [ , ], α) be a multiplicative hom–Lie algebra, g∗ be its
dual and φ be a cochain of degree n−2, i.e. φ ∈ ∧n−2g∗. The vector space g is
equipped with the n-ary product (2.4) and the linear map α is a multiplicative
n-hom–Lie algebra if and only if

φ ∧ δφX = 0, ∀X ∈ ∧n−3g, (2.5)
φ ◦ (α ⊗ Id ⊗ · · · ⊗ Id) = φ. (2.6)

Proof. Firstly, let (x1, . . . , xn) ∈ ∧ng. We have

[α(x1), . . . , α(xn)]φ

=
n∑

i<j

(−1)i+j+1φ(α(x1), . . . , ˆα(xi), . . . , ˆα(xj), . . . , α(xn))[α(xi), α(xj)]

=
n∑

i<j

(−1)i+j+1φ(x1, . . . , x̂i, . . . , x̂j , . . . , xn)α([xi, xj ])

= α([x1, . . . , xn]φ).
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Secondly, for (x1, . . . , xn−1) ∈ ∧n−1g and (y1, . . . , yn) ∈ ∧ng, we have

[α(x1), . . . , α(xn−1), [y1, . . . , yn]φ]φ

=
∑
i<j

(−1)i+j+1φ(y1, . . . , ŷi, . . . , ŷj , . . . , yn)

×[α(x1), . . . , α(xn−1), [yi, yj ]]φ

=
∑
i<j

∑
k<l≤n−1

(−1)i+j+k+lφ(α(x1), . . . , α̂(xk), . . . , α̂(xl), . . . , [yi, yj ])

×φ(y1, . . . , ŷi, . . . , ŷj , . . . , yn)[α(xk), α(xl)]

+
∑
i<j

∑
k<n

(−1)i+j+kφ(α(x1), . . . , α̂(xk), . . . , α(x(n−1)), . . . , [̂yi, yj ])

×φ(y1, . . . , ŷi, . . . , ŷj , . . . , yn)[α(xk), [yi, yj ]].

The terms [α(xk), [yi, yj ]] are simplified by the hom–Jacobi condition in the
second half of the Filippov identity. Now, we group together the other terms
according to their coefficient [α(xi), α(xj)]. For example, if we fix (k, l), and
if we collect all the terms containing the commutator [α(xk), α(xl)], then we
get the expression⎛

⎝∑
i<j

(−1)i+j+k+lφ(α(x1), . . . , α̂(xk), . . . , α̂(xl), . . . , [yi, yj ])

× φ(y1, . . . , ŷi, . . . , ŷj , . . . , yn)

⎞
⎠ [α(xk), α(xl)].

Hence, the n-ary product (2.4) will satisfy the n-ary Filippov–Jacobi identity;
if for any elements X = (x1, . . . , xn−3) ∈ ∧n−3g and Y = (y1, . . . , yn) ∈ ∧ng
we require⎛
⎝ n∑

i<j

(−1)i+jφ(α(x1), . . . , α(xn−3), [yi, yj ])φ(y1, . . . , ŷi, . . . , ŷj , . . . , yn)

⎞
⎠ = 0.

Definition 2.4. Let φ : g⊗· · ·⊗g → K be a skew-symmetric multilinear form
of the multiplicative hom–Lie algebras (g, [ , ], α), then φ is called a trace if

φ ◦ (Id ⊗ . . . ⊗ Id ⊗ [ , ]) = 0 and φ ◦ (α ⊗ Id ⊗ . . . ⊗ Id) = φ.

Corollary 2.5. If φ : g⊗n−2 → K is a trace of the hom–Lie algebra (g, [ , ], α),
then gφ = (g, [., . . . , .]φ, α) is a n-hom–Lie algebra.

Proposition 2.6. Let (g, [ , ], α) be a hom–Lie algebra and D ∈ Der(g) be an
αk-derivation such that

n−2∑
i=1

φ(x1, . . . D(xi), . . . , xn−2) = 0.

Then, D is an αk-derivation of the n-hom–Lie algebra (g, [ , . . . , ]φ, α).
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Proof. Let X = (x1, . . . , xn) ∈ ∧ng. On the one hand, we get

D([x1, . . . , xn]φ)

= D

⎛
⎝∑

i<j

(−1)i+j+1φ(α(x1), . . . , x̂i, . . . , x̂j , . . . , α(xn))[α(xi), α(xj)]

⎞
⎠

=
∑
i<j

(−1)i+j+1φ(α(x1), . . . , x̂i, . . . , x̂j , . . . , α(xn))D([α(xi), α(xj)])

=
∑
i<j

(−1)i+j+1φ(x1, . . . , x̂i, . . . , x̂j , . . . , xn)
[
α(D(xi)), αk+1(xj)

]

+
∑
i<j

(−1)i+j+1φ(x1, . . . , x̂i, . . . , x̂j , . . . , xn)
[
αk+1(xi), α(D(xj))

]
,

and, on the other hand, we have
n∑

l=1

[
αk(x1), . . . , αk(xl−1),D(xl), . . . , αk(xl+1), . . . , αk(xn)

]
φ

=
n∑

l=1

∑
i<j ; i,j �=l

(−1)i+j+1φ(αk(x1), . . . , α̂k(xi), . . . ,

D(xl), . . . , α̂k(xj), . . . , αk(xn))
[
αk(xi), αk(xj)

]

+
n∑

l=1

∑
i<l

(−1)i+l+1φ(αk(x1), . . . , α̂k(xi), . . . ,

D̂(xl), . . . , αk(xn))
[
αk(xi),D(xl)

]

+
n∑

l=1

∑
l=i<j

(−1)j+l+1φ
(
αk(x1), . . . , D̂(xl), . . . ,

α̂k(xj), . . . , αk(xn)
)[

D(xl), αk(xj)
]
.

If D is an αk-derivation, then D([x1, . . . , xn]φ) =
n∑

l=1

[αk(x1), . . . , αk(xl−1),

D(xl), . . . , αk(xl+1), . . . , αk(xn)]φ, which gives

∑
i<j ; i,j �=l

(−1)i+j+1

(
n∑

l=1

φ
(
αk(x1), . . . , α̂k(xi), . . . ,

D(xl), . . . , α̂k(xj), . . . , αk(xn)
))[

αk(xi), αk(xj)
]

= 0.

Finally, if we fix (i, j), we have

n−2∑
l=1

φ
(
αk(x1), . . . , D(xl), . . . , αk(xn−2)

)
= 0.
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Proposition 2.7. Let (g, [ , ], α) be a hom–Lie algebra and D ∈ QDer(g) be
an αk-quasiderivation and D′ : g → g be the endomorphism associated with D
such that

n−2∑
i=1

φ(x1, . . . D(xi), . . . , xn−2) = 0.

Then, D is an αk-quasiderivation of the n-hom–Lie algebra (g, [ , . . . , ]φ, α)
with the same associated endomorphism D′.

Proposition 2.8. Let (g, [ , ], α) be a hom–Lie algebra and θ : g → g be an
αk-centroid such that

φ(θ(x1), . . . xi, . . . , xn−2)
[
αk(x), y

]
= φ(x1, . . . xi, . . . , xn−2)[θ(x), y].

Then, D is an αk-centroid on the n-hom–Lie algebra (g, [ , . . . , ]φ, α).

Proof. If x1, . . . , xn ∈ g, we have

θ([x1, . . . , xn]φ) =
n∑

i<j

(−1)i+j+1φ(x1, . . . , x̂i, . . . , x̂j , . . . , xn)θ([xi, xj ])

=
n∑

i<j

(−1)i+j+1φ(x1, . . . , x̂i, . . . , x̂j , . . . , xn)
[
θ(xi), αk(xj)

]
.

On the other hand, we have[
θ(x1), αk(x2), . . . , αk(xn)

]
φ

=
n∑

i<j

(−1)i+j+1φ(θ(x1), αk(x2), . . . , x̂i, . . . , x̂j , . . . , αk(xn))
[
αk(xi), α

k(xj)
]

=
n∑

i<j

(−1)i+j+1φ(x1, . . . , x̂i, . . . , x̂j , . . . , xn)
[
θ(xi), α

k(xj)
]

= θ([x1, . . . , xn]φ).

3. hom–Lie n-Tuple Systems

3.1. hom–Lie Triple Systems

In this section, we start by recalling the definitions of Lie triple systems and
hom–Lie triple systems.

Definition 3.1. [20]
A vector space T together with a trilinear map (x, y, z) → [x, y, z] is called a
Lie triple system (LTS) if

1. [x, x, z] = 0,
2. [x, y, z] + [y, z, x] + [z, x, y] = 0,
3. [u, v, [x, y, z]] = [[u, v, x], y, z] + [x, [u, v, y], z] + [x, y, [u, v, z]],

for all x, y, z, u, v ∈ T .
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Definition 3.2. [25] A hom–Lie triple system (hom-LTS for short) is denoted
by (T, [·, ·, ·], α), which consists of a K-vector space T , a trilinear product
[·, ·, ·] : T × T × T → T , and a linear map α : T → T , called the twisted map,
such that α preserves the product and for all x, y, z, u, v ∈ T ,

1. [x, x, z] = 0,
2. [x, y, z] + [y, z, x] + [z, x, y] = 0,
3. [α(u), α(v), [x, y, z]] = [[u, v, x], α(y), α(z)] + [α(x), [u, v, y], α(z)] +

[α(x), α(y), [u, v, z]].

Remark 3.3. When the twisted map α is equal to the identity map, a hom-
LTS is an LTS. So LTS are special examples of hom-LTS.

Definition 3.4. A hom–Lie triple system (T, [·, ·, ·], α) is called multiplicative
if α([x, y, z]) = [α(x), α(y), α(z)], for all x, y, z ∈ T .

Theorem 3.5. [25]
Let (g, [·, ·], α) be a multiplicative hom–Lie algebra. Then

gT = (g, [·, ·, ·] = [·, ·] ◦ ([·, ·] ⊗ α), α2),

is a multiplicative hom–Lie triple system.

3.2. hom–Lie n-Tuple System

In this section, we introduce the definitions of Lie n-tuple systems and mul-
tiplicative hom–Lie n-tuple systems. We give the analogue of Theorem 3.5 in
the hom–Lie n-tuple systems case.

Definition 3.6. A vector space G together with a n-linear map (x1, . . . , xn) →
[x1, . . . , xn] is called a Lie n-tuple system if

1. [x, x, y1, . . . , yn−2] = 0, for all x, y1, . . . , yn−2 ∈ G.
2. �x1,x2,x3 [x1, . . . , xn] = 0, for all x1, . . . , xn ∈ G.

3.
[
x1, . . . , xn−1, [y1, . . . , yn]

]
=

n∑
i=1

[
y1, . . . , yi−1, [x1, . . . , xn−1, yi],

yi+1, . . . , yn

]
,

for all x1, . . . , xn−1, y1, . . . , yn ∈ G.

Definition 3.7. A vector space G together with a n-linear map (x1, . . . , xn) →
[x1, . . . , xn] and a family α̃ = (αi)1≤i≤n−1 of linear maps αi : G −→ G is
called a hom–Lie n-tuple system if

1. [x, x, y1, . . . , yn−2] = 0, for all x, y1, . . . , yn−2 ∈ G.
2. �x1,x2,x3 [x1, . . . , xn] = 0, for all x1, . . . , xn ∈ G.
3.

[
α1(x1), . . . , αn−1(xn−1),[y1, . . . , yn]

]
=

n∑
i=1

[
α1(y1), . . . ,αi−1(yi−1), [x1, . . . , xn−1, yi],αi(yi+1), . . . , αn−1(yn)

]
,

for all x1,. . . , xn−1, y1,. . . , yn ∈ G.

Definition 3.8. A hom–Lie n-tuple system (G, [ , . . . , ], α̃) is called a mul-
tiplicative hom–Lie n-tuple system if α1 = · · · = αn−1 = α and
α([x1, . . . , xn]) = [α(x1), . . . , α(xn)] for all x1, . . . , xn ∈ G.
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Remark 3.9. When the twisted maps αi are equal to the identity map, hom–
Lie n-tuple systems are Lie n-tuple systems. So Lie n-tuple systems are special
examples of hom–Lie n-tuple systems.

The following result gives a way to construct hom–Lie n-tuple systems
starting from classical Lie n-tuple systems and algebra endomorphisms.

Proposition 3.10. Let (G, [ , . . . , ]) be a Lie n-tuple system and α : G →
G be a linear map such that α([x1, . . . , xn]) = [α(x1), . . . , α(xn)]. Then,
(G, [ , . . . , ]α, α) is a hom–Lie n-tuple system, where [x1, . . . , xn]α =
[α(x1), . . . , α(xn)], for all x1, . . . , xn ∈ G.

Let (g, [ , ], α) be a hom–Lie algebra. We define the following n-linear
map:

[ , . . . , ]n : g
⊗n −→ g

(x1, . . . , xn) 	−→
[
x1, . . . , xn

]
n

=
[[

[. . . [x1, x2], α(x3)], α
2
(x4)

]
. . . α

n−3
(xn−1)], α

n−2
(xn)

]
.

(3.1)

For n = 2, [x1, x2]2 = [x1, x2] and for n ≥ 3 we have [x1, . . . , xn]n =
[[x1, . . . , xn−1]n−1, α

n−2(xn)].

Theorem 3.11. Let (g, [ , ], α) be a multiplicative hom–Lie algebra. Then

gn = (g, [ , . . . , ]n, αn−1)

is a multiplicative hom–Lie n-tuple system.

When n = 3 we obtain the multiplicative hom–Lie triple system con-
structed in Theorem 3.5. To prove this theorem, we need the following lemma.

Lemma 3.12. Let (g, [ , ], α) be a multiplicative hom–Lie algebra, and ad2 the
adjoint map defined by

ad2
x(y) = adx(y) = [x, y].

Then, we have

ad2αn−1(x)[y1, . . . , yn]n =
n∑

k=1

[
α(y1), . . . , α(yk−1), ad2x(yk), α(yk+1), . . . , α(yn)

]
n

,

where x ∈ g, y ∈ g and (y1, . . . , yn) ∈ gn.

Proof. For n = 2, using the hom–Jacobi identity we have

ad2
α(x)[y, z] = [α(x), [y, z]] = [[x, y], α(z)] + [α(y), [x, z]]

=
[
ad2

x(y), α(z)
]

+
[
α(y), ad2

x(z)
]
.

Assume that the property is true up to order n, that is

ad2
αn−1(X)[y1, . . . , yn]n

=
n∑

k=1

[α(y1), . . . , α(yk−1), ad2
X(yk), α(yk+1), . . . , α(yn)]n.

If x ∈ g and (y1, . . . , yn+1) ∈ gn+1, we have

ad2
αn(x)[y1, . . . , yn+1]
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= ad2
αn(x)[[y1, . . . , yn]n, αn−1(yn+1)]2

=
[
ad2

αn−1(x)[y1, . . . , yn]n, αn(yn+1)
]
2

+
[
[α(y1), . . . , α(yn)]n, ad2

αn−1(x)(α
n−1(yn+1))

]
2

=
n∑

k=1

[
[α(y1), . . . , α(yk−1), ad2

x(yk), α(yk+1), . . . , α(yn)]n, αn(yn+1)
]

+
[
[α(y1), . . . , α(yn)]n, αn−1(ad2

x(yn+1))
]
2

=
n∑

k=1

[
α(y1), . . . , α(yk−1), ad2

x(yk), α(yk+1), . . . , α(yn), α(yn+1)
]

n+1

+
[
α(y1), . . . , α(yn), ad2

x(yn+1)
]

n+1

=
n+1∑
k=1

[
α(y1), . . . , α(yk−1), ad2

x(yk), α(yk+1), . . . , α(yn+1)
]

n+1
.

The lemma is proved. �

Proof. (Proof of Theorem 3.11) Let X = (x1, . . . , xn−1) ∈ gn−1 and Y =
(y1, . . . , yn) ∈ gn.

(i) It is easy to see that [x1, x1, x2, . . . , xn−1]n = [[. . . [[x1, x1]2, α(x2)]2,
α2(x3)]2, . . .]2, αn−2(xn−1)]2 = 0

(ii) Using the hom–Jacobi condition, it is easy to prove �x1,x2,x3 [x1, . . . , xn]
= 0, for all x1, . . . , xn ∈ G.

(iii) Using Lemma (3.12), we have

[
αn−1(x1), . . . , αn−1(xn−1), [y1, . . . , yn]n

]
n

=
[
[αn−1(x1), . . . , αn−1(xn−1)]n−1, [αn−2(y1), . . . , αn−2(yn)]n

]
2

= ad2
αn−1[x1,...,xn−1]([α

n−2(y1), . . . , αn−2(yn)]n)

=
n∑

k=1

[
αn−1(y1), . . . , ad2

[x1,...,xn−1](α
n−2(yk)), . . . , αn−1(yn)

]
n

=
n∑

k=1

[
αn−1(y1), . . . , [[x1, . . . , xn−1], αn−2(yk)]2, . . . , αn−1(yn)

]
n

=
n∑

k=1

[
αn−1(y1), . . . , [x1, . . . , xn−1, yk]n, . . . , αn−1(yn)

]
n
.

Example 3.13. Using Example 1.5 and Theorem 3.11, for λ ∈ R
∗, we have

the following.
For n = 3, (sl2(R), [ , , ]3, α2

λ) is a hom–Lie triple system. The different
brackets are as follows:
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[H,X, Y ]3 = [[H,X]αλ
, αλ(Y )]αλ

= 2H; [H,X,H]3 = −4λ4X;
[H,Y,X]3 = 4H.

[H,Y,H]3 = − 4
λ4

Y ; [X,Y, Y ]3 = − 2
λ4

Y ; [X,Y,X]3 = 2λ4X.

Each of the other brackets is equal to zero.
For n = 4, (sl2(R), [ , , , ]4, α3

λ) is a hom–Lie 4-uplet system. The
different brackets are defined as follows:

[H,X,H,H]4 = [[H,X,H]3, α2(H)]αλ
= −4λ4[X,H]αλ

= 8λ6X;
[H,X,H, Y ]4 = −4H;

[H,Y,H,H]4 = − 8
λ6

Y ; [H,Y,H,X]4 = 4H;

[H,X, Y,X]4 = 4λ6X; [H,X, Y, Y ]4 = − 2
λ6

Y ;

[H,Y,X,X]4 = 8λ6X; [H,Y,X, Y ]4 = − 8
λ6

Y ;

[X,Y,X, Y ]4 = 2H;
[X,Y,X,H]4 = −4λ6X; [X,Y, Y,X]4 = 2H;

[X,Y, Y,H]4 = − 4
λ6

Y.

Each of the other brackets is equal to zero.

Proposition 3.14. Let (g, [ , ], α) be a multiplicative hom–Lie algebra and
D : g → g be an αk-derivation of g for an integer k. Then, D is an αk-
derivation of gn.

Proof. By recurrence
Fix n = 3. For x, y, z ∈ g, we have

D([x, y, z]) = D([[x, y], α(z)])

=
[
D([x, y]), αk+1(z)

]
+

[[
αk(x), αk(y)

]
,D(α(z))

]

=
[[

D(x), αk(y)
]
, αk+1(z)

]
+

[[
αk(x),D(y)

]
, αk+1(z)

]

+
[[

αk(x), αk(y)
]
, α(D(z))

]

=
[
D(x), αk(y), αk(z)

]
+

[
αk(x),D(y), αk(z)

]

+
[
αk(x), αk(y),D(z)

]
.

Now, suppose that the property is true to order n − 1, i.e:

D([x1, . . . , xn−1]n−1) =
n∑

i=1

[
αk(x1), . . . , D(xk), . . . , αk(xn−1)

]
n−1

.

If (x1, . . . , xn) ∈ gn, then
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D([x1, . . . , xn]n) = D
([

[x1, . . . , xn−1]n−1, αn−2(xn)
])

=
[
D([x1, . . . , xn−1]n−1), αn+k−2(xn)

]

+
[
[αk(x1), . . . , αk(xn−1)]n−1, D(αn−2(xn))

]

=
[
D([x1, . . . , xn−1]n−1), αn−2

(
αk(xn)

)]

+
[[

αk(x1), . . . , αk(xn−1)
]

n−1
, αn−2(D(xn))

]

=

n−1∑
i=1

[[
αk(x1), . . . , D(xi), . . . , α

k(xn−1)
]

n−1
, αn−2

(
αk(xn)

)]

+
[
αk(x1), . . . , αk(xn−1), D(xn)

]
n

=

n−1∑
i=1

[
αk(x1), . . . , D(xi), . . . , α

k(xn−1), αk(xn)
]

n

+
[
αk(x1), . . . , αk(xn−1), D(xn)

]
n

=
n∑

i=1

[
αk(x1), . . . , D(xi), . . . , α

k(xn−1), αk(xn)
]

n
.

Proposition 3.15. Let (g, [ , ], α) be a multiplicative hom–Lie algebra and
D,D′, . . . , D(n−1) be endomorphisms of g such that D(i) is αk-quasiderivation
with associated endomorphism D(i+1) for 0 ≤ i ≤ n − 2. Then, the (n + 1)-
tuple (D,D,D′,D′′, . . . , D(n−1)) is an (n + 1)-ary αk-derivation of gn.

Proof. If x1, . . . , xn ∈ g, then

D(n−1)([x1, . . . , xn]n) = D(n−1)([[x1, . . . , xn−1]n−1, α
n−2(xn)])

= [D(n−2)([x1, . . . , xn−1]n−1), αk(xn)]

+
[[

αk(x1), . . . , αk(xn−1)
]

n−1
,D(n−2)(αn−2(xn))

]

...

=
[
D(x1), αk(x2), . . . , αk(xn)

]
n

+
[
αk(x1),D(x2), . . . , αk(xn)

]
n

+
[
αk(x1), αk(x2),D′(x3), . . . , αk(xn)

]
n

+ · · · +
[
αk(x1), . . . , αk(xn−1),D(n−2)(xn)

]
n
.

Therefore, the (n + 1)-tuple (D,D,D′,D′′, . . . , D(n−1)) is an (n + 1)-ary αk-
derivation of gn. �

Acknowledgements

We would like to thank Abdenacer Makhlouf and Viktor Abramov for helpful
discussions and for their interest in this work.



Vol. 29 (2019) Some Constructions of Multiplicative n-ary Page 17 of 18 88

Open Access. This article is distributed under the terms of the Creative Commons
Attribution 4.0 International License (http://creativecommons.org/licenses/by/4.
0/), which permits unrestricted use, distribution, and reproduction in any medium,
provided you give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons license, and indicate if changes were made.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Abramov, V.: Weil Algebra, 3-Lie Algebra and BRS Algebra (2018).
arXiv:1802.05576

[2] Ammar, F., Makhlouf, A.: Hom–Lie algebras and Hom–Lie admissible super-
algebras. J. Algebra 324(7), 1513–1528 (2010)

[3] Arnlind, J., Kitouni, A., Makhlouf, A., Silvestrov, S.D.: Structure and coho-
mology of 3-Lie algebras induced by Lie algebras (2014). arXiv:1312.7599v

[4] Arnlind, J., Makhlouf, A., Silvestrov, S.: Ternary Hom–Nambu–Lie algebras
induced by Hom–Lie algebras. J. Math. Phys. 51, 043515 (2010)

[5] Arnlind, J., Makhlouf, A., Silvestrov, S.: Construction of n-Lie algebras and
n-ary Hom–Nambu–Lie algebras. J. Math. Phys. 52, 123502 (2011)

[6] Ataguema, H., Makhlouf, A., Silvestrov, S.: Generalization of n-ary Nambu
algebras and beyond. J. Math. Phys. 50, 083501 (2009)

[7] Bagger, J., Lambert, N.: Gauge symmetry and supersymmetry of multiple M2-
branes. Phys. Rev. D 77, 065008 (2007)

[8] Basu, A., Harvey, J.A.: The M2–M5 brane system and a generalized Nahm’s
equation. Nuclear Phys. B 713, 136–150 (2005)

[9] Beites, P. D., Kaygorodov, I., Popov, Y.: Generalized derivations of multiplica-
tive n-ary Hom-Ω color algebras. Bull. Malays. Math. Sci. Soc. 41, 315–335
(2019)

[10] Chen, L., Ma, Y., Zhou, J.: Generalized derivations of Lie triple systems.
arXiv:1412.7804

[11] Chen, L., Ma, Y., Ni, L.: Generalized derivations of Lie color algebras. Results
Math. 63(3–4), 923–936 (2013)

[12] Daletskii, Y.L., Takhtajan, L.A.: Leibniz and Lie algebra structures for Nambu
algebra. Lett. Math. Phys. 39, 127–141 (1997)
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