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Abstract. This paper presents a descriptor for course alignment of point
clouds using conformal geometric algebra. The method is based on se-
lecting keypoints depending on shape factors to identify distinct features
of the object represented by the point cloud, and a descriptor is then
calculated for each keypoint by fitting two spheres that describe the
local curvature. The method for estimating the point correspondences
is to a larger extent based on geometric arguments than the method
of Kleppe et al. (IEEE Trans Autom Sci Eng, 2017), which results in
improved performance. The accuracy of the curvature-based descriptor
is validated in experiments, and is shown to compare favorably to state-
of-the-art methods in an experiment on course alignment of industrial
parts to be assembled with robots.
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1. Introduction

The 3D–3D registration problem [16] is well-established in computer vision,
and is still an active field of research. The problem involves two sub-problems:
Calculating the displacement between two point clouds, and estimating the
point correspondences between the point clouds [4]. A large number of meth-
ods have been proposed to solve the registration problem in 3D [4,24]. These
methods can be classified as either coarse or fine registration methods. Both
course and fine registration may have to be applied in order to find a globally
optimal solution. Then coarse registration is used to find the initial alignment,
which is improved with a fine registration method.
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Most of the fine registration methods, including the iterative closest
point (ICP) [2,5,19], can be described as expectation–maximization meth-
ods [16]. These methods alternate between the estimation of the displace-
ment and the estimation of point correspondences. A known restriction with
expectation–maximization algorithms is that they converge to locally opti-
mal solutions. To ensure convergence to the global optimum, the algorithm
either can be expanded to include global optimization techniques, such as
Go-ICP [28] or Sparse ICP [3], or good initial conditions can be computed
with course registration methods, such as [20,21,23].

Coarse registration methods can be further divided into global and lo-
cal approaches [4], where a global approach will estimate the displacement
between two point clouds based on global parameters like the centroid to
find the translation, and global principal component analysis to find the ori-
entation. A local approach will be based on the identification of keypoints
in the point cloud, that have certain characteristic features, and then char-
acterize the keypoints with a descriptor. Then keypoint correspondences in
two point clouds can be established by comparing the the descriptors of the
keypoints. This approach is used in point signatures [6], spin images [14] and
point feature histograms [20,21].

In [15] we proposed a course registration method where keypoints were
selected based on the local surface around each point. A descriptor was then
calculated for each keypoint by fitting two spheres to the surface around
the keypoint. The descriptors from two point clouds were then compared
to estimate the point correspondence between the keypoints based on least-
squares optimization. The displacement of the two point clouds was then
found based on the point correspondences, and this gave the initial alignment.

In this paper we propose an improvement to the descriptor in [15] where
a new and improved descriptor is used, based on a geometric approach. The
main improvement of the method is that more keypoint correspondences
are found, which improves the estimation of the displacement. The method
is tested in experiments which demonstrates the the high accuracy of the
proposed method in comparison to existing methods for 3D–3D registration.

This paper is is organized as follows: Sect. 2 presents the methods and
notation used in the paper, including the required background in conformal
geometric algebra. Section 3 describes the method proposed in [15] as well as
the improvement proposed in this paper. Section 4 presents the experimental,
which demonstrates the successful application of the method. The result from
these experiments are then presented and discussed, and lastly the conclusion
is found in Sect. 5.

2. Preliminaries

2.1. 3D–3D Registration Problem

Consider the point cloud X = {xi}, i = 1, . . . , nx of observed point positions
xi ∈ R

3, and the point cloud Y = {yj}, j = 1, . . . , ny of model point positions
yi ∈ R

3, where the model points are assumed to be computed from a CAD
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model of an object, while the observation points are assumed to be computed
from a 3D camera. The 3D–3D registration problem is then to minimize the
error function

E(R, t) =
nx∑

i=1

‖yj∗ − Rxi − t‖2 (2.1)

with respect to R ∈ SO(3) and t ∈ R
3, where yj∗ is the optimal point

corresponding to the data point xi.
In the ICP method, the point yj∗ corresponding to the data point xi is

found from
j∗ = argmin

j
‖yj − Rxi − t‖ (2.2)

The solution is then found by iteration. At each step the correspondence is
found from the minimization of (2.2) for the current estimate of the pose,
and then the estimate of the pose R, t is found by minimizing (2.1) for the
current estimate of the correspondence. This minimization will require that
the initial guess for the pose and the correspondence is sufficiently close to
the optimal solutions.

Initial alignment can be performed with a local approach using descrip-
tors for points in two point clouds, and then to find the initial pose by match-
ing the two point clouds based on these descriptors. Such descriptors can be
calculated for all points in the point cloud [20], or for selected keypoints.

2.2. Conformal Geometric Algebra

Conformal geometric algebra [9,13] extends the Euclidean space R3 with basis
vectors given by the orthogonal unit vectors e1, e2, e3 to the 5 dimensional
space R

4,1 with basis {e1, e2, e3, e0, e∞} where e2
0 = e2

∞ = 0 and e0 ·e∞ = −1.
Consider a Euclidean point p = p1e1 + p2e2 + p3e3 ∈ R

3, which can be
written as the column vector [p] = [p1, p2, p3]T. This point can be represented
by the conformal point P ∈ R

4,1 defined by P = p + 1
2p

2e∞ + e0 where P

has the property that P1 · P2 = − 1
2 ||p1 − p2||. The conformal point P can

also be written as the column vector

[P ] =

⎡

⎣
[p]
1
2p

2

1

⎤

⎦ (2.3)

A plane is given by Π = n + βe∞ where n ∈ R
3 is the unit normal

of the plane, and β ∈ R is the distance from the origin to the plane. This is
referred to as the IPNS representation of a plane in [13], while it is called a
dual plane in [9]. The Π can be written as the column vector

[Π ] =

⎡

⎣
[n]
β
0

⎤

⎦ (2.4)

A sphere S is given in the IPNS representation as S = Pc − 1
2r2e∞

where Pc = pc + 1
2p

2
ce∞ + e0 is the center point and r is the radius of the
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sphere. The vector representation of S is

[S] =

⎡

⎣
[pc]

1
2 (p2

c − r2)
1

⎤

⎦ (2.5)

The radius r of a given sphere S could be found using S2 = S · S = r2. Let
δ be the distance from the sphere S to the point p. The distance d = r + δ
from the center of the sphere S to a point p can be found by

d2 = S · S − 2S · P (2.6)

which is verified by the calculation S ·S − 2S ·P = (p−pc)2. It is seen that

2S · P = r2 − (r2 + 2δr + δ2) = −2δr

(
1 +

2δ

r

)
(2.7)

It follows that if 2δ/r � 1, then the distance δ from the sphere S to the
point p can be approximated by

(S · P )2

S2
= δ2

(
1 +

2δ

r

)2

≈ δ2 (2.8)

2.3. Principal Component Analysis

2.3.1. Local Reference Frame. Principal component analysis (PCA) can be
used to construct a local reference frame around a selected point p in a point
cloud [27]. To generate a local reference frame for the point pi in the point
cloud X, a neighbourhood

Ni = {pj : −2Pj · Pi ≤ r2}, Pj ∈ X (2.9)

of points are selected within the radius r of pi, where r is a user-defined
variable which must be chosen based on the application. A covariance matrix

Cpi
=

∑

pk∈Ni

([pk] − [p̄i])([pk] − [p̄i])T (2.10)

is calculated for all the points in Ni, where [p̄i] = 1
n

∑
pk∈Ni

[pk], and n is
the number of points in Ni. A local reference frame at pi can then be defined
by the eigenvectors vj for j = 1, 2, 3 of Cpi

.

2.3.2. Shape Factors. Principal component analysis can also be used to define
the shape factors [1,18] around the point pi. These shape factors define the
shape of the neighbouring points Ni around pi, and are found from the
eigenvalues λ1, λ2, λ3 of Cpi

, where λ1 ≥ λ2 ≥ λ3 ≥ 0.
The shape of the neighbourhood Ni can be characterized by the eigen-

values of Cpi
. Three special cases are of special interest. The first case is

λ1 > 0 and λ2 = λ3 = 0, which means that the points of the neighbourhood
are in a linear shape where the points are on a line in the direction of the
eigenvector v1. The second case is when λ1 = λ2 > 0 and λ3 = 0, which
occurs when the points of the neighbourhood are in a planar shape with the
points on the plane spanned from the eigenvectors v1 and v2. The third case
is when λ1 = λ2 = λ3, which means that the points of the neighbourhood
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Figure 1. Examples of point clouds with different shape
factors. a Point cloud with a shape factor Cl ≈ 1. b Point
cloud with a shape factor Cp ≈ 1. c Point cloud with a shape
factor Cs ≈ 1

form a sphere or a voluminous form. Examples of the three cases are shown
in Fig. 1.

To identify points pi where the neighbourhood Ni will be according to
one of these three cases, three shape factor parameters are define by [1,18]

Cl =
λ1 − λ2

λ1 + λ2 + λ3
(2.11)

Cp =
2(λ2 − λ3)

λ1 + λ2 + λ3
(2.12)

Cs =
3λ3

λ1 + λ2 + λ3
(2.13)

It is noted that Cl + Cp + Cs = 1. It is seen that if Cl = 1, then the
neighbourhood forms a linear shape; if Cp = 1, the neighbourhood has a
planar form; and if Cs = 1 the neighbourhood has a spherical or voluminous
form.

2.4. Sphere Fitting

In conformal geometric algebra, a sphere S can be fitted to a point cloud pi,
i = 1, . . . , n as proposed in [8] by minimizing the objective function

f(S) =
n∑

i=1

(S · Pi)2

S2
(2.14)

This method is an extension to n-spheres in conformal geometric algebra of
the 2D Pratt fit [17] for circles in a homogeneous description of the plane.
The condition for a minimum of f(S) is (

∑n
i=1 Pi(Pi · S))∧S = 0. In matrix

form, the condition is that [S] is the eigenvector v∗ that corresponds to the
smallest non-negative eigenvalue λ∗ of the matrix

G =
n∑

i=1

([Pi][Pi]T)M (2.15)
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where

M =

⎡

⎢⎢⎢⎢⎣

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 −1
0 0 0 −1 0

⎤

⎥⎥⎥⎥⎦
(2.16)

is due to the metric properties of the conformal geometric null basis. The
sphere is then given by [S] = αv∗, where α is a scalar that is selected to scale
the expression for the sphere.

3. Method

The method proposed in [15] generates a set of descriptors based on the
following steps: first a set of keypoints are found in both the model point cloud
X and the observation point cloud Y , Xkeypoints and Ykeypoints respectively.
This is done by generating a local reference frame at each point using PCA,
and selecting the points which have a unique geometry based on their shape
factors. A descriptor is then generated at each keypoint in Xkeypoints and
Ykeypoints, and these descriptors are used to find the point correspondences
between the keypoints in X and Y . Finally, the pose is estimated using the
point correspondences from the keypoint matching. This section gives a brief
overview of the algorithm as well as describing the new improvements.

3.1. Selection of Keypoints

Instead of solving the 3D-registration problem for all points, it is more benefi-
cial to select only a small set of points. This is to reduce both the complexity
and the execution time. These points are called keypoints. One of the way
to select these keypoints is by analyzing the local surface area around each
point. If the local area is unique compared to the global surface, that point
can be selected as a keypoint. To do this, we find the eigenvalues, λ1, λ2 and
λ3, and eigenvectors, v1, v2 and v3, from the principal component analysis
at each point pi in Sect. 2.3. From these eigenvalues we generate the shape
factors for pi and use these as a selection criteria for selecting keypoints:

|Ni| ≥ nmin and (Cl ≥ δl or Cp ≥ δp or Cs ≥ δs) (3.1)

where nmin, δl, δp and δs are user-specified keypoint parameters. The param-
eter nmin defines the minimum of neighbouring points that is required. δl, δp

and δs has to be specified based on the shape of the point cloud.
After selecting the points using (3.1), we can define the set of keypoints

Xkeypoints. This is again performed for the points in Y generating the key-
point set Ykeypoints.

3.2. Generation of Descriptors

As proposed in [15], two spheres are generated to represent the curvature
of the surface at each keypoint. This is done based on the the sphere fitting
method presented in Sect. 2.4. First it is noted that the sphere fitting method
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of can be modified by the introduction of weighting factors for the points, so
that the objective function becomes

f(S) =
n∑

i=1

wi
(S · Pi)2

S2
(3.2)

This has the same effect as modifying the input point data of the minimization
problem. The condition for optimality becomes (

∑n
i=1 wiPi(Pi · S))∧S = 0,

which in matrix form is written

G =
n∑

i=1

wi([Pi][Pi]T)M (3.3)

For each keypoint pi, weighting is introduced by defining the two planes

Π i1 = v2 + pi · v2e∞, Π i2 = v1 + pi · v1e∞ (3.4)

where Π i1 is the plane spanned by v1 and v3, and Π i2 is the plane spanned
by v2 and v3. The two planes are used so that the curvature in the direction
of v1 and v2 can be estimated from

GPi1 =
n∑

i=0

e−γ|Pi·Π i1|([Pi][Pi]T)M (3.5)

GPi2 =
n∑

i=0

e−γ|Pi·Π i2|([Pi][Pi]T)M (3.6)

where |Pi ·Π ij | is the distance from the point pi to the plane Π ij , and γ ∈ R

is a weighting parameter. It is seen that the weighting factor in GPij
is unity

when the point pi is on the plane Π ij , and that the weight decreases when
the distance from the plane to the point increases.

The two spheres

[Si1] = αi1vi1∗, [Si2] = αi2vi2∗ (3.7)

are then found from the eigenvector vij∗ corresponding to the smallest pos-
itive eigenvalue λij∗ of the matrix GPij

for j = 1, 2. These two spheres are
used to calculate the descriptor of pi. This is then repeated for all points in
Xkeypoints and Ykeypoints. An example of the two spheres is shown in Fig. 3.

3.3. Descriptor for Point Correspondence Estimation

In [15] the descriptor for keypoint pi was given by {Si1,Si2}. The point cor-
respondence between Xkeypoints and Ykeypoints was established by minimizing
the function g(pk,pl) with respect to l for each k, where

g(pk,pl) = (rk1 − rl1)2 + (dk1 − dl1)2

+(rk2 − rl2)2 + (dk2 − dl2)2 (3.8)

where rk1, rk2, rl1 and rl2 are the radii of Sk1, Sk2, Sl1 and Sl2 respectively,
and dk1 and dk2 are the distances between Sk1 and Sk2 and pk, and dl1 and
dl2 are the distances between Sl1 and Sl2 and pl.

It was experienced that when the method of [15] was used, it was a
problem that when a keypoint is on a surface that is planar or close to planar,
the radius of the sphere estimate will be large. Therefore, small variations
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(A) (B) (C) (D)

Figure 2. A sample of resulting sphere estimates on differ-
ent surfaces. The different values of r and d indicates what
the different shapes are a Sphere estimate of a spherical sur-
face r ≈ d. b Sphere estimate of a planar surface r ≈ d ≈ ∞.
c Sphere estimate of an edge r < d. d Sphere estimate of a
point r � d

in the point cloud due to noise, had a big impact on the estimate. As a
consequence, the value of (rk1 − rl1)2 and (rk2 − rl2)2 may be large even if
pk and pl are corresponding points.

To improve this, we propose a new method. An important factor with
this descriptor is the relationship between d and r, as given by the distance
δ = d − r from the point to the sphere, as d is the distance between the
keypoint and the center of the sphere, and r is the radius of the sphere. The
reason is that if r ≈ d, then the curvature is spherical or planar, while if
r < d the surface has a more angled form, as seen in Fig. 2. The use of δ also
cancels out the problem with unstable radii, since r and d are approximately
the same length.

We therefore define the descriptor Fi as

Fi = (Si1 + Si2) · Pi =
1
2
(δ2

1 + δ2
2) (3.9)

where δ1 is the distance from the point pi to sphere Si1, and δ2 is the distance
from the point pi to sphere S2 which encapsulates the relationship between
the radius and distance for Si1 and Si2. To find the point correspondence we
solve the minimization problem

min
l

g(Fk,Fl), ∀ Fk ∈ Xkeypoints,Fl ∈ Ykeypoints (3.10)

for each k where

g(Fk,Fl) = (Fk − Fl)2 =
1
2
(δ2

k1 − δ2
l1 + δ2

k2 − δ2
l2)

2 (3.11)

This point correspondence method is more robust against noise, and therefore
also achieves a more accurate point correspondence, which was verified in the
experiments.
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Figure 3. An example of a descriptor. The spheres are
shown as circles in the figure to make it easier to view. The
blue circle of S1 lies on the v1-v3 plane (light blue), while the
green circle of S2 lies on the v2-v3 plane (light green). Note
that the green sphere does not intersect with the keypoint
pkp (color figure online)

4. Experiments

There were two conducted experiments. The first compares the method pro-
posed in [15] with the improved version, and the second experiment compares
the improved method with state-of-the-art methods in an industrial applica-
tion.

The first experiment was done with a total of 99 point clouds. Each point
cloud was compared to itself, where the first point cloud was positioned at
the origin, while the second point cloud was given a known displacement and
each point in the point cloud was subjected to Gaussian noise. Since each
point cloud were compared to themselves, the true point correspondence is
known. This made it possible to compare which of the two versions were the
most accurate.

In the second experiment, the improved method was compared with a se-
lection of state-of-the-art methods in where 3D CAD models were compared
to a point cloud captured by a 3D-camera. The methods that were com-
pared were the curvature-based and the improved curvature-based method,
fast point feature histograms (FPFH) [20], point-pair features (PPF) [10],
Signature of Histogram of OrienTation (SHOT) [27] and 3D shape context
(3DSC) [11].

4.1. Setup

4.1.1. Hardware. The computer that was used was a desktop computer with
an Intel Core i7 7700k Sky Lake at 4.2 GHz with 32GB 2666 MHz DDR4 and
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Table 1. Results from Experiment 1

Exact (%) 5 mm (%) 10 mm (%) 20 mm (%)

Curvature-based
descriptor

1.25 10.2 32.3 57.5

Improved descriptor 5.15 26.2 47.2 66.3
The results show the average results over all 99 point clouds. The exact

column describe the amount of correct point correspondences were made,
while the columns labelled with a distance describes how many of the point

correspondences had an error below that distance

a EVGA GeForce GTX 1080 Founders Edition graphics card. The computer
was running Ubuntu 16.04 LTS.

The point clouds that were taken with a 3D camera, were taken using the
Zivid 3D camera provided by ZividLabs [25]. The Zivid 3D camera outputs
2.3 Mpixel RGBD image, with a field of view of 425×267 mm at a distance
of 0.6 m with a depth resolution of 0.1 mm at the same distance.

4.1.2. Implementation. All the methods were implemented in the same man-
ner as that described in [15].

The Curvature-based descriptor and the improved version proposed in
this paper, were implemented using the versor library [7] together with the
Eigen library [12].

FPFH, PPF, SHOT and 3DSC were implemented using the PCL li-
brary [22], and was implemented using the sample codes that were provided
on their websites, or other supporting websites. The parameters were chosen
to be similar to the proposed method to the extent it was possible. The point
cloud were first down-sampled using a voxel grid of 1 mm, followed by the
normal estimation algorithm. After each method had generated a descrip-
tor, a RANSAC algorithm was performed with 1000 iterations and an inlier
threshold of 5 mm.

4.2. Experiment 1

In the first experiment, the point correspondence method from [15] was com-
pared to the method proposed in this paper. The experiment was set up
so that each point cloud was compared to itself. A point cloud was set up
at the origin, the same point cloud was placed with a known displacement
from the origin and with a known noise applied. These two point clouds are
then compared. The two methods then generated descriptors for both point
clouds and estimated the point correspondences between the two. Since the
two point clouds that were compared were the same point cloud, it was pos-
sible to know the true point correspondence. Table 1 shows the results of the
experiment, and Fig. 4 shows a sample of the point clouds that were used.

The results in Table 1 clearly shows an improvement in the point corre-
spondence accuracy. Not only does the amount of successes improve, but the
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Figure 4. A sample of the point clouds that were used in
the experiments. a Multiple point clouds of a 3D CAD model,
from multiple views. b 3D point cloud of the Stanford Bunny.
c A scene taken with the Zivid camera

Figure 5. Point cloud sampling of the same object from
a CAD model and a Zivid 3D camera. The red points are
the sampled keypoints. a Point cloud sampled from a CAD
model. b Point cloud sampled from Zivid Camera (color fig-
ure online)

overall accuracy of the point correspondences also improve. This improve-
ment shows that the improved method for point correspondences is superior
to the one proposed in [15].

4.3. Experiment 2

In the second experiment, both the curvature-based descriptor, the improved
version and several state-of-the-art methods were used in a realistic industrial
application. A scene, shown in Fig. 4c, where several items were placed on a
table. The objects were extracted using [26], which generated a set of point
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Table 2. Results from Experiment 2

Method RMS Execution
time (ms)

Comment

CBD 3.8643 21487476
Improved CBD 3.2355 21448246
FPFH 3.3755 2390431 Point clouds were flipped

upside down
PPF 10.3367 56926563 Estimate were too far away
SHOT 3.5237 30411992 Got a better RMS value on

a different point cloud
3DSC 3.3462 163224032

The RMS shows the overall distance error between the two compared point
clouds. The comment describes some of the remarks that was done with the

visual inspection of the results

clouds. These point clouds were compared to point clouds generated from
CAD models, where the point clouds were sampled from the CAD model
from different angles. A sample is shown in Figs. 4a and 5. The point clouds
were then compared, in order to estimate the position of the object in the
scene.

The methods that were used were the curvature-based descriptor, the
improved version, FPFH, SHOT, PPF and 3DSC. The results from the ex-
periments are shown in Table 2. Since the two point clouds are not the same,
it is not possible to know the correct point correspondence, nor the correct
displacement, so to measure the accuracy of the methods, a root-mean square
calculation was done, where the distance between all the points in the CAD
point cloud and the closest point in the scene point cloud was measured.
This measurement is not sufficient, so a visual comparison was made and the
execution time was recorded.

Since the CAD model was sampled from different angles, there were
42 point clouds for each of the two objects on the table. This paper does
not focus on recognition, so in order to pick the point cloud which best fits
the point cloud from the camera, the match that got the lowest RMS was
selected as the best fit. This is not a very accurate method for recognition,
but it was sufficient for the experiment. One point cloud was chosen to be
the best match, and it was selected through visual inspection.

It is shown in Table 2 that the curvature-based descriptor and the im-
proved version has a better estimate than the other methods, as seen in Fig. 6.
The result from the FPFH method had the point clouds flipped upside down,
resulting in an angular error of about π. The PPF method failed on the po-
sition estimation and had no overlap between the two point clouds. When
comparing the CAD point clouds with the scene point cloud, SHOT got lower
RMS values on other point clouds than the chosen point cloud.
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Figure 6. A sample of the resulting position estimation
with the different descriptor methods. a Results from the
improved curvature-based descriptor. b Results from the
curvature-based descriptor. c Results from FPFH. d Results
from PPF. e Results from SHOT. f Results from 3DSC

This experiments show that the curvature-based descriptor is more ac-
curate on industrial applications, and that the improved version is a further
improvement of the curvature-based descriptor descriptor. It is also worth
noting that the execution time shown in Table 2 is a little misleading. The
curvature-based descriptor is not optimized in regards to execution time,
while the methods in the PCL library are to some degree, which means that
the execution time of the curvature-based descriptor can be improved.

5. Conclusion

A descriptor for course alignment of point clouds using conformal geometric
algebra has been presented in this paper. The method is based on selecting
keypoints depending on shape factors, and a descriptor is then calculated for
each keypoint by fitting two spheres that describe the local curvature. The
method for estimating the point correspondences is an improvement from the
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method presented in [15] by a factor of 4.12 in regards to exact matching, 2.57
within 5 mm, 1.46 within 10 mm and 1.15 within 20 mm. The experiments
show that the accuracy of the method is an improvement from [15], and has
shown to be more accurate than FPFH, PPF, SHOT and 3DSC.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution 4.0 International License (http://creativecommons.org/licenses/by/4.
0/), which permits unrestricted use, distribution, and reproduction in any medium,
provided you give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons license, and indicate if changes were made.
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