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Abstract. Starting from the idea that Mathematics plays an
important role in planning any aesthetically attractive and

functional construction, this work focuses on curves and
surfaces easily recognisable in buildings. Many contemporary
examples, but also some intriguing forms connected by classical
geometrical questions are illustrated. Nowadays as well in the
past, architects often give a splendid interpretation of the beauty
of Mathematics; at the same time they introduce modern aspects
of this important subject, related to the social and
environmental field.
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... The circle is used to represent perfection, the dome of the

heavens. The square represents the heart, the four elements and
. . . . 1

the rational intellect...( Richard Meier).

Introduction

The surfaces externally delimiting significant buildings and the forms
characterizing their interiors are usually very elegant and well proportioned.

Some observers consider these shapes only from an artistic point of view and
they appreciate principally the aesthetic aspect; others, because of their scientific-
technical background, try to understand the structural and mathematical properties
as well. These last conscious that the pleasant harmony of an architectural structure
comes also from its intrinsic geometrical qualities and from the structural and
decorative materials employed.

Therefore as mathematicians interested in architecture and arts, we would like to
confirm the fact that the shape’s harmony comes not only from the artist’s
creativity but it is strictly connected with mathematical rules. The more you know
mathematical tools the more you understand and appreciate the form’s beauty.

In this paper we intend to focus on curves and surfaces often involved in
fagades, domes and vaults of buildings. The aim is to illustrate those forms in
mathematical way, to underline their configuration and some essential particulars
not always evident at first glance.

We take this occasion also to notice that the contemporary architects consider
important technical aspects as well, to make buildings more functional, to
minimize energy costs or to facilitate insertion in the social, environmental context.
Consequently mathematics enters deeply in planning (mathematical modelling) in
order to realize a better performance.
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In the first section we introduce the mathematical elements used to represent
curves and surfaces; in the second section we describe and generate different forms,
as recognisable in classical monuments as in recent buildings, among them
skyscrapers [Howeler 2004]. In the third section we present an interesting
contemporary use of portions of cylinders and spherical surfaces: the elementary
geometric parts are involved again but they produce a totally different effect in the
buildings, thanks to the creativity of the architects.

Mathematical tools

We introduce the essential mathematical elements to describe curves and
surfaces; among different possibilities we select the parametric form, one of the
most adaptable and efficient way to represent the geometrical loci as graphically as
well as analytically. More in detail, in the 3D Cartesian orthogonal space Oxyz, a

x(7)

regular curve is represented by a vector v(¢)=| y(¢) |, whose components depend
(1)

on the real  parameter tel=[a,b]cR, vi)eCl(n)? and

||V'(t)|| = \/ X' ()% +1'()> +2'(t)> #0, that is, the usual conditions of regularity are

satisfied.
x(t,u)
A regular surface is equally represented by a vector w(t,u) =| y(t,u) |, depending
z(t,u)

on two real parameters  (tu)e A=(a,b]x[c.d])c R, w(t,u)eC'(4) and

3
||w, /\wu";tO.

In both cases, for curves as well as for surfaces, the parameterisation is not
unique.

Hereby we mention basic regular curves and choose a standard parameterisation:

Straight [x +at the point By = (xg,yp»2o ) belongs to the line
line: vit)=|yo+pt|,teR; a
| zo+ 1 having the direction of the vector | f |#0.
e
Ellipse: 1 cost where 7,7 € R* (that is positive real numbers)
v(t)=|rysint |t € [0,27T] are the semi-axes of the ellipse centred in O and
0 belonging to the X) plane; the ellipse becomes
) acircleif B =ny.
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Parabola: i t and the coefficients @,b,c € R ; the parabola,
v(t) = at> +bt+c ,t € R| belonging to the Xy plane, has symmetry axis

0 parallel to y-axis.
Spiral: [ f(t)cost where  f(t)e C'R) is a nonnegative,
v(t)=| f(t)sint ,t€ R | monotone function; the choice
| 0 f(t)=at,ae R, gives Archimedean spirals,

the choice f(t)=e“,aeR, gives logarithmic
spirals.

We also introduce basic regular quadric surfaces such as:

Elljpsoid:

[asintcosu (r,u)e ([0,7]x[0,27]) and a,b,c € R ; the
w(t,u)=| bsintsinu coefficients a, b, c give the semi-axes of the
ccost ellipsoid, centred in O. The ellipsoid
- becomes a sphere if a=b=c.
Circular ucost | (r,u)e ([0,272'])( R+) and ¢ € R; the zaxis
paraboloid: . . . .
w(t,u)=| usint |, is the symmetry rotation axis and the vertex
cu? is placed in O.
Cylinder: [acost| (r,u)e([027]xR) and a,beR™; the
w(t,u)=| bsint |; directrix is an ellipse and the generatrices are
u parallel to zaxis. Different cylinders can be
- - described taking a regular simple curve as
directrix.
Cone. aucost (r,u)e(027]xR) and a,beR™; the
w(t,u)=| busint vertex is placed in O and the sections
u orthogonal to the zaxis are ellipses
- (directrices). Other conic surfaces come from
the different choice of the directrix.
Hyperboloid [aChucost (r,u)e ([0,27f]>< R) and a,b,ce R;
of one sheet: w(t,u) =| bChusint sections orthogonal to the zaxis are ellipses.
| cShu
Hyperbo{ic [ u (t,u)e (RxR) and a,beR; sections
paraboloid: w(t,u) = orthogonal to the zaxis are hyperbolas;
222 —p22 sections orthogonal to the x or y-axis are
- parabolas.
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c d

Fig. 1. a) Lyon Opera Theatre by J.Nouvel (photo by L. Rossi); b) Cooling tower in Milan (photo
by E. Marchetti); ) Guggenheim Museum, Bilbao by F. Gehry (photo by L. Rossi); d)The Willis
building, Ipswich, by N. Foster (photo by L. Rossi)

We recall that cylinder, cone, hyperboloid of one sheet and hyperbolic
paraboloid are ruled surfaces, that is through each point of them passes at least one
straight line that lies entirely in the surface.

Frequently ruled surfaces contain two families of rulings, such as the

hyperboloid of one sheet (doubly ruled).
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The equations given above can be combined and adapted to the geometry of
many shapes. Cylindrical, conical and hyperbolic surfaces are recognizable in fig.s
la and 1b as well in the Philips Pavilion by Le Corbusier [Capanna 2000], in the
Rodin Museum in Seoul by KPF and in buildings by Gehry and Foster (figs. 1c
and 1d).

Curves on domes

Two families of curves become evident from a regular parameterisation of a
surface. They are called parameter curves and their equations are obtained by
alternatively considering one of the two parameters as constant [Oprea 1997].

rsintcosu

In the spherical surface w(t,u)=|rsintsinu |, (r,u)e ([0,7]x[0,27]), parallels

rcost
and meridians are curves obtained by fixing ¢ (w-parameter curve) or u (r
parameter curve) respectively.
acost
In the cylindrical surface w(t,u)=| bsinz |, (r,u)e([0,27]xR) and a,beR”,

u

straight lines and ellipses are obtained with constant values of ror u respectively.

Fig. 2. a) The Reichstag’s Dome by Norman Foster (photo courtesy of Forster and Partners); b) The
"bubble" by Renzo Piano in Turin (photo by K. Williams)

Frequently contemporary architects make evident families of parameter curves
in vaults and domes: see for example the Reichstag’s dome by Norman Foster in
Berlin (fig. 2a) and the bubble of Renzo Piano in Turin (fig. 2b).

We can describe other curves belonging to a surface that are not included in the
two families of parameter curves. We mention the well-known cylindrical spiral,
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rcost
v(t)=|rsint |, teR,acR, but we can highlight other 3D-spirals developed on
at

different surfaces.

rtcost

For instance, the curve v(f)=| rtsint |, t€[0,1], belongs to a hemi-sphere
m1-12
(radius 7) and its projection on the xy plane is an arc of Archimedean spiral.

In ancient monuments the spiral appears on many occasions and in different
cultural contexts: examples are found in Arabian minarets and in the spire of S.Ivo
alla Sapienza by Borromini in Rome.

We prefer here to focus on the use of spirals in contemporary architecture.

Norman Foster frequently uses different spirals in his projects, not only in a
decorative sense but also in a functional way [Foster and Partners]: inside the dome
of the Reichstag two ramps, starting from two diametrically opposite points of the
floor, follow spherical spirals going up towards the top of the hemi-sphere (fig.
2a).

In the New London City Hall the conic ramps encircling the Assembly
Chamber take the public from the ground floor to the viewing platform at the top
of the building (fig. 3).

We'd like to mention that Foster dealt with interesting questions of
optimisation in planning the City Hall. The shape is a deformation of a sphere and
its surface is reduced 25% with respect to the surface of a cube having the same
volume. The form was also studied to reduce the energy needs and costs as well for
a better use of the sunlight [Foster and Partners].

Analysing the aspects that architects frequently deal with in designing, it
becomes more and more evident that Mathematics plays a crucial role in
developing an aesthetically attractive and functional construction.

Going back to the geometric aspects, cylindrical spirals appear evident in
different way in modern skyscrapers: sometimes by twisting a cube (fig. 4) or the
entire building, as in the project by Zaha Hadid for the trade fair area in Milan (see
http://www.nuovopolofieramilano.it), other times by rotation of a motif, such as a
balcony inside the Jim Mao Tower by Skidmore, Owings and Merrill in Shanghai
(see http://www.emporis.com/en/wm/bu/?id=103803).

Other interesting curves can arise from the intersection of two surfaces, [Loria
1930; Loria 1925].
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Fig. 4. HBS Malmé - Turning Torso Tower by Santiago Calatrava (photo courtesy of Turning
Torso Meetings, http://www.turningtorsomeetings.com/)
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rsintcosu |
Let us consider the curve belonging to the sphere w(z,u)=|rsintsinu |,
rcost

u

(ru)e([0,7]x[0.27])  and to  the cylinder  wy(t,u)=| a+ Bsint
pcost

-

(r,u) e ([0.27]x R), @,f being positive real parameters.

Making the choice 0<a <r/2, a=p, w,(t,u)becomes a cylindrical surface
passing through the centre of the sphere. The intersection of the two surfaces is the
so-called curve of Roberval, formed by two simple closed curves (fig. 5a).

The choice 0<a<r, f=r—a gives a cylinder tangent to the sphere. Its
intersection with the sphere is called the Hippopede of Eudoxus; it is a closed curve
having a double point where the two surfaces are tangent (fig. 5b).

The choice a=p8=r/2, gives a particular case (limit case of both over-

mentioned). The intersection is Viviani’s curve (fig. 5¢).
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Fig. 5. a) Curve of Roberval; b) Hippopede of Eudoxus; ¢) Viviani's curve. The graphic visualizations
are produced using MATLAB 6.5
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These three curves are related to cutting out windows in domes, as in St. Peter’s
cathedral in Rome or in S. Lorenzo by Guarino Guarini in Turin.

In 1692 Vicenzo Viviani proposed the problem to construct four windows in a
hemispherical vault so that the remainder of the surface can be accurately
determined. Viviani’s curve arises from the formation of a spherical portion, which
he called Vela Quadrabile Fiorentina (quadrable Florentine vault), having rational
measure with respect to the square of the radius: cutting out of the sphere surface
the four “eyes” selected from two Viviani’s curves (fig. 6a), the remaining part (two

opposing Vela Quadrabile Fiorentina) has area equal to 87> [Marchetti and Rossi
Costa 2004].

It should be noted that cutting out four equal segments of a sphere, the
remaining surface is formed by two traditional sail vaults, whose area is irrational
with respect to r? (fig. 6b).

a b

Fig. 6. The surfaces formed a) by two Vela Quadrabile Fiorentina; b) by two traditional sail vaults.
The graphic visualizations are produced using MATLAB 6.5

The intersections of two semi-cylinders (barrel vaults in Architecture), having
orthogonal generatrices,

u rcost
wi(t,u) =| reost | (tu) e ([0,7]x R) and wo(tu)=| u  |(tu)e(0,7]xR),
rsint rsint

NEXUS NETWORK JOURNAL — VOL. 8, NO. 2, 2006 87



rcost
are two arches of the ellipses represented by the vectors v,(t)=|rcost |, €[0,7]
rsint
—rcost
and v,(t)=| rcost |,t€[0,7] respectively.

rsint

These arches are called ribs or costoloni and they belong to cross vaults as well
as to cloister vaults (fig. 7).

Fig. 7. Ribs in a cross vault. The graphic visualization is produced using MATLAB 6.5

Frequently, domes such as Brunelleschi’s dome in Florence or the Mole
Antonelliana (fig.8) in Turin are formed by portions of barrel vaults and posed on
a polygonal drum; the generatrices are parallel to the polygon sides.

Fig. 8. The Mole Antonelliana, Turin (photo by K. Williams)
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In Brunelleschi’s dome [Battisti 1976] each cylindrical segment is composed of
parts of three different cylinders with sections having separated centres, even if very
close.

The vertical median section of each segment represents the directrix of the
cylindrical surface; it is a polycentric curve formed by three arches of different
circles, whose centres belong to the diameter of the circle inscribed in the octagonal
basic section. Consequently three arches of different ellipses form the ribs of the
dome of S.Maria del Fiore (fig. 9).

Fig. 9. Sections of the cylindrical dome segments in S.Maria del Fiore by Brunelleschi in Florence,
after Battisti 1976

Among many different ancient examples of elliptical and oval domes, we would
like to mention three important monuments. The Residenz Church in Wiirzburg
by B. Neumann (1741) is one of the most important Baroque monuments in
Germany [Giordano 1999]; the two churches in Rome, S. Carlino alle Quattro
Fontane by Borromini and S. Andrea al Quirinale by Bernini (both seventeenth
century), are also located very close to each other, so that you can enjoy the elegant
architecture of both.

We cannot forget that Gaudi frequently used parabolic domes; naturally the list
of citations could be longer but the choice of mentioning Gaudi, among others
prominent architects, gives us the opportunity to reaffirm that his works appear to
be born by improvisation although he had a strong formation in geometry.

We can collect a lot of examples of quadric surfaces in contemporary buildings.

The use of circular or elliptical cylinders is quite frequent in buildings planned
by Mario Botta. Most of them are cut by an oblique plan so that the roof becomes
a big round window (see http://www.botta.ch/Page/Recenti_en.php). The light
entering through the glass forms a suggestive geometric pattern playing with the
courses of bricks or of different stones. The effect is considerable especially in
churches such as S. Giovanni Battista in Mogno and the chapel of S. Maria on
Monte Tamaro (both in Ticino, Switzerland) and the Cathedral in Evry (France)
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[Lavigne 2001]. The use of a conical surface is evident in the Museum Rodin by
Kohn Pedersen Fox Associates (fig. 10).

Fig.10. Rodin Museum, Samsung Headquarters Plaza — Seoul (South Korea) by
Kohn Pedersen Fox Associates (photo by T. Hursley)

To conclude we like to give attention to the unusual application of spherical
elements by Richard Meier in the church of Tor Tre Teste, Rome (fig. 11). Three
portions of a sphere, having equal radius and centred on the same line, form the
main part of the church Dives in Misericordia. These geometric portions, called
sails by Meier himself, are walls and domes at the same time [Meier 1997]. They
are self-supporting and give the building an impressive symbolic as well as religious
character.

= el o
- g T N Y

Fig. 11. The Church Tor Tre Teste, Rome (photo A. Geroldi)
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The concrete panels (conci) forming the structure are studied with regard to
modern environmental impact, so that they have particular qualities. They are not
only more resistant but are also designed to maintain their white brilliant colour
through the addition of Carrara marble powders and titanium bi-oxide.

Conclusions

We appreciate this new trend in building, not only because of the sociological,
ecological, energetic aspects, but also because this kind of planning makes evident
the strong contribution of mathematical modelling. Thus the creations of
contemporary architecture are strictly bound up with geometry and with the more
sophisticated applications of the techniques of modern mathematics.
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Notes

1. Richard Meier, the famous architect born in the USA (New Jersey) in 1934, commenting on
his project for the third Millennium Church, built in Tor Tre Teste (Rome, 1998-2003).

2. C!()) denotes the vector space of continuous functions with derivative function continuous in
the interval £ the components of the vector v(t) belong to this functional space. The interval /
may be closed, open or unlimited.

3. The symbol X means Cartesian product between intervals. The vector product is indicated by
the symbol A .
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