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Abstract. We present an easy to survey constructive method using only basic mathematics
which allows us to define a homeomorphism between any compact real algebraic variety
and some components of the configuration space of a mechanical linkage. The aim is to
imitate addition and multiplication in the framework of weighted graphs in the euclidean
plane that permit a “mechanical description” of polynomial functions, and thus of varieties.

1. Introduction

A mechanical linkageG is a mechanism in the euclidean planeR2 that is built up
exclusively from rigid bars joined along flexible links. Some links of the linkage may
be pinned down with respect to a fixed frame of reference. Theconfiguration space[G]
of a mechanical linkage is the totality of all its admissible positions in the euclidean
plane.

Configuration spaces of such linkages have been studied for centuries as one of the
basic topics of kinematics, and it is a known fact that their configuration spaces are
compact real algebraic varieties naturally embedded in(R2)n, wheren is the number of
vertices in the graph. Therefore it is natural to ask whether, conversely, every compact
real algebraic variety arises as the configuration space of some mechanical linkage in the
euclidean plane. In [9] Lebesgue gives an account of several results, including Kempe’s
universality theorem, not for the configuration space of the mechanism itself, but for the
orbit of one of its vertices:“Toute courbe alǵebrique peut̂etre traćeeà l’aide d’un syst̀eme
articulé.” The existence of the following universality theorem for some components of
the configuration space has been part of folklore for at least two decades.
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Theorem 1.1. Let V ⊂ Rq be a compact real algebraic variety with the topology
induced by the euclidean metric ofRq. Then V is homeomorphic to some components∐

j∈I⊂J Tj of the configuration space[H] =∐j∈J Tj of a mechanical linkageH, where
Tj , j ∈ J, are the components of[H].

Reference [5] which was circulated as a preprint in early 1997 already contains the main
idea of the present proof of Theorem 1.1, but some subtleties were neglected there. In
contrast to the preprint [8] of Kapovich and Millson we give an explicit construction of
the mechanical linkage using only basic mathematics.

Notice that, in the past, a number of similar universality properties have been es-
tablished, beginning with Mn¨ev’s celebrated theorem about oriented matroids [10], and
leading to Richter-Gebert’s lucid kinematic studies of four-dimensional convex poly-
topes [11].

2. Preliminaries

2.1. Definitions

The first step is to replace our intuitive idea of a mechanical linkage by an exact mathe-
matical definition:

Definition 2.1. The tripleG = (V, E,d) consisting of

(1) a set ofvertices V= Vfix∪Vfree, with Vfix = {V1, . . . ,Vm}andVfree= {Vm+1, . . . ,

Vn},
(2) a set ofedges E= {{Vi1,Vj1}, {Vi2,Vj2}, . . . , {Vik ,Vjk}} with i l , jl ∈ {1, . . . ,n},

i l 6= jl , such that any two vertices inV are connected by a sequence of elements
of E, and

(3) aweight function d: E→ R+, that attaches to every edge{Vil ,Vjl } in E a length
(weight)d(Vil ,Vjl ) ∈ R+,

is called aconnected weighted graph.

Definition 2.2. Let G = (V, E,d) be a connected weighted graph.

(1) The graphG is called amechanical linkageif G is realizable in R2, i.e., if a
mappingϕ: V → R2 exists, such thatdR(ϕ(Vi ), ϕ(Vj )) = d(Vi ,Vj ) for all
{Vi ,Vj } ∈ E, wheredR is the euclidean metric inR2.

(2) A realizationξ of G = (V, E,d) is a set{ϕξ (V1), . . . , ϕξ (Vn)} of points inR2

such thatdR(ϕξ (Vi ), ϕξ (Vj )) = d(Vi ,Vj ) for all {Vi ,Vj } ∈ E.

We often writeVj at p ∈ R2 instead ofϕ(Vj ) = p ∈ R2, i.e., considerVj asϕ(Vj ).
Notice that there are connected weighted graphs with only three vertices that are not
realizable in the euclidean plane and obviously a realization of a mechanical linkage is
in general not unique. We define the configuration space of a mechanical linkage as a
subset ofR2n, which obtains in natural way a topological structure:
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Definition 2.3. Let G = (V, E,d) be a mechanical linkage and let{p1, . . . , pm} be
fixed points inR2 with m ≥ 2, such thatdR(pi , pj ) = d(Vi ,Vj ) for all {Vi ,Vj } ∈ E
with Vi ,Vj ∈ {V1, . . . ,Vm} = Vfix. Then theconfiguration spaceof G is defined by

[G] := {
ξ realization ofG;ϕξ (Vj ) = pj ,∀Vj ∈ Vfix

}
= {(x1, . . . , xn) ∈ (R2)n; xj = pj ,∀ j ∈ {1, . . . ,m} and

dR(xi , xj ) = d(Vi ,Vj ),∀{Vi ,Vj } ∈ E}

with the topology induced by the euclidean metric ofR2n.

Remark 2.4. If M and N are topological spaces, thenM q N denotes the disjoint
topological sum of the two spaces.

Often we are only interested in subspaces of [G] for a given mechanical linkageG =
(V, E,d): restricting a set of vertices{Vj 1, . . . ,Vjk} ⊆ V in a subsetY ⊂ R2k allows
us to consider{ξ ∈ [G]; (Vj 1, . . . ,Vjk) in Y} := {ξ ∈ [G]; (ϕξ (Vj 1), . . . , ϕξ (Vjk)) ∈
Y} ⊆ [G].

Every realization of a mechanical linkage can be represented by a planar drawing
consisting of a set of pointsV and a set of straight linesE with the prescribed lengthd:
an empty small circle is a vertex pinned down at a point in the plane, i.e., an element of
Vfix and a filled circle is an element ofVfree. This enables us to speak in a natural way of
motions of vertices and of rigid mechanical linkages:

Definition 2.5. Let G = (V, E,d) be any mechanical linkage.

(1) Let Y ⊂ R2k, Y 6= pt, be connected. Thek-tuple (Vj 1, . . . ,Vjk) of vertices of
V can bemoved on Yif there exists a componentC of {ξ ∈ [G]; (ϕξ (Vj 1), . . . ,

ϕξ (Vjk)) ∈ Y} with {(ϕξ (Vj 1), . . . , ϕξ (Vjk)); ξ ∈ C} = Y.
(2) The vertexVj is calledrigid, with respect to a realizationξ ∈ [G] with ϕξ (Vj ) = p,

if an open neighborhoodU ⊆ [G] of ξ exists, such that for any realizationξ̃ ∈ U
it follows thatϕξ̃ (Vj ) = p.

(3) A realizationξ ∈ [G] of a mechanical linkageG is calledrigid if every vertex of
G is rigid with respect toξ , i.e.,ξ is an isolated point of [G].

(4) A realizationξ ∈ [G] of a mechanical linkageG is calledregular if there is
dim aff{ϕξ (Vk), ϕξ (Vl ), ϕξ (Vm)} = 2 for all {Vk,Vl }, {Vl ,Vm} ∈ E, {Vk,Vm} /∈
E with Vl ∈ Vfree, k 6= m.

Each of the mechanical linkages used below has a special area of effectiveness in the
present constructive proof. The reader may imagine that not all realizations will do the
job: consider the mechanical linkageK in Section 2.3.3, we remark that apart from
the drawn realization in Fig. 4 others are looking quite different and may appear by
Z2-actions on some vertices ofK. There we show that under special conditionsX can
move only on a straight line orthogonal toO A. Exactly those realizations are used in the
present construction, which satisfies the prescribed claims, e.g., in Fig. 4 the vertexX
lies in an orthogonal line toO A, andK has one degree of freedom only. In general, under
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additional conditions a motion of vertices allows us to parameterize those realizations
obtained by the motion, which are distinct from others byZ2-actions:

Lemma 2.6. Let G = (V, E,d) be any mechanical linkage and Vjl ∈ V,∀l ∈
{1, . . . , k}, such that departing fromξ0 ∈ [G] the k-tuple(Vj 1, . . . ,Vjk) can be moved on
the connected subset Y⊂ R2k. If each obtained realizationξp ∈ [G] with (Vj 1, . . . ,Vjk)

fixed at p∈ Y (i.e., Vj 1, . . . ,Vjk ∈ Vfix for the moment) is (i) rigid and (ii) regular, then

{ξ ∈ [G]; (ϕξ (Vj 1), . . . , ϕξ (Vjk)) ∈ Y} ≈ Y q Trest,

where Trest is any subspace of[G]. The motion of(Vj 1, . . . ,Vjk) on Y is then called
parameterizing.

Proof. (i) implies that a motion of any tuple of vertices inV − {Vj 1, . . . ,Vjk} is only
possible by a motion of(Vj 1, . . . ,Vjk). (ii) induces that this motion is unique for all
vertices inV : during the motion any realization other thanξp is given by aZ− 2-action
on a vertex, if(Vj 1, . . . ,Vjk) is assumed to be fixed atp. This ensures thatTrest is not
connected to a componentY′ in {ξ ∈ [G]; (ϕξ (Vj 1), . . . , ϕξ (Vjk)) ∈ Y}. The position of
the verticesV − {Vj 1, . . . ,Vjk} are parameterized by trigonometric polynomials of the
variable(ϕξ (Vj 1), . . . , ϕξ (Vjk)) ∈ Y, thereforeY′ ≈ Y.

Notice that condition (ii) is too strong to obtain the result of Lemma 2.6 but it is sufficient
to handle special mechanical linkages used in Sections 2.3 and 3. The drawn realizations
there are calledstarting realizationsξ0. We often describenatural realizationsby a
parameterizing motion of a set of vertices departing from the starting realization.

2.2. Real Algebraic Geometry

First we recall some facts aboutreal algebraic geometry that serve as a basis for our
considerations.

Definition 2.7. Let Abe a subset ofR[X1, . . . , Xq]. The setL(A) := {x ∈ Rq; f (x) =
0,∀ f ∈ A} is called theset of zerosof A. Let S be a subset ofRq. We noteF(S) :=
{ f ∈ R[X1, . . . , Xq]; ∀x ∈ S, f (x) = 0}. Thereal algebraic varietiesare those subsets
V of Rq, for whichL(F(V)) = V.

SinceR is a Noetherian ring, we can useHilbert’s Basis Theoremto show that every
ideal inR[X1, . . . , Xq] is finitely generated. Every evaluation of a polynomial inA on
Rq is real, thusV in Rq can always be described as the zero set of a single polynomial
F ∈ R[X1, . . . , Xq]:

Lemma 2.8. For each real algebraic variety V⊆ Rq a polynomial F∈ R[X1, . . . , Xq]
exists such that V= L(F).

Proof. Define F := f 2
1 + · · · + f 2

l , where f1, . . . , fl are generators of the ideal
F(V).
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Fig. 1. Translation linkageT .

2.3. Special Mechanical Linkages

The proof of the main theorem builds on knowledge about the following three basic
mechanical linkages, see [9].

2.3.1. Translation LinkageT . The translation linkageT is the mechanical linkage
shown in Fig. 1, which satisfies the conditions

(a) d(A, B) = d(C, F) = d(D, E) ∈ R∗+,
(b) d(A, F) = d(B,C) ∈ R∗+, and
(c) d(E, F) = d(C, D) ∈ R∗+.

In the proof of Theorem 1.1 the translation linkage appears as a part of the addition
and multiplication linkage. There we use only regular realizations ofT such thatAB,
FC, andE D are parallel. Note that without any risk of confusion the denotations of the
vertices are often changed, since we have to couple together several translation linkages.

2.3.2. Conformal LinkageC. The conformal linkageC is the mechanical linkage shown
in Fig. 2 which satisfies the conditions

(a) d(O, B) = d(O, D) andd(B,C) = d(C, D) ∈ R∗+,
(b) d(O, B′) = d(O, D′) andd(B′,C′) = d(C′, D′) ∈ R∗+,
(c) d(A, A′) = d(E, E′) ∈ R+ with d(O, A) = d(O, E) = 1

2 d(O, B) and
d(O, A′) = d(O, E′) = 1

2 d(O, B′), and
(d) the kite quadrilateralsOBCDandOB′C′D′ are similar for all natural realizations.

Fig. 2. Conformal linkageC.
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Fig. 3. Linear linkageL.

In the proof of Theorem 1.1 the conformal linkage appears as a part of the multiplication
linkage. There we use only regular realizations ofC, especiallyC andO never lie at the
same point, or the verticesO, B,C, D lie in one line.

2.3.3. Linear LinkageL. The linear linkageL is the mechanical linkage shown in
Fig. 3, a special case ofC. It satisfies the conditions

(a) d(O, A) = d(O,C) = d(A, B) = d(B,C) ∈ R∗+,
(b) d(O, A′) = d(O,C′) = d(A′, B′) = d(B′,C′) = λ · d(O, A) with λ > 1, and
(c) the rhombusesO ABCandO A′B′C′ are similar for all natural realizations.

In the proof of Theorem 1.1 the linear linkage appears as a part of the multiplication
linkage. There we use only regular realizations ofL, especiallyB andO never lie at the
same point, or the verticesO, A, B,C lie in one line. Note that we useL changing the
denotations of the vertices below.

2.3.4. Kempe’s LinkageK. We consider the mechanical linkageK in Fig. 4 which is
defined in [9] assextilat̀ere de Kempe. It satisfies the properties

(a) d(O, E) = √2/2 · d(O, A) ∈ R∗+,
(b) for all natural realizationsOABD is a rhombus, and
(c) for all natural realizationsOEBDandCXEBare similar kite quadrilaterals.

Fig. 4. Starting realizationξ0 of Kempe’s linkageK.
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Our interest lies in a subset of the configuration space ofK, and we choseO, A ∈ Vfix for
the moment. In the pointO we define a local orthogonal system of coordinates ofC, such
thatO is pinned down at the origin ofC andA atd(O, A) of the positive real axis. Note
that in the proof of Theorem 1.1 Kempe’s linkage is used several times as a crucial part
of the final mechanical linkage, namely of the addition and multiplication linkage. There
we renounce sometimes to the requirementO, A ∈ Vfix and identify the edge{O, A}
with an appropriate edge of the addition and multiplication linkage, respectively. In this
way we get the possibility of restricting the position of certain vertices orthogonally to
OA above the vertexO and without consequence to the considered components of the
total configuration space.

Departing from the starting realizationξ0 shown in Fig. 4 we obtain other realizations
by moving the vertexX, such thatX lies in a subset of Im(C), and noZ2-actions are
allowed on the vertices ofK. First we define the intervalIε := {z ∈ C; ε < Im(z) <
d(O, A)− ε,Re(z) = 0} for anyε ∈ [0, 1

2 d(O, A)
]

and obtain the following lemmas:

Lemma 2.9. The vertex X can move on a straight line, namely on I0 ⊇ Iε.

Proof. Let the anglesα, β, γ, δ, η, ρ be as shown in Fig. 4. First we consider the
edges{O, A}, {O, E}, {A, B}, {B, E} of K: departing fromξ0 a motion of E is pa-
rameterized byρ ∈ ]0, π/4[, where{A, B}, {B, E} do not hinder this motion, since
dR(A, E) < d(A, B) + d(B, E). CompletingK by the remaining edges we have
dR(O, B) < d(O, D)+d(B, D) anddR(C, E) < d(C, X)+d(E, X), so they cause no
hindrance for the motion ofE too. Second we obtainX atd(O, E)·ei ·ρ+d(E, X)·ei (π−δ),
whereδ = γ −η = ((2π −2β−α)−α)−η andη = ρ = π −α−β, i.e.,δ = ρ. Since
d(O, E) = d(E, X) the vertexX lies atd(O, E) · (ei ·ρ − e−i ·ρ) = 2i · d(O, E) · sinρ,
i.e., X moves onI0 for ρ ∈ ]0, π/4[.

Lemma 2.10. Let X be fixed in I0, i.e., X ∈ Vfix for the moment, such that its position
is obtained by a motion departing fromξ0 as described in Lemma2.9. Then a rigid
realizationξ ∈ [K] results.

Proof. Let X be as prescribed. It follows thatE is rigid, sinceO ∈ Vfix; B is also
rigid, sinceA ∈ Vfix; C andD are rigid too, becauseO ∈ Vfix. Therefore the considered
realization is rigid.

By the scaling ofIε we obtain only regular realizations during the motion ofX, so
Lemma 2.6 gives a parameterizing motion ofX on Iε. Exactly those realizations are
callednatural realizationsof K.

Lemma 2.11. Letε ∈ [0, 1
2d(O, A)[. Then an open neighborhood UIε inC of Iε exists,

such that departing fromξ0 a motion of X on UIε implies a motion of X on Iε.

Proof. By the parameterization ofX introduced in the proof of Lemma 2.9 there is
OX⊥OA, soX lies in Iε.
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Fig. 5. Simplified representation of Kempe’s linkageK.

Summarizing the above we obtain an important corollary, which states intuitively that
there exists a one-dimensional part of [K], which is parameterized by the vertexX in I0

and contains the natural realizations ofK. In the followingTrest is always any topological
space which we do not specify:

Corollary 2.12. For any ε ∈ ]0, 1
2d(O, A)[, an open neighborhood UIε of Iε exists

such that{ξ ∈ [K]; X in UIε } ≈ Iε q Trest, in particular {ξ ∈ [K]; X in Iε} ≈ Iε q Trest.

All figures in the sections below show Kempe’s linkage in a simplified manner, since its
operation is determined by the relation between the edge{O, A} and the vertexX only.
Thus the representation in Fig. 5 enables to change the denotations of the cited vertices
O, A, X without any risk of confusion.

2.4. Product Linkage

Definition 2.13. Let G = (Vfix ∪ Vfree, E,d) andG ′ = (V ′fix ∪ V ′free, E′,d′) be two
mechanical linkages. ThenG ⊗ G ′ := (Vfix ∪ V ′fix ∪ Vfree∪ V ′free, E ∪ E′ ∪ Econ,d⊗ d′)
is called theproduct linkageof G andG ′, whereEcon := {{V1,V ′1}} with V1 ∈ Vfix,
V ′1 ∈ V ′fix andd ⊗ d′|E := d, d ⊗ d′|E′ := d′, d ⊗ d′(V1,V ′1) := dR(V1,V ′1).

Lemma 2.14. [G ⊗ G ′] ≈ [G] × [G ′].

Proof. G andG ′ independently create the configuration spaces [G] and [G ′].

3. Proof of Theorem 1.1

1. We are interested in compact real algebraic varieties inRq that occur as the zero set
of a single polynomialF ∈ R[X1, . . . , Xq].

Consider the canonical representation ofF ∈ R[X1, . . . , Xq] as a finite real linear
combination of the monomialsXν1

1 · · · Xνq
q ∈ R[X1, . . . , Xq]:

F =
∑

(ν1,...,νq)∈Nq
0

aν1,...,νq Xν1
1 · · · Xνq

q

with aν1,...,νq ∈ R, all but a finite number are zero.



Configuration Spaces of Mechanical Linkages 305

The polynomialF is constructed algorithmically from the zero polynomial with
addition and multiplication of the termsaν1,...,νq and X1, . . . , Xq. First we define the
lexicographic order≥ onNq

0 and get(Nq
0,≥):

Definition 3.1. Let (ν1, . . . , νq) and (ν
′
1, . . . , ν

′
q) be in Nq

0. Then (ν1, . . . , νq) ≥
(ν
′
1, . . . , ν

′
q) if and only if ν1 > ν

′
1 or (ν1 = ν

′
1 andν2 > ν

′
2) or . . . or (ν1 = ν

′
1, . . . ,

νq = ν ′q).

ConstructingF we start with the smallest element(0, . . . ,0) ∈ Nq
0 and define the set

Us(F) of special subpolynomials ofF , consisting of the following elements:

u(0,...,0)(0,...,0) := a0,...,0 and u(0,...,0)(1,0,...,0) := a1,0,...,0, u(1,0,...,0)(1,0,...,0) := a1,0,...,0X1.

The construction proceeds in this manner up to the biggest multi-index(ν̂1, . . . , ν̂q) that
appears inF . As a result we get the monomial of maximal total degree multiplied by its
coefficient inF :

u(0,...,0)
(ν̂1,...,ν̂q)

:= aν̂1,...,ν̂q · · · u
(ι1,...,ιq)

(ν̂1,...,ν̂q)
:= aν̂1,...,ν̂q Xι1

1 · · · Xιq
n

· · · u
(ν̂1,...,ν̂q)

(ν̂1,...,ν̂q)
:= aν̂1,...,ν̂q Xν̂1

1 · · · Xν̂q
n .

Further we define

Uc(F) :=
v(ν1,...,νq) :=

∑
(ι1,...,ιq)≤(ν1,...,νq)

u
(ι1,...,ιq)

(ι1,...,ιq)
; (ν1, . . . , νq) ≤ (ν̂1, . . . , ν̂q)


as the set of composed subpolynomials ofF and the union of all special and composed
subpolynomialsU(F) := Us(F) ∪ Uc(F).

Example 3.2. Consider the polynomialF(X,Y) := 5X2+ 3Y2− 2 in two variables.
ThenUs(F) = {−2,5,5X,5X2,3,3Y,3Y2} andUc(F) = {−2,−2+5X2,−2+5X2+
3Y2}.

SinceV is compact there existsr ∈ R∗+, such thatV ⊆ Br (0) := {x ∈ Rq; x ≤
r }. Define the real numbersAF := max{|u(x)|; ∀x ∈ Br+1(0),∀u ∈ U(F)}, BF :=
max{|xj |; ∀x ∈ Br+1(0),∀ j ∈ {1, . . . ,q}} = r + 1, and

L F := 1+max{AF , BF }.

SinceU(F) ⊂ R[X1, . . . , Xq] and Br+1(0) is compact, these extrema exist.

2. With the product linkageK1⊗ · · ·⊗Kq of q identical linkages of Kempe a system of
coordinates on ]− L F , L F [q is constructed, such that each vertexX1, . . . , Xq represents
a coordinate.

For this purpose we set for allj ∈ {1, . . . ,q} the lengthd(Oj , Aj ) := 2L F + 2 inKj .
DefineVfix ofK1⊗· · ·⊗Kq as the set{O1, A1, . . . ,Oq, Aq}, such that allOj are pinned
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down at(−L F − 1,0) and allAj at (−L F − 1,−2L F − 2) in R2. Then each vertexXj

can be moved, parameterizing in the subset

I F := ]−L F , L F [ × {0}.
By Lemma 2.14 we obtain [K1⊗ · · · ⊗Kq] = [K1] × · · · × [Kq] and by Corollary 2.12
the restriction of the verticesX1, . . . , Xq in I F is{

ξ ∈ [K1⊗ · · · ⊗Kq]; (X1, . . . , Xq) in (I F )
q
}

:= {ξ ∈ [K1⊗ · · · ⊗Kq]; X1, . . . , Xq in I F
} ≈ ]−L F , L F [q q Trest.

Note that the realizations ofK1⊗· · ·⊗Kq are callednatural, if for all j ∈ {1, . . . ,q} the
realizations ofKj are natural. Our next aim is to couple the special mechanical linkages
in a way that they define addition and multiplication onI F .

3. Required properties for the addition linkageA and the multiplication linkageM.

Let x and y be the evaluations of two subpolynomialsu, v ∈ U(F) at the pointx0 ∈
Br+1(0), i.e.,u(x0) = x andv(x0) = y. If u + v, u · v, a+ u, or a · u are elements of
U(F), then using construction in part 1 we assume thata, x, y ∈ ]−L F , L F [ andx+ y,
x · y, a+ x, ora · x ∈ ]−L F , L F [, wherea is any coefficient ofF . For each mechanical
linkageA andM, the values ofx andy as well as the evaluationsx + y andx · y are
attached to the corresponding verticesX,Y, X + Y, X · Y in I F . Then we need to have
the following properties:

(P1) The mechanical linkagesA andM can be placed in such a way thatX andY
move onI F .

(P2) If bothX,Y ofA are fixed inI F , then a rigid realizationξ ∈ [A] results. If both
X,Y ofM are fixed inI F , then a rigid realizationξ ∈ [M] results.

(P3) All realizations obtained in (P1) are regular.

(P4) The construction of the addition and multiplication withA andM on I F is well
defined in the sense that for each realization obtained in (P2) the evaluation
verticesX + Y of A andX · Y ofM represent the evaluationsx + y andx · y
in I F .

Conditions (P1)–(P3) ensure by Lemma 2.6, that the used motion ofX,Y is parameter-
izing for both mechanical linkagesA andM.

4. Addition linkageA.

The mechanical linkageAwhich is responsible for the addition consists of two translation
linkagesT1, T2, two linkages of KempeK1,K2, and two edgesE1, E2 as shown in Fig. 6.

We take the following attachments and sizes, wherec > 1 is any real constant for the
moment:

(a) The set of vertices ofT1 is {A, B,C, D,G, H} such thatd(A, B) = d(A,G) =
d(G, H) = 2c · L F .
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Fig. 6. Starting realizationξ0 of the addition linkageA.

(b) The set of vertices ofT2 is {B,C, D, E, F,Y} such thatd(B,Y) = d(F,Y) =
d(E, F) = 2c · L F .

(c) EachKj for j ∈ {1,2} is given byd(Oj , Aj ) = 8c · L F .
(d) The edgeE1 is given by{E, X + Y} such thatd(E, X + Y) = 3c · L F , andE2

is given by{H, X} such thatd(H, X) = c · L F .

To have the properties of part 3 the setVfix of A is {O1, A1,O2, A2, A}, such thatO1

is pinned down at(−4c · L F ,0), A1 at (−4c · L F ,−8c · L F ), O2 at (4c · L F ,0), A2 at
(4c · L F ,8c · L F ), andA at (−2c · L F ,0). The mechanical linkageAa for the addition
with a constanta ∈ ]−L F , L F [ is obtained fromA by completingVfix with the vertex
Y pinned down at(a,0).

Before verifying properties (P1)–(P4) we give a description of the working method
ofA. Let X,Y be in I F . The vertexE is gained by a shift of the equilateral triangleABY
to HDE using both translation linkagesT1 andT2. Finally to getX + Y we subtract the
vector(0− A)+ (H − X) from E, whose length is 3c · L F . Note that this subtraction
is necessary, sinceH is displaced fromX by a length ofc · L F and A is pinned down
at (−2c · L F ,0), i.e., is not equal to the origin ofI F . The position ofX + Y andH are
forced toR × {0} by K1 andK2, respectively. Both translations alongR × {0} ensure
(P2) and (P3) for anyX,Y on I F if cÀ 1.

Verification of(P1)–(P4) for A.

(P1) We consider the starting realizationξ0 shown in Fig. 6. IfX is fixed in I F , then
K2 ensures by Lemma 2.11 that the vertexH is rigid, soG is determined modulo
Z2-actions which are not of interest. Under this condition bothT1 andT2 allow
realizations ofA such that we have congruent, nondegenerate trianglesABY,
GCF, andHDE: they may be obtained by movingY on I F . Note thatK1, K2,
E1, andE2 are without significance for this motion ofY: for any X in I F the
scaling ofK1, E1, E2 ensures that they do not hinder the motion ofY up to the
range ofI F . By symmetry we obtain the same result for a motion ofX while
Y is fixed: the scaling ofK2, E1, E2 ensures that they do not hinder the motion
of X up to the range ofI F . Summarizing we get departing fromξ0 a motion of
X,Y on I F .
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(P2) First letξ ∈ [A] be any realization obtained in (P1), such thatX,Y are fixed in
I F . ThenH is rigid and soB andG are rigid. ThusC is rigid sinceB does not
lie at the same point asG. It follows thatF andD are rigid and thereforeE is
rigid too. By Lemma 2.10 the linkages of KempeK1 andK2 are rigid, which
implies (P2) for any realization ofA described in (P1).

(P3) Choosec À 1. Then departing fromξ0 a motion ofX,Y on I F induces only
small deformations ofT1, T2, K1, andK2, especially the triangles of vertices
containing only two edges never degenerate. Thus all realizations ofA obtained
above are regular and only those are then callednatural realizationsof A.

(P4) This property follows by (P1) and by (P2), i.e., the rigidity ofA, wheneverX,Y
are fixed inI F , where we always take into consideration the described working
method ofA.

5. Multiplication linkageM.

The description of the multiplication with a mechanical linkageM is based on the
following modification of a well-known construction with a pair of compasses and a
ruler suggested in Fig. 7. For any realλ ≥ 1 the cutting point of the linesR × {0} and
gy is x ·λ y := (λ−1x · y,0), wheregy goes throughy′ := (0, y) and is parallel to
gx given by the points(0, λ) and x := (x,0). It is easy to see that this construction
defines the multiplication ofx, y andλ−1 by the ratiox : λ = (λ−1x y) : y, whenever
y := (y,0) 6= 0. If y = 0, thengy cutsR×{0} in 0 for anyx ∈ R×{0}, thusx ·λ y = 0
as prescribed.

We focus our attention on the first part of the multiplication linkageM, which is
responsible for the rotation of the vertexY anticlockwise around the origin byπ/2 to
Y′, wheneverY lies in I F . The corresponding mechanical linkageMC is a coupling of
a conformal linkageC and two translation linkagesT1 andT2 as Fig. 8 shows.

We take the following attachments and sizes:

(a) The set of vertices ofC is given by the denotations in Section 2.3.2 such that
d(O, B) = d(O, B′) = L F andd(A, A′) = (√2/2)L F .

(b) The set of vertices ofT1 is{O,O0,C, D, F,Y} such thatd(O,O0) = d(O, D) =
d(C, D) = L F .

(c) The set of vertices ofT2 is {O,O′0, B′,C′, F ′,Y′} such thatd(O,O′0) =
d(O, B′) = d(B′,C′) = L F .

Fig. 7. Construction ofx · y.
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Fig. 8. Starting realizationξ0 of the partMC of the multiplication linkageM.

In order to have the properties of part 3, there is{O,O0,O′0} ⊂ Vfix, such thatO is
pinned down at(−L F ,−L F ), O0 at(−L F ,0) andO′0 at(0,−L F ), whereVfix is already
related toM.

Lemma 3.3. Departing from the starting realizationξ0 ofMC, the vertex Y can be
moved parameterizing on IF , and for Y at any point(y,0) ∈ I F there is Y′ at the point
(0, y).

Proof. Consider the starting realizationξ0 and C in Fig. 8. A motion of C on
]−L F , L F [ × {−L F } produces a similar motion ofC′ on {−L F } × ]−L F , L F [, since
both kite quadrilateralsOBCD andOB′C′D′ are forced to be congruent by the edges
{A, A′} and{E, E′}. The prescribed coupling ofT1 andT2 causes a vertical shift ofC to
Y in I F and a horizontal shift ofC′ to Y′ in {0}× ]−L F , L F [, in particular no hindrance
for this motion.

We prove thatMC is rigid and fixY after a motion at any point inI F as above. Then
T1 is determined moduloZ2-actions which are not of interest, i.e.,T1 is rigid. ThusC is
rigid and sinceO ∈ Vfix with O andC at different points,C is rigid too. FinallyT2 is
rigid, sinceC′ andO do not lie at the same point.

Every realization ofMC is regular during the motion ofY on I F , sinceY never lies
at the point(−L F ,0) and so both translation linkages do not degenerate.

Finally with Lemma 2.6 a parameterizing motion ofY on I F results and by symmetry
of the construction there isdR(0,Y′) = dR(0,Y).

The last part ofM has to define the linear transformation of the vertexX ·λ Y in
λ−1I F := ]−λ−1L F , λ

−1L F [×{0} to the evaluation vertexX ·Y in I F . The corresponding
mechanical linkageML is a coupling of a linear linkageL and a linkage of KempeK4

as in Fig. 9.
We take the following attachments and sizes, whereλ := 2c · L F is already related
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Fig. 9. Starting realizationξ0 of the partML of the multiplication linkageM.

toM, andc > 1 is any real constant for the moment:

(j) The set of vertices ofL is {O5, R, R′, S, S′, T, X ·λ Y} such thatd(O5, R) =
1/c andd(O5, R′) = λ/c = 2L F .

(k) K4 is given byd(O4, A4) = 4L F .
(l) The edgeE3 is given by{T, X · Y} such thatd(T, X · Y) = 2L F − 1/c.

In order to have the properties of part 3, there is{O4,O5, A4} ⊂ Vfix, such thatO4 is
pinned down at(2L F ,0), O5 at (−1/c,0), andA4 at (2L F ,4L F ), whereVfix is already
related toM. Notice that forλ = 2c · L F there isλ−1I F = ]−1/2c,1/2c[ × {0}.

Lemma 3.4. Let c > 1 be any real constant andλ = 2c · L F . Departing from
the starting realizationξ0 of ML , the vertex X·λ Y can be moved parameterizing
onλ−1I F , and for X ·λ Y at any point(λ−1x · y,0) ∈ λ−1I F there is X· Y at the point
(x · y,0) ∈ I F .

Proof. Consider firstL in Fig. 9 showing the starting realizationξ0 ofML . Clearly,
X ·λ Y can be moved onλ−1I F , since there isdR(05, X ·λ Y) ∈ ]1/2c,3/2c[, thus
dR(05, X ·λ Y) < 2/c = d(O5, R)+ d(R, X ·λ Y). By its scaling,K4 does not hinder
the induced motion ofT andX · Y, because it allowsX · Y in I F .

By fixing X ·λ Y at any point during the motion above, there areR, S rigid, since
X ·λ Y never lies at(−1/c,0). ThusR′, S′, andT are rigid. Kempe’s linkageK4 ensures
by Lemma 2.11 thatX · Y lies onR × {0}, so X · Y is rigid andK4 too because of
Lemma 2.10.

During the motion ofX ·λ Y we obtain only regular realizations ofLandK4. Because
of their connection byE3,ML is regular too.

Summarizing by Lemma 2.6 the motion ofX ·λ Y onλ−1I F is parameterizing, where
X · Y lies on(z,0) with z= λ · x ·λ y+ (1/c)(λ− 1)− d(X · Y, T) = λ · x ·λ y.

Figure 10 shows the multiplication linkageM, whereMC andML are indicated only
by their verticesY′ and X ·λ Y, respectively, since their operation is determined by
Lemmas 3.3 and 3.4. The multiplication linkageM is completed by three translation
linkagesT3, T4, T5, three linkages of KempeK1,K2,K3, and two edgesE1, E2 with the
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Fig. 10. Starting realizationξ0 of the multiplication linkageM.

following attachments and sizes, wherec > 1 is as forML :

(d) The set of vertices ofT3 is {O′,M, N, P, Q, X} such thatd(O′, N) =
d(M, N) = 4c · L F andd(O′, P) = 8c · L F .

(e) The set of vertices ofT4 is{O′, I , K , L ,M, N} such thatd(O′, N) = d(M, N) =
d(O′, I ) = 4c · L F .

(f) The set of vertices ofT5 is {G, H, I , K , L ,Y′} such thatd(I , K ) = d(K , L) =
d(G, L) = 4c · L F .

(g) K1 andK2 are given byd(O1,2, A1,2) = 8c · L F .
(h) K3 is given byd(O3, A3) = 8c · L F .
(i) The edgeE1 is given by{O1,2,Y′} such thatd(O1,2,Y′) = 4c · L F , andE2 is

given by{A1,2,Y′} such thatd(A1,2,Y′) = 4
√

5c · L F .

To have the properties of part 3 the setVfix ofM is {O,O′,O0,O′0,O3,O4,O5, A3,

A4, P}, such thatO,O0,O′0,O4,O5, A4 are pinned down as prescribed forMC and
ML , O′ at (0,−6c · L F ), O3 at (−6c · L F ,0), A3 at (−6c · L F ,−8c · L F ), andP at
(0,2c · L F ), i.e.,dR(0, P) = λ as in Lemma 3.4. The mechanical linkageMa for the
multiplication with a constanta ∈ ]−L F , L F [ is obtained fromM by completingVfix

with the vertexY pinned down at(a,0).
Before verifying properties (P1)–(P4) we give a description ofM related to the

geometrical principle of the multiplication explained above. LetX,Y be in I F such that
x ·y ∈ ]−L F , L F [. Thengx is given byP, X, and by the verticesO′,M of the translation
linkageT3 a line parallel togx is defined. ByT4, T5 the linegy throughG,Y′ is defined,
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whereY′ is obtained byMC as a rotation ofY described above. Kempe’s linkageK1

hands over the direction ofgy toK2 in a way, such thatO1,2A1,2 is orthogonal togy. We
obtainx ·λ y as the common vertexX ·λ Y of K2 andK3, which is the cutting point
betweengy andR × {0}. FinallyML defines the evaluation vertexX · Y as the linear
transformation ofX ·λ Y on λ−1I F by multiplication withλ. By dR(0, P) = λ > L F

we avoid a motion ofY′ through P, which simplifies considerably the proof of (P3)
using only small deformations of the multiplication linkage departing fromξ0.

Verification of(P1)–(P4) forM.

(P1) We consider the starting realizationξ0 ofM, and to begin with we disregard
T4, T5,K1,K2,K3, E1, E2,ML . It is clear thatT3 allows a motion of the vertex
X in I F , sincedR(P, X) < 8c · L F is always fulfilled and byMC the vertexY
can be moved on any point(y,0) in I F and induces by Lemma 3.3 a position
of Y′ at (0, y). Both translation linkagesT4, T5 do not hinder the motion ofX,
sinceX determines only the trianglesO′MN, IKL andGHY′ of T4, T5, which
are obtained by shiftingPQX of T3. Neither are they hindering the motion of
Y, sincedR(O′,Y′) < 8c · L F . By their scaling the mechanical linkagesK1,
K2, K3, E1, E2,ML are without importance for the motions ofX,Y on I F ,
wheneverx · y ∈ ]−L F , L F [, i.e., X ·λ Y lies in λ−1I F . Summarizing we get
departing fromξ0 a motion of(X,Y) on {(x, y) ∈ (]−L F , L F [ × {0})2; x · y ∈
]−L F , L F [} ⊂ I 2

F .

(P2) Letξ ∈ [M] be any realization obtained in (P1), such thatX,Y are fixed inI F .
ThenT3 is rigid, sinceP does not lie at the same point asX andMC is rigid
by Lemma 3.3. Therefore bothT4, T5 are rigid, sinceY′ andO′ are at different
points. Lemmas 2.10 and 2.11 ensure that the linkages of KempeK1, K2, K3

are all rigid. So by Lemma 3.4ML is rigid which implies (P2).

(P3) Choosec À 1. Then departing fromξ0 a motion of(X,Y) as in (P1) induces
only small deformations ofT3,T4,T5,K1,K2, andK3, especially the triangles of
vertices consisting of two edges never degenerate. By connecting the vertexY′

ofMC andX ·λ Y ofML to the linkages cited above, condition (ii) of Lemma
2.6 may be injured. This is unimportant for the claimed parameterizing motion
of X,Y, since the motion ofY defines the parameterization ofY′, and the motion
of X,Y′ givesX ·λ Y and soX · Y. Thus all realizations ofM obtained above
are callednatural realizationsofM.

(P4) This property follows by (P1) and (P2), i.e., the rigidity ofM, wheneverX,Y
are fixed inI F with x · y ∈ ]−L F , L F [, where we always take into consideration
the described working method forM.

6. Generating a mechanical linkageH by coupling mechanical linkagesK1⊗ · · · ⊗Kq,
A,Aa,M, andMa to represent the polynomialF with V = L(F).
The polynomialF depending on the variablex = (x1, . . . , xq) is constructed as a
mechanical linkagẽH wherex is represented by theq-tuple (X1, . . . , Xq) of vertices.
For this purpose we defineVfix of H̃ as the union of the setsVfix of every used mechanical
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linkageK1⊗· · ·⊗Kq,A,Aa andM,Ma (both containingMC,ML ), calledsublinkages
of H̃, where the positions of the vertices inVfix are cited in parts 2, 4, and 5. The described
algorithmic procedure to build upF can be carried out directly, connecting the mechanical
linkagesA,Aa,M, andMa.

All subpolynomialsu ∈ U(F) are restricted, in particularu(x) ∈ ]−L F , L F [ for all
x ∈ Br+1(0) which implies, by the scaling and the construction, that forH̃ the motion
of (X1, . . . , Xq) on Br+1(0) ⊂ (I F )

q is parameterizing and the vertexF(X1, . . . , Xq)

gives the evaluation ofF on I F :

First take the multi-indexν in (Nq
0,≥) proposed in part 1 to enumerate the mechanical

linkagesA,Aa,M, andMa in H̃.

(P1′) We assume a starting realization ofH̃with (X1, . . . , Xq) in Br+1(0), where the
realizations of all sublinkages of̃H are natural. Such a realization exists, since
each sublinkage can be moved individually up to the required rangex ∈ Br+1(0)
by a parameterizing motion, where they are then connected together by their
verticesX1, . . . , Xq, X,Y, X + Y, X · Y. Because of (P1) and (P4) a motion
of the evaluation verticesX + Y or X · Y of two given sublinkages iñH with
multi-indexν andν ′ allows the motion ofX,Y of a connected sublinkage with
ν ′′ > ν, ν ′. By induction theq-tuple of vertices(X1, . . . , Xq) can be moved
on Br+1(0). Notice that the obtained realizations of̃H need not to be regular,
see (P3′).

(P2′) By (P2) and (P4) an induction over connected sublinkages with growing multi-
index as in (P1′) ensures the rigidness of all common vertices of different
sublinkages iñH if (X1, . . . , Xq) is fixed in Br+1(0). So any realization of̃H
obtained in (P1′) is rigid, if (X1, . . . , Xq) is fixed in Br+1(0).

(P3′) During the motion of(X1, . . . , Xq) on Br+1(0) described in (P1′), clearly each
realization of all sublinkages iñH is regular. Only those verticesX1, . . . , Xq, X,
Y, X+Y, X ·Y (andY′, X ·λ Y forM andMa) connecting edges of two differ-
ent sublinkages may cause condition (ii) of Lemma 2.6 to be injured. They are
unimportant for the claimed parameterizing motion of(X1, . . . , Xq)onBr+1(0)
below: by induction over connected sublinkages with growing multi-index as
in (P1′), two vertices inX1, . . . , Xq, X + Y, X · Y define the parameterization
of X,Y in the next connected sublinkage.

(P1′)–(P3′) imply with Lemma 2.6, that the motion of(X1, . . . , Xq) on Br+1(0) is
parameterizing starting with a realization of̃H such that(X1, . . . , Xq) lies in Br+1(0)
and the realizations of all sublinkages iñH are natural. The obtained realizations are
callednatural realizationsof H̃ and there is{

ξ ∈ [H̃]; (X1, . . . , Xq) in Br+1(0)
} ≈ Br+1(0)q Trest.

We assume natural realizations of̃H. If (X1, . . . , Xq) is restricted inV ⊂ Br+1(0),
then the vertexF(X1, . . . , Xq) of H̃ representing the evaluation ofF is always equal
to the origin of the intervalI F , sinceV = {(x1, . . . , xq) ∈ Rq; F(x1, . . . , xq) = 0

}
. If

(X1, . . . , Xq) lies inU (V)− V , then the vertexF(X1, . . . , Xq) of H̃ is never equal to
the origin, whereU (V) ⊂ Br+1(0) is an open neighborhood ofV . These considerations
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result in

Corollary 3.5. If the vertex F(X1, . . . , Xq) is fixed at0 ∈ I F , then either

(i) (X1, . . . , Xq) lies in V assuming natural realizations only, or
(ii) (X1, . . . , Xq) lies in U(V) for realizations other than natural, or

(iii) (X1, . . . , Xq) does not lie in U(V).

Finally we obtainH as a mechanical linkage in the sense of Definition 2.2 by completing
Vfix of H̃ with F(X1, . . . , Xq) pinned down at 0∈ I F . A realization ofH is called
natural if the corresponding realization in{ξ ∈ [H̃]; F(X1, . . . , Xq) at 0} is natural.
By Corollaries 2.12 and 3.5 it follows that disjoint open neighborhoods inR2n of the
sets{ξ ∈ [H]; (X1, . . . , Xq) in V, ξ natural} and its complement in [H] exist. So the
configuration space

[H] ≈ {ξ ∈ [H̃]; F(X1, . . . , Xq) at 0
} ≈ V q Trest

of the mechanical linkageH results.

Remark 3.6. At the end we obtain a mechanical linkageH with some verticesVfix =
{V1, . . . ,Vm} pinned down in the plane with dim aff{ϕ(V1), . . . , ϕ(Vm)} = 2. Adding
all edges of Pot2(Vfix) := {{Vi ,Vj };Vi ,Vj ∈ Vfix, i 6= j } to the setE and extending the
weight functiond to Pot2(Vfix) such thatd(Vi ,Vj ) := dR(pi , pj ) for all i, j ∈ {1, . . . ,m}
and i 6= j , where{p1, . . . , pm} are the fixed points in the plane, we get an expanded
mechanical linkageHexp. If the configuration space is defined asall realizations ofHexp

in the plane modulo proper euclidean motions, then [H]q [H] ≈ (VqTrest)q(VqTrest)

is the configuration space ofHexp. This coincides with the approach in [2]–[4], [7], and
[12], but has the disadvantage that the extra edges in Pot2(Vfix) are rather difficult to
handle, when they are introduced from the beginning. Notice that Theorem 1.1 holds for
both definitions of the configuration space.
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