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Abstract. A sphericalτ -design onSn−1 is a finite set such that, for all polynomialsf of
degree at mostτ , the average off over the set is equal to the average off over the sphere
Sn−1. In this paper we obtain some necessary conditions for the existence of designs of odd
strengths and cardinalities. This gives nonexistence results in many cases. Asymptotically,
we derive a bound which is better than the corresponding estimation ensured by the Delsarte–
Goethals–Seidel bound. We consider in detail the strengthsτ = 3 andτ = 5 and obtain
further nonexistence results in these cases. When the nonexistence argument does not work,
we obtain bounds on the minimum distance of such designs.

1. Introduction

Spherical designs were introduced in 1977 by Delsarte et al. [9]. A nonempty finite
subsetC of the Euclidean sphereSn−1 is called a sphericalτ -design if and only if the
equality ∫

Sn−1
f (x) dµ(x) = 1

|C|
∑
x∈C

f (x)

holds for any polynomialf (x) = f (x1, x2, . . . , xn) of total degree at mostτ . Hereµ(·)
is the normalized Lebesgue measure, i.e.,µ(Sn−1) = 1.

∗ This research was partially supported by the Bulgarian NSF under Contract MM-502/95. D. Danev is
currently with the Department of Electrical Engineering, Link¨oping University, Linköping S-58183, Sweden.
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The Gegenbauer (ultraspherical) polynomials [1, Chapter 22] can be defined by

P(n)
0 (t) = 1, P(n)

1 (t) = t,

(i + n− 2)P(n)
i+1(t) = (2i + n− 2)t P(n)

i (t)− i P (n)
i−1(t) for i ≥ 1.

If f (t) =∑k
i=0 ai t i is a real polynomial, thenf (t) can be uniquely expanded in terms

of these polynomials asf (t) =∑k
i=0 fi P(n)

i (t). It is known that

f0 =
(∫ 1

−1
(1− t2)(n−3)/2dt

)−1 ∫ 1

−1
f (t)(1− t2)(n−3)/2 dt (1)

= a0+
[k/2]∑
i=1

a2i (2i − 1)!!

n(n+ 2) · · · (n+ 2i − 2)
. (2)

A second characterization of sphericalτ -designs (see, for example, Equation 1.10 of
[10]) is that for anyτ -designC ⊂ Sn−1 and for any pointy ∈ C the equality∑

x∈C\{y}
f ((x, y)) = |C| f0− f (1) (3)

holds for every real polynomialf (t) of degree at mostτ , where(x, y) is the usual inner
product inRn.

Denote byB(n, τ ) (resp. byBodd(n, τ )) the minimum possible cardinality (resp. odd
cardinality) of aτ -design onSn−1. The following Fisher-type lower bound onB(n, τ )
was obtained by Delsarte et al. [9, Theorems 5.11 and 5.12]:

B(n, τ ) ≥ R(n, τ )

=



(
n+ e− 1

n− 1

)
+
(

n+ e− 2
n− 1

)
if τ = 2e,

2

(
n+ e− 1

n− 1

)
if τ = 2e+ 1.

(4)

A spherical design is called tight if it attains the bound (4). Bannai and Damerell [3],
[4] proved that forn ≥ 3 tight sphericalτ -designs onSn−1 do not exist ifτ = 2e and
e≥ 3 or τ = 2e+ 1 ande≥ 4 except forτ = 11,n = 24. There exist tightτ -designs
for τ = 1,2,3 in all dimensions. Exactly eight tightτ -designs withτ ≥ 4 are known.
The bound (4) is therefore improved by one in the cases where the nonexistence of tight
designs is proved (see [3]–[5]). Further improvements (by more than one) of the bound
(4) for someτ ≥ 6 were obtained in some dimensions in [6] and [7] by using linear
programming. Fazekas and Levenshtein [10, p. 287] write that the problem of asymptotic
improvements of (4) is one of the most important problems in the theory of polynomial
metric spaces (one of which is the Euclidean sphere).

We first obtain restrictions on the distributions of the inner products ofτ -designs
with odd strengthτ . To do this we use suitable polynomials in (3). This gives necessary
conditions for the existence of designs of odd strength in terms of the strengthτ , the



Nonexistence of Certain Spherical Designs of Odd Strengths and Cardinalities 145

dimensionn, and the cardinalityR(n, τ ) + k. These conditions imply nonexistence
results for designs with odd cardinalities (i.e., for oddk) in many cases.

Forτ = 3, we prove the nonexistence of spherical 3-designs onSn−1 with R(n,3)+
k = 2n+k points for all oddk < (21/3−1)n+ p, wherep = 2(14−5.21/3−4.22/3)/9≈
0.30018. Therefore, we have

Bodd(n,3) ≥ (1+ 21/3)n+ p ≈ (1+ 21/3)n+ 0.30018

while (4) givesBodd(n,3) ≥ 2n+ 1. On the other hand, Bajnok [2] has constructed 3-
designs onSn−1 with all odd cardinalities greater than or equal toR(n,3)+n/2= 5n/2
for n ≥ 6, to 11 forn = 3,4, and to 15 forn = 5.

Forτ = 5, we prove the nonexistence of spherical 5-designs onSn−1 with R(n,5)+
k = n2 + n + k points for all oddk < n2(21/5 − 1)/2 + p1n + p2, where p1 =
(−5+ 7.21/5− 2.23/5)/10≈ 0.00095 andp2 ≈ 0.0428. Thus

Bodd(n,5) ≥ 1+ 21/5

2
n2+ (1+ p1)n+ p2 ≈ 1+ 21/5

2
n2+ 1.00095n+ 0.0428

instead ofBodd(n,5) ≥ n2 + n + 1 from (4). Then we describe a method for proving
further nonexistence results and give some examples. For constructions of spherical
5-designs we refer to [11] and [13].

In general, Theorem 2.8 shows that forτ = 2e+ 1 and for every positivep <

(21/τ − 1)/e! there exists a constantn0 = n0(p) such that forn ≥ n0 there do not exist
τ -designs onSn−1 with cardinalityR(n, τ )+ k for all odd positivek ≤ pne. Therefore,

Bodd(n,2e+ 1) ≥ 1+ 21/τ

e!
ne as n→∞,

whereas (4) givesBodd(n,2e+ 1) ≥ 2ne/e! asn→∞.
In three dimensions we rule out the first open cases by showing the nonexistence of 3-

designs with seven points and 5-designs with thirteen points. Bajnok [2] has constructed
3-designs onS2 with m points form = 8 and allm ≥ 10. Hardin and Sloane [11] and
Reznick [13] have constructed 5-designs onS2 with m points form = 12,16,18,20,
and allm≥ 22 and conjectured that the remaining cardinalities are impossible.

When our nonexistence argument does not work, we obtain bounds on the maximal
inner products(C) = max{(x, y) : x, y ∈ C, x 6= y} of (2e+1)-designs onSn−1 of odd
sizes in terms ofe, n, and|C|. These bounds are equivalent to bounds on the minimum
distanced(C) = min{d(x, y) : x, y ∈ C, x 6= y}.

Fazekas and Levenshtein [10, Theorem 4] note that a combination of Levenshtein’s
bound for spherical codes and (4) implies a lower bound on the maximal possible inner
product of sphericalτ -designs. Forτ = 2e+ 1, the asymptotic form of this bound is

s(C) ≥
√

2

n
he+ O(n−3/2) as n→∞,

wherehe is the greatest zero of the Hermite polynomialHe(t). For oddτ = 2e+ 1 and
k = γne, we show that

s(C) ≥ 1− 2γe! − γ 2(e!)2

(1+ γe!)2
as n→∞,
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which is positive for(21/τ − 1)/e! < γ < (
√

2 − 1)/e!, and therefore is better for
large enoughn than the bounds which can be obtained by the Fazekas–Levenshtein
observation.

2. General Necessary Conditions and Nonexistence Results

For aτ -designC ⊂ Sn−1 andy ∈ C we denoteI (y) = {(x, y) : x ∈ C, x 6= y} counting
with the multiplicities. Thus we may assume thatI (y) = {t1, t2, . . . , t|C|−1} where

−1≤ t1 ≤ t2 ≤ · · · ≤ t|C|−1 < 1.

Then (3) becomes

|C|−1∑
i=1

f (ti ) = |C| f0− f (1)

and we use it in this form.
Delsarte et al. [9] obtain bound (4) by using suitable polynomials in the following

so-called linear programming bound (see also Chapter 9 of [8]) for spherical designs.

Theorem 2.1[9]. Let n≥ 2, let τ ≥ 1, and let f(t) be a real polynomial such that

(A1) f (t) ≥ 0 for −1≤ t ≤ 1, and
(A2) the coefficients in the Gegenbauer expansion f(t) =∑k

i=0 fi P(n)
i (t) satisfy fτ+1 ≤

0, . . . , fk ≤ 0.

Then B(n, τ ) ≥ f (1)/ f0.

Let τ = 2e+ 1 be odd, letC ⊂ Sn−1 be aτ -design of cardinality|C| = R(n, τ )+ k,
and lety ∈ C. We first derive an upper bound on the least inner productt1 ∈ I (y). We
set

g(t) = [ P(n+2)
e (t)]2

and

δ = − R(n, τ )

R(n, τ )+ 2k
< 0.

Theorem 2.2. We have t1 ≤ δ.

Proof. The bound (4) forτ = 2e+ 1 was obtained [9, Theorem 5.12] by using the
polynomial(t + 1)g(t) in Theorem 2.1. Sinceg(t) is an even function, (1) shows that
the first coefficients in the Gegenbauer expansions of(t + 1)g(t) and g(t) coincide.
We denote this common coefficient byg0 (in fact, 2g(1)/g0 = 2/g0 = R(n, τ ) by
Theorem 5.12 of [9]).
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We set f (t) = (t − t1)g(t) = (t + 1)g(t) − (t1 + 1)g(t) in (3). Then the left-hand
side is nonnegative, and the right-hand side is

f0|C| − f (1) = −t1g0(R(n, τ )+ k)− 1+ t1,

which impliest1 ≤ −R(n, τ )/(R(n, τ )+ 2k) = δ.

We denote bybi the first coefficient in the Gegenbauer expansion oft i (see (1)
and (2)).

Lemma 2.3. We have bi = (i − 1)!!/n(n+ 2) · · · (n+ i − 2) for i even and bi = 0
for i odd.

For ε ∈ [−1,0), we say that the pointx is ε-near antipodal ofy, if (x, y) ≤ ε. For
ε = −1, this is the usual antipodality.

Theorem 2.4. Let n≥ 3, let τ = 2e+ 1≥ 3, and let k≥ 1 be such that

b2e[R(n, τ )+ k] − 1< 2δ2e. (5)

Then each point of C has a uniqueδ-near antipode from C. In particular, k must be even.

Proof. If t2 ≤ δ for somey ∈ C, then by f (t) = t2e in (3) we obtain

b2e|C| − 1 =
|C|−1∑
i=1

t2e
i

≥ 2t2e
2

≥ 2δ2e,

which contradicts (5). Therefore

t1 ≤ δ < t2,

for all y ∈ C. Then for any pointy ∈ C there exists a uniqueδ-near antipodex ∈ C
(in our notations,x = x1). Therefore the points ofC must be divided into disjoint pairs,
i.e., |C| is even. SinceR(n, τ ) is even forτ odd, the numberk must be even.

Corollary 2.5. If n ≥ 3 and the odd numbersτ = 2e+ 1≥ 3 and k≥ 1 are such that
(5) is satisfied, then there exist no sphericalτ -designs onSn−1 with R(n, τ )+ k points.

Setting different polynomials in (3) and using the estimation from Theorem 2.2 one
can obtain better nonexistence results for(2e+ 1)-designs with odd cardinalities. In the
next two sections the casese= 1 ande= 2 are considered in detail. Before that we give
another universal nonexistence rule.
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Theorem 2.6. Let α be the least zero of the polynomial g(t). If n ≥ 3 and the odd
numbersτ = 2e+ 1≥ 3 and k≥ 1 satisfy the conditions

δ < α (6)

and

− 2δg(δ) > 1, (7)

then there do not existτ -designs onSn−1 with R(n, τ )+ k points.

Proof. We suppose thatt2 ≤ δ for somey ∈ C. The even functiong(t) decreases in
the interval [−1, α], g(1) = 1, andg0 = 2/R(n, τ ). Thus

−1

δ
= R(n, τ )+ 2k

R(n, τ )
= g0|C| − g(1)

=
|C|−1∑
i=1

g(ti )

≥ 2g(t2)

≥ 2g(δ),

which contradicts (7). Thent2 > δ for all y ∈ C and the nonexistence argument from
Theorem 2.4 can be applied.

Conditions (5) and (7) coincide whene= 1 as we see in Theorem 3.1 and Example 3.2.
For e ≥ 2, (7) gives stronger results, but we have to check if (6) holds. In fact, we
conjecture that (7) implies (6). This is suggested by the casesτ = 3 (see Theorem 3.1
and Example 3.2) andτ = 5 (see Theorem 4.3).

Lemma 2.7. If k andτ are fixed and n→∞, thenα tends to zero.

Proof. By the recurrence relation for the Gegenbauer polynomials, one has

P(n)
e (t)

n→∞−−→ t P(n)
e−1(t),

whenceP(n)
e (t)

n→∞−−→ te and we are done. Another proof follows by the explicit formula
[1, p. 775] for the Gegenbauer polynomials (all but the leading coefficients tend to zero
whenn tends to infinity).

We now discuss the nonexistence results ensured by Theorem 2.6 forτ fixed and
n→∞.

Theorem 2.8. For fixedτ = 2e+ 1 ≥ 3 and every positive p< p0 = (21/τ − 1)/e!
there exists a constant n0 = n0(p) such that for n≥ n0 there do not existτ -designs on
Sn−1 with cardinality R(n, τ )+ k for all odd positive k≤ pne.
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Proof. SinceR(n, τ ) = 2(n+ e− 1) · · · (n+ 1)n/e! ≈ 2ne/e! asn→∞, we have

δ ≤ − R(n, τ )

R(n, τ )+ 2pne

n→∞−−→ − 1

1+ pe!
< 0.

Thus (6) is satisfied for large enoughn. For (7) we have

−2δg(δ) ≥ 2R(n, τ )

R(n, τ )+ 2pne
· g
(

R(n, τ )

R(n, τ )+ 2pne

)
n→∞−−→ 2

(1+ pe!)τ

>
2

(1+ p0e!)τ

= 1

(use, as in the proof of Lemma 2.7, thatP(n)
e (t)

n→∞−−→ te). This completes the proof.

Corollary 2.9. For fixedτ = 2e+ 1≥ 3 and n→∞, we have

Bodd(n, τ ) ≥ 1+ 21/τ

e!
ne.

The above approach can be further refined and improved. We show this in the next
two sections (see the discussions after Example 3.2 and Corollary 4.5).

3. Nonexistence of Certain 3-Designs

For n = 3, we haveR(n,3) = 2n, g(t) = t2, δ = −n/(n + k), andα = 0. Let
C ⊂ Sn−1 be a 3-design with|C| = R(n,3) + k = 2n + k points andy ∈ C. We
setC = {y, x1, x2, . . . , x2n+k−1} and(xi , y) = ti for i = 1,2, . . . ,2n + k − 1, where
−1≤ t1 ≤ t2 ≤ · · · ≤ t2n+k−1. By Corollary 2.5 we obtain the following:

Theorem 3.1. For odd k< (21/3− 1)n ≈ 0.26n there exist no spherical3-designs on
Sn−1 with 2n+ k points.

Proof. Forτ = 2e+ 1= 3, (5) is equivalent tok < (21/3− 1)n.

Example 3.2. There exist no 3-designs with 2n+1 points (k = 1) in dimensionsn ≥ 4,
3-designs with 2n+3 points (k = 3) in dimensionsn ≥ 12, etc. Notice that Theorem 2.6
gives the same result becauseP(n+2)

1 (t) = t (andα = 0> δ = −n/(n+ k)).

To obtain further nonexistence results for spherical 3-designs we need better estima-
tions. As a simple consequence, we prove the nonexistence of spherical 3-designs onS2

with seven points which resolves the first open case.
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Lemma 3.3. For every real a we have

t1 ≤ F(a) = h1(a)

h2(a)
= − na2+ 2(n+ k)a+ n

n(2n+ k− 1)a2+ 2na+ n+ k
≤ t2n+k−1.

Proof. Set f (t) = (t − a)2(t − ti ), wherei = 1 or 2n+ k − 1, in (3). The left-hand
side is nonnegative fori = 1 and nonpositive fori = 2n+ k− 1. By (2), we compute

f0 = a2ti − 1

n
(2a+ ti ).

Resolving the inequalitiesf0|C| − f (1) ≥ 0 for i = 1 and f0|C| − f (1) ≤ 0 for
i = 2n+ k− 1, we obtain the desired estimations.

The argument in Section 2 corresponds toa = 0 in Lemma 3.3. Now we investigate
the functionF(a). The equationF ′(a) = 0 is equivalent to the quadratic equation

n(n+ k− 1)a2+ n(n− 1)a− k = 0. (8)

Let a1 anda2 be the negative and positive root of (8) respectively, i.e.,

a1,2 = −n(n− 1)∓
√

n2(n− 1)2+ 4nk(n+ k− 1)

2n(n+ k− 1)
.

Lemma 3.4. We have t1 ≤ F(a2) = a1 < 0 and t2n+k−1 ≥ F(a1) = a2 > 0.

Proof. The functionF(a) has maximum fora = a1 and minimum fora = a2. Since
F ′(a1) = 0, we haveF(a1) = h′1(a1)/h′2(a1). To check the identityF(a1) = a2, apply
the Viète formulas and a little algebra. Analogously,F(a2) = a1.

We now obtain a necessary condition for the existence of 3-designs which in fact
refines (5).

Theorem 3.5. If k is odd, then

a1 ≥ −2n3+ (5k− 7)n2+ (4k2− 15k+ 5)n+ k(k− 1)(k− 5)

2n[2n2+ (k− 5)n+ 3(1− k)]
. (9)

Proof. If t2 > a1 for all y ∈ C we can apply the nonexistence argument from Corol-
lary 2.5. Thereforet2 ≤ a1 for somey ∈ C.

We set f (t) = (t − a)2 in (3) assuminga ≥ a1. We have (computef0 by (2))

(2n+ k− 1)a2+ 2a+ n+ k

n
= f0|C| − f (1)

=
2n+k−1∑

i=1

(ti − a)2

≥ 2(t2− a)2

≥ 2(a1− a)2.
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This gives

(2n+ k− 3)a2+ 2(1+ 2a1)a+ n+ k

n
− 2a2

1 ≥ 0.

The last quadratic function has its minimum at the pointa0 = −(1+2a1)/(2n+k−3) ≥
a1. This minimum equals

− 2

2n+ k− 3

(
(2n+ k− 1)a2

1 + 2a1+ 1

2
− (n+ k)(2n+ k− 3)

2n

)
,

whence

(2n+ k− 1)a2
1 + 2a1+ 1

2 ≤
(n+ k)(2n+ k− 3)

2n
.

Sincea1 is a root of (8), we expressa2
1 from (8) to obtain a linear inequality with respect

to a1 which is equivalent to (9).

Corollary 3.6. There exist no spherical3-designs with seven points onS2.

Proof. In this case (9) is violated sincea1 = −(1 +
√

2)/3 ≈ −0.804 while the
right-hand side of (9) is equal to− 1

2.

Example 3.2 and Corollary 3.6 complete the casek = 1, i.e., we have shown the
nonexistence of spherical 3-designs onSn−1 with 2n+1 points (what is the first possible
cardinality of a nontight 3-design?) in all dimensionsn ≥ 3. The precise investigation
of condition (9) implies the following result which slightly improves Theorem 2.8 for
τ = 3.

Corollary 3.7. There exist no spherical3-designs onSn−1 with R(n,3)+ k = 2n+ k
points for n≥ 3 and all odd positive k< n(21/3− 1)+ p, where p= 2(14− 5.21/3−
4.22/3)/9≈ 0.30018.In other words,

Bodd(n,3) ≥ (1+ 21/3)n+ p ≈ (1+ 21/3)n+ 0.30018.

Proof. We are interested in the pairs(n, k) for whichn ≥ 3 andk ≥ 1. In what follows
we take only such pairs under consideration. After a routine calculation (which we made
using Maple V), inequality (9) takes the form

0≤ h3(n, k) = k6+ 4(2n− 3)k5+ 2(13n2− 39n+ 23)k4

+ 2(21n3− 93n2+ 112n− 30)k3

+ (31n4− 186n3+ 349n2− 210n+ 25)k2

+ 2n(2n4− 25n3+ 77n2− 82n+ 28)k

− n2(4n4+ 20n3− 33n2+ 22n− 5).

The constantp was “conjectured” by settingk = (21/3 − 1)n+ p, forgetting the small
(with respect to the degrees ofn) terms and resolving a linear (with respect top) equation.
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In this case we get a polynomial of the variablen of degree five with leading coefficient
equal to 6(1+ 21/3)2 p+ 4(4− 5.21/3). Since this coefficient must be nonpositive, we
see that the largestp which can be used is exactly 2(14− 5.21/3− 4.22/3)/9.

We have

h3(n,n(2
1/3− 1)+ p) < −15n4+ 49n3− 32n2+ 5n+ 1< 0,

whenevern ≥ 3. The standard investigation ofh3(n, k) shows that it is an increasing
function of the variablek in the interval [1,+∞). Thus, for every positive integerk, for
which k < n(21/3 − 1) + p, we haveh3(n, k) < h3(n,n(21/3 − 1) + p) < 0. In this
case, condition (9) is violated, that completes the proof.

Example 3.8. As noted in the Introduction, Bajnok [2] has constructed 3-designs on
Sn−1 with all odd cardinalities greater than or equal toR(n,3)+ n/2= 5n/2 for n ≥ 6,
to 11 forn = 3,4, and to 15 forn = 5, and with all possible even cardinalities. Thus
Corollary 3.7 shows that all possible cardinalities of 3-designs onSn−1 are already
known forn = 4,6 and only one unsettled case remains in dimensionsn = 3,5, and
7≤ n ≤ 14.

4. Nonexistence of Certain 5-Designs

LetC ⊂ Sn−1 be a 5-design with|C| = R(n,5)+k = n2+n+k points andy ∈ C. We set
C = {y, x1, x2, . . . , xn2+n+k−1} and(xi , y) = ti for i = 1,2, . . . ,n2+ n+ k− 1, where
−1≤ t1 ≤ t2 ≤ · · · ≤ tn2+n+k−1. Theorem 2.2 givest1 < δ = −n(n+1)/(n2+n+2k).
Inequality (5) is equivalent to

G(n, k) = n2+ n+ 2k

n(n+ 1)
· 4

√
2n2+ n+ 3k

2n(n+ 2)
< 1.

Theorem 4.1. If n ≥ 3 and the odd integer k≥ 1 are such that G(n, k) < 1, then
there exist no spherical5-designs onSn−1 with n2+ n+ k points.

Example 4.2. For k = 1, the investigation of the functionG(n,1) implies the nonex-
istence of spherical 5-designs withn2+ n+ 1 points in all dimensionsn ≥ 7. Similarly,
for k = 3, one obtains the nonexistence of spherical 5-designs withn2+ n+ 3 points in
all dimensionsn ≥ 20. In three dimensions, Theorem 4.1 provides no information.

We now discuss the nonexistence results ensured by Theorem 2.6 forτ = 5.

Theorem 4.3. For n ≥ 3 and all odd positive k< n(n+1)(
√

n+ 2−1)/2, there exist
no spherical5-designs onSn−1 if

(n+ 1)(n2+ n+ 2k)5 < 2n[n2(n+ 1)3− 4k(n2+ n+ k)]2. (10)
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Proof. SinceP(n+2)
2 (t) = ((n+ 2)t2 − 1)/(n+ 1) (i.e.,α = −1/

√
n+ 2), condition

(6) is equivalent tok < n(n + 1)(
√

n+ 2 − 1)/2. A little algebra shows that (7) is
equivalent to (10).

Example 4.4. For k = 1, (10) implies the nonexistence of 5-designs withn2 + n+ 1
points in all dimensionsn ≥ 4 (in fact, after Example 4.2, we need to check (10) for
n = 4,5, and 6 only). Analogously, fork = 3, one obtains the nonexistence of spherical
5-designs withn2+ n+ 3 points in all dimensionsn ≥ 7.

Investigation of condition (10) gives the following result:

Corollary 4.5. For n ≥ 3, there exist no spherical5-designs onSn−1 with n2+ n+ k
points for all odd positive k< p0n2 + p1n, where p0 = (21/5 − 1)/2 ≈ 0.074349,
p1 = (−5+ 7.21/5− 2.23/5)/10≈ 0.00095.

Proof. Using Maple V again, we found that inequality (10) is equivalent to

0< h5(n, k) = −32(n+ 1)k5− 16(5n2+ 10n+ 3)nk4

− 16n2(n+ 1)(5n2+ 10n+ 1)k3− 8n3(n+ 1)2(5n2+ 12n+ 3)k2

− 2n4(n+ 1)4(5n+ 13)k+ n5(n+ 1)6.

It is immediate that, for every fixed positive numbern, the functionh5(n, k) of the
variablek is decreasing in(0,+∞). The constantp1 was found in the same way as in
the caseτ = 3 (see Corollary 3.7). We now substitutek with p0n2+ p1n in h5(n, k) and
obtain

h5(n, k) > h5(n, p0n2+ p1n)

> n9+ 4n8+ 6n7+ 3n6 > 0

for k ∈ [1, p0n2+ p1n) and for every positiven. Thus (10) is satisfied for every positive
k < p0n2+ p1n.

To complete the proof we check the additional condition in Theorem 4.3 by seeing
that p0n2+ p1n < n(n+ 1)(

√
n+ 2− 1)/2 holds for everyn ≥ 3.

We have to mention that neither of the constantsp0 nor p1 can be made larger by our
method. Indeed, if we try to increase some of them, a negative coefficient will appear in
the front of the highest power ofn in h5(n, p0n2+ p1n). In this caseh5(n, p0n2+ p1n)
will be negative for large enoughn.

Using the last corollary, we get

Bodd(n,5) ≥ 1+ 21/5

2
n2+ (1+ p1)n ≈ 1+ 21/5

2
n2+ 1.00095n

instead ofBodd(n,5) ≥ n2+ n+ 1 by (4).
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The interested reader can further apply (preferable by using Maple or Mathematica)
the argument from the proof of Corollary 4.5. Indeed, one can prove that

Bodd(n,5) ≥ 1+ 21/5

2
n2+ (1+ p1)n+ p2 ≈ 1+ 21/5

2
n2+ 1.00095n+ 0.0428. (11)

In this case the functionh5(n, p0n2+ p1n+ p2) is a polynomial which vanishes atn = 3
and is positive for alln > 3.

We do not know the optimal polynomials for obtaining nonexistence results by our
method. In what follows in this section, we propose a way for improving (11).

To refine our approach, we have to consider in (3) (as in Section 3) the polynomials
f1(t) = (t2 + at + b)2(t − t1) and f2(t) = (t2 + at + b)2(t − tn2+n+k−1) for the best
choices of the parametersa andb. The following lemma is an analog of Lemma 3.3 and
must be proved in the same way.

Lemma 4.6. For every real a and b we have

t1 ≤ F(a,b) = − n(1+ a+ b)2− 2a(n2+ n+ k)(b+ 3/(n+ 2))

(n2+ n+ k)(a2+ nb2+ 2b+ 3/(n+ 2))− n(1+ a+ b)2

≤ tn2+n+k−1.

We describe a simple algorithm for proving further nonexistence results for 5-designs.
Givenn ≥ 3 and oddk ≥ 1, we first obtain by Lemma 4.6 some boundst1 ≤ b1 and
tn2+n+k−1 ≥ b2. Then we search for polynomialsf (t) = (t − c)2(t − d)2, where
b1 ≤ c ≤ d ≤ b2. The nonexistence argument can be applied if

f0|C| − f (1) < 2 f (c)+ f (d).

Of course, it is enough to find just one pair(c,d) for which the last inequality holds.
This can be checked by a computer for a few seconds. The algorithm works strongly
enough to rule out the first open case.

Theorem 4.7. There exist no spherical5-designs with13points onS2.

Proof. We obtain the boundst1 ≤ −0.898 = b1 and t12 ≥ 0.489 = b2 by using
the pairs(a,b) = (−0.148,−0.167) and (1.24,0.307), respectively. Then the pair
(c,d) = (−0.341,b2) works.

The above technique works in other cases where (10) does not give nonexistence re-
sults. The interested reader can check the nonexistence of 5-designs with 45= R(6,5)+3
points onS5.

5. Bounds on the Maximal Inner Products of Designs with Odd Strengths
and Cardinalities

When the nonexistence argument from Theorem 2.4 does not work, we can obtain a
lower bound on the maximal inner products(C) (equivalently, an upper bound on the
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minimum distanced(C) = √2(1− s(C))) of all (2e+ 1)-designsC ⊂ Sn−1 with odd
cardinalityR(n,2e+ 1)+ k.

Theorem 5.1. Letτ = 2e+ 1≥ 3, let k≥ 3 be odd, let n≥ 3, and let C⊂ Sn−1 be a
τ -design with R(n, τ )+ k points. Then

s(C) ≥ 2δ2− 1 and d(C) ≤ 2
√

1− δ2.

Proof. There exists a pointy ∈ C such thatt2 ≤ δ. Let the acute angleϕ be such that
cosϕ = −δ. Then the angle between the vectorsx1 andx2 does not exceed 2ϕ. Thus we
have

s(C) ≥ (x1, x2) ≥ cos 2ϕ = 2 cos2 ϕ − 1= 2δ2− 1.

The bound ford(C) is obtained byd(C) = √2(1− s(C)).

Bounds on the maximal inner product can be obtained by a combination (see [10]) of
Levenshtein’s bounds on spherical codes [12] and the Delsarte–Goethals–Seidel bound
(4). For any spherical(2e+ 1)-designC ⊂ Sn−1, a reformulation of Theorem 1 of [10]
says that

s(C) ≥ t (n+2)
e (resp.d(C) ≤

√
2(1− t (n+2)

e )), (12)

wheret (n+2)
e is the greatest zero of the Gegenbauer polynomialP(n+2)

e (t).
The bound (12) has the following asymptotic form [10, Theorem 4]:

s(C) ≥
√

2

n
he+ O(n−3/2) as n→∞, (13)

wherehe is the greatest zero of the Hermite polynomialHe(t) [1, Chapter 22]. The
Hermite polynomials can be defined by

H0(t) = 1, H1(t) = 2t, Hi+1(t) = 2t Hi (t)− 2i Hi−1(t), i ≥ 1,

and one hash1 = 0, h2 = 1/
√

2, h3 =
√

3
2, he =

√
2e+ O(e−1/6) ase→ ∞. For

τ fixed, the right-hand side of (13) tends to zero asn tends to∞. We obtain a positive
lower bound ons(C) that does not depend (explicitly) onn.

Theorem 5.2. Letτ = 2e+1, let k= γne be odd, and let(21/τ −1)/e! < γ < (
√

2−
1)/e!. Then for any sphericalτ -design C⊂ Sn−1 with odd cardinality|C| = R(n, τ )+k
and as n→∞, we have

s(C) ≥ h(γ ) = 1− 2γe! − γ 2(e!)2

(1+ γe!)2
= 2

(1+ γe!)2
− 1.

Proof. For large enoughn we haveR(n, τ ) ≈ 2ne/e! and Theorem 5.1 implies the
assertion.
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The functionh(γ ) is strictly decreasing forγ > 0. Sinceh((
√

2− 1)/e!) = 0, we
haveh(γ ) > 0 for all (21/τ − 1)/e! < γ < (

√
2− 1)/e!. Therefore, Theorem 5.2 gives

better results than (12) for all large enoughn.
Finally, we show some improvements of the bound (12) by Theorem 5.1.

Example 5.3. For τ = k = 3 andn = 8,9,10 the bound (12) givess(C) ≥ 0, while
Theorem 5.1 impliess(C) ≥ 7

121,
1
8,

31
169, respectively. Forτ = 5, k = 3, andn = 7,8,

(10) givess(C) ≥ 1
3,1/
√

10 while our Theorem 5.1 givess(C) ≥ 607
961,

119
169, respectively.
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