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Abstract. In this paper we use a general procedure [11] allowing to study the asymp-
totic behavior of eigenfunctions (even for eigenvalues that are embedded in the con-
tinuous spectrum) and prove exponential decay of eigenfunctions for a large class
of perturbed periodic Schrodinger Hamiltonians.

1 Introduction

In this paper we consider the problem of obtaining upper bounds for the rate
of decay at infinity for eigenfunctions of perturbed periodic Schrodinger opera-
tors. More precisely, let us fix a Hamiltonian of the form H; := H + V; where
H := —A +V is a periodic Schrédinger operator in dimension n and Vj is a
perturbation decaying at infinity (faster then |x|~1). We shall suppose that the
spectrum of H has an isolated part at the bottom that can be described by N
analytic eigenvalues with analytic associated eigenprojectors (for example if the
first band is isolated), more precisely we shall impose our Hypothesis 1.1 below.
Under these conditions we show that any eigenvalue of the perturbed Hamiltonian
Hj that is a regular value (more precisely see Definition 1.2), has eigenfunctions
that decay exponentially at infinity, with an exponent linear in |z| (see Theorem
1.4). Let us remark that our result covers also the case of embedded eigenvalues
as long as they are regular.

Let us point out that the existence of embedded eigenvalues for perturbations
of periodic Schrédinger operators has been subject to intensive work. In [10] it is
shown that for any continuous V' and any number E belonging to the spectrum
of H, there exists a function V; which is O(< x >71) at infinity such that F is
an eigenvalue of H + V7. In more than one dimension the situation is less clear.
Anyway, if n = 2 or 3, for some classes of periodic Vs, eigenvalues embedded into
the spectrum of H are forbidden if one imposes the very restrictive condition

Vi(x)| < Ceap(—|z|*/*+)

for a strictly positive € (see [9]).
We obtain our result (Theorem 1.4) by first proving a weighted estimation of
Hardy type (with exponential weights) for the unperturbed periodic Hamiltonian
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H (Theorem 1.3). In fact, inspired by [1], [2], [3], [4], [5], [8], we elaborate a general
scheme (see also [11]) for obtaining Hardy type inequalities for a Hamiltonian
starting from a conjugate operator of a special form imposed by the form of the
weight function. In [11] we have used this general method for Hamiltonians given
by convolution with analytic functions. In our case we shall isolate the bounded
energy region of the first N bands for which we shall apply a generalization of our
previous method and the rest of the spectrum for which we shall use a variant of
the general method of Agmon [1].

We shall denote by V and A the usual gradient and Laplace operators on
C§°(R™) and by H?(R™) the Sobolev space of second order. Let p = 2 for n=1,2,3,
p > n/2 forn > 4 and let V € LI (R™;R) be Z"-periodic on R™. By some
obvious modifications one can also consider a general type of lattice. We consider
the Hamiltonian :

H=-A+V (1.1)

to be the usual self-adjoint operator in L?(R") (having domain H?(R"), see [12]).
The well-known Floquet representation allows one to decompose H as a direct
integral corresponding to the representation : L?(R™) = L*(T"; L?(2)) , where :

T := R"/Z™ = (S")"; Q:=1[0,1)" (1.2)

are the n-dimensional torus and the fundamental domain associated to Z". In the
following we identify functions defined on T" with periodic functions on R™.

The Hamiltonian H is decomposable with respect to the above representation
and each ”fibre Hamiltonian” H(7) (for 7 € T™) has compact resolvent and thus a
discrete spectrum {A,(7)},cy, defining the so-called ”band functions”. Due to the
fact that our procedure relies on the regularity of the functions : T" 3 7 — A, (7)
and being well known that for n > 1 some difficult problems appear in this context,
we are obliged to impose some implicit conditions that we now formulate.

We shall constantly denote :

v={2eC" |Imzj| <6, Vjie{l,..,n}}, 6>0

P(L2(Q)) := {P € B(L2(Q)) | P> = P = P*} . (1.3)

Hypothesis 1.1. By denoting o(H) the spectrum of the operator H, we assume :
a) o(H) = 09 U0, where : (inf o) — (supog) = do > 0 ;
b) there is some N € N* and for each a € {1,..., N} two functions :

Ao :T" >R | T 2 T — P(L*()) (1.4)

that are analytic (with respect to the uniform topology on P(L*(SY)) in the second
case) and admit holomorphic extensions to some strip C§ for some § > 0, such
that the Hamiltonian H reduced to the spectral subspace associated to oy s unitar-
ily equivalent, in the Floquet representation, to multiplication with the following
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operator-valued function of T € T™:

N

ZAQ(T)WQ(T). (1.5)

a=1

Let us remark that our Hypothesis covers the usual case in which the spec-
trum of H has an isolated band at its bottom, but also the situation of several
bands, even overlapping, as long as one can assure the analyticity of the eigenvalues
and of the eigenprojections.

Definition 1.2. Let us denote by & (H), the set of points ¢ < inf o, such that Je >
0, Jag > 0 for which [(VA.)(T)] > ao, V7 € A; 1 ((t—¢,t+¢)) and Va € {1,..., N}.
We call this set, the reqular set of H below 0.

Let us remark that & (H) is the complement in (—oo,inf o) of the set of
critical values of the functions {Aq, ..., Ax }. With these notations we can state now
the main results of our work, that will be proved in Section 3.

Theorem 1.3. Let H be a periodic Schridinger Hamiltonian satisfying the Hypoth-
esis 1.1 and let E € Ey(H). Then there exists a constant ko € (0,276) such that
for any Kk € (0,kq) there exists a positive constant C (depending on E and k) for
which :

€< o < € |[V< @z @ - E)s|. vrenm. (o)

We have denoted by ||.HD(H) the graph norm with respect to H.

Theorem 1.4. Let H be a periodic Schrodinger operator (1.1) for which Hypothesis
1.1 stands true. Let Vi be a potential of class Lj .(R™) (with p as defined before

(1.1)), such that | llim < x > |Vi(x)] = 0. Then for any eigenvalue E of the

Hamiltonian Hr :== H + V7 that belongs to Ey(H) there exists k € (0,06) such that
for any corresponding eigenvector g :

e"<@>g € L*(R™). (1.7)
An Appendix is dedicated to some technical lemmas needed in the proof of
Theorem 1.3.
2 Some Developments in the Floquet Representation

Let H be a periodic Schrodinger Hamiltonian as in the preceding section. We shall
briefly recall some facts concerning the Floquet representation in order to fix our
notations and to put into evidence some objects and properties that we shall need
in the sequel.
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For z € R" let ¢ = [¢] + z with [z] € Z", z € Q. Then, if we denote
K = L?(Q), we can define the unitary isomorphism :

LX(R™) 3 f — Upf € L2(T™K)
(Uof)(7,€) := (2m)"/% 3 e7277 f(a+&). (2.8)

a€Zm
For further use let us also give the explicit form of its inverse :

vie miK), (U5 Hla) = @n [ e f e (@0)

n

We constantly distinguish between the two unitarily equivalent representations
o o

H = L*(R") and H= L*(T"; K) and we use notations of the form H:= UyHU; .

For the position operators :

D(Q;) =
(Q;f) (x) :

=

FEH| [z f(@) de < oo}

(2.10)
z;f(z), Q= (Qj)j=1,..n

we have the explicit form in the representation 7?[ :
(0F) ) = (vhee? F) e = (v M) F) me) (2

[e]
for any fe C*°(T™;K), where V. is the gradient operator with respect to the
variable 7 € T" and M¢ is the operator of multiplication with the variable in /.

1/2
n

For any n commuting variables {X1,..., X, } let < X >:= {Z XJQ} .
j=1

Then < @ > defines a self-adjoint operator on the domain D(Q) :=

J

D(Qy)

1D:

that is a domain of essential self-adjointness for each @;.
It is useful to observe that for j = 1,...,n, one can define the operators :

Qi1 1) (@) == [z;] f(=),  D(Qs]) :=D(Q;) (2.12)

and they satisfy the relation :
1 .
(@] =—5_Us H(=iVy) Uo. (2.13)

Associated to these operators we have a third representation that we shall fre-
quently use H := [?(Z"; K), obtained by the inverse discrete Fourier transform :

Fo: (2™ K) — LT K)
(Fotw) (,€) := (2m)"/2 3 e~ 127 Ti(a, £). (2.14)

a€Z™
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We shall also use the following unitary operator :
Us=F5'Up: P(RY) = B2 K),  (Uf) (e, = f(a+€)
(U1F) @) = F () ).

For any functions F' : Z" — B(K) and A : T" — B(K) we can define the multipli-

cation operators M F on H and M on H, with evident domains, given by :

(2.15)

(3127 ) (@.8) = (F(@)f) (@,€)
o o o (2.16)
<fo) (€)== (A() F) (7€),

For A : T" — B(K) we can define its Fourier transform :

Ma) = (271')_"/2/ e2TOTN(1)dT (2.17)

n

(with integrals defined in weak sense in B(K)) and we define the convolution
operator on H :

(MF) (@)= (7" W Aof) (@0 = Y (Ma=Bf(®) (O (218)

BELN

Thus for any bounded function A we have [[As||g) = [IAll oo (7n,5(10)) -
_ In order to simplify some formulae let us define the discrete translations in
H.For j=1,...,nlet ¢; € Z" be given by (¢;), := 6% and :

(ij) (@,€) = fla—¢,8). (2.19)

Due to the fact that {V1,...,V;,} commute, for any o € Z™ one can define :
Vie)=ve =]V (2.20)
j=1

so that : .
A=Y ABV(H). (2.21)
BeZ™
In the sequel we shall frequently need to estimate the norm of the operator
A« between spaces with weights (growing exponentially at infinity). Even the defi-
nition of the conjugate operator that we shall propose asks for the control of such
objects. Formally one has :

(MeAdtpf) (@8 = Y (F@Aa-BF@ ) 6.9 (222)

Bez"
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Lemma 2.5. Let p : T" — B(K) be an analytic function having a holomorphic
extension to a strip Cy for some strictly positive constant 6. Then for k € [0, 276)
we have :

012 = 3 (1)) < oo (223)

ﬁezn
Proof. Let us remark that for § € Z"™ and v € N :

§9(8) = (2m) " 2mi) ™ [ e o)

n

YN n—(|v n v n — |V V'
18" 5Bl gy < (2m)" P2 (Csup [1(8¥p) (7)ll ey ) < My (2m)" 27—
TeT™ 5' |

due to the analyticity assumption on p and the Cauchy inequalities. On the other
hand one has for any § € Ry and [ € N :

o
@18) <6 > 15"

lvl=t

so that :

7_[_77,/2 0 I
(6181) IIﬁ(ﬂ)IIB(,C)gcwM&(i 3)! ll((l;? )

for any € > 0. By summing up we get that for any 6§ > & :

~ M, (2m)"/? 0 !
e/lf! ||P(5)||B(1C) < Chne f7§2—1))l l% ((12—;66) )
€

5 (15 sge) <C{ > eww}{z (%)1}2 o

pezn psezn leN

and this is finite for (14 ¢) 6 < 27é. O

Definition 2.6. Let p : T" — B(K) admit a holomorphic extension to the strip C}
(with respect to the uniform topology) for some § > 0. Assume given a function
m : Z™ — R satisfying : m(a) > 1, m(a + 8) < Cym(a)m(fB). For any function
G :Z" x Z" — C such that for some & € [0, 276) :

sup e~ 1m(8)|Gla, ) = Gl < 00 (2.25)

00,K,m
a,BEL™

we define in H the following operators :

((006) ) (0,6) == 32 G(5,0) (A(B)F(a =) (©)

BeZ™

(00 7) (.8) = % GB,a=0) (pB)fla—1) (©.

Bezr

(2.26)
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If m(8) =1 for every 8 we denote |G| = |Gl -

co,Kk,1 T

Proposition 2.7. For p,m and G as in Definition 2.6 let H,, denote the domain of
the operator of multiplication with the function m provided with the graph-norm.
Then for any &' € (k,2m8) (for k the exponent associated to the function G), we
have the estimation :

100G s, < C NGl oo m e

N (2.27)
Proof.
2

[woc) i, =3 m@?| X .0 () (-5, <

a€Zn Bezn K

2
w15

NG 2 | 2 g 0O || fo =5 | <

a€Z™ \ BeZ™

2 2 2
< CoG e 1013, — s

g

O
In computing commutators we use a slight generalization of the above result.

Definition 2.8. Let A : T" — B(K) and p : T" — B(K) admit holomorphic exten-
sions to C} (with respect to the uniform topology) for some ¢ > 0. Assume given
a function m : Z™ — R satisfying : m(«) > 1, m(a+ ) < Cm(a)m(8). For any
function I' : Z™ x Z™ x Z™ — C such that for some & € [0, 276) :

sup e m(y) [D(a, 8,7)] = ||| < o0 (2.28)

00,K,M
a,B,yEL™

we define in H the following operator :

((xp oD F) (@& = 3 (MBSO 5.,V (B+)F) (@,6). (229)

B,yEL™

Proposition 2.9. For A\, p,m and I' as in Definition 2.8 let H, denote the domain
of the operator of multiplication with the function m provided with the graph-norm.
Then for any &' € (k,2mw6) (with k the exponent associated to the function T'), we
have the estimation :

1% 0) OT sty < C Tl [Al e ol (2.30)

The proof is similar to the previous one. Let us give now the application of
this result in computing commutators. In the sequel we use the restriction to Z™
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of functions defined on R™ and we need some bounds on their variation on Z™. It
is convenient to express this variation by using the Leibnitz formula applied to the
initial function defined on R™.

Corollary 2.10. Let A : T" — B(K) and p : T" — B(K) admit holomorphic ex-
tensions to the strip C§ (with respect to the uniform topology) for some § > 0.
Let m : Z" — Ry and G : R™ x R™ — C be given such that the restriction of
G to Z™ X Z™ satisfies the assumptions of Definition 2.6 and also the following
estimation :

up e 1lm! (B) |(VG) (o, B)] = VG| sg oy < 0 (2.31)
a, c n

for a function m’ satisfying the same conditions as the function m. Then :
(A pOG] = (A% p) OT (2.32)
with :
1
F(O‘7ﬂ77) = G(Oé,ﬂ - ’Y) - G(Oé,ﬂ) = _/0 ds {’7 : (VG(Q)) (O{,ﬂ - 87)}

(here V 9y represents the gradient with respect to the second variable) so that we
can apply Proposition 2.9.
Proof.

(n 061 ) (a@:ﬁéﬂm( V(). 5 AGE, V() f‘) (0,6) =

= % {G(ha-8) -G} (ABPNVB+)]) (@),

B,yEL™

O

As it is well known [6], [7], [12],[13], the operator His analytically decom-

posable, i.e. ;I may be viewed as a multiplication operator with a function }OI (1)

defined on T" with values self-adjoint operators on K, with compact resolvent

that depends analytically on 7 € T™. We shall suppose that o(H) = 0¢g U 0w with

(inf 0oo) — (sSupog) = dp > 0 and consider the spectral projection Py of H corre-

sponding to gg. We denote : K := PPHFy, Hy, .= H — K, Py, :=1— Fy. By our

Hypothesis 1.1 there exists a number N € N* such that the operator K= Uy KU, !

has the following expression :

[e] N [e] [e] N [e] [e]

K=Y MxMz=)_ Ks=Mk (2.33)

a=1 a=1

where :

k(t) := Z Aa(T)7a(T). (2.34)
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We shall sometimes use the notations: P, := UO_1 ]\04% Up, Ay := UO_1 ]\O@\a Uy.

(o)
Let us observe that Py:= Uy PoUj; lis an operator of multiplication with the
analytic function :

po(r) = ——— ) (i1 () - <)_1 dc (2.35)

21

for any contour I' separating og from the rest of the spectrum. We remark that
po(7) and k(7) are analytic functions of 7 even without the condition (b) of our
Hypothesis 1.1. Moreover we have :

N N
po(r) = X ma(r), o0 = U Aa(T"), (2.36)
To(T)m(T) =0 for a#b.

As in our previous paper [11], in order to define the conjugate operator we
shall need the derivatives of the function k(7) (in the uniform topology). We shall
use the following notations :

(Vo) (1) € R™
(2.37)

An important difficulty in extending our previous results [11] from the case of
a scalar analytic function A : T™ — R to an analytic operator valued function
k:T™ — B(K) of the form (2.34), comes from terms like : 7, (V) 7., appearing
when computing commutators. Nevertheless, a simple calculus shows that :

T (V) ma =0,  V(a,b) € {1,..,N}>. (2.38)

Thus in our developments a very important role will be played by the following
linear projection :

B(H) > S+ Pg(S) == Y PSP, € B(H). (2.39)

a=1
Proposition 2.11. Let Py be the projection defined above (2.39). Then :
1. Px(KS) = Pr(SK) = KPx(S),
2. P% = P,
3. Pg(5™) =Pk (9)",
4. P (SPk(T)) = P (S)Pk(T),
5. Pr([K,T]) = [K,Px(T)].



534 M. Mantoiu, R. Purice Ann. Henri Poincaré

We concentrate now on the study of the weight functions that we shall use.
In order to control the exponential growth of the weight we are interested in, we
shall need to use a cut-off procedure and work with a class of bounded weights for
which we shall prove estimations that are uniform with respect to the cut-off.

Definition 2.12. Given some constant k > 0 we define ®,, as the class of functions
@ :[1,00) — Ry that are of class C* and satisfy the properties :

FOI<kt  0<@) <k (@O, W22

Notation 2.13.
pla):=@(<z>);  w) =",  X(z):= (Vo) (2) = n(2);

Proposition 2.14. We have the estimations :

K kC
X@l<m @< (9@l <

In the following we shall need to compare the weights W and Wj.

Lemma 2.15. There exists a strictly positive constant C' such that we have :
C w(z) < w([r]) < Cw(x), Vo € R"™.
Proof.
1
[p(z) —o([z])] = |z /0 (Vo) ([x] + sz) ds| < r,

e "w([z]) <w(z) < e w(lz)).

Lemma 2.16. There is a constant C such that Va € {1,...,N} :

[[Pa, Wo] WO—lHB(H) < Ck.

Proof. We study the element [P,, Wo] W, ' f in the representation H. Denoting :

0a.5(s) == /OS 8- X (a—sp)ds,

we have :
) bas() <selBl, )
(Itma). Wol W5 F) (@) = = 32 (Bap(1) %2 ((70) (8) V (8) ) (,6).

BeZ™
i), wti@Dw(@) 7], < w202 Imalla | ]
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We come now to the problem of defining a conjugate operator for K.

Proposition 2.17. P, (for a=1,...,N), K and L leave D(< Q >) invariant.
Proof. We have :

UD(<Q>)=UDK[Q] >)=D(< V; >)
Qa(ﬁj))v@> W’mﬂﬂ}(78+ﬂﬁ)(vma(ﬂ0

and all the functions A\, (7), lo(7) and 7, (7) are analytic on T". O

Definition 2.18. On D(< @ >) we define the following symmetric operator :

Ao =5 {1Q)- L+ L-[Q]}.

Once we have fixed £ € &(H) (as in the statement of Theorem 1.3) let us
choose a bounded open interval I such that : E € I C I C & /(H). We would like
to use the operator Pk (Ap) as a conjugate operator for K on I.

Proposition 2.19. With the above notations we have :

i [K, P (Ag)] = £ L? € B(H)
Ex (1)i[K,Pr(Ao)] Ex (I) = 5-Ex (I) L*Ex (I) > wiEx (I)

where Ex (I) is the spectral projection of K corresponding to the interval I and

1
wr = —— min < inf  |(V:Aa) (7’)|> > 0. (2.40)
2 o \rexsl(n)
Proof. Using the properties of the projection Px we observe that :
N
i[K,Pr(Ao)] = 5 ) {Pa[Ka, [Q]] - LPa + PuL - [Ko, [Q]] P} +

b(
QU
Mz
—

Ug" M, UoPy) Pa = Pu (Ug™ M1, Uo) Pa = PaL

PulKas Q) Pa = U { (s, [315,. V4] Bn, ) +
# M, (8, [He V) ) U =~ 2
[Ka, L] = [Ka, L] = 0
(in the last line both operators being multiplication with scalar functions in the
subspace corresponding to 7, (7)). O
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In order to derive a Hardy type inequality with exponential weights one has
to define a conjugate operator that is very intimately related to the commutator
of the Hamiltonian with the weight function. Thus we need a more complicated
conjugate operator for K on the interval I; the definition we propose is motivated
by the results of the Appendix. Let X : R™ — R" be a vector field of class C*°(R™)
satisfying : .

X@I<m 10X) @) € ——,
We shall denote by the same letter X its restriction to Z". Later we shall take X
to be the field defined in Definition 2.13.

lv| > 1.

Notation 2.20.

1 +a-X(8) _ 1
e
Zy(a, 8) = / D G0 P S —
( ) 0 a- X(B)
Let us observe that :
|Zs(a, B)] < el V(a,p) e Z™ x Z" (2.41)

so that it satisfies the assumptions on the function G (with m(5) = 1) made in
Definition 2.6. For any a =1, ..., N we define now :

N N
LL =Y Pu(la$Zy) P, Ly =Y Pi(la0Z_)Pa.  (242)
a=1 a=1

Definition 2.21. On D(< @ >) we define the following symmetric operator :
1 -
Ax = 3 {[Q)- L +Lx -[Q]}.
By Proposition 2.17, Px (Ax) is well defined and symmetric on D(< @ >).
Proposition 2.22. On D(< Q >) we have the following equality :

[K,Pr(Ax)] = [K,Pr(Ao)] + Rx

where for some constant C' (independent of k) : [[Rx|g¢) < Ck-

Remark 2.23. For a given interval I as above, if k is small enough, the operator
Pr(Ax) is still conjugate to K on I.

Proof. Let us observe that :

1 1
|Zs(o, B) — 1| < |- X ()] / / eism'x(ﬁ)dsdt‘ < ko] eflol < ger'lol
0 0
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for any k' € (k,278). Moreover :

K PrcAx)] = § 55 (P [ QU LEPa + Paly - [Kas [QI) Pa} +

a=1

LS P Q) [Kas L] Pat Po [Kuy L] - [Q) P2V,

a=1

P, [Q] : [Ka,L}] Pyo=PF, [Q} P [U71 ]\04)\(1 U, (la<>Z+)q P,

To compute this commutator we make use of the Corollary 2.10. We define :

Ty (y,0,0) = Zy(v,a=B—=7) = Zy(v,a—7) (2.43)
and observe that it satisfies the estimation :

Ty (1,0, B)] < [ ds |es7X(@=0-7) _ gsvX(a=m)| <

< fol ds fol dts|y3(VX) (a —t3 — )| es7X(@=t8=7) < o < a >~ 1 e (IBIFID),

Thus a direct use of the Corollary 2.10 gives us the expected result. O

3 The Exponential Weighted Estimation

In this Section we prove Theorem 1.3 and Theorem 1.4 of the Introduction. Our
strategy is to follow the procedure elaborated in [11] . Thus we shall make a cut-off
on the weight in order to make it bounded and also a cut-off on the support of the
test function. Our main technical result is an estimation for compactly supported
test functions, with bounded weights associated to the class @, but with constants
depending only on & (the upper bound on the derivative of the phase function from
®,.). In dealing with this situation we shall separate a neighborhood of ¢, for
which we shall apply the well-known Agmon method [1] and the neighborhood
of og for which we shall extend our method [11] from a case of scalar analytic
functions to that of a function k : T" — B(K) of the type (2.34).

From now on we shall use Definition 2.12 and Notation 2.13 assuming that :

$ed,NL>®([1,00)). (3.44)

Our first step is to prove the following estimation.

Proposition 3.24. For x € [0,276) and any E € E(H) there exists a constant C
such that for any f € H2,,,,(R™) one gets :

comp

W fllpary < Cllv(< @ >)T'W(H — E)f||

(the function 1 is defined by ¢ (x) := \/k < x >—2 +2n(x)).
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The proof of this estimation is based on the following two Propositions dealing
separately with PooH and PyH.

Proposition 3.25. For FE < inf 0, there exist two positive constants Cy, and C' (the
second one being independent of k) such that for any f € HZ,,, (R™) the following
estimation holds :

1PsW fllpr) = KCIIPW fI* < O [W(H — E)f|*

Proof. Evidently, the fact that f € HZ,,, (R™) implies that W f € H2,,,, (R"). Let

comp comp

d :=dist(FE,0). Let us observe that Hy = Poo H = H P4, so that by hypothesis
our value of FE is beneath the spectrum of Hy, and we can follow [1].

2 < WF, (Hoo — EPs)Wf >>2d|| P W |2 (3.45)

d|PWFII? <Re < PxWfW(H — E)f >+Re < Pxy Wf,[HW]f >

For the first term on the right-hand side we use the Schwartz inequality and for
any 6 > 0 we write :

9Re < PoW f,W(H — E)f >< 0| P Wf|> + 07" | P W (H — E)f||”.
For the second term we observe that on D(H) :
[H,WIW ™! = (=iVg) - D+ D (=iV¢) + (V)*,

thus :
Re < P W, ([H W)W P W >=|(Ve) P WF|.

Using once again the Schwartz inequality we obtain that for 6y > 0 :

2Re < P W, ([HW]W™1) BoW f >< (3.46)
h _ 2 .
<O || P WP+ 6057 | ((HWIW—1) BW .
In order to estimate the second term above let us observe that for Zmz # 0 :

— 2
IDPogl* = || D(H + 2)"(H + 2)Pog||” < C* || Pog”.

due to the fact that D(H + z)~! is a bounded operator and P, projects on a
bounded spectral region of H. Moreover by Hypothesis 1.1 we have |[Vp| < & so
that choosing 6y = 20?%k we get :

2
05 | (1. W) Pav | < (14 2o ) R P

Choosing finally 0 < k% we get :
2(d — KC) [|PWII* = 26 | BOW f||* < d 71 [P W (H — E) f||*.



Vol. 2, 2001 A-Priori Decay for Eigenfunctions of Schrédinger Operators 539
Let us obtain now the graph norm of H on the left hand side :

HgH%m Hg||2+||Hg||2,
[l Poo WfIID(H) (1+2E?) IIP W+ 2|/(H - E)Wfll
< (1+42E?) P W EI? +2|W (H — E) fII> +

_ ~1|? 3.47
2 | W W A (347
L[H, WIW~L(H +2)"" ‘ < K202,
IW F sty = 1 PoW £, + IPW 12 -
Putting all these together we get the result. O

For the neighborhood of oy we shall obtain an estimation for the operator K
with ”weight operator” P (Wp).

Proposition 3.26. Let E € I C I C & (H) , n be defined by Notation 2.13 and

Y(x) =Kk < >"2 +2n(x).

Then there exists a constant Co such that for any f € H2,,, (R™) one has :

comp

IPx (Wo) f1I” < Co [~ ([Q))Px (Wo) (K — E)f||”.

Proof. Let us first remark that : Pi (Wy) (K — E) = Px (W) (H — E). As in our
previous paper [11] we shall consider the following expression :

2Im < Pk (Ax)IPK (Wo) f, (H — E)IPK (Wo) f >=

= i < Pi (W) f. [Pxc (Ax) . H] Prc (Wo) f > . (348)
But (see Proposition 2.22) :
[Pk (Ax),H] = [Pk (Ax), K] = [Pk (Ao), K] — Rx (3.49)

||RX||B(H) < Ck.
Using now Proposition 2.19 we can write :

[Pr(Ao), K] = Ep ()i [Pre(Ao), K] Epr (I) +
+(Po — En (1) [Pk (Ao), K] En (I) + Po [Pk (Ao), K] (Po — En (1))

and [Pk (Aop), K] = 5= L* € B(H). We have the inequality : ||[Ex (I) g|| < ||Pogl,
so that by using the Schwartz inequality we obtain :

|<Px (Wo) f, (Po — En (1)) [Pk (Ao), K] Ex (I) Pk (W) f >
= < B (W) . Py P (Ao, K) Py o ()8 (W) £ o] <
< L LIP {8 1(Py — En (D)Px (Wo) fI° + 67" [IPic (Wo) /]

H/—/
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Let us observe that :

(Po— En (1)) = (P — By (I))(K — E)~'(K — E),
I(Po = Ex (1))Px (Wo) fI| < Cr {[[Px (Wo) (K — E) fI| + [lII, Px (Wo)] f]} -

For the last term on the right hand side we use Proposition 4.31 from the Appendix
and the Remark following it. This gives us the following estimation :

I(Fo = B (I)Px (Wo) fIl < Ce{[[Px (Wo) (K — E) f|| + £C [|Px (Wo) £} -

If we choose 6 > k!, we obtain that the left hand side is bounded by :
IZI? {CE Pk (Wo) (K = E) £I + (xC5)* [Pxc (W) £}
Using the Mourre estimation (Proposition 2.19 and Proposition 2.22), we obtain :

2Im < P (Ax) Px (Wo) f,(H — E)Px (Wo) f >> wy [Pk (Wo) fII” —

2 ||L||2 {H]PK (Wo) (K — E) f||2 + 12 ||Px (Wo) f||2} (3.50)

(for the first term of the second line we used the same procedure as above). For
the first term in (3.50), we observe that HPg (Wy) = KPx (W)) and commute K

with Pg (Wy). The Schwartz inequality gives :
2Im < Pk (Ax)PK (Wo) f,PK (Wo) (K—E)f >< ) -
< 1 (1Q]) i () B (W) I + o (@) B 0 (< — . 30

For the term with the commutator we use the Conclusion 4.35 of the Appendix :
2Im < Pk (AX)IP’K (Wo) f, (H — E)Pk (W) f2> -

HW ~20(1Q)) Prc (Ax) Pic (Wo) f]| < (3:52)
< v (@) Bi o) (5 — )|+ 5 B0 1)

If we chose now 9 (x) as in the statement of the theorem, we obtain the inequality

2

—2n([Q]) Px (Ax) Px (Wo) f

_ 2
=k ||< [Q >~ Pk (Ax) Px (W) f|” < vC Pk (Wo) £I1%.
From this and (3.50) we get the expected result for £ small enough. O
Proof of Proposition 3.24

For f e H R™) we get from the previous two propositions :

comp(

IPx (WO) fI? < Co [l ( )PK (Wo) (H — E) fH

3.53
1PtV 3 ncnPonu < G |W(H ~ E)fI. (3.53)
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We shall begin with the first inequality and obtain an estimation for PyW f.

N
Pr (Wo) f = PoWof + Y Pa[Wo, Pal f.

a=1
Using Lemma 2.16 for the terms of the sum on the right hand side we obtain :
[PoWofl| = sNC [Wof| < [Pk (Wo) fI]- (3.54)
By Lemma 2.15 from Section 2 we have :
[PoW Il < (W RSl + [[[Po, W fII < CIWoPo f | + [[[Po, W] fI| <
< Cr|[|[PoWo fll + Cu |[[Po, Wol fII + [[[Po, W] fI].-

Let us compute now the commutator : [Py, W].

(P W1 (@)= 5 U7Fa(fe] =) { W (@ +2) = W (@)} [ (o +2),
pe+sa—[a)—plat+z)=(a—[a) ;7 dX (a+z+t(a—[z]).
Putting all these together we get the estimations :

I[P, W] fII < kCIWF,

I[Po, Wol f|| < kC||Wof]| < rC"||W f]] (3.55)

for some constants C', C' independent of k. Our first estimation in (3.53) implies :

[PW £ < C

B ((Q) ™ P (Wo) (H - E)||. (3.56)

Now we have to repeat the arguments above in order to treat the right hand side
and eliminate the projection Px. We shall use the following notations :

Wo:=9([Q) " Wo;  W:=¢(Q) "W

Then we have :

e @)™ Pic (W) (1 - B)f| <

<o s {||niati - yf| + |2 [, 2] 21 - Bf] +
+ [[[e @y p] worat - By} (3.57)
@)™ R v(Q) = £ R [p )V (@)] v (@) =

agZm

= 3 U () {fdso- (6790) Q) - so)} ¥ (@] )V (@),
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Let us recall the definition of the function 1 and observe that :

<a>

< B>’

so that by using Proposition 2.7 we get the estimation :

|(v™2Ve) (8 = sa) ¥ (8 — a)] < wC

[ @)™ 2] v (@) < wc. (3.58)

~ ~ 1
By similar arguments we obtain the bound H {Wo, Pa] Wo H < kC. Putting all

these estimations together we obtain the following inequality :

|PW || < C.,

W(H — E)fH (3.59)
and combining with the inequality (3.53) we finally obtain :
IW S gy < €| = B)). (3.60)

O

In view of our Theorem 1.4 we shall now obtain a similar “local estimation”

for the perturbed Hamiltonian Hy = H + V;, where V} satisfies the conditions of
Theorem 1.4. We have for f supported outside the ball of radious R :

IWVifIl <1l < Q@ > xrVi(H +) " ||W fllp(m < 6C|W(H ~ E)f|

for any chosen 6 > 0, once we take R large enough. Thus :

1-60C
c

IW(H; — E)f|| > (1 - 60C)|W(H — E)f|| > W fllpa)- (3.61)

We present now the cut-off procedure that allows us to obtain our main
result (Theorem 1.3) from Proposition 3.24. We fix k > 0 and the phase function
@o(t) = Kt for t € [1,00). Let f belong to :

Mi={feDH) | V< @>e=<NH-E)f e AR}, (362)

We shall approximate the function f with functions with compact support, but in
order to control the limit we shall need to work first with bounded phase functions
@ € ®@,, that converge to ©g. Let us fix x € C§°(R) such that :

0<xW<L x(H=0 forl|>1, x(t)=1 forll<1/2. (363
For f € M, x € R™ and 0 € (0,1] we set :

xo(r) := x(0 <z >); fo:=xof. (3.64)
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Let : L
- PANE
j(t) = (Jee™™mdn) 7=, for <1 (3.65)
0, for |t| >1
For N € N let :

Kk, fort<2N

v (t) = { 0, fort>2N ’ (3.66)

in(t) = %j(t/N), Nx == JN*Txn ,  on(t) = /nN(s)ds, VE>0.  (3.67)
0

Lemma 3.27. The following relations are true :
1. jeCER), 0<j®), [pi)dt=1, j(-=z)=j(z),
2. [jn(t)dt =1, Jn(t) =0 for |[t| > N,
R

v (t) <k, [H(Ony)(H)] < Crr,

3. ny € C=(R),
| < Cik Vte R, for k € N and with Cy, independent of k,

(@) (1)
4N (t) < polt),  lim on(t) = olt), VEER.
Proof. We shall prove only those estimations that are not completely obvious.

First we observe that 0 < 7y (t) < k and that for t < N we get 1y (f) = x and for
t > 3N we get ny(t) = 0. For the first derivative of 1y (t) we see that :

N
on) () =tx [ (@in)(r)dr =~ i(t/N - 2); (3.68)
t—2N

but j(7 — 2) # 0 implies that 1 < 7 < 3 so that |t(Ony)(t)| < 3ck. For the higher
derivatives we observe that :

1. 1 1.
(8*nn)(t) = —k(0"jn)(t —2N) = —/’vm(ak J)(E/N ~2), (3.69)
so that |(9%ny)(t)| < Ckk for any k > 1, with Cj independent of . O

Corollary 3.28. For any N € N the phase function on defined by (3.67 ) belongs
to the class @,/ for some k' > k.

We fix now the value of x small enough (as in the statement of Proposition
3.24), f e M, 0 € (0,1] and N € N large enough so that we can apply Proposition
3.24 with the phase function ¢ for the function fp (with compact support). Thus :

e foll e < Co [[n(Q) " 1e?™ (H — E) fo|”, (3.70)
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where ¢y is given by the same formula as in Proposition 3.26 but with ¢ replaced
by ¢n. We remove the cut-off in f by letting & — 0 and we use Fatou Lemma
on the left hand side of the inequality (3.70) and the Dominated Convergence
Theorem on the right hand side (the boundedness of e~ is crucial at this step).
This leads us to an estimation for any f € M with phase function ¢y . A similar
procedure allows us to control the limit N — oo and to finish the proof of Theorem
1.3. Let us consider the limit of the right hand side of (3.70) when 6 — 0.

NN (H = E)fo = xotn'e? (H — E)f + 95" e [H, xo)] . (3.71)

When 6 — 0 the first term converges in L?-norm to ¢ (Q) e~ (H — E) f. Con-
cerning the second term, we observe that for any N € N we can find a finite
constant Cy (diverging with N) such that : He‘“’wg,l Q) <Q >_1H < Cy. For a
fixed N we study the family {< Q > [H, x9(Q)] [}, of L? -functions. We denote :

Co(x) = —2i0xx (0 < x >), (o= —iV (2 <1z >C9> (3.72)

and observe that we can write :

<Q>[H,xo(Q)]f=C@QDf+Q)f (3.73)

We shall now estimate the norm || < Q > [H, x9(Q)] f|. If we take into account
that x’(t) has support in the set {1/2 < ¢ < 1} and if we denote hy the characteris-
tic function of the set {T eRy | % <7< %} (that evidently converges pointwise
to 0 for § — 0) we finally get that :

Go(@) < Cho(<w>)i |Go()| < C0. (3.74)

We use the fact that for f € D(H) the vector Df belongs to L?(R™) in order to
show that the second term in (3.71) converges to zero for § — 0. We have thus
proved that :

lim [|< Q > [H, xo(Q)] /]| = 0. (3.75)

In conclusion, for a fixed N € N, the cut-off in f on the right hand side of (3.70)
can be removed. For the left hand side we observe that for any y € R :

gif% esazv(y)fe(y) - e«PN(y)f(y). (3.76)

Let us point out that in the left hand side of (3.70) we have to control the behavior
of the graph norm |e®~ xg f||p(zy when 6 — 0. For that we commute H with
Xo and use once again the calculus done above (where now the factor < z >
in the definition of (y is absent so that the convergence to zero with 6 follows
immediately).

We still have to study the behavior of the inequality (3.70) with fy replaced
by f, when N — oo. For this we prove the following lemma.
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Lemma 3.29. There exists a constant C' such that for any N € N we have :

e‘PN(<$>)

< CV< x>t
YN ()

Proof. For N € N we define the function :

e@N (t) te@N(t)

VR 2GR+ 2t ()

gn(t) : (3.77)

We have :

2N

- K . .

=)= 5 [ile=s)Mis=x [ imar @19
— 00 %_2

Since @y is decreasing and @’y (2N) = k/2, one has : @)y (t) > k/2 for t < 2N and

@iy (t) < k/2 for t > 2N. Hence, for t < 2N we have {r + 2@ (£)}/? > (kt)'/?,

which implies gy (t) < (t/k)/2e®0®). For t > 2N we get on(t) < kt/2, which

gives gy (t) < wvte?® | with w :=sup (Ve "t/2). O
t>1

Using this result we see that the right hand side of (3.70) (with fy replaced
by f) is uniformly bounded by :

[on (@) e~ (H - B)f|* < C H\/< Q >e"<Q>(\(D) — E)f‘ * YN eN (3.79)

with C' independent of N, the right hand side being finite due to the hypothesis
f € M. But evidently :

Y (z)LePN @) [ r SerT (3.80)

N—o0

so that we can use the Dominated Convergence Theorem. For the first term on the
left hand side one can immediately use the Fatou Lemma in a way similar to the
argument we gave for the § — 0 limit. Thus we obtain the expected inequality :

V<@ (i - B (3.81)

and this finishes the proof of Theorem 1.3.
Proof of Theorem 1.4

First let us consider the set M defined as in (3.62) but with H; replacing
H. Let us fix some f € M; with support far enough from the origin (so that after
a cut-off to a compact support we can apply the estimation in (3.61)). Then we
can repeat the above cut-off procedure. Due to the fact that V; commutes with

||6H<Q>fHD(H) < Cx
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all the cut-off functions, it follows that all the above procedure of removing cut-
offs extends to the perturbed case without any modification. We thus obtain (see

(3.61)) :
V< Q >e5<9>(H, — E) fH .

Suppose H; has an eigenvalue E belonging to & (H ) with eigenfunction g. Denot-
ing by x the smoothed characteristic function of a ball of sufficiently large radius
Rin R, by x* =1— x and by f = x+g we see that :

ey < € |VE@Ze< 11— By + <
Hy - E)f = (Hr — E)g — (Hr — E)xg = —(Hr — E)xg

HBH<Q>fHD(H) < G

so that :
[ex<@>g|| < C H\/<Q—>en<Q>(H1 - E)xgH + [le"<@>xg]| < o,

due to the fact that Hj is a differential operator. O

4 Appendix

In this appendix we shall study the commutator [K,Px(Wy)] and show that it
can be written in a special form that allows one to compare it with the conjugate
operator Px(Ax). We have :

[Kv IP)K(VVO)] = iPa [AaPa; WO] Pa = iPa [Aaa WO] Pa- (482)

a=1 a=1

Let us observe that :

Po (Mg, Wol Py = Py [Ag, Wo] Wy ' PaWo Py + Py [Pa, [Aa, Wo] Wi '] Wo Py, (4.83)

Lemma 4.30. The operator [Aq, Wo) VVO_1 defines a bounded operator in H and

|| [Aa, W()] W(; < kC.

s =

Proof. We have :
Ao, Wo] Wit = U (A OF) T,

where we denoted :
1 1 1
F(a,p) :=—/0 dsa-/o dtX (5—ta)exp{sa-/0 dtX (ﬁ—ta)}. (4.84)

We observe that we have the estimation : |F(, 8)] < & < a > eflol < gen'lol for
any k' € (k,2mé). Using now Proposition 2.7 we get the expected result. (]
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An important difficulty in our technical developments comes from the fact
that we have to consider the product of the operator [Aq, Wo] Wy ! with some
unbounded operator and the above lemma does not give sufficient information in
order to control this product. More precisely, our method of obtaining Hardy type
inequalities from a Mourre estimation relies heavily on the study of the following
object :

2Im < PK(Ax)PK(Wo)f, [K, ]P’K(Wo)} f>. (485)

The next proposition gives a technical result concerning the structure of the com-
mutator of K with Pg (Wp), that will allow us to treat the expression (4.85).
Proposition 4.31. The following relation holds :
(K, P (Wo)] = — 520 (1Q]) Prc (Ax)Pr (Wo) + TPx (Wo)+
N
+RoPx (Wo) + > RaWoPa
a=1

where T =T* € B(H), R, € B(H; Hy,) for m(z) :=<z >, a=0,...,N and :

HT”B(H) + a:glf?fw ||Ra||B(H;Hm) < wC,

for some constant C independent of k.
Proof. 'We consider once again (4.82) and (4.83) and we observe that :
[Pas [Aas Wo] Wy '] = U™ (7)., QO F) U = U™ (w0 % Aa) QW)U
where : )
Y(a, B,7,) := _/0 dss - (V(Q)F) (o, vy — sf). (4.86)
We denote :

(o, ) :=a~/0 QX (B—1ta), Yi(o,B) ::a-/o dt (0X) (B —ta), (4.87)

so that :
(V(Q)F)l (o, 8) = — fol dsYi(a, B3) exp {sY (o, B)} —
- fo dSY(avﬁ) (51/1(0‘75)) exp {SY(O@ﬂ)} )

hence we have the estimation (with &' > k) :

1
(V) F) (@, B)] < % {/ dtL} erlol < T _ewlol - (4.88)
0

< fB—ta> - <26>

In order to treat the first term in (4.83) we have to make a more detailed analysis
of the factor [A,, Wo] W5 ! and separate it into its hermitian and antihermitian
parts :

% {20, — WoA W5 H = W AW } + % (W5 AWo — WoA W5 '},
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20, — WoA Wyt — Wi P AW = U (M OG L) U,

where :
Gila, ) i= (1 _ e(w(ﬁ)w(ﬁw))) 4 (1 _ e(@(ﬁ*&)*%(ﬁ))) . (4.89)
Some algebra, using the Leibnitz formula, shows that G, satisfies :
G (a,B) < k < a>2eflel < Ket lo]

for any k' € (k,276). Then :

Wy AWy — WoA Wyt (4.90)
=ty X (@) {V (@) e@QD—¢(Q1+a) _ c(#(QD-¢(Q1-e) (a)} U,
aecZn

Let us observe that :

e(P(B)—p(B+a)) _ (ew(mw(ﬁia» _ eﬂFwX(ﬁ)) + (emxw) _ 1) 1

)

e(B) — ¢B+a) £ a-X(B)

= - /0 tdt/O du{ajo,0; Xy (B £ uta)} = Yi(f,a). (4.91)

j,k=1

Let us introduce the notations :

noo
Gl(aaﬁ) = 7% Z / dSOéjOzk (aka) (ﬂ — Sa)efsa‘x(ﬁfﬂé)’
k=170
1
GQ(O‘aﬁ) = —% /0 dso - (VU) (ﬂ — sa), (4_92)

G-(B.0) = 5

— V(B a)e X exp{—sV_(3,a)}}.

1/1 ds {Y+(ﬂ, a)e” X exp {sY,(B,0)}
0

We have the estimations :

3
Gi(, B)] < Hc%ew < :ﬂieﬁ ol
<a>? KC e
|Ga(a, B)] < nc<ﬁ>2 < —5a° o (4.93)
<a>3, wC ,
< > 7 G2kl 2K Ioc\.
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for any strictly positive constants " and k' > k. Then we can write :

L ) .
5P AW Ao = Woka W'} P = —5-((Q)) Pa(Ax) P

+P U T NG + G ) UP, + U (1,0G2) UP,(Ax) P,

In conclusion we obtain :

[wamzqnﬁ PuAx P,Bic(Wo)+
+ % {PaU71 ()\a<>(G1 + G,)) + U~ (’/Ta<>G2) UP,AxP, }]PK Wo)
+3 g: P,UY (XaOG4) UPK (Wo) + g: (7 % Aa) OU) UW, P,.

We introduce now the notations :

N
T:=1 > PaU™ (A 0G1) UPy,

S 1 1 (4.94)
Ry:= Y {PU " (A\O(G1+G)UP, + U™ (1, 0G2) UP, Ax P, }
1

“ Ry i= PoU"Y (7ra % Aa) OU) U

Taking into account Proposition 2.7, Proposition 2.9 and the estimations proved
above for G4, Gy, G2, G_ and ¥ we get the stated result. O

Remark 4.32. Let us finally remark that for a=1,...,N :

WoP.f = PoWoPof + (Wo, P Wy ) WoP.f,
[W07 } Wo = Ut (7Ta<>F) U.
H[W07Pa]

IN

FlImallg e

-1
(1= Fl1maly ) IPaWoPafly

—1
0 HB(H)

HWOPa.f”H

IN

Summing upon a € {1, ..., N} we re-obtain the term Px (W) f.

Remark 4.33. We have the following relations :

2 Im <Pr(Ax)Px(Wo)f, K, Px(Wo)] f >

+ 2 <Pg(Ax)Pr(Wo)f,n ([Q]) Px (Ax)Pr(Wo)f >

< 2Im < Pi(Ax)Pr(Wo)f, TPk (Wo)f > + KC [Pk (Wo) fI|”
(—i) < Pr(Wo)f, [P (Ax), T| P (Wo)f > + rC [P (Wo) f]*.

Lemma 4.34. We have [Px(Ax),T] € B(H) and ||[Px(Ax),T]|| < C.
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Proof. Let us remind that :
N
T:=> P.U ' (AOGy)UP, (4.95)
a=1
so that the commutator takes the form :

N
Pr(4x). T = —3 S R0 [{1011a070)" +(1a02) (@1} A0 | U P,

{1Q1 0070 + (02 (@1} Aa0G | =
= [[Q), 2064 (10Z4)" + (1002-) P0G [ +
+1Q] [(a0Z:)T Aa0G ] + 107, 20G] Q)
Q). 2 0G+] = 3= (.0G)

1.OZ_, XG4 = X [E(V)Mz,(%[g])v(ﬂvX;(ﬁ)MGMﬁ,[Q])V(ﬂ)}=
B,yEL™

= % L) {f dsB V) Z- (,1Q] - 5B) —

ByEL™
- fol dsy - VG (8,[Q] — 37)} V(B +7),
’(v(2)G+> (ayﬂ)’ < f/g; < a >2 eflal < ;T%en’m\

(by some obvious calculations). Proposition 2.7 gives the expected estimation. O

Conclusion 4.35. Putting together the above results we get the following relation :
2Tm < PK(Ax)PK(Wo)f, [[g,PK(Wo)] f > +
+ ||V @I (Ax)Px (Wo)f|| < KC 1B (Wo) £11
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