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The Bianchi IX Attractor
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Abstract. We consider the asymptotic behaviour of spatially homogeneous space-
times of Bianchi type IX close to the singularity (we also consider some of the
other Bianchi types, e. g. Bianchi VIII in the stiff fluid case). The matter content
is assumed to be an orthogonal perfect fluid with linear equation of state and zero
cosmological constant. In terms of the variables of Wainwright and Hsu, we have
the following results. In the stiff fluid case, the solution converges to a point for all
the Bianchi class A types. For the other matter models we consider, the Bianchi
IX solutions generically converge to an attractor consisting of the closure of the
vacuum type II orbits. Furthermore, we observe that for all the Bianchi class A
spacetimes, except those of vacuum Taub type, a curvature invariant is unbounded
in the incomplete directions of inextendible causal geodesics.

1 Introduction

In the last few decades, the Bianchi IX spacetimes have received considerable
attention, see for instance [6], [13], [21] and references therein. Agreement has
been reached, at least concerning some aspects of the asymptotic behaviour as one
approaches a singularity, but the basis for the consensus has mainly consisted of
numerical studies and heuristic arguments. The objective of this work is to provide
mathematical proofs for some aspects of the ’accepted’ picture. The main result
of this paper was for example conjectured in [21] p. 146-147, partly on the basis
of a numerical analysis.

In the standard cosmological models of the universe, one assumes it to be
spatially homogeneous and isotropic, and one then typically obtains a cosmological
singularity. The question arises to what extent the singularity is caused by the
symmetry assumptions. The singularity theorems of Hawking and Penrose yield
the conclusion that the existence of cosmological singularities is in some sense
generic. However, the concept of a singularity used in these theorems is that of
causal geodesic incompleteness, and thus, the theorems do not say much about the
character of the singularities. In fact, the curvature may remain bounded as one
approaches a singularity, and it may be possible to extend the spacetime beyond
it. In other words, the problem of cosmic censorship for vacuum cosmological
spacetimes, i. e. that the maximal globally hyperbolic development is generically
inextendible, cannot be solved using the singularity theorems. There is thus an
incentive to try to analyze the character of cosmological singularities of solutions
to Einstein’s equations. Since this is difficult in general, it is natural to consider
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solutions with symmetry. This paper is concerned with the spatially homogeneous
case.

The interest in Bianchi IX spacetimes is partly due to the work of Belinskii,
Khalatnikov and Lifshitz, below referred to as BKL. Around 1970, they considered
such spacetimes in an attempt to construct a general solution of Einstein’s equa-
tions with a singularity, see e. g. [3] and [4]. Misner began his work at about the
same time [17], his original motivation being questions of isotropy, and he chris-
tened the Bianchi IX vacuum solutions mixmaster universes. Later, the seemingly
chaotic behaviour of mixmaster universes attracted attention, see for instance [13]
and [8], and Bianchi IX has been considered to be a model case for understanding
the chaotic nature of solutions to Einstein’s equations. However, the question of
what should be meant by chaoticity in this context has caused a great deal of
debate.

Let us describe in more detail our two main sources of motivation.

Cosmic censorship. The Bianchi IX class contains the Taub spacetimes. These
spacetimes are vacuum maximal globally hyperbolic spacetimes that are causally
geodesically incomplete both to the future and to the past, see [7] and [16]. How-
ever, as one approaches a singularity, in the sense of causal geodesic incompleteness,
the curvature remains bounded. In fact, one can extend the spacetime beyond the
singularities in inequivalent ways, see [7]. The extensions are called Taub-NUT.
It is natural to conjecture that the behaviour exhibited by the Taub spacetimes
is non-generic, and it is interesting to try to prove that the behaviour is non-
generic in the Bianchi IX class. In fact we prove that all Bianchi IX initial data
considered in this paper other than Taub yield inextendible globally hyperbolic
developments such that the curvature becomes unbounded as one approaches a
singularity. This result is in fact more of an observation, since the corresponding
result is known in the vacuum case, see [19], and curvature blow up is easy to
prove in the non-vacuum cases we consider.

The BKL conjecture. Another reason for studying the Bianchi IX spacetimes
is the BKL conjecture, see [4]. According to this conjecture, the ’local” approach
to the singularity of a general inhomogeneous solution should exhibit oscillatory
behaviour. The prototypes for this behaviour among the spatially homogeneous
spacetimes are the Bianchi VIII and IX classes. Furthermore, matter is conjectured
to become unimportant as one approaches a singularity, with some exceptions, for
example the stiff fluid case. We refer to [5] for arguments supporting the BKL
conjecture and to [1] for an overview of conjectures and results under symmetry
assumptions of varying degree. In this paper we prove, under certain restrictions
on the allowed matter models, that generic Bianchi IX solutions exhibit oscilla-
tory behaviour and that the matter becomes unimportant as one approaches a
singularity. What is meant by the latter statement will be made precise below. If
the matter model is a stiff fluid the matter will be important, and in that case
we prove that the behaviour is quiescent. This should be compared with [2] con-
cerning the structure of singularities of analytic solutions to Einstein’s equations
coupled to a scalar field or stiff fluid. In that paper, Andersson and Rendall prove
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that given a certain kind of solution to the so called velocity dominated system,
there is a unique solution of Einstein’s equations coupled to a stiff fluid approach-
ing the velocity dominated solution asymptotically. One can then ask the question
whether it is natural to assume that a solution has the asymptotics they prescribe.
In Section 20, we show that all Bianchi VIII and IX stiff fluid solutions exhibit
such asymptotic behaviour.

The results presented in this paper can be divided into two parts. The first
part consists of statements about developments of orthogonal perfect fluid data of
class A. We clarify below what we mean by this. The results concern curvature
blow up and inextendibility of developments. The second part consists of results
expressed in terms of the variables of Wainwright and Hsu. These variables describe
the spacetime close to the singularity, and we prove that Bianchi IX solutions
generically converge to an attractor.

1.1 Properties of developments

We consider spatially homogeneous Lorentz manifolds (M, g) with a perfect fluid
source. The stress energy tensor is thus given by

Tap = puaupy + p(Gap + Ualsp), (1)

where v is a unit timelike vectorfield, the 4-velocity of the fluid. We assume that
p and p satisfy a linear equation of state

p=0O-1n, (2)

where we in this paper restrict our attention to 2/3 < v < 2. We will also assume
that u is perpendicular to the hypersurfaces of homogeneity. Einstein’s equations
can be written

_ 1_
Rab - iRgab = Taba (3)

where R, and R are the Ricci and scalar curvature of (M, g). In order to formulate
an initial value problem in this setting, consider a spacelike submanifold (M, g)
of (M, g), orthogonal to u. Let ey, a = 0,..,3 be a local frame with eq = u and
ei, 1 = 1,2, 3 tangent to M and let k;; be the second fundamental form of (M, g).
Then g and k must satisfy the equations

R, — kijk" + (trgk)? = 2Roo + R
and ‘ -
Vl-trgk — VJ kij = R0i7
where V is the Levi-Civita connection of g, and R, is the corresponding scalar
curvature, indices are raised and lowered by g. If we specify a Riemannian metric

g, and a symmetric covariant 2-tensor k, as initial data on a 3-manifold, they
should thus in our situation satisfy

Ry — kijk" + (trgk)® = 2u (4)
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and
Vitrgk — Vik;; = 0, (5)

because of (3), (1) and the fact that u is perpendicular to M. In other words, we
should also specify the initial value of y as part of the data.

We consider only a restricted class of manifolds M and initial data. The 3-
manifold M is assumed to be a special type of Lie group, and g, k and p are
assumed to be left invariant. In order to be more precise concerning the type of
Lie groups M = G we consider, let e;, i = 1,2, 3 be a basis of the Lie algebra with
structure constants determined by [e;, e;] = ijek. If v5 = 0, then the Lie algebra
and Lie group are said to be of class A, and

%k; = €ijmn™™, (6)

where the symmetric matrix n*/ is given by
n' = —W’kfj)kl' (7)

Definition 1.1 Orthogonal perfect fluid data of class A for Finstein’s equations con-
sist of the following. A Lie group G of class A, a left invariant Riemannian metric
g on G, a left invariant symmetric covariant 2-tensor k on G, and a constant
wo > 0 satisfying (4) and (5) with p replaced by po.

We can choose a left invariant orthonormal basis {e; } with respect to g, so that the
corresponding matrix n* defined in (7) is diagonal with diagonal elements ny, no
and ng. By an appropriate choice of orthonormal basis, n1, ng,n3 can be assumed
to belong to one and only one of the types given in Table 1.1. We assign a Bianchi
type to the initial data accordingly. This division constitutes a classification of the
class A Lie algebras. We refer to Lemma 21.1 for a proof of these statements.

Let k;; = k(e;, e;). Then the matrices n”/ and k;; commute according to (5),
so that we may assume k;; to be diagonal with diagonal elements k1, k2 and ks,
cf. (140).

Definition 1.2 Orthogonal perfect fluid data of class A satisfying ko = ks and
ny = ngz or one of the permuted conditions are said to be of Taub type. Data with
o = 0 are called vacuum data.

Observe that the Taub condition is independent of the choice of orthonormal basis
diagonalizing n and k, cf. (140). Considering the equations of Ellis and MacCallum
(131)-(135), one can see that if no = n3 and ke = k3 at one point in time, then
the equalities always hold, cf. the construction of the spacetime carried out in the
appendix. The resulting spacetimes are locally rotationally symmetric and thus
have a higher degree of symmetry. According to [10], vacuum Bianchi IX solutions
satisfying these conditions are the Taub solutions.
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Table 1: Bianchi class A.

Type
I

II
Vi
VIl
VIiir -
X

co+4+ o3
++++o0o3
+++ 1 oo

+

Definition 1.3 By an orthogonal perfect fluid development of orthogonal perfect
fluid data of class A, we will mean the following. A connected 4-dimensional
Lorentz manifold (M, g) and a 2-tensor T, as in (1), on (M, g), such that there is
an embedding i : G — M with i*(g) = g, i*(k) = k and i*(u) = po, where k is the
second fundamental form of i(G) in (M, ). Finally, we demand that these objects
be related by Finstein’s field equations (3).

In the appendix, we construct globally hyperbolic orthogonal perfect fluid devel-
opments, given initial data, and we refer to them as class A developments, cf.
Definition 21.1. The logic of the construction is as follows. Given a solution to cer-
tain differential equations, we construct a globally hyperbolic development which
we call the class A development. This development need not a priori be maximal.
However, we prove that except for the Taub type solutions, this development is
inextendible. The Taub type solutions we leave aside as they have been consid-
ered elsewhere, see for instance [7]. By the construction it follows that the Bianchi
type is preserved by the flow. We can therefore assign a type to a Bianchi class A
development according to the type of the initial data.

What is meant by inextendibility is explained in the following.

Definition 1.4 Consider a connected Lorentz manifold (M,g). If there is a con-
nected C? Lorentz manifold (M,g) of the same dimension, and a map i : M — M,
with i(M) # M, which is an isometry onto its image, then (M, g) is said to be
C2-extendible and (M, §) is called a C%-extension of (M,g). A Lorentz manifold
which is not C?-extendible is said to be C?-inextendible.

Remark. There is an analogous definition of smooth extensions. Unless otherwise
mentioned, manifolds are assumed to be smooth, and maps between manifolds are
assumed to be as regular as possible.

The main conclusion concerning developments is that the vaccum Taub type
solutions are the only ones which do not exhibit curvature blow up. A more precise
statement is to be found in section 19.
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1.2 Results expressed in the Wainwright-Hsu variables

We now turn to the results that are expressed in terms of the variables of Wain-
wright and Hsu. The equations and some of their properties are to be found in
Section 2. The appendix contains a derivation. It is natural to divide the matter
models into two categories; the non-stiff fluid case and the stiff fluid case (y = 2).

2

15

0.5F

-15f

Figure 1: The Kasner map.

Let us begin with the non-stiff fluid case, including the vacuum case. We
confine our attention to Bianchi IX solutions. The existence interval stretches back
to —oo which corresponds to the singularity. There are some fixed points to which
certain solutions converge, and data which lead to such solutions together with
data of Taub type will be considered to be non-generic. The Kasner map, which is
supposed to be an approximation of the Bianchi IX dynamics as one approaches
a singularity, is illustrated in Figure 1. The circle in the X3 _-plane appearing
in the figure is called the Kasner circle, and we have depicted two bounces of the
Kasner map. The starting point is marked by a star, and the end point by a plus
sign. Given a point = on the Kasner circle, the Kasner map yields a new point y
on the Kasner circle by taking the corner of the triangle closest to x, drawing a
straight line from the corner through x, and then letting y be the second point
of intersection between the line and the Kasner circle. One solid line corresponds
to the closure of a vacuum type II orbit of the equations of Wainwright and Hsu.
Actually, it is the projection of the closure of such an orbit to the ¥ _-plane. A
vacuum type II solution has one N; non-zero and the other two zero, and the three
different IV; correspond to the three corners of the triangle; the rightmost corner
corresponds to N7 # 0 and the corner on the top left corresponds to N3 # 0. The
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constraint (11) for the vacuum type II solutions is given by

3

SIANI 4N =1

The closure of this set is given a name in the following definition.
Definition 1.5 The set

A={(Q,%;,3_, N1, N3, N3) : Q4 |[N1No| + | NaN3| + |[NsNy| = 0} N M,
where M is defined by (11), is called the Bianchi attractor.

The main result of this paper is that for generic Bianchi IX data, the solution
converges to the attractor. That is

limoc(Q+N1N2+NgN3+N3N1) =0. (8)
T——
This conclusion supports the statement that the Kasner map approximates the
dynamics, and also the statement that the matter content loses significance close
to the singularity.

Let us introduce some terminology.

Definition 1.6 Let f € C°(R™,R™), and consider a solution x to the equation

d

d_atj = fouz, 2(0) = x,

with maximal existence interval (t—,t1). We call a point . an a-limit point of
the solution x, if there is a sequence tj, — t_ with x(ty) — x.. The a-limit set of
x 1s the set of its a-limit points. The w-limit set is defined similarly by replacing
t_ with t,.

Remark. If {_ > —oo then the a-limit set is empty, cf. [19].

Thus, the a-limit set of a generic solution is contained in the attractor. The
desired statement is that the a-limit set coincides with the attractor, but the best
result we have achieved in this direction is that there must at least be three a-limit
points on the Kasner circle. This worst case situation corresponds to the solution
converging to a periodic orbit of the Kasner map with period three. Observe that
we have not proven anything concerning Bianchi VIII solutions, but the behaviour
in that case is expected to be similar.

Let us sketch the proof. It is natural to divide it into two parts. The first
part consists of proving the existence of an a-limit point on the Kasner circle. We
achieve this in the following steps. First we analyze the a-limit sets of the Bianchi
types I, IT and VIIy. An analysis of types I of II can also be found in Ellis and
Wainwright [21]. Then we prove the existence of an a-limit point for a generic
Bianchi IX solution. To go from the existence of an a-limit point to an a-limit
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point on the Kasner circle, we use the analysis of the lower Bianchi types. In the
second part, we prove (8). Let d be the function appearing in that equation. We
assume that d does not converge to zero in order to reach a contradiction. The
existence of an a-limit point on the Kasner circle proves that there is a sequence
T, — —oo such that d(7;) — 0. If d does not converge to zero thereisa § > 0, and a
sequence s — —oo such that d(sg) > 6. We can assume s; < 74 and conclude that
d on the whole has to grow (going backwards) in the interval [sj, 7%,]. What can be
said about this growth? In Section 14, we prove that we can control the density
parameter €2 in this process, assuming ¢ is small enough, which is not a restriction.
As a consequence (2 can be assumed to be arbitrarily small during the growth. Some
further arguments, given in Section 15, show that we can assume the growth to
occur in the product No N3, using the symmetries of the equations. Furthermore,
one can assume the Y1 ¥_-variables to be arbitrarily close to (X4,X_) = (—1,0),
and that some expressions dominate others. For instance 1+ can be assumed to
be arbitrarily much smaller than N5 N3. This control introduces a natural concept
of order of magnitude. The behaviour of the product Ny N3 will be oscillatory; it
will look roughly like a sine wave. The point is to prove that the product decays
during a period of its oscillation; that would lead to a contradiction. The variation
during a period can be expressed in terms of an integral, and we use the order of
magnitude concept to prove an estimate showing that this integral has the right
sign.

Now consider the stiff fluid case with positive density parameter. In this case
we will consider Bianchi VIII and IX solutions. The analysis is similar for the
other cases and a description of the results is to be found in Section 19. Again the
singularity corresponds to —oo. The density parameter {2 converges to a non-zero
value, all the N; converge to zero, and in the ¥, 3 _-plane the solution converges
to a point inside the triangle shown in Figure 2.

In Section 2, we formulate the equations of Wainwright and Hsu and briefly
describe their origin and some of their properties. Section 3 contains some ele-
mentary properties of solutions. We give the existence intervals of solutions to the
equations, and prove that the Q23,3 _-variables are contained in a compact set
to the past for Bianchi IX solutions. As in the vacuum case, we also prove that
(X4,%_) can converge to (—1,0) only if the solution is of Taub type, although
this is no longer a characterization. In Section 4, we mention some critical points
and make more precise the statement that solutions converging to these points are
non-generic. Included in this section are also two technical lemmas relevant to the
analysis. The monotonicity principle is explained in Section 5. It is fundamental
to the analysis of the a-limit sets of the solutions. We present two applications;
the fact that all a-limit points of Bianchi IX solutions are of type I, IT or VIIj
and an analysis of the vacuum type II orbits. The last application is not compli-
cated, but illustrates the arguments involved as well as demonstrating how the
map depicted in Figure 1 can be viewed as a sequence of type II orbits. Section
6 deals with situations such that one has control over the shear variables and the
density parameter. Specifically, it gives a geometric interpretation of some of the
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Figure 2: The triangle mentioned in the text.

equations in 2% 3 _-space. As an application, we prove that if a Bianchi IX so-
lution has an a-limit point on the Kasner circle then all the points obtained by
applying the Kasner map to this point belong to the a-limit set of the solution.
The stiff fluid case is handled in Section 7. In this case the a-limit set consists of
a point regardless of type. Sections 8-10 deal with the lower order Bianchi types
needed in order to analyze Bianchi IX. An analysis of types I of II can also be
found in Ellis and Wainwright [21]. Section 11 gives the possibilities for a Taub
type Bianchi IX solution. The technical Section 12 is needed in order to prove the
existence of an a-limit point for Bianchi IX solutions, and also to prove that the set
of vacuum type II points is an attractor. It is used for approximating the solution
in situations where the behaviour is oscillatory. Section 13 proves the existence of
an a-limit point for a Bianchi IX solution and the existence of an a-limit point
on the Kasner circle for generic Bianchi IX solutions. In Section 14, we prove that
if one has control over the sum |NjN3| + |NaNs| 4+ | N3Ny| in some time interval
[T1, T2], and control over € in 75 then one has control over 2 in the entire interval.
This rather technical observation is essential in the proof that generic solutions
converge to the attractor. The heart of this paper is Section 15 which contains a
proof of (8). It also contains arguments that will be used in Section 16 to analyze
the regularity of the set of non-generic points. In Section 17, we observe that the
convergence to the attractor is uniform, and in Section 18 we prove the existence
of at least three non-special a-limit points on the Kasner circle. We formulate the
main conclusions and prove Theorem 19.4 in Section 19. In Section 20, we relate
our results concerning stiff fluid solutions to those of [2]. The appendices contain
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results relating solutions to the equations of Wainwright and Hsu with properties
of the class A developments and some curvature computations.

2 Equations of Wainwright and Hsu

The essence of this paper is an analysis of the asymptotic behaviour of solutions
to the equations of Wainwright and Hsu (9)-(11). One important property of these
equations is that they describe all the Bianchi class A types at the same time.
Another important property is that it seems that the variables remain in a compact
set as one approaches a singularity. In the Bianchi IX case, this follows from the
analysis presented in this paper. Let us give a rough description of the origin of the
variables. In the situations we consider, there is a foliation of the Lorentz manifold
by homogeneous spacelike hypersurfaces diffeomorphic to a Lie group G of class A.
One can define an orthonormal basis e, a = 0, ..., 3, such that e;, : = 1,2, 3, span
the tangent space of the spacelike hypersurfaces of homogeneity, and ey = 0; for
a suitable globally defined time coordinate t. It is possible to associate a matrix
n;; with the spacelike vectors e;, as in (7), and assume it to be diagonal with
diagonal components n;. One changes the time coordinate by dt/dr = 3/6, where
# is minus the trace of the second fundamental form of the spacelike hypersurface
corresponding to ¢t. The N;(7) below are the n;(7) divided by 6(7), the 3 and X
correspond to the traceless part of the second fundamental form of the spacelike
hypersurface corresponding to 7, similarly normalized, and finally = 31/6%. We
will refer to 3 and X_ as the shear variables, and to 2 as the density parameter.
The question then arises to what extent this makes sense, since 6 could become
zero. An answer is given in the appendix. For all the Bianchi types except IX, this
procedure is essentially harmless, and the variables of Wainwright and Hsu capture
the entire Lorentz manifold. In the Bianchi IX case, there is however a point at
which 0 = 0, at least if 1 < v < 2, see the appendix, and the variables are only
valid for half a development in that case. As far as the analysis of the asymptotics
are concerned, this is however not important. A derivation of the equations is given
in the appendix. They are

N = (¢—42)M

Ny = (q+2%4 +2V32_)N,

Ny = (¢+2%; —2V3Z_)Ns (9)
¥,o= —(2-9)%4 35,

Y = —(2—¢)%_ —35_

Q = [2¢— (3y-2)

The prime denotes derivative with respect to a time coordinate 7, and

1
q = 5@7—m9+2@3+zb
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S, = =[(Na— N3)* = Ni(2N; — Ny — N3)] (10)

DN | =

S = (N3 — N2)(Ny — N3 — N3).

|5

The constraint is
3
Q+33 +32 + Z[Nl2 + N3 + N3 —2(N1Na + NaNs + NsNp) = 1. (11)

We demand that 2/3 < v < 2 and 2 > 0. The equations (9)-(11) have certain sym-
metries, described in Wainwright and Hsu [20]. By permuting Ny, Ny, N3 arbitrar-
ily, we get new solutions, if we at the same time carry out appropriate combinations
of rotations by integer multiples of 27/3, and reflections in the (X4, ¥_)-plane.
Explicitly, the transformations

- - ~ =~ 1 1 1 1
(N1, N2, N3) = (N3, N1, N2), (E4,8-) = (*§E+ + 5\/§Z—a *5\/§E+ - 527)

and
(N17N27N3> = (N17N37N2)a (Z+7z—) = (Z+7—2_>

yield new solutions. Below, we refer to rotations by integer multiples of 27/3
as rotations. Changing the sign of all the N; at the same time does not change
the equations. Classify points (2, X4,%_, N1, Na, N3) according to the values of
N1, No, N3 in the same way as in Table 1.1. Since the sets N; > 0, N; < 0 and
N; = 0 are invariant under the flow of the equations, we may classify solutions to
(9)-(11) accordingly.

Definition 2.1 The Kasner circle is defined by the conditions N; = 2 = 0 and the
constraint (11). There are three points on this circle called special: (X4,X_) =

(—1,0) and (1/2,4+/3/2).

We will also call points in the ¥, 3 _-plane special. The following reformulation of
¥/, is written down for future reference,

3 9
) = —(2-20-25 —252)(84 4+1) ~ 5 (2= )84 + 5 N1 (N~ No = Ns). (12)

3 Elementary properties of solutions

Here we collect some miscellaneous observations that will be of importance. Most of
them are similar to results obtained in [19]. The a-limit set defined in Definition 1.6
plays an important role in this paper, and here we mention some of its properties.

Lemma 3.1 Let f and x be as in Definition 1.6. The a-limit set of x is closed
and invariant under the flow of f. If there is a T such that x(t) is contained in a
compact set for t <T, then the a-limit set of x is connected.
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Proof. See e. g. [14]. O

Definition 3.1 A solution to (9)-(11) satisfying No = N3 and ¥_ = 0, or one of
the conditions found by applying the symmetries, is said to be of Taub type.

Remark. The set defined by No = N3 and »_ = 0 is invariant under the flow of

(9)-

Lemma 3.2 The existence intervals for all solutions to (9)-(11) except Bianchi IX
are (—o00,00). For Bianchi IX solutions we have past global existence.

Proof. As in the vacuum case, see [19]. O
By observations made in the appendix, —co corresponds to the singularity.

Lemma 3.3 Let 2/3 < v < 2. Consider a solution of type IX. Then (X4,X_,Q) is
contained in a compact set for T € (—00,0], the size of which depends on the initial
data. Further, if at a point in time N3 > No > Ny and N3 > 2, then No > N3/10.

Proof. As in the vacuum case, see [19]. O

That (X4, %_, Q) is contained in a compact set for all the other types follows
from the constraint. The second part of this lemma will be important in the proof
of the existence of an a-limit point. One consequence is that one N; may not
become unbounded alone.

The final observation is relevant in proving curvature blow up. One can define
anormalized version (151) of the Kretschmann scalar (111), and it can be expressed
as a polynomial in the variables of Wainwright and Hsu. One way of proving that
a specific solution exhibits curvature blow up is to prove that it has an a-limit
point at which the normalized Kretschmann scalar is non-zero. We refer to the
appendix for the details. It turns out that this polynomial is zero when Ny = N3,
N1 =0,%X_=0,%Y; =—1and Q = 0. The same is true of the points obtained by
applying the symmetries. It is then natural to ask the question: for which solutions
does (X4,X_) converge to (—1,0)7

Proposition 3.1 A solution to (9)-(11) with 2/3 < v < 2 satisfies

lim_(2,.(), 5-(r)) = (1,0),

T

only if it is contained in the invariant set >_ =0 and Ny = Nj.

Remark. The proposition does not apply to the stiff fluid case. The analogous
statements for the points (X4,%_) = (1/2,++/3/2) are true by an application
of the symmetries. We may not replace the implication with an equivalence, cf.
Proposition 9.1.

Proof. The argument is essentially the same as in the vacuum case, see [19]. We
only need to observe that 2 will decay exponentially when (¥4,%_) is close to
(—1,0). O
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4 Critical points

Definition 4.1 The critical point F' is defined by 2 = 1 and all other variables zero.
In the case 2/3 < v < 2, we define the critical point P (I1) to be the type II point
with ¥_ =0, Ny > 0, X4 = (3y—2)/8 and Q@ = 1 — (3y — 2)/16. The critical
points P (II), i = 2,3 are found by applying the symmetries.

It will turn out that there are solutions which converge to these points as 7 — —o0,
but observe that only non-vacuum solutions can do so.

Definition 4.2 Let Ty, denote initial data to (9)-(11) of type VIIy with Q > 0,
and correspondingly for the other types. Let Py, be the elements of Iy, such that
the corresponding solutions converge to one of P;*(II) as T — —oo and similarly
for Bianchi II and IX. Finally, let Fyi, be the elements of Iy, such that the
corresponding solutions converge to F' as T — —oo, and similarly for the other

types.

Remark. The sets Fi1 and so on depend on v, but we omit this reference.

Observe that Iy, Zy1, Zvi, and Iix are submanifolds of RS of dimensions 2,
3, 4 and 5 respectively. We will prove that Pj; consists of points and that Fi is the
point F. Let 2/3 < v < 2 be fixed. In Theorem 16.1, we will be able to prove that
the sets Fi1, Fvir,, Fix, Pvir, and Pix are C! submanifolds of R® of dimensions
1, 2, 3, 1 and 2 respectively. This justifies the following definition.

Definition 4.3 Let 2/3 < v < 2. A solution to (9)-(11) is said to be generic if it
is not of Taub type, and if it does not belong to Fi, Fu1, Fvi,, Fix, Pu, Py, or
,PIX,

We will need the following two lemmas in the sequel.

Lemma 4.1 Consider a solution x to (9)-(11) such that x has P; (II) as an a-
limit point but does not converge to it. Then x has an a-limit point of type II with
N; # 0, which is not P (II).

Remark. There is no solution satisfying the conditions of this lemma, but we will
need it to establish that fact.

Proof. Consider the solution to belong to R®, and let the point x( represent Pfr (II).
There is an € > 0 such that for each T, there is a 7 < T such that z(7) does not
belong to the open ball B,(zp). In x¢ one can compute that

g+25, +£2V38_ > 0.

Let € be so small that these expressions are positive in B(zg). Let 7, — —o0 be
a sequence such that z(7) — o, and let s < 73 be a sequence such that z(sg) €
0B (o) and x((sk, 7k]) € Be(xo). Since x(sy) is contained in a compact set, there
is a convergent subsequence yielding an a-limit point which is not Pf (IT). Since
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N5 and N3 converge to zero in 75 and decay in absolute value from 75 to sg, the
a-limit point has to be of type II (/N7 has to be non-zero for the new a-limit point
if € is small enough). O

Lemma 4.2 Consider a solution x to (9)-(11) such that x has F as an a-limit
point, but which does not converge to F. Then x has an «-limit point of type I
which is not F.

Remark. The same remark as that made in connection with Lemma 4.1 holds
concerning this lemma.

Proof. The idea is the same as the previous lemma. We need only observe that
q—4Y4, q+251 +2V3%_ and ¢ + 2%, — 2v/3X_ are positive in F. O

5 The monotonicity principle

The following lemma will be a basic tool in the analysis of the asymptotics, we
will refer to it as the monotonicity principle.

Lemma 5.1 Consider p
d_f = fou (13)

where f € C®(R"™,R™). Let U be an open subset of R™, and M a closed subset
invariant under the flow of the vectorfield f. Let G : U — R be a continuous
function such that G(x(t)) is strictly monotone for any solution x(t) of (13), as
long as x(t) € UNM. Then no solution of (13) whose image is contained in UNM
has an a- or w-limit point in U.

Remark. Observe that one can use M = R™. We will mainly choose M to be
the closed invariant subset of R® defined by (11). If one N; is zero and two are
non-zero, we consider the number of variables to be five etc.

Proof. Suppose p € U is an a-limit point of a solution z contained in U N M. Then
G o x is strictly monotone. There is a sequence t, — ¢_ such that z(t,) — p by
our supposition. Thus G(z(¢t,)) — G(p), but G oz is monotone so that G(z(t)) —
G(p). Thus G(q) = G(p) for all a-limit points ¢ of x. Since M is closed p € M.
The solution Z of (13), with initial value p, is contained in M by the invariance
property of M, and it consists of a-limit points of x so that G(Z(t)) = G(p)
which is constant. Furthermore, on an open set containing zero it takes values in
U contradicting the assumptions of the lemma. The argument for the w-limit set
is similar. a

Let us give an example of an application.

Lemma 5.2 Consider a solution to (9)-(11) of type VIII or IX. If it has an a-limit
point, then
lim (NlNQNg)(T) =0.

T——00
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Proof. Let U of Lemma 5.1 be defined by the union of the sets N; # 0,4 =1,2,3,
M by the constraint (11), and G by the function N NoN3. Compute

(NlNQNg)I :3qN1N2N3. (14)

Consider a solution z of (9)-(11). We need to prove that G oz is strictly monotone
as long as z(7) € U N M. By (14) the only problem that could occur is ¢ = 0.
However, ¢ = 0 implies |¥/, | 4 [¥"_| > 0 by (9)-(11) so that G oz has the desired
property. If the sequence 7, — —oc yields the a-limit point we assume exists, then
we conclude that

(NlNQNg,)(Tk) — 0.

Since N; N3 N3 is monotone, we conclude that it converges to zero. O

One important consequence of this observation is the fact that all a-limit
points of Bianchi VIII and IX solutions are of one of the lower Bianchi types.
Since the a-limit set is invariant under the flow, it is thus of interest to know
something about the a-limit sets of the lower Bianchi types, if one wants to prove
the existence of an a-limit point on the Kasner circle for a Bianchi VIII or IX
solution.

Let us now analyze the vacuum type II orbits and define the Kasner map.

Proposition 5.1 A Bianchi II vacuum solution of (9)-(11) with Ny > 0 and Ny =
N3 = 0 satisfies

Tll}:ll:loo N; =0. (15)
The w-limit set is a point in K1 and the a-limit set is a point on the Kasner circle,
in the complement of the closure of K.

Remark. K; is the segment of the Kasner circle with ¥ > 1/2, cf. Definition 6.1.
Proof. Using the constraint (11) we deduce that

3
¥ = §N12(2 - X4).
We wish to apply the monotonicity principle. There are three variables. Let U be
defined by N7 > 0, M be defined by (11), and G(X4,¥_, N1) = 3. We conclude
that (15) is true as follows. Let 7, — 0o. A subsequence yields an w-limit point
by (11). The monotonicity principle yields Ny (7, ) — 0 for the subsequence. The
argument for the a-limit set is similar, and equation (15) follows. Combining this
with the constraint, we deduce
i o =2
Using the monotonicity of 3 and the connectedness of the a-limit set, we conclude
that (X4+,%_) has to converge. As for the a-limit set, convergence to Ky is not
allowed since Nj < 0 close to Ky. Convergence to one of the special points in the
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closure of K is also forbidden, since Proposition 3.1 would imply N; = 0 for the
solution in that case. Assume now that (X4,¥_) — (04,0_) as 7 — oco. Compute

<2f—2+>/ 0. (16)

X o
2-%, 2-o04

We get

(17)

for arbitrary (X4,%_) belonging to the solution. Since Ni = (¢ — 4% )N; and
N; — 0, we have to have o > 1/2. If o, = 1/2, then 0 = ++/3/2. The two
corresponding lines in the ¥ ¥_-plane, obtained by substituting (oy,0_) into
(17), do not intersect any points interior to the Kasner circle. Therefore o = 1/2
is not an allowed limit point, and the proposition follows. O

Observe that by (16), the projection of the solution to the ¥, 3 _-plane is a
straight line. The orbits when Ny > 0 and when N3 > 0 are obtained by applying
the symmetries. Figure 1 shows a sequence of vacuum type II orbits projected to
the ¥ _-plane. The first line, starting at the star, has N; > 0, the second N3 > 0
and the third Ny > 0.

Definition 5.1 If x¢ is a non-special point on the Kasner circle, then the Kasner
map applied to xy is defined to be the point x1 on the Kasner circle, with the
property that there is a vacuum type II orbit with xo as an w-limit point and x1 as
an a-limit point.

6 Dependence on the shear variables

In several arguments, we will have control over the shear variables and the density
parameter in some time interval, and it is of interest to know how the remaining
variables behave in such situations. Consider for instance the expression multi-
plying Nj in the formula for N7, see (9). It is given by ¢ — 4%, and equals zero
when

JBY 204 (1 -2 452 =1, (18)

The set of points in Q¥ ¥ _-space satisfying this equation is a paraboloid, and
the intersection with = 0 is the dashed circle shown in Figure 3. If (,3,,%_)
belongs to the interior of the paraboloid (18) with @ > 0, then |N;|" will be
negative, so that |N1| increases as we go backward. Outside of the paraboloid,
|N1| decreases. The situation is similar for No and N3. Observe that the circle
obtained by letting = 0 in (18) intersects the Kasner circle in two special points.
The same is true of the rotated circles corresponding to N, and N3. It will be
convenient to introduce notation for the points on the Kasner circle at which |N;|’
is negative.
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Figure 3: The circles mentioned in the text.

Definition 6.1 We let Iy, Ko and K3 be the subsets of the Kasner circle where
q—4%, <0, ¢+2%; +2V3Y_ <0 and ¢+ 2%, — 2v/3%_ < 0 respectively.

Remark. On the Kasner circle, Q = 0 so that ¢ = 2(32 + X2 ) = 2 under the
conditions of this definition.

It also of interest to know when the derivatives of Ny N3 and similar products
are zero. Since (NaN3)' = (2¢ + 434 ) N2 N3, we consider the set on which ¢+ 2%
equals zero. This set is a paraboloid and is given by

3(37 -2)Q+ (X4 + %)2 +32 = i.

The intersection with the plane © = 0 is the circle with radius 1/2 shown in Figure
3. Again, inside the paraboloid | No N3| increases as we go backward, and outside it
decreases. There are corresponding paraboloids for the products N1 No and Ny Nj.
Observe that in the non-vacuum case, it is harmless to introduce w = Q2 and
then the paraboloids become half ellipsoids.

Proposition 6.1 Consider a Bianchi IX solution to (9)-(11) with 2/3 < v < 2. If
the solution has a non-special a-limit point x on the Kasner circle, then the closure
of the vacuum type II orbit with x as an w-limit point belongs to the a-limit set.

Remark. The same conclusion holds for a Bianchi type VIIj solution with N; = 0,
if it has an «@-limit point in g or Ks.

Proof. Assume the limit point lies in Ky with (X4,X_) = (04,0_). There is a
sequence T, — —oo, such that the solution evaluated at 75 converges to the point
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on the Kasner circle. There is a ball B, (o4,0_) in the ¥, X _-plane, centered at
this point, such that |Na|, |N3|, |[N1Na|, |N1N3| and  all decay exponentially, at
least as e£7 for some fixed £ > 0, and N increases exponentially, at least as e =<7, in
the closure of this ball. There is a K such that (X (1), X_ (7)) € By(o4,0-) for
all £ > K. For each time we enter the ball, we must leave it, since if we stay in it to
the past, Ny will grow to infinity whereas Ny and N3 will decay to zero, in violation
of the constraint. Thus for each 75, k > K, there is a t; < 7 corresponding to the
first time we leave the ball, starting at 7, and going backward. We may compute

(=
2-%,

)/ = h,
where
B(7)] < exef7=™)

in [tg, 7%] and €, — 0. Thus

E_(Tk) E_(tk) - Tk
2 %) 2ot / hr.

k

Tk
|| hdr| <,
tr g

and in consequence

(k) E_(tk)
2-34(mk) 2 X4 (tg)
We thus get a type II vacuum limit point with N7 > 0, to which we may apply the
flow, and deduce the conclusion of the lemma. The statement made in the remark

follows in the same way. Observe that the only important thing was that the limit
point was in K7 and N; was non-zero for the solution. O

— 0.

7 The stiff fluid case

In this section we will assume €2 > 0 and v = 2 for all solutions we consider. We
begin by explaining the origin of the triangle shown in Figure 2. Then we analyze
the type II orbits. They yield an analogue of the Kasner map, connecting two
points inside the Kasner circle, and we state an analogue of Proposition 6.1 for
this map. We then prove that Q is bounded away from zero to the past. Only in
the case of Bianchi IX is an argument required, but this result is the central part
of the analysis of the stiff fluid case. A peculiarity of the equations then yields the
conclusion that |NyNa| + |[NaN3| 4+ | N3 Ny| converges to zero exponentially. This
proves that any solution is contained in a compact set to the past, and that all
a-limit points are of type I or II. Another consequence is that {2 has to converge to
a non-zero value; this requires a proof in the Bianchi IX case. Next one concludes
that all N; converge to zero, since if that were not the case, there would be an
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a-limit point of type II to which one could apply the flow, obtaining a-limit points
with different :s. Then if a Bianchi IX solution had an a-limit point outside the
triangle, one could apply the ’Kasner’ map to such a point, obtaining an a-limit
point with some N; > 0. Finally, some technical arguments finish the analysis.

In the case of a stiff fluid, that is v = 2, it is convenient to introduce

w= QY2
We then have, since 3y — 2 =4,
W =—(2 - qw. (19)

The expression Q—&—Zi—&—Z% turns into w2+21+2%7 and the w, ¥, ¥ _-coordinates
of the type I points obey

w+ 37 +%%2 =1, w>0. (20)

In the stiff fluid case, all the type I points are fixed points, and they play a role
similar to that of the Kasner circle in the vacuum case.
Let us make some observations. If Ny # 0, then Nj = 0 is equivalent to
q — 4¥4+ = 0. Dividing by 2 and completing squares, we see that this condition is
equivalent to
(1 -2 4322 =1, w>0. (21)

By applying the symmetries, the conditions N/ = 0, N; # 0 are consequently
all fulfilled precisely on half spheres of radii 1. Since |Ni|" < 0 corresponds to
an increase in |Ni| as we go backward, |N;| increases exponentially as we are
inside the half sphere (21) and decreases exponentially as we are outside it. If one
takes the intersection of (20) and (21), one gets the subset ¥, = 1/2 of (20).
The corresponding intersections for No and N3 yield two more lines in the 33 _-
plane. Together they yield the triangle in Figure 2. Consequently, if (w, ¥, ¥_) is
close to (20) and (X4,X_) is in the interior of the triangle, then all the NV; decay
exponentially as 7 — —o0.

Let M be the subset w¥¥_-space obeying (20) with w > 0 and £, > 1/2
and My, M3 be the corresponding sets for Ny and N3. We also let £; be the
subset of the intersection between (20) and (21) with w > 0 and correspondingly
NQ and N3 yleld £2 and £3.

Lemma 7.1 Consider a solution to (9)-(11) with v = 2, Ny > 0, w > 0 and
N2 = N3 =0. Then

lim Ni(7)=0 (22)

T—+00

and (w, Y1, 3_) converges to a point, satisfying (20) andw > 0, in the complement
of L1 UMy, as T — —o0. In w¥; ¥ _-space, the orbit of the solution is a straight
line connecting two points satisfying (20). Furthermore, w > 0 is strictly increasing
along the solution, going backwards in time.
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Proof. Since q < 2 for the entire solution, we can apply the monotonicity principle
with U defined by ¢ < 2, G defined by X1 and M by the constraint (11). If ¢ does
not converge to 2 as 7 — —oo, we get an a-limit point with ¢ < 2. We have a
contradiction. This argument also yields the conclusion that Ny — 0 as 7 — oo.
Equation (22) follows. Observe that

3 3

¥, = 5Nf(z -2, ¥ = —§N122_ (23)

and 3
W= —§N12w. (24)

Consequently, ¥, ¥_ and w are all monotone so that they converge, both as
T — oo and as 7 — —oo. It also follows from (23) and (24) that the quotients
(2—-X4)/w and X_/w are constant. Thus the orbit in wX ¥ _-space describes
a straight line connecting two points satisfying (20). As 7 — —oo, the solution
cannot converge to a point in £1 U M; for the following reason. Assume it does.
Since Y1 decreases as 7 decreases, see (23), we must have ¥ > 1/2 for the entire
solution, since ¥4 by assumption converges to a value > 1/2. But then Nj < 0
for the entire solution by (9) and (11). Thus N; increases as we go backward,
contradicting the fact that Ny — 0. a

The next thing we wish to prove is that if a solution has an a-limit point x
in the set M7, and Nj # 0 for the solution, then we can apply the 'Kasner’ map
to that point. What we mean by that is that an entire type II orbit with x as an
w-limit point belongs to the a-limit set of the original solution. From this one can
draw quite strong conclusions. Observe for instance that by (19), w is monotone
for a Bianchi VIII solution to (9)-(11). Thus w converges as T — —oo since it is
bounded. If the Bianchi VIII solution has an a-limit point of type I outside the
triangle, we can apply the Kasner map to it to obtain a-limit points with different
w. But that is impossible.

Lemma 7.2 Consider a solution to (9)-(11) with v = 2 such that Ny # 0. Then if
the solution has an a-limit point x € M1, the orbit of a type II solution with x as
an w-limit point belongs to the a-limit set of the solution.

Proof. The proof is analogous to the proof of Proposition 6.1. a

Consider a solution such that w > 0. We want to exclude the possibility that
w — 0 as 7 — —oo. Considering (19), we see that the only possibility for w to
decrease is if ¢ > 2. In that context, the following lemma is relevant.

Lemma 7.3 Consider a Bianchi IX solution to (9)-(11) with v = 2. There is an
g such that if @ < ag and

(N1N2N3)(7) < a,

then
q(1) — 2 < 4a/3.
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Proof. By a permutation of the variables, we can assume N; < Ny < N3 in 7.
Observe that

q—2< 3N1(N2 + Ng)
by the constraint (11). If N3 < a!/? in 7, we get ¢ — 2 < 6a < 4a'/? if o is small
enough. If N3 > a'/? in 7, we get

NlNQ S 011/2.

Assume, in order to reach a contradiction, (N7 N3)(7) > /3. Then Ny(7) < o?/3,
so that Ny(7) < a?/3 and N3(7) > a~'/3. By Lemma 3.3 we get a contradiction
if a is small enough. Thus

q—2 < 3(N1Ns + N1 Ns)(7) < 3(a'/? + a'/?) < 4a'/?

if o is small enough. ]

For all solutions except those of Bianchi IX type, w is monotone increasing
as 7 decreases. Thus, w is greater than zero on the a-limit set of any non-vacuum
solution which is not of type IX. It turns out that the same is true for a Bianchi
IX solution.

Lemma 7.4 Consider a Bianchi IX solution to (9)-(11) withy = 2 such thatw > 0.
Then there is an € > 0 such that w(r) > € for all 7 < 0.

Proof. Assume all the N; are positive. The function

(N1 Ny N3)'/3
w

¢ =
satisfies ¢’ = 2¢. Thus, for 7 < 0,
(N1N2N3) 2 (7) = w(1)9(0)e*™ < O

)

because of Lemma 3.3. For 7 < T < 0, we can thus apply Lemma 7.3, so that for
T<T,

/TO(Q(S) —2)ds = /T(Q(s) —2)ds + /O(q(s) —2)ds < 4C /TT 25 ot

T T
0 0
+/ (q(s) — 2)ds < 2Ce*T +/ (q(s) —2)ds < O’ < oo.
T T
Consequently,
0
() = w(O exp(= [ (a(s) ~ 2ds) 2 w(0)e~
for 7 < T, and the lemma follows. o

The next lemma will be used to prove that w converges for a Bianchi IX
solution.
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Lemma 7.5 Consider a solution to (9)-(11) with v = 2 and w > 0. Then there is
an o> 0 and a T such that

|N1Na| 4+ |NoN3| + |NgNp| < e*”
forallT <T.
Proof. Consider g = [NoN3|/w. Then

g = (2w +2(1 + ;)% +2%2)g.
Since w(7) > € for all 7 <0, we conclude that

9() < 9(0) exp(2¢”7)
so that
[(N2N3)(7)| < g(0)w(7) exp(2€¢°T).
There are similar estimates for the other products. By Lemma 3.3, we know that
w is bounded in (—o0,0] so that by choosing o = €2 and T negative enough the
lemma follows. O

Corollary 7.1 Consider a solution to (9)-(11) with v = 2 and w > 0. Then
(W, 34, %_, N1, No, N3)(—00,0] is contained in a compact set and all the a-limit
points are of type I or II.

Lemma 7.6 Consider a solution to (9)-(11) with v =2 and w > 0. Then

lim w(7) =wo > 0.
T——00
Proof. Since this follows from the monotonicity of w in all cases except Bianchi IX,
see (19), we assume that the solution is of type IX. Let 7, — —o0 be a sequence
such that w(r;) — wy; > 0. This is possible since w is constrained to belong to
a compact set for 7 < 0 by Lemma 3.3, and since w is bounded away from zero
to the past by Lemma 7.4. Assume w does not converge to wi. Then there is a
sequence s, — —oo such that w(sy) — we where we can assume ws > w;. We can
also assume 71, < si. Then

w(sk) = exp(/Sk (¢ — 2)ds)w(Ty).

Tk
Since
g —2 < 3(N1Na + NaN3 + N3Np) < 3e*7

for 7 < T by Lemma 7.5 and the constraint (11), we have, assuming s, < T,

Sk Sk 3
/ (g —2)ds < 3/ e“Tdr < —e™k,

Tk Tk @
Thus

3
w(sk) < exp(—e*™*)w(1) — w1,

@
so that ws < wy contradicting our assumption. O
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Corollary 7.2 Consider a solution to (9)-(11) with v =2 and w > 0. Then

lim Ny(r) =0

T——00
fori=1,2,3.

Proof. Assume N7 does not converge to zero. Then there is a type II a-limit point
with N7 and w non-zero by Corollary 7.1 and Lemma 7.6. If we apply the flow, we
get a-limit points with different w in contradiction to Lemma 7.6. |

Lemma 7.7 Consider a solution to (9)-(11) with v = 2 and w > 0. If it has an
a-limit point of type I inside the triangle, the solution converges to that point.

Proof. Let x be the limit point. Let B be a ball of radius € in w3 ¥ _-space, with
center given by the w, ¥ ,¥_-coordinates of . Let 7, — —o0 be a sequence that
yields x. Assume the solution leaves B to the past of every 7. Then there is a
sequence s — —o0, such that the w, ¥, ¥_-coordinates of the solution evaluated
in s, converges to a point on the boundary of B, s < 7k, and the w, >, ¥_-
coordinates of the solution are contained in B during [sg, 7], k large enough.

Since all expressions in the N; decay exponentially as e*”, for some a > 0,
as long as the w, ¥}, _-coordinates are in B (e small enough), we have

S+ 5] + ] < et
for T € [sg, 7] where a, — 0. We get
a
X4 (7) — D (si)| < Ek — 0,

and similarly for ¥_ and w. The assumption that we always leave B consequently
yields a contradiction. We must thus converge to the given a-limit point. O

Proposition 7.1 Consider a solution to (9)-(11) with v = 2 and w > 0. If N; is
non-zero for the solution, it converges to a type I point in the complement of M,
with w > 0.

Proof. If there is an a-limit point on M;, we can use Lemma 7.2 to obtain a
contradiction to Lemma 7.6. If there is an a-limit point in My and Ny is zero
for the solution, the solution converges to that point by an argument similar to
the one given in the previous lemma. What remains is the possibility that all the
o-limit points are on the L. Since w converges, the possible points projected to
the ¥ ¥_-plane are the intersection between a triangle and a circle. Since the
a-limit set is connected, we conclude that the solution must converge to a point
on one of the L. O

Proposition 7.2 Consider a solution to (9)-(11) with v = 2 and w > 0. If N; is
non-zero for the solution, the solution cannot converge to a point in L;.
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Proof. Assume i@ = 1. Then £; is the subset of (20) consisting of points with
¥+ =1/2 and w > 0. Since No, N3, NaN3, NoN; and N3N; converge to zero
faster than N7, 3/, will in the end be positive, cf. (23), so that there is a T' such
that ¥4 (7) > 1/2 for 7 < T. Since N; will dominate in the end, we can also
assume ¢(7) < 2 for 7 < T. By (9) we conclude that |Ny| increases backward as
7 < T contradicting Corollary 7.2. |

Adding up the last two propositions, we conclude that the ¥ ¥ _-variables of
Bianchi VIII and IX solutions converge to a point interior to the triangle of Figure
2, and  to the value then determined by the constraint (11). In the Bianchi VII
case, a side of the triangle disappears, increasing the set of points to which >, > _
may converge. We sum up the conclusions in Section 19.

8 Type I solutions

From now on we consider the non-stiff fluid case. Consider type I solutions (V; =
0). The point F' and the points on the Kasner circle are fixed points. Consider
a solution with 0 < Q(79) < 1. Using the constraint, we may express the time
derivative of € in terms of Q2. Solving the resulting equation yields

lim Q(r)=0, lim Q(r)=1.

By (9) (X4, %_) moves radially.
Proposition 8.1 For a type I solution, with 2/3 < v < 2, which is not F, we have

TEIPOO(Z-‘M Z—a Q)(T) = (U+/|U‘7 U—/|U|a O)a
where (o04,0_) is the initial value of (X4,%X_), and |o| is the Euclidean norm of
the initial value.

9 Type II solutions

An analysis of the type II solutions can be found in e. g. [21], but we include a
proof for completeness.

Proposition 9.1 Consider a type II solution with Ny > 0 and 2/3 < v < 2. If the
initial value for ¥_ is non-zero, the a-limit set is a point in Ko U KCs. If the initial
value for ¥_ is zero, either the solution is the special point Pf‘([[), it is contained
in Fii, or

lim (2,X4+,N71)(7) = (0,-1,0). (25)

T——00

Proof. Let the initial data be given by (04,0, ). The vacuum case was handled
in Proposition 5.1, so we will assume Qy > 0.
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Consider first the case o_ # 0. Compute

3 3
g-2=-S2-)0-3

NZ.

Thus, ¥_ decreases if it is negative, and increases if it is positive, as we go back-
ward in time, by (9). Thus, both N; and Q must converge to 0 as 7 — —oo,
since the variables are constrained to belong to a compact set, and because of the
monotonicity principle. Since ¥_ is monotonous and the a-limit set is connected,
see Lemma 3.1, (¥4,X_) must converge to a point, say (s4+,s—) on the Kasner
circle. We must have s_ # 0, and

253 + 252 — 4s4 > 0,

since N7 converges to 0. There are two special points in this set, but we may
not converge to them, since that would imply N; = 0 for the entire solution by
Proposition 3.1. The first part of the proposition follows.

Consider the case o_ = 0. There is a fixed point P;(II). Eliminating
from (9)-(11), we are left with the two variables N7 and X . The linearization has
negative eigenvalues at P;t(II), so that no solution which does not equal P (I1)
can have it as an a-limit point, cf. [12] pp. 228-234. There is also a set of solutions
converging to the fixed point F. Consider now the complement of the above. The
function

2mQOl—-m
Z7: Nl L )
(1—-0vZy)?
where v = (37 — 2)/8 and m = 3v(2 — 7)/8(1 — v?), found by Uggla satisfies
3(2 — 1
7 =321 (24 — 0)2Zr.

Tl —wn 102

Apply the monotonicity principle. Let G = Z7 and U be defined as the subset
of Q¥ Ny-space consisting of points different from Pj"(IT), which have Q > 0,
N; > 0and |X4| < 1. Let M be defined by the constraint. If ¥ = v then Z7 =0,
but if we are not at P (II), ¥4 = v implies ¥/, # 0. Thus, G o x is strictly
monotone as long as x is contained in U N M. Since the solution cannot have
P;F(IT) as an a-limit point, we must thus have N; = 0 or Q = 0 in the a-limit
set. Observe that 3 3

o = 3 f2-%4) - 5 (2= 7)Q%,. (26)
Thus, if the solution attains a point ¥4 < 0, then (25) holds. We will now prove
that this is the only possibility.

a. Assume we have an a-limit point with N7 > 0 and = 0. Then we may
apply the flow to that limit point to get ¥, = —1 as a limit point, but then the
solution must attain ¥4 < 0.

b. If @ > 0 but N; = 0, then we may assume X, # 0 since we are not

on Fip, cf. Lemma 4.2. Apply the flow to arrive at ¥y = —1 or ¥ = 1. The
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former alternative has been dealt with, and the latter case allows us to construct
an a-limit point with N7 > 0 and = 0, since N; increases exponentially, and €
decreases exponentially, in a neighbourhood of the point on the Kasner circle with
¥4 =1, cf. Proposition 6.1.
c. The situation Q = N7 = 0 can be handled as above. O
We make one more observation that will be relevant in analyzing the regu-
larity of Fi1. Let A be the vacuum type I and II points.

Lemma 9.1 The closure of Fi1 does not intersect A.

Proof. Assume there is a sequence xy € Fir such that the distance from zj to A
goes to zero. We can assume that all the z; have N3 > 0 by choosing a suitable
subsequence and then applying the symmetries. We can also assume that z, — x €
A. Since %_ = 0 for all the x; by Proposition 9.1, the same holds for z. Observe
that no element of Fiy can have ¥ < 0, because of (26). If N; corresponding to x
is zero, we then conclude that x is defined by ¥, = 1 and all the other variables
zero. Applying the flow to the past to the points x; will then yield a sequence
yr € J1 such that yi converges to a type II vacuum point with N; > 0 and
3_ =0, cf. the proof of Proposition 6.1. Thus, we can assume that the limit point
x € Ahas N1 > 0. Applying the flow to = yields the point ¥ = —1 on the Kasner
circle by Proposition 5.1. By the continuity of the flow, we can apply the flow to
x) to obtain elements in Fip with ¥ < 0 which is impossible. O

10 Type VII; solutions

Claes Uggla and John Wainwright have analyzed the a-limit set of Bianchi VII
solutions, but as they have not published their results, we include an analysis.

When speaking of Bianchi VIIj solutions, we will always assume N7 = 0 and
Ny, N3 > 0. Consider first the case No = N3 and X_ =0

Proposition 10.1 Consider a type VIIy solution with Ny =0 and 2/3 <y < 2. If
Ny = N3 and ¥_ = 0, one of the following possibilities occurs

1. The solution converges to ¥ =1 on the Kasner circle.
2. The solution converges to F'.
3 lim, o3y =—1, lim;,_o No =n9 >0, lim,_,_,Q2=0.
Proof. Since
X = —3(2 — 70,

if No = N3, the conclusions of the lemma follow, except for the statement that
N5 converges to a non-zero value if ¥ converges to —1. However, Q2 will decay to
zero exponentially close to the Kasner circle, and by the constraint, 1 + ¥ will
behave as 2 close to ¥4 = —1. Thus, g + 2X, will be integrable. O
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Before we state a proposition concerning the behaviour of generic Bianchi
VIIj solutions, let us give an intuitive picture. Figure 4 shows a simulation with
~ = 1, where the plus sign represents the starting point, and the star the end
point, going backward. ) will decay to zero quite rapidly, and the same holds for
the product NoNs. In that sense, the solution will asymptotically behave like a
sequence of type II vacuum orbits. If both Ny and N3 are small, and we are close
to the section Ko on the Kasner circle, then Ny will increase exponentially, and N3
will decay exponentially, yielding in the end roughly a type II orbit with Ny > 0. If
this orbit ends in at a point in K3, then the game begins anew, and we get roughly
a type II orbit with N3 > 0. Observe however that if we get close to Ky, there is
nothing to make us bounce away, since Ny is zero. The simulation illustrates this
behaviour. Consider the figure of the solution projected to the ¥, _-plane. The
three points that appear to be on the Kasner circle are close to Ko, K3 and K
respectively. Observe how this correlates with the graphs of Ny, N3 and gq.

2 2
1 15
W o o 1
-1 0.5
_2 0 ; ; ;
-2 -1 0 1 2 0 5 10 15 20
by -T
1 1.4
1.2
0.8
1
0.6 0.8
N (32]
=z P4
0.4 0.6
0.4
0.2
0.2
0 0
0 5 10 15 20 0 5 10 15 20
_T -1

Figure 4: Illustration of a Bianchi VIIj solution.

Proposition 10.2 Generic Bianchi VIIy solutions with Ny = 0 and 2/3 < v < 2
converge to a point in Ky.
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We divide the proof into lemmas. First we prove that the past dynamics are con-
tained in a compact set.

Lemma 10.1 For a generic Bianchi VIIy solution with Ny = 0 and 2/3 < v < 2,
(N3, N3)(—00,0] is contained in a compact set.

Proof. For a generic solution,

%EQ_ + (N2 . N3)2

Z_ p—
! NyN3

is never zero. Compute

16 S2(1+%
7, = 2—( 2, (27)
3 152 1 (N; — Ny)2

The proof that the past dynamics are contained in a compact set is as in Rendall
[18]. Let 7 < 0. Then
Z-1(1) = Z1(0),

so that A

Ny N. <

( 2 3)(T) = 3271(0)
Combining this fact with the constraint, we see that all the variables are contained
in a compact set during (—o0,0]. |

We now prove that NaN3 — 0. The reason being the desire to reduce the
problem by proving that all the limit points are of type I or II, and then use our
knowledge about what happens when we apply the flow to such points.

Lemma 10.2 Generic Bianchi VIl solutions with Ny = 0 and 2/3 < v < 2 satisfy
lim (NQNg)(T) =0.

Proof. Assume the contrary. Then we can use Lemma 10.1 to construct an a-limit
point (w,04,0_,0,n9,n3) where nang > 0. We apply the monotonicity principle
in order to arrive at a contradiction. With notation as in Lemma 5.1, let U be
defined by Ny > 0, N3 > 0 and $2 + (No — N3)? > 0. Let G be defined by Z_1,
and M by the constraint (11). We have to show that G evaluated on a solution
is strictly monotone as long as the solution is contained in U N M. Consider (27).
By the constraint (11), 2 + (N2 — N3)? > 0 implies X > —1. Furthermore,
Z_1>00nU.IfZ"; =0in UNM, we thus have X_ = 0, but then ¥’ # 0 since
%2 + (N3 — N3)2 > 0 and Ny + N3 > 0. The a-limit point we have constructed
cannot belong to U. On the other hand, ny,ng > 0 and since Z_; increases as we
go backward, o2 + (ng — n3)2 cannot be zero. We have a contradiction. O
Proof of Proposition 10.2. Note that

J(2- e, (28)

Y= —(2-20-2%2 —2%2)(1+%,) - 3
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by (12). Assume we are not on Pyry, or Fyir,. Let us first prove that there is an
a-limit point on the Kasner circle. Assume F' is an a-limit point. Then we may
construct a type I limit point which is not F', and thus a limit point on the Kasner
circle, cf. Lemma 4.2 and Proposition 8.1. By Lemma 10.2, we may then assume
that there is a limit point of type I or II, which is not Py (I1) or P"(IT), and does
not lie in Fy or Fip, cf. Lemma 4.1. Thus, we get a limit point on the Kasner circle
by Proposition 8.1 and Proposition 9.1.

Next, we prove that there has to be an a-limit point which lies in the closure
of Ki. If the a-limit point we have constructed is in Ko or K3, we can apply
the Kasner map according to the remark following Proposition 6.1. After a finite
number of Kasner iterates we will end up in the desired set. If the a-limit point
we obtained has ¥, = —1, we may construct a limit point with 1+ X, =€ >0
by Proposition 3.1. We can also assume that 2 = 0 for this point, since ) decays
exponentially going backward when ¥ is close to —1. By Lemma 10.2, this limit
point will be a type I or II vacuum point, and by applying the flow we get a non
special limit point on the Kasner circle. As above, we then get an a-limit point in
the desired set. Let the ¥ _-variables of one a-limit point in the closure of K,
be (o4,0_).

By (28), we conclude that once ¥, has become greater than 0, it becomes
monotone so that it has to converge. Moreover, we see by the same equation
that  then has to converge to zero, and Ei + %2 has to converge to 1. Since
the a-limit set is connected, by Lemma 3.1 and Lemma 10.1, we conclude that
(X4,%_) has to converge to (o4,0_). By Proposition 3.1, (04+,0_) cannot equal
(1/2,4+/3/2), since otherwise Ny or N3 would be zero for the entire solution.
Consequently, o4 > 1/2, and we conclude that Ny and N3 have to converge to
zero. The proposition follows. O

11 Taub type IX solutions

Consider the Taub type solutions: ¥_ = 0 and Ny = N3. We prove that except for
the cases when the solution belongs to Fix or Prx, (X4, X_) converges to (—1,0).

Lemma 11.1 Consider a type IX solution with ¥_ = 0, Ny = N3 and 2/3 < v < 2.
Then ¥4 (70) < 0 and Q1) < 1 imply

lim (Q7z+72—aN17N27N3)(T) = (077170707”’27”2)7

T——00

where 0 < ny < 00.

Proof. We prove that the flow will take us to the boundary of the parabola Q+%2 =
1 with ¥, < 0, and that we will then slide down the side on the outside to reach
>4 = —1, see Figure 5. The plus sign in the figure represents the starting point,
and the star the end point.
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Figure 5: Part of a Taub type IX solution projected to the ¥ -plane.

1. Let us first assume X4 (10) < 0, Q(70) < 1 and Q(70) + X% (70) > 1.
Consider

C={r<m:te[rm]=24) <0, Q1) <), Q)+ Zf_(t) > 1}.

We prove that C is not bounded from below. Assume the contrary. Let ¢ be the
infimum of C, which exists since C is non-empty and bounded from below. Since
teC,¥4(t) <0.Let t' <t besuch that ¥; < 0 in [¢/,t]. Observe that

Q' =[3y-2)(2+33 —1)+3(2—v)S3]. (29)
By the constraint,
Q4+32 —1= §N2(4& -1) (30)
L P

Since ¥y < 01in [/, ], N2/N7 increases as we go backward in that interval, because
of
2y gn, 2,
() = 6%

Consequently Q + X2 > 11in [/, #], by (30), so that Q decreases in the interval by
(29). Thus t' € C, contradicting the fact that ¢ is the infimum of C.

Let 7 < 75. Then ¥4 (7) < —/1 — Q(79). By (29), we then conclude 2 — 0.
By (9), we also conclude that Ny Ny — 0 and N; — 0. By (30), we have £, — —1.
Using the constraint (30) and (10), we conclude that ¢+2X is integrable, so that
N5 = N3 will converge to a finite non-zero value.
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2. Assume now ¥4 (19) <0, Q(70) < 1 and Q(79) + X3 (79) < 1. Observe that

3
Y=01-Q-%3)4-2%y) - 5(2—7)Qz++9]\f1]\]2. (31)

As long as Q + X3 < 1, X decreases as we go backward in time by (31). Then
N3 /N7 will increase exponentially until QJrEf_ = 1, by the constraint, and ¥ < 0.
O

Lemma 11.2 Consider a type IX solution with ¥_ = 0, Ny = N3 and 2/3 < v < 2.
It is contained in a compact set for T < 0 and N1 Ny — 0.

Proof. Note that N7 must be bounded for 7 < 0, as follows from Lemma 3.3, the
fact that No = N3, and the fact that N1 NoN3 decreases backward in time. To
prove the first statement, assume the contrary. Then there is a sequence 7, — —00
such that Na(7;) — co. We can assume Ni(73;) < 0, and thus

1
33y —2)2+ 252 +2%4 <0 (32)
in 7. Since N N22 is decreasing as we go backward, N; and N; N, evaluated at 7
must go to zero. Thus  + Ei — 1 will become arbitrarily small in 7 by (30). If
Q(7) > 1 for all k, we get

1
Zp (1) < =737 =2)
by (32), so that
1
S (1) + Q) = 14 7237 = 2)%,

which is a contradiction. In other words, there is a k such that ¥4 (73) < 0, by
(32), and (7) < 1. We can then use Lemma 11.1 to arrive at a contradiction to
the assumption that the solution is not contained in a compact set.

To prove the second part of the lemma, observe that Ny N2 converges to zero,
as follows from the existence of an a- limit point and Lemma 5.2. Thus

NiNy = N;/2[NyN2]'/? < C[N,N2Y/2 = 0.
O

Proposition 11.1 For a type IX solution with ¥X_ =0, Ny = N3 and 2/3 <y < 2,
either the solution is contained in Frx or Prx, or

lim (Q, E+7E,,N1,N27N3)(T) = (0, —1,0,0,n2,n2)

T——00

where 0 < ngy < 00.
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Remark. Compare with Proposition 3.1. Observe also that when ¥ for the solu-
tion converges to —1, we approach ¥y = —1, Q = 0 from outside the parabola
Q+ Zi =1, as follows from the proof of Lemma 11.1.

Proof. Consider a solution which is not contained in Fix or Prx. By Lemma 11.2,
there is an a-limit point with NyNy; = 0. We can assume it is not P (II). We
have the following possibilities.

1. It is contained in F1 U Fi1 U Fyrr,. Then F is an o-limit point. Since the
solution is not contained in Frx, we get a type I limit point which is not F', by
Lemma 4.2, and thus either ¥, = —1 or ¥, = 1 as limit points, by Proposition
8.1. The first alternative implies convergence to ¥, = —1, by Lemma 11.1. If
we have a type I a-limit point with ¥, = 1, we can apply the Kasner map by
Proposition 6.1 in order to obtain a type I limit point with ¥, = —1.

2. The limit point is of type I. This possibility can be dealt with as above.

3. It is of type II. We can assume that it is not Pfr(II), by Lemma 4.1, and
that it is not contained in Fy;. Thus we get ¥ = —1 on the Kasner circle as an
a-limit point, by Proposition 9.1, and thus as above convergence to ¥ = —1.

4. The limit point is of type VIIy. We can assume X, # 0. If ¥, < 0, we can
apply Lemma 11.1 again, and if X, > 0, we get ¥4 = 1 on the Kasner circle as
an a-limit point, by Proposition 10.1, a case which can be dealt with as above. O

12 Oscillatory behaviour

It will be necessary to consider Bianchi IX solutions to (9)-(11) under circum-
stances such that the behaviour is oscillatory. This section provides the technical
tools needed.

Let g be a smooth function,

Eh!

X = Ax + ¢,

and x = (%, 7)! satisfy

where € is some vector valued function.

Lemma 12.1 Let ¢ be such that (sin(¢g),cos(¢o)) and (Z(10),g(70)) are parallel.
Define

e - [ g(s)ds + o (34)
o= (36))-(240))
Then

I1%(r) = x(r)]| < |1 = (& (70) + 5 (r0)) /2| + | /T le(s)llds|- (36)
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Proof. Let

We have [A,®] =0, &' = —AP and x' = Ax. We get
(P(x—x)) = —AP(x —x) + P(A(X — x) + €) = Pe.

Thus

(& — x)(r) = 81 (1)®(r0) (% — x)(r0) + () / B(s)e(s)ds.
70
But @ takes values in SO(2) and the lemma follows. O
In order to prove the existence of an a-limit point for Bianchi IX solutions,
and that, generically, there is a limit point on the Kasner circle, we need the
following lemma.

Lemma 12.2 Consider a Bianchi IX solution with 2/3 < v < 2. Assume there is a
sequence T, — —oo such that q(7i) — 0, and Na(7x), N3(1%) — o0, then for each
T, there is a 7 < T such that ¥, (1) > 0.

Proof. Observe that by (12), ¢ = 0 and N + N3 > N; implies 3/, < —2. However,
the only term appearing in the constraint which does not go to zero in 75 is (No —
N3)?, since the product N; N2 N3 decreases as we go backward. Thus [%/ (1) —
oo, and the behaviour is oscillatory. It is clear that X/, could become positive
during the oscillations, but only when |¥_| is big, so that we on the whole should
move in the positive direction.

Assume there is a T such that X (7) < 0 for all 7 < T.

We begin by examining the behaviour of different expressions in the sets

D = U p[mn — 1, 7]

and
D=Up2 [t — 1,7

Observe that by the fact that (2, X4, %_) are constrained to belong to a compact
set during (—o0, 0], according to Lemma 3.3, N3 and N3 go to infinity uniformly
in D (by which we will mean the following):

VM 3K 1k > K = Ny(7) > M Vr € Dy, i = 2,3.

Thus N; and N1 (N3 + N3) go to zero uniformly in D. By (9), © also converges to
zero uniformly in D. Due to the constraint, we get a bound on $2 + 2 (N, — N3)?
in D. Consider (12). The last two terms go to zero uniformly. If the first term is
not negative, 1 — Q — Ei — %2 < 0. By the constraint, it will then be bounded by
an expression that converges to zero uniformly in D. Thus, for every é > 0 there
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is a K such that £ > K implies ¥/, < ¢ in Dj. Combining this with the fact that
q(m;) — 0, and the assumption that ¥4 (7) < 0 for 7 < T, we conclude that ¥
converges uniformly to zero in D.

Next, we use Lemma 12.1 in order to approximate the oscillatory behaviour.
Define the functions

5 Y
F =

(A
j = V3 Ny — N3

2 1-32)7%
We can apply Lemma 12.1 with
g = —3(N2 + N3) — 2(1 + E+)(i‘:lj =3g1 + g2

and €, €, given by (60) and (61), cf. Lemma 15.1. By the above, we conclude that
Z and g are uniformly bounded on Dy, if k is great enough, and that ||e|| converges
to zero uniformly on D. Let x; be the expression given by Lemma 12.1, with 7y
replaced by 7, and ¢ by a suitable ¢i. Let 6 > 0. By the above and ¢(73) — 0,
we get

[(x —xk)(7)]| <6, (37)
if 7 € [7, — 1, 7%), and k is great enough. In [r, — 1, 7], we thus have
By = =2+ 223(1 - 33) + i (38)

where the error p; can be assumed to be arbitrarily small by choosing k great
enough, cf. (12).

Let -

ur) = [ ats)ds+ o
Tk

be as in (34). Since Ny + N3 goes to infinity uniformly, [7, — 1, 7] can be assumed
to contain an arbitrary number of periods of &, if k is great enough. Thus, we
can assume the existence of 7y i, 7o € [T — 1, 7], such that 7, — 71, > 1/2
and & (71 %) — &k(T2,k) is an integer multiple of . Let [, 7] C [11 k, T2 k] satisfy
&k(m1) — &p(m2) = . We can assume 75 — 71 to be arbitrarily small by choosing &
great enough. Considering (9), and using the fact that ¢ is bounded, we conclude
that No + N3 cannot change by more than a factor arbitrarily close to one during
[T1, T2]. Since the expression involving No + N3 dominates g, we conclude that

3

7Zg(Tmax) < —9(Tmin),

where Tiax and Tyin correspond to the maximum and the minimum of —g in
[T1, T2]. Estimate

2 €e(T2) 922(1 — 2 Eu(r1)  942(1 — ¥2
/ Qxi(l—Ei)ds:/ 21— %) +)dn:—/ 22, (1-55) +)dng
1 &k (1) 9 Er(m1)—m 9
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1 /ﬁk(ﬁ) ) T
< - 2sin”(n)dn = — .
9(Tmin) Er(m)—7 9(Tmin)

We get

/Ek(Tz) 1 - 3 [T 2( 2)
To —T1 = —dn > — Z—/ 27 (1 — X% )ds.
&u(r) 9 9(Tmax) 4 T b *

Consequently, (38) yields

T2 T2

2:ci(1 - Ei)ds +/ prdr <

T1

Yi(m) —2i(m) = —2(r0 — 1) —|—/

T1

2 I
< 75(72 —7) Jr/ prdr.

T1

Since &, (T1,%) — &k (T2,5) corresponds to an integer multiple of 7, we conclude that

) T2,k 1 T2,k
Yi(ron) = 24(mp) < —=(Tok —T1k) +/ prdr < —3 +/ prdT.

3 T1k T1k

However, the expressions on the far left can be assumed to be arbitrarily small, and
the integral of pj can be assumed to be arbitrarily small. We have a contradiction.
O

13 Bianchi IX solutions

We first prove that there is an a-limit point. If we assume that there is no a-
limit point, we get the conclusion that the Euclidean norm ||N|| of the vector
(N1, N2, N3) has to converge to infinity, since (2, X4, X _) is constrained to belong
to a compact set to the past by Lemma 3.3. In fact, Lemma 3.3 yields more; it
implies that two N; have to be large at any given time. Since the product Ny No N3
decays as we go backward, the third N; has to be small. Sooner or later, the two
N; which are large and the one which is small have to be fixed, since a 'changing
of roles’ would require two N; to be small, and thereby also the third by Lemma
3.3, contradicting the fact that | N|| — oco. Therefore, one can assume that two N;
converge to infinity, and that the third converges to zero. More precisely we have.

Lemma 13.1 Consider a Bianchi IX solution. If || N|| — oo, we can, by applying the
symmetries to the equations, assume that Na, N3 — 0o and Ny, N1(Na+ N3) — 0.

Proof. As in the vacuum case, see [19]. |

Lemma 13.2 A Bianchi IX solution with 2/3 < v < 2 has an a-limit point.
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Proof. If the solution is of Taub type, we already know that it is true so assume
not. We assume Ny, N3 — 00, since if this does not occur, there is an a-limit
point by Lemma 3.3 and Lemma 13.1. By (12) we have X/, < 0 if ¥ = 0 using
the constraint (assuming Nz + N3 > 3N;). Thus, there is a T such that if X
attains zero in 7 < T, it will be non-negative to the past, and thus Ny N3 will be
bounded to the past since ¥ has to be negative for the product to grow. If there
is a sequence 7 — —oo such that g(7x) — 0, we can apply Lemma 12.2 to arrive
at a contradiction. Thus there is an S such that

q(t) >e>0 (39)

forall 7 < S.
Consider
332 4 (N3 — N3)?
Z_1=
NoN3

(40)

The reason we consider this function is that the derivative is in a sense almost
negative, so that it almost increases as we go backward. On the other hand, it
converges to zero as T — —oo by our assumptions. The lemma follows from the
resulting contradiction. We have

g b 1652 (1 +%,) + 4V35_ (N — N3) Ny m
1T NNy Ny N5 '
Letting
4
f= §23 + (Ng — N3)?,
we have, using the constraint,
h < 452 Ny (Na + N3) 4 2V3N, f < Ny NyNs f
for, say, 7 < T’ < S. Thus
Z' | < NyNaN3Z 4 (42)

for all 7 < T". Since ¢ > € > 0 for all 7 < T’ < S by (39), we get
(NlNQNg)(T) S (NlNQNg)(T/) exp[Se(T - T/)]

for 7 < T". Inserting this inequality in (42), we can integrate to obtain

Z (1) > Z,l(T’)exp(—%(NlNgNg)(T’)) >0

for 7 < T'. But Z_1(7) — 0 as 7 — —oo by our assumption, and we have a
contradiction. a
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Corollary 13.1 Consider a Bianchi IX solution with 2/3 < v < 2. For all ¢ > 0,
there is a T such that
Q+32 +52 <1+e

for all T <T. Furthermore

IIIEI (N1N2N3)(7') =0.
Proof. As in the vacuum case, see [19]. The second part follows from Lemma 5.2
and Lemma 13.2. |

Proposition 13.1 A generic Bianchi IX solution with 2/3 < v < 2 has an a-limit
point on the Kasner circle.

Proof. Observe that by Lemma 13.2 and Corollary 13.1, there is an a-limit point
of type I, IT or VII,.

1. First we prove that we can assume the a-limit point to be a type VIIy point
with N1 =0, 0< No=N3, =0, X_=0 and2+:_1.

a. If there is an a-limit point in Fy, Fi1 or Fyri,, F is a limit point, but then
there is an a-limit point on the Kasner circle, by Lemma 4.2 and Proposition 8.1.

b. Assume there is an a-limit point in Py, , or that one of P (1) is an a-
limit point. Then there is a limit point of type II which is not PZ-+ (II), by Lemma
4.1, and we can assume it does not belong to Fr1. We thus get an a-limit point on
the Kasner circle by Proposition 9.1.

c. Consider the complement of the above. We have an a-limit point of type I,
IT or VIIy which is generic or possibly of Taub type. If the limit point is of type I or
II, we get an a-limit point on the Kasner circle by Proposition 8.1 and Proposition
9.1. If the limit point is a non-Taub type VIl point, we get an a-limit point on
the Kasner circle by Proposition 10.2. Assume it is of Taub type with ¥_ = 0,
N5 = N3. By Proposition 10.1, we can assume that we have an a-limit point of
the type mentioned.

2. We construct an a-limit point on the Kasner circle given an a-limit point
as in 1. Since the solution is not of Taub type, we must leave a neighbourhood of
the point (¥4,%X_) = (—1,0). If N3 and N3 evaluated at the times we leave do not
go to infinity, we are done. The reason is that we can choose the neighbourhood to
be so small that 2 and N decrease exponentially in it, see (9). If Na(tx) or N3(ty)
is bounded, we get a vacuum Bianchi VIIj a-limit point which is not of Taub-type
by choosing a suitable subsequence (if we get a type I or II point we are done, see
the above arguments). By Proposition 10.2, we then get an «a-limit point on the
Kasner circle. Thus, we can assume the existence of a sequence t;, — —oo such
that Na(t;) and N3(tx) go to infinity.

There are two problems we have to confront. First of all N, and N3 have to
decay from their values in ¢; in order for us to get an a-limit point. Secondly, and
more importantly, we need to see to it that we do not get an a-limit point of the
same type we started with. Let us divide the situation into two cases.
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a. Assume that for each ¢ there is an s, < ¢ such that X4 (s;) = 0. Observe
that when ¥, = 0, we have

1
S < SNI(ON) — 3Nz — 3N3)

by the constraint (11), and (12). Thus, we can assume that we have 3N; > Ny+ N3
in s, since there is an a-limit point with ¥ = —1. Thus there must be an r; < tg
such that, at ri, either Ny = Ny < N3, N1 = N3 < Ny or N1 < Ny, N1 < N3 and
3N1 > N5+ N3. One of these possibilities must occur an infinite number of times.
The first two possibilities yield a type I or II limit point, and the last a type I
limit point because, of the fact that Ny NoN3 — 0 and Lemma 3.3. As above, we
get an a-limit point on the Kasner circle.

b. Assume there is a T such that ¥, (7) < 0 for all 7 < T. Then N; — 0,
since Ni(tx) — 0, and ¥4 < 0 implies that N7 is monotone. Assume there is a
sequence T, — —oo such that Ny or N3 evaluated at it goes to zero. Then we get
an « limit point of type I or II, a situation we may deal with as above. Thus we
may assume IN; > € > 0, ¢ = 2,3 to the past of T. Similarly to the proof of the
existence of an a-limit point, we have

Zl_l S C€N1N2N3Z_1.

If there is an S and a £ > 0 such that g(7) > & > 0 for all 7 < S, we get a
contradiction as in the proof of Lemma 13.2, since (N3 N3)(¢x) — oo. Thus there
exists a sequence 7, — —oo such that ¢(7;) — 0. If Na(7;) or N3(7) contains a
bounded subsequence, we may refer to possibilities already handled. By Lemma
12.2, we get X > 0, a contradiction. O

14 Control over the density parameter

The idea behind the main argument is to use the existence of an a-limit point on
the Kasner circle to obtain a contradiction to the assumption that the solution
does not converge to the closure of the set of vacuum type II points. The function

d=Q+ N1 Ny + NyN3 + N3Ny

is a measure of the distance from the attractor. We can consider d to be a function
of 7, if we evaluate it at a generic Bianchi IX solution. If 7, — —oo yields the
a-limit point on the Kasner circle, then d(7) — 0. If d does not converge to zero,
then it must grow from an arbitrarily small value up to some fixed number, say
6 > 0, as we go backward. In the contradiction argument, it is convenient to know
that the growth occurs only in the sum of products of the N;, and that during
the growth one can assume €2 to be arbitrarily small. The following proposition
achieves this goal, assuming 6 is small enough, which is not a restriction. The proof
is to be found at the end of this section.
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Proposition 14.1 Consider a Bianchi IX solution with 2/3 < v < 2. There exists
an € > 0 such that if
N1N2+N2N3+N1N3 S € (43)

in [T, 7], then
Q< ¢, Q1)

in [11,72] if Q(12) < €. Here ¢, > 0 only depends on ~.

The idea of the proof is the following. If the sum of product of the N; and ) are
small, the solution should behave in the following way. If all the IV; are small,
then we are close to the Kasner circle and 2 decays exponentially. One of the IV;
may become large alone, and then €2 increases, but it can only be large for a short
period of time. After that it must decay until some other N; becomes large. But
this process of the N; changing roles takes a long time, and most of it occurs close
to the Kasner circle, where €2 decays exponentially. Thus, 2 may increase by a
certain factor, but after that it must decay by a larger factor until it can increase
again, hence the result. Figure 6 illustrates the behaviour.

2 2
1 15
wh 0 o 1
-1 0.5
-2 0
=2 -1 0 1 2 0 1 2 3
b -1
0.12 1.4
0.08 1
0.8
© 0.06 z
0.6
0.04
0.4
0.02 0.2
0 0
0 1 2 3 0 1 2 3
-1 -1

Figure 6: Part of a type IX solution.



444 H. Ringstréom Ann. Henri Poincaré

We divide the proof into lemmas, and begin by making the statement that
Q decays exponentially close to the Kasner circle more precise.

Lemma 14.1 Consider a Bianchi IX solution with 2/3 <~y < 2. If

1422 >-(3v+2)

| =

in an interval [s1, s2], then
Q(s) < Qsg)e™ (5279

for s € [s1, s2], where

0y =22 -7)
Proof. Observe that
O >4 432 - 3(37 2y, (44)
so that under the conditions of the lemma
Q> a €.
The conclusion follows. a

Next, we prove that if the N; all stay sufficiently small under a condition as
in (43) and € starts out small, then §2 will remain small.

Lemma 14.2 Consider a Bianchi IX solution with 2/3 <~y < 2. There is an € > 0
such that if

IN? < 5(6-37) (45)
NiNy + NoN3+ N1N3 < e (46)

in an interval [s1, s2], and Q(s2) < €, then Q(s) < Q(s2) for all s € [s1, s2].

Proof. Let
E={r€[s1,82] 1t €[r,s2] = Q) <Qs2)}.

Let 7 € £, 7 > s1. There must be two N;, say No and N3, such that No < €l/2
and N3 < €!/2 in 7, by (46). By the constraint (11) and (46), we have in 7,

1
z’i+22_z1—%Nf—Q—h1zg(sy+2)—4e,

so that assuming e small enough depending only on ~, we have /(1) > 0, cf. (44).
Thus there exists an s < 7 such that s € £. In other words, £ is an open, closed,
and non-empty subset of [s1, s2], so that €& = [s1, s2]. O

The next lemma describes the phase during which 2 may increase.
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Lemma 14.3 Consider a Bianchi IX solution with 2/3 < v < 2. There is an € > 0
such that if

INE = 5(6-37) (47)
N1N2+N2N3+N1N3 SE (48)

in [s1,s2], and Q(s2) < €, then s — s1 < c14 and Qs) < c2,Q(s2) for all
s € [s1,82], where ¢1 and ca ~ are positive constants depending on .

Proof. Assume ¢ is small enough that

3 1 _ 1
e < Z(6 —

46 —_ 8(6 3’)/)7

so that N7 > €'/* in [s1, s5]. Assuming € < 1 we get N; < €'/2 in [sq,50], i = 2,3.
Use the constraint (11) to write

142*21*22_:%%%;11 (49)
where |h1| < 3e by (48). Thus,
1—9—23—23228“—3@
so that we may assume
Q+37 +32 <1 (50)

in [s1, s2.
We now compare the behaviour with a type II vacuum solution. By (12) and
(49), we have

3 3 9
%, = —2(3NE+ h)(S4 +1) - 52— )98, + SN (51)

9 3
AENM%+Nﬁ:?W@—EQ+MQ+m,
where |hz| < 17¢ and |ha| < 2 in [s1, s2]. Let ay = (6 — 37)/4. Then,
52
5, (53) — S (1) > @ (52 — 51) +/ (ho) + hy)dt.
s1

However,
Q(s) < Q(sg)e 45752) < gemd57s2)

for all s € [s1, s2], see (9). Thus,

So 1
|/ hoQds| < 59(82)64(52_31).
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We get

Y1 (s2) —X4(s1) > ay(s2 — s1) — %664(52_51) — 17e(s2 — s1).

This inequality contradicts the statement that se — s may be taken equal to 4/a.,
by choosing e small enough. We conclude that s —s; < 4/ay = ¢1,4, and that we
may choose ¢z, = exp(16/a,). O

The following lemma deals with the decay in §2 that has to follow an increase.
The idea is that if N7 is on the boundary between big and small, and its derivative
is non-negative at a point, then it will decrease as we go backward, and the solution
will not move far from the Kasner circle until one of the other N; has become large.
That takes a long time and €2 will decay.

Lemma 14.4 Consider a Bianchi IX solution such that 2/3 < v < 2. There is an
€ > 0 such that if
N1N2—|—N2N3+N3N1 SG (52)

in [s1, s2],
3
4
and (s2) < ca~€, where ¢, is the constant appearing in Lemma 14.3, then Q
decays as we go backward starting at s, until s = s1, or we reach a point s at

which

1
NE(s2) = 56— 37), Ni(s2) 2 0

Q(s2)
Qs) < 2,

Proof. We begin by assuming that € > 0 is a fixed number. As the proof progresses,
we will restrict it to be smaller than a certain constant depending on . We could
spell it out here, but prefer to add restrictions successively. Let N7 > €'/4 in [t1, 2]
and Ni(t;) = €'/* or t; = 51, in case N does not attain e'/* in [sy, s5]. As in the
proof of Lemma 14.3, we conclude that N; < €'/2, i = 2,3 in [t;, 5], and that we
may assume

0+32 +32 <1 (53)

The variables (2, %, Y_) have to belong to the interior of a paraboloid for
Nj to be negative. Since Nj(s2) > 0 we are on the boundary or outside the
paraboloid. The boundary is given by g = 0, where

1
g= 5(37 —2)Q 4287 +2%2 — 4%,

An outward pointing normal is given by Vg, where the derivatives are taken in
the order: Q, ¥ and ¥%_. Let

E={r€t1,s2] 1t €[, 82] = N{(t) >0, Qt) < ca~€}.
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Let 7 € €. By (53) we get g(7) < 2 and, as we are also outside the interior of the
paraboloid, ¥4 (7) < 1/2. For ¢, and thereby (2, small enough depending only on
~, we have

¥ (1) > e'/2,

cf. (51). Using the above observations, we estimate in 7,
Vg (0,5, 5 ) < Cye—€/?

where C, only depends on «. For € small enough, the scalar product is negative.
Thus, if (Q(7),X4(7),2_(7)) is on the surface of the paraboloid, the solution
moves away from it as we go backward, so that N{ > 0 in [s, 7] for some s < 7. If
we are already outside the paraboloid, the existence of such an s is guaranteed by
less complicated arguments. As in the proof of Lemma 14.2, we get Q' > 0 for €
small enough depending only on +, so that £ is open, closed and non-empty. Thus
N7 decreases from sy to t1 going backward. Now,

3 1
2 432 2171N12797h12 S(37+2) — o€ —3e
in [t1, s2], so that

Qty) < 9(52)6_(2‘7)(52—“), (54)

by an argument similar to Lemma 14.1, if € is small enough. We can assume € is
small enough that the time required for N; to decrease to €!/# is great enough
that if ¢1 # s1, then the conclusion of the lemma follows by (54). O
Proof of Proposition 14.1. Assume € is small enough that all the conditions of Lem-
mas 14.2-14.4 are fulfilled. We divide the interval [71, 72] into suitable subintervals,
such that we may apply the above lemmas to them. If
3 5 1

N s 8(6 37) (55)
in 15 for i = 1,2,3, then we let t2 € [11, 72| be the smallest member of the interval
such that (55) holds in all of [t2, 72]. Otherwise, we chose to = 72. Either t3 = 7y
or 3NZ(ty)/4 > (6 — 37)/8, by a suitable permutation of the variables. If to # 71,
let t; be the smallest member of [, ] such that 3NZ/4 > (6 — 37)/8 in [t1, ta].

Because of Lemma 14.2, Q decays in [ta, 72]. If o2 = 71, we are done; let
¢y = 1. Otherwise, we apply Lemma 14.3 to the interval [¢1,t2] to conclude that
Q1) < c24Q(12) in [t1, 7). If t1 = 71, we can choose ¢, = ¢z . Otherwise, we
apply Lemma 14.4 to [11,t1]. Either Q decays until we have reached 71, or there is
a point s; € [11,1] such that Q(s1) < Q(72)/2. By the proof of Lemma 14.4, we
can assume that 79 — s; > 1; some time has to elapse for the decay to take place.

Given an interval |11, T2] as in the statement of the proposition, there are thus
two possibilities. Either Q(7) < ¢ ,(m2) for all 7 € [1, 7] or we can construct
an s; € [1, 2] such that m — s1 > 1, Q(s1) < Q(12)/2, and Q(1) < ¢,,8(72) for
all 7 € [s1, 2]. If the second possibility is the one that occurs, we can apply the
same argument to [71, $1], and by repeated application, the proposition follows. O
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Corollary 14.1 Consider a Bianchi IX solution with 2/3 <~y < 2. If

lim (N1N2 + N2N3 + N1N3) =0

T——00
and there is a sequence T, — —oo such that Q(7;) — 0, then

lim Q(7) =0.

T——00

15 Generic attractor for Bianchi IX solutions

In this section, we prove that for a generic Bianchi IX solution, the closure of the
set of type II vacuum points is an attractor, assuming 2/3 < v < 2. What we need
to prove is that

lim (Q —+ N1N2 + N2N3 + N1N3) = O,

T——00

since then we may for each € > 0 choose a T such that at least two of the N; and 2
must be less than € for 7 < T. The starting point is the existence of a limit point
on the Kasner circle for a generic solution, given by Proposition 13.1. Since there
is such a limit point, there is a sequence 7, — —oo such that N;(7y) and Q(7) go
to zero. If

h = N1Ny + NyN3+ N1 N3 (56)

does not converge to zero, it must thus grow from an arbitrarily small value up
to some €. By choosing € so that Proposition 14.1 is applicable, we have control
over (). A few arguments yield the conclusion that we may assume that it is
the product NoN3 that grows, and that the growth occurs close to the special
point (X4,%_) = (—1,0). Close to this point, , N; and Ni(Nz + N3) decay
exponentially, so as far as intuition goes, we may equate them with zero. We
thus have a Bianchi VIIj vacuum solution close to the special point (—1,0). The
behaviour of Ny N3 will be oscillatory, and we may reduce the problem to one in
which the product behaves essentially as a sine wave. However, by doing some
technical estimates, one may see that one goes down going from top to top during
the oscillation, and that that contradicts the assumed growth. Figure 7 illustrates
the behaviour. It is a simulation of part of a Bianchi VIIj vacuum solution.

We begin by rewriting the solutions in a form that makes the oscillatory
behaviour apparent. Consider a non Taub Bianchi IX solution in an interval such
that —1 < ¥ < 1. Define the functions

Y
. (57)
(1-%2)1/2
V3 Ny — N3

2 (1-3%2)1/2° (58)

<
|

The reason why these expressions are natural to consider is that, for reasons men-
tioned above, N1, £ and so forth may be considered to be zero. In the situation we
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Figure 7: Part of a Bianchi VIIj vacuum solution.

will need to consider Ny — N3 and ¥ _ will have much greater derivatives than ¥,
so that it is natural to consider  and y as sine and cosine, since the constraint
essentially says 72 + % = 1. Let

g=—3(Ny+ N3) —2(1+X,)2g = g1 + go. (59)
In our applications, g; will essentially be constant, and g, will essentially be zero.
Lemma 15.1 The vector x = (I, 7)! satisfies
X' = A% + €,

where A is defined as in (33), with g as in (59) and € = (ez, €)', where the
components are given by (60) and (61).

The error terms are
DI

9 3
€z = 3N1§ + (zN1(N1 — No — N3) — -(2 —7)Q35) 2 (60)
2 2 1-%7
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3 Yux 3 N 3 3 -
*(§N12 — 3N1(N2 + NB))l —+§]+ - 5(2 —7)Qz — 2(1N12 - §N1(N2 + N3))Z
and
1 3 9 y>
= 267200 +5,) + 2@ -0+ In v - V- N2 (e
-3

1

It is clear that if we have a vacuum type VIIj solution, €, = ¢, = 0, so that we
may write X = (sin(&(7)), cos(&(7))), where ¢ is as in (34). In our situation, there
is an error term, but by the exponential decay mentioned above, it only makes the
technical details somewhat longer.

We begin by proving that we can assume that the growth occurs in the
product N2 N3, and that €2 can be assumed to be negligible during the growth. We
also put bounds on ¥ . They constitute a starting point for further restrictions.
The values of certain constants have been chosen for future convenience.

The lemma below is formulated to handle more general situations than the
one above. One reason being the desire to prove uniform convergence to the at-
tractor. We will use the terminology that if & constitutes initial data for (9)-(11),
then X4 (7, z) and so on will denote the solution of the equations with initial value
x evaluated at 7, assuming that 7 belongs to the existence interval. We will use
®(7, ) to summarize all the variables. The goal of this section is to prove that the
conditions of the lemma below are never met.

Lemma 15.2 Let 2/3 < v < 2. Consider a sequence x; of Bianchi IX initial data
with all N; > 0 and two sequences s; < 1; of real numbers, belonging to the existence
interval corresponding to x;, such that

llim d(m,z;) =0, (62)
where d = Q) + N1N2 —+ N2N3 + N1N3, and
h(s;,xp) > 6 (63)

for some 6 > 0 independent of l. Then there is an € > 0 and a ko, such that for
each k > ko there is an l,, a symmetry operation on ®(-,x;, ), and an interval
[uk, vi] belonging to the existence interval of ®(-,xy, ), such that the transformed
variables satisfy

(N2N3)(uk>1'lk) =6 (N2N3)(vkaxlk) < 66_20kv 66_20k_1 < (N2N3)(7—7 'le) <e

Ny(7,21,) < eexp(—30k) and 2 > Na(T, 21, ), N3(7,21,) > eexp(—25k)  (64)

for T € [ug,vg]. Furthermore
Q(ap,) <e BFand —1 <24 (,2,) <0 (65)

in [uk, vk].
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Remark. Observe that for the main application of this lemma, the sequence x; will
be independent of .

Proof. By (62) and (63), there is an € > 0 such that for every k there is a suitable
I, and ug, < vy, with [ug, vg] C [s1,,, 7, ] such that

e 20 e < h(ray,) < 2€ (66)

h(ug, x1,) = 2€, h(vg, z, ) = exp(—20k—1)e where 7 € [uy, vi]. We can also assume
that

h(r,xy,) < 2 (67)
for all 7 € [u, 7y, ]. Furthermore, we can assume
(N1 NoN3)(-,21,) < €% exp(—50k —1)/4 (68)

in [ug, 7, ]. The reason is that d(7, z;) converges to zero, so that (N1 NaN3) (7, x;)
also converges to zero. Consequently, we can assume (N;NaN3)(7y,,21,) to be
as small as we wish, and thus we get (68) by the monotonicity of the product.
Since we may assume (7, , ;) to be arbitrarily small by (62), we may apply
Proposition 14.1 in [ug, 75, ] by (67), choosing € small enough. Thus we may assume
0 < exp(—13k) in [ug,vg]. From now on, we consider the solution ®(,z;, ) in
the interval [ug,7;, ] and only use the observations above. To avoid cumbersome
notation, we will omit reference to the evaluation at x;, . By (66) and (68), we have
in [uk, ’Uk]

1 1 1

—20k=1 < — NyNoN3(— + —
« - 1 3<N1+N2 N3

so that
1 1 1 4

30k
N1+N2+N3266 .

At a given T € [ug, vi], one N;, say Ni, must be smaller than e exp(—30k). If the

second smallest is smaller than eexp(—25k), the largest cannot be bigger than 2,

by Lemma 3.3, but that will contradict h > eexp(—20k — 1) if k is great enough.

Thus, if Ny is the smallest N; for one 7, it is always the smallest. We may thus

assume

N1 < eexp(—30k) and Ny, N3 > eexp(—25k)

in [uk,vg]. If € is small enough, we can assume N3, N3 < 2 by Lemma 3.3. Thus,
e 20k—1¢c _ fee—30k < NyN3 < 2¢ + 4ee30k,
We may shift u, by adding a positive number to it so that
(NaN3)(uy) = € and (NaN3)(1) <€ (69)
for T € [ug,vk]. We may also shift vy, in the negative direction to achieve
(NaN3)(vp) < ee 2% (NyN3)'(vg,) < 0 and (NoN3)(1) > ee™20F1

for 7 € [ug,vi]. The condition on the derivative is there to get control on .
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We now establish (65). Since (NoN3)'(vg) < 0, —1 < X4 (vg) < 0. Due to
(64), (12) and the constraint, ¥/, < 0if ¥4 = 0 or ¥4 = —1. In other words,
Y4 (wg) = 0 implies X4 > 0 in [ug, wg]. But if up < wy then 34 (ug) > 0 so that
(NaN3)(ug) < (N2N3)(wyg), contradicting the construction as stated in (69). We
thus have ¥ <0 in [ug, vg]. We also have —1 < X in that interval. O

Below, we will omit reference to the evaluation at xz;, to avoid cumbersome
notation, but it should be remembered that we in general have a different solution
for each k. Let

0= [ a2+

Here we mean ¢(s,xz;,) when we write ¢, and similarly for ;. Observe that r
depends on k, but that we omit reference to this dependence. All the information
concerning the growth of No N3 is contained in r, see (9), and this integral will be
our main object of study rather than the product NoN3. Let [ug, vg] be an interval
as in Lemma 15.2. Since

(N2N3)(vg) = e* () (N, N3) (uy),

we have r(ug) < —5k. Let up < v < o < 7 < 1 < vg. Starting at ug, let vg be
the last point r = —4k, so that r > —4k in [vk, vg]. Furthermore, let » > —k in
[rk, vg] and finally, assume r < —2k in [y, 7x]. We also assume that r evaluated at
Tk, Tk, Ok and vg is —k, —2k, —3k and —4k respectively. See Table 15. Why? The
interval we will work with in the end is [0}, 7], but the other intervals are used
to get control of the variables there. First of all, we want to get control of ¥,
and the interval [ug, ] together with the additional demand on vy serves that
purpose. The intervals at the other end, together with the associated demands,
are there to yield us a quantitative statement of the intuitive idea that € and Ny
are negligible relative to the other expressions of interest. Finally, we need to get
quantitative bounds relating the different variables; as was mentioned earlier, the
main idea is to prove that Ny N3 oscillates, but that it decreases during a period.
In order to prove the decrease, we need to have control over the relative sizes of
different expressions, and [vg, o] is used to achieve the desired estimates.

From this point until the statement of Theorem 15.1, we will assume that
the conditions of Lemma 15.2 are fulfilled. We will use the consequences of this
assumption, as stated above, freely.

We improve the control of 3. Let us first give an intuitive argument. Observe
that under the present circumstances, the solution is approximated by a Bianchi
VIIy vacuum solution. For such a solution, the function Z_;, defined in (40),
is monotone increasing going backwards. According to the Bianchi VIIy vacuum
constraint, Z_; is proportional to (1 — £2)/N>N3. However, we know that NoN3
has to increase by a factor of €?°% going from vy, to uy, and consequently 1 — £%
has to increase by an even larger factor. The only way this can occur, is if a large
part of the growth in Ny N3 occurs when X, is very close to —1. Taking this into
account, we see that the relevant variation in 1 — %2 = (1—-%,)(1+X}) occurs in
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Table 2: Subdivision of the interval of growth.

Interval Bound on r
[l/k,O'k] —4k <r< —2k
ok, k] —4k <r < =2k
[T, k] —4k <r
[Tk, Vk] —k<r

the factor 1+ X ;. Below, we will use the function (14 X, )/N2Nj3 instead of Z_;.
Let us begin by considering the vacuum case, in order to see the idea behind the
argument, without the technical difficulties associated with the non-vacuum case.

We have .
143
( NN ) <0 (70)

in our situation, cf. Lemma 15.3 and (65). For 7 € [vg, v] we get

(N2N3)(T) < o4k

0 <14+24(r) < 1+ D)) g sy <

by our construction.
Let us make some observations before we turn to the non-vacuum case. First

we analyze the derivative of (1 + X4)/N2N3 in general. The estimates (71) and
(72) will in fact be important throughout this section.

Lemma 15.3 Let up and v, be as above. Then

145 _ 220+ 34)2+ 2214 54) + 32— 9)0 (1)
NoN3 ) — N>N3
and 5
Zgéﬁ@—wﬁ (72)

in the interval [uy, vi| for k large enough.

Remark. Observe that 1 + X4 > 0 in [ug,vg] by (65), so that the first term
appearing in the numerator of the right hand side of (71) has the right sign.
Proof. Using (12), we have

1+3,
NoN;

)/ =220 - 95% ~282)(%, +1) — 22— 7)08, +

+§N1(N1 — Ny — Ng) — (2q + 4Z+)(1 + E+)](N2N3)71.
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Consider the numerator of the right hand side. The term involving the NNV; has the
right sign by (64), and the terms not involving 2 add up to the first term of the
numerator of the right hand side of (71). Let us consider the terms involving (.
They are

20(1+%,) — g(z — Q1+ 3,) + 3(2 Q2 (37— 2)Q(1+X,) =

= 3By =200+ 3 + 5270 < 220

proving (71). To prove (72), we observe that by the constraint and the fact that
0 <14 34 <1 in the interval of interest, we have

—(2-20Q—2%% —2%%)(S1 +1) <3Ny (No + N3)(1 + 24) < 3N;(No + N3).

Inserting this inequality into (12), we get
3 3 1 3
T € =52 =)L+ T4) + (2= 7)Q+ FN1(0N; — 3N, = 3N5) < 32—

by (64) and (65) if k is large enough, proving (72). O
In the vacuum case, ¥ is monotone in our situation, see (72), but in the
general case we have the following weaker result.

Lemma 15.4 Consider an interval [s,t] C [ug,vk] such that

1
23> 5(37 +2).
Then
14+2:1) - Q1) <1+X4(s) (73)
if k is large enough.
Proof. In [s,t] we have
Q> a,Q,

where o, = 3(2 —v)/2, see the proof of Lemma 14.1. Thus,
Q(u) < Q(t) explay (u — 1)
for all u € [s,t]. Integrating (72) we get (73). O
In connection with (71), the following lemma is of interest.
Lemma 15.5 If k is large enough and
(1454 (1) > e¥0(r)

for some T € [ug,vg], then

>~ w

1+34)° > 22-mQ

in [ug, 7).
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Proof. If the solution is of vacuum type the lemma follows, so assume €2 > 0. Let
us first prove that (1 + Xy (u))® > e*Q(7) for u € [ug,7]. Assume there is an
s € [ug, 7] such that the reverse inequality holds. Then there is a t with 7 > ¢ > s,
such that (1+%,)3 < e¥*Q(7) in [s, #], with equality at ¢. Because of (65), Lemma
15.4 is applicable for k large enough. Thus

O3 (r) Q) <1+ B4 (s) < F3QV3(r). (74)

However, by the proof of Lemma 15.2, Proposition 14.1 is applicable in any subin-
terval of [ug, vg], so that Q(t) < ¢,Q(7). Substituting this into (74), we get

eFQV3 (1) — e, Q(r) < M3V (1),

which is impossible for k large enough.
Thus we have, for u € [ug, 7] and k large enough,

1 3 3
1+ 24 (w)® 2 "0(r) 2 g2 = 7)0(u) 2 (2 —7)Q(u)
T2 ), 4 1
where ¢, is the constant appearing in the statement of Proposition 14.1. The
lemma follows. d

We now prove that we have control over 1+ 3 in [vg, vg].
Lemma 15.6 Let v and vi be as above. Then for k large enough,
0<1+%;<e® (75)
in [V, vl

Proof. Assume 1+ X, (7) > e~* for some 7 € [}, v]. Because of (65), we then
conclude that Lemma 15.5 is applicable, so that

in [ug, 7] by (71). Thus

1+34(7) ek

1+ %4 (uk) S
(N2N3)(1) = (NaN3)(7)’

(NaN3) (us)

>

but by our construction
(N2N3)(T) _ €4r(uk)—4r(7) (N2N3)(uk;) < e—20k+16k (NQNg)(Uk),

so that
<14+ (uy) <1

The lemma follows. O
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Corollary 15.1 Let vy and vy be as above. For k large enough,
Q+22 +(1+354)2 <de”
n Vg, vg|.

Proof. By (64), we have
Nl(NQ + Ng) < dee 30k

in [ug, vg]. This observation, the constraint, and Lemma 15.6 yield
3 _
Q+32 <1-%3 + ONi (N2 + Ny) < 3e7"

in [vg,vg], for k large enough. The corollary follows using Lemma 15.6. O

The next thing to prove is that N; and € are small compared with 1+ X,..
The fact that r(rp) = —k will imply that the integral of 1 + X is large, but if
1 4+ X4 is comparable with N7 or 2, it cannot be large since N; and Q decay
exponentially.

The reason (1 + ¥)Y appears in the estimate (76) below is that the final
argument will consist of an estimate of an integral up to ’order of magnitude’.
Expressions of the form (1 + £,)" and (1 + ¥,)™/(Ny + N3)! will will define
what is ’'big’ and ’small’, and here we see to it that terms involving Q and N;
are negligible in this order of magnitude calculus. The factor exp(—3k) is there in
order for us to be able to ignore possible factors multiplying expressions involving
N; and . We only turn up the number k and change exp(—3k) to exp(—2k) to
eliminate constants we do not want to think about; consider (60) and (61).

Lemma 15.7 Let vy and 1, be as above. Then for k large enough,
Q+ Ny + Ni(Na + N3) < e k3 (T=vm) (1 4 31,9 (76)

in Vg, 7] where by, > 0. Furthermore,

1+5Y 2 (1+34)
< _ NSl
< NN, ) < =23 NoNs (77)

mn [ukﬂ'k}.

Proof. Note that

Vi Vi Vi
—/ (143, )dr < / (22 1 5,)dr < / (/2 + 4)dr = —k,

Tk Tk Tk
so that o
k g/ (143, )dr. (78)

Tk
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Let
P1 = Q -+ N1 —+ Nl(Ng —+ Ng)
By the construction in Lemma 15.2, we may assume
p1(vg) < e

Because of Corollary 15.1, we have

p1 (T) < 6712ke4b7(‘r7vk)
for all T € [vg, vg], where b, > 0 is some constant depending only on +y. Let

p2(7_) _ 6_9k€b"’(7_v’“) > eSke—Sbﬂ,(T—vk)pl(T).

The assumption that (14 3)% < py in [ry, vg] contradicts (78). Thus there must
be a ty € [rk,vx] such that (1 + X4 (t0))? > pa(to). In the vacuum case, 1 + X
increases as we go backward, and ps obviously decreases, and thus we are in that
case able to conclude (1 + X1)% > py in [vg, rx]. In the general case, we observe
that (1+ 34 (t0))® > €3*Q(to) by the above constructions. We get

1+3, /< _oy2 (1+34)
NoN3 ) —

in [ug,to], by combining Lemma 15.5 and (71). Inequality (77) follows. Thus, if
T € [V, Tk], we have

(N2 Ns)(7)

1 + 24_(7') Z 7(N2N3)(t0)

(1434 (t)) = ** (1 + 4. (t0))-
Consequently, we will have (1+ X, (7))? > pao(7), since 1+ X has increased from
its value at ¢y and p2 has decreased. The lemma follows. o

Next we establish a relation between 1+X and the product Ny N3. We prove
that (1 + X4)/(N2N3) can be chosen arbitrarily small in the interval [0y, 7%], by
estimating it in vy, and then comparing the integral of 1 + 3 from v, to o} with
the integral of ¥2 over the same interval. The following lemma is the starting
point.

Lemma 15.8 Let oy, 7 be as above. Then for k large enough,

1+34(7)

—— 1ex o [T s
R N 7

k

if T € [0k, Tk|. Furthermore,

in [ug, Tk
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Proof. The statements follow from (77), and the fact that

A2 )(u) 1
(NQNg)(Uk) - E.
O

Considering the constraint, it is clear that %2 should be comparable with
1434 when Ny — N3 and ¥ _ oscillate, and thus the integral should be comparable
with k, cf. (78). However, we have to work out the technical details.

We carry out the comparison between the integrals in three steps. First,
we estimate the error committed in viewing # and ¢ in (57) and (58) as sine and
cosine. Then we may, up to a small error, express the integral of 32 as the integral
of sin?(n/2), multiplied by some function f(n) by changing variables. In order to
make the comparison, we need to estimate the variation of f during a period: the
second step. The only expressions involved are 1+ and Ny + N3. The third step
consists of making the comparison, using the information obtained in the earlier
steps.

Let &, g, g, g1 and g2 be defined as in (57)-(59), and &, = and y be defined
as in the statement of Lemma 12.1, with 7y replaced by 71 and ¢ by ¢x. Observe
that z, y and £ in fact depend on k. We need to compare x with Z.

Lemma 15.9 Let vy and 1 be as above. Then for k large enough,

122 — (1-%2)2? < 12e72F(1 + 24)°. (80)
in Vg, 7. Furthermore,
1- @+ <e” (81)
and
1% — x| < 3¢ (1 +24)° (82)
in that interval.
Proof. We have
3 3 A2 1/2
- ~ —Nl(N2+N3)——N —Q
1= @) + ) < 1 (14 2T A <
+
<e (14 2y ()" (83)

by (76). Equation (81) follows similarly. By (60), (61), (76) and (81), we have
lle(s)]| < 2bye™ 2k (1 4 By (5))8e30r(s7vr)

for k large enough. Let us estimate how much 1 + X, may decrease as we go
backward in time. By (72) and (76), we have

(2 _ ’7)673k€3b”’(7—7vk)(1 + E+)9,

N W

1+3y) <
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so that if [s,t] C [vg, k),
1+ 34 (t) < exp(exp(—2k))(1 + X4 (s)),

for k large enough. Thus, for 7 < 73, we get

/Tk le(s)llds < e (1 + 4. (7))*.
By (36), (85), (84) and (83), we thus have

1% = x|l < Se™**(1+24)°

)
2
<

in [vg, 7], and (82) follows. Since |z| <1 and |Z| < 1.1, cf. (81), we have

|7 — 27| < 6e*F(1454)°,

so that
%2 — (1 -%2)2? <127 2F(1 +24)°
in the interval [vg, 7%].
Let us introduce

T

n(r) = 26(r) =2 / o(s)ds + 26,

k

459

(84)

(86)

where g = —3(Na2 + N3) — 2(1 + £4)Z7 = g1 + g2. The reason we study 7 instead
of £ is that the trigonometric expression we will be interested in is sin2(§), which
has a period of length 7, cf. Lemma 15.9. In the proof of Lemma 15.10, it is shown
that, in the interval [y, 7x], the first term appearing in g is much greater than the
second. We can thus consider functions of 7 in the interval [v, 7] to be functions
of 1. We will mainly be interested in considering an interval [ng, o + 27| at a time,
so that we will only need to estimate the variation of the relevant expressions

during one such period.

Lemma 15.10 Let n1 = n(ox) and ek = n(ve). If [m,m + 27) C 01k, M2.k) and

Na, M € [M,m + 27|, then for k large enough

6767r/e < (N2+N3)(77a) < 667r/e
= (N2 + N3), () ~ ’

lg 1+Z+(na) §2
27 14X (m)

and
l911/2 < |g| < 2|g1]-
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Proof. Because of Lemma 15.8,

1+, 1+35,
Ny + N3 — 2(N2N3>1/2

2l 24

= (N V-
( 2 3) 2NoN3 —

1 NoNs  \ Y2 ) 1
< (== NyN3)'/2 < 2k
= 2¢ ((]VQJVQ)(uk)> (NoNo) “(ur) < 5 775¢
in the interval [k, 7x]. By (81) we may assume 72 + ¢ < 2 in [vg, 7. Combining
this fact with (90) yields (89) in [vg,7g]. Thus, dn/dr < 0 in that interval. We
have

d(Nz + N 1
AEER)) L (g 22 (N + M) + 232 (Ve — )| <
<1(3 )0+ 22 +(1-2D)32 + % 2'9@'1 »2) <
S 5= )+ X5+ (1 =X3)2" + 54 [+ W( -¥3) <
1+3%4
<O(L+Xy) + 8t
so that
1 d(N2+N3)| 1+324 s 1+%, 1+3%4 +21+2+<§
Ny + N3 dn T Na+ N3 (N2 + N3)?2 = "Ny + N3 NoN3 ~ ¢

in [vk,ox] for k large, by Lemma 15.8 and (90). If Ny + N3 has a maximum in
Nmax € [771, m + 27@ and a minimum in 7y, we get

(N2 + N3) (max) < 667r/e7
(N2 + N3)(min)

and (87) follows. We also need to know how much 1+ X varies over one period.
By (12)
(1+34) =222 +252 —2)(1+ %) + fi,

where f1 is an expression that can be estimated as in (76), so that we in [vg, 7]

have
(1+3)

| <2(1-S)1+3%) + (1+24) <13(1+%y),
1+3,

for k large enough. Thus,

1 d1+3)

|<10(1+2+)
- Ny+ N3 '’

(91)

so that (88) holds if & is big enough and |n, — n| < 27 by (90). O



Vol. 2, 2001 The Bianchi IX Attractor 461

Lemma 15.11 Let o, and 1 be as above. Then if k is large enough,

[ N

N2N3 T €

in o, Tk] where ce > 0.

Proof. Observe that similarly to the proof of Lemma 15.7, we have
Ok M2,k 1 E
2 g/ (145, )dr :/ A+20),,
Vi N1,k _29

The contribution from one period in 7 is negligible, by (90) and (89). Compare
this integral with

/7]2,k %dn _ /772,k (1 — Ei)xQ dn N /7]2,k E% — (1 — 21)12 dn it Do
N1,k -9 M,k N1,k -9 ’ ’

Now

)

|12,

N2k ] 4%
< e_k/ s dn
N1,k -9

by (80). Consider an interval [ni,71 + 27|. Estimate, letting 1, and 7, be the
minimum and maximum of ¥ respectively, and 7uyin, 7max the min and max for
—g1 in this interval,

m—+2n 1— 22 1‘2 m+27 1 N 2
/ an > / Mdn =
m -9 m -9

_ /’“*2” (1+%4) sinz(n/?)d?7 o 1B 0) T grpel 24 (7a)
m -9 T 2]g1(Mmax)| T 2 |91 (Nmin) |

> T —6n/elt i (m) _ 1 6/ /mHTr L+ Z+(77b)d >
4 |gl(77min)| 3 m |gl(77min)|
1427
> ie—Gﬂ/€ /77 1 +z+(77)d ’
16 m 79(77)

where we have used (87), (88) and (89). Assuming, without loss of generality, that
M2,k — M,k is an integer multiple of 27, we get

Ok N2,k 22
/ 252 dr = / —dn=TLy+ Ly >
1% n -

k 1,k

> (iet}ﬂ'/e _ 6k> /n2’k 1+ Z+(77) d77 > i676ﬂ'/e /Th'k 1+ E+(77) dr] _
—\16 n —g(n) 20 n —9(n)

1,k 1,k
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= i6_6”/6 /Uk(l + 34 )dr > ﬁ6_6”/6 = cek
10 " V=10 ‘

for k large enough and the lemma follows from (79). O
The following corollary summarizes the estimates that make the order of
magnitude calculus well defined.

Corollary 15.2 Let o and 7 be as above. Then

1+3, 1,
T o Cee 92
(Na + N3)2 = e (92)

1+2

—_— 93
No 4+ N3 — (93)
and
l—e? <L cppe (94)
g1
in [ok, k] for k large enough.
Proof. Observe that by Lemma 15.11,
4% 145 1 o,
(N2 +N3)2 = NaN3 ~ ¢
and
1+ X4 < 1+ X4 < /22 L ek < o2
Ny + N3 2(N2N3)1/2 2€
for k large enough, cf. (90). We have
g . 20+T0)Fg
g1 3(N2 + Ng) ’
By (81) and the above estimates, we get (94) for k large enough. O

The interval we will work with from now on is [0}, 7]. Let 1 be defined as in
(86), but define n1 , = n(7) and 12 = n(ok). We need to improve the estimates
of the variation of 1 4+ X4 and Ny + N3 during a period contained in [ k, 2,k ]-

Lemma 15.12 Consider an interval T = [n1,m + 27] C [k, N2,k], where n1j =
n(1k) and n2.x = n(ox). Let n, and ny, correspond to the max and min of 1+X4 in
T, and let Nmax and Mmin correspond to the max and min of No + N3 in the same
interval. Then,

1071+ 3, (m))?

‘E+(77b) - E+(77a)| < (N2 + N3)(77max) (95)
and
R ey o
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Proof. The derivation of (91) is still valid, so that

1 d1+3%,)

10(1 + 3)
Ny + N3

| <

By (93) we conclude that (1+X(n,))/(1+X4 (1)) can be chosen to be arbitrarily
close to one by choosing k large enough. Now,
1 d(NQ + N3) _ 1 id(Ng + Ng) _
N2+N3 d77 N N2+N3 2g dr o
11
o N2 + N3 29

((g+254) (N2 + N3) + 2V35_(Nz — N3)) =

_q+2%  4(1-33)zy
2g 2(N2 -I-Ng)g’

and consequently
L ANt Ny 10
NQ —|— N3 d'f] T € ’
Equation (96) follows, and the relative variation of Ny 4+ N3 during one period can
be chosen arbitrarily small. Finally,

1+ Z+(77a)
1T+ %4 ()

< 30m(1 + 24 ()
= (N2 + N3)(1min)

by (91) and the above observations. We may also change 7min t0 fmax at the cost
of increasing the constant. O

As has been stated earlier, the goal of this section is to prove that the condi-
tions of Lemma 15.2 are never met. We do this by deducing a contradiction from
the consequences of that lemma. On the one hand, we have a rough picture of how
the solution behaves in [0}, 7] by Lemma 15.9, Lemma 15.12 and Corollary 15.2.
On the other hand, we know that, since r(o%) — r(7) = —k,

1Z4 () — X (ma)] = (14 X4 (m))] -1 <

e B 422 43,

—kZ/ (1(37—2)Q+Zi+23+2+)d7:aH/ —

k M,k

dn. (97)

We will use our knowledge of the behaviour of the solution in [0}, 7] to prove that
(97) is false. Observe that 71, < 12k, and that the contribution from one period
is negligible, cf. Corollary 15.2. Also, a — 0 as kK — oo so that we may ignore
it. We will prove that for k great enough, the integral of (X2 + X2 + X,)/(—2g)
over a suitably chosen period is positive. From here on, we consider an interval
[71,m1 4 27] which, excepting intervals of length less than a period at each end of
[k, M2,5], we can assume to be of the form [—7/2,37/2]. There is however one
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thing that should be kept in mind; when translating the n-variable by 2mn the
&-variable is translated by mm. In other words, there is a sign involved, and in
order to keep track of it we write out the details. By the above observations we
have.

Lemma 15.13 For each k there are integers mi 1 and maj such that

371 /242mg T 2 4 2 + 3
~k =P+ / =, (98)

—7/242my 7 —2g
where B — 0 as k — oo, and
M < —7/242mq k0 < g + 2w, No g — 21 < 37/2 4+ 2mg e < N2 k.
Consider now an interval
[—7/2 4 2mm,37/2 + 2mn] C [—7/2 + 2myq g, 37/2 + 2mg g7,

where m is an integer, and make the substitution

n=n—-2mm, {E=—mn

in that interval. Compute

1
S22+ (1= 3)a + 54 = (1+ 54)(S4 + (1 - 4)5(1 - cosn)) =

= (14350 +54) — 5(1- 54 cosil) =

= S04 S +5,) (1 -54) cosi).

This expression is the relevant part of the numerator of the integrand in the
right hand side of (98). There is a drift term yielding a positive contribution to
the integral, but the oscillatory term is arbitrarily much greater by Lemma 15.6.
The interval [—m/2,37/2] was not chosen at random. By considering the above
expression, one concludes that the oscillatory term is negative in [—7/2,7/2] and
positive in [r/2,37/2]. As far as obtaining a contradiction goes, the first interval
is thus bad and the second good. In order to estimate the integral over a period,
the natural thing to do is then to make a substitution in the interval [r/2,37/2],
so that it becomes an integral over the interval [—7/2,7/2]. It is then important
to know how the different expressions vary with 7. We will prove a lemma saying
that ¥, roughly increases with 7, and it will turn out to be useful that ¥ is
greater in the good part than in the bad. Let

“di— (99)

J = /3”/“2% ¥2 +32 4+ 2t gy = L /3”/2 (1+%(7+ 2mm))

T79 ) T 290 + 2mm)

—m/242mm _29
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1 32 (1 =32 (4 2mm)) cos 7
[ U e,

2 )2 —29(7] + 2mr)
+/3”/2 22 (77 + 2mm) — (1 — B4 (7 + 2mn)) 222 (7 + 2m7r)d~ it dtd
2 ~29(0 + 2mm) T

If we can prove that J is positive regardless of m we are done, since J positive
contradicts (98). The integral J; is positive, and because the relative variation of
the integrand can be chosen arbitrarily small by choosing k large enough, J; is of
the order of magnitude

(1+3%,)°

Ny + N3
If negative terms in Jo and J3 of the orders of magnitude

(1+34)°
(N2 + N3)?

(100)

(101)

or

(1+3%4)°

(N3 + N3)3
occur, we may ignore them by (93) and (92). By (80), J; may be ignored. Ob-
serve that the largest integrand is the one appearing in J>. However, it oscillates.
Considering (99), one can see that writing out arguments such as 77 + 2mn does
not make things all that much clearer. For that reason, we introduce the following
convention.

(102)

Convention 15.1 By X (7) and X4 (—7 + 7), we will mean Y (n + 2mn) and
Y (—7+ 7+ 2mm) respectively, and similarly for all expressions in the variables
of Wainwright and Hsu. However, trigonometric expressions should be read as
stated. Thus cos(77/2) means just that and not cos(77/2 + m).

Definition 15.1 Consider an integral expression
37/2
1= [ s
—m/2
Then we say that I is less than or equal to zero up to order of magnitude, if
37/2
1< [ g
—m/2
where g satisfies a bound

(1+%4)°
(N2 + N3)?

(1+%4)°
(N2 + N3)3’
for k large enough, where C1 and Cs are positive constants independent of k. We

write I < 0. The definition of I Z 0 is similar. We also define the concept similarly
if the interval of integration is different.

g<Cy + Cy
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We will use the same terminology more generally in inequalities between
functions, if those inequalities, when inserted into the proper integrals, yield in-
equalities in the sense of the definition above. We will write = if the error is of
negligible order of magnitude.

Lemma 15.14 If J> as defined above satisfies Jo 2 0, then J is non-negative for k
large enough.

Proof. Under the assumptions of the lemma, we have

I 1/3w/2 (1+Z+)2dﬁ/37r/2(01 (1—|—E+)3 L6, (1—|—E+)3
T2/ 5 2 —nj2 - (N2 + N3)? (N2 + N3)?

)di+

37/2 N2 (1= 2)g2
+/ Sl +) di.

—m/2 _29

By Corollary 15.2, Lemma 15.12 and (80), we conclude that for & large enough, J
is positive. O
The following lemma says that X, almost increases with 7.

Lemma 15.15 Let —7w/2 <7, <y < 37/2. Then
X4 () =24 (1) = —(1+ E+(77min))87
where fmin corresponds to the minimum of 1 + X4 in [—m/2,37/2].

Proof. We have

3

so that . Q
+ .3

— > (2 —)—.

@i =3y,

Using (76), (93) and Lemma 15.12, we conclude that

sy 1

dﬁ el *%(1 + EJr(ﬁmin))S'

The lemma follows. (]

Lemma 15.16 If

37‘!‘/2 1 E
1 :/ ket cos ndn
—m/2 -9

satisfies I <0, then Jy 2 0.
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Proof. Consider

3n/2 1— %2 ~ 3m/2 ) 2) — % 1 5
S S U P T ERTES S RS
—m/2 _4g —m/2 _4g
37/2 143
+(1 - 2+(37r/2))/ — T2 cosiidi.
—m/2 _4g
The first integral is negligible by (95). The lemma follows. a

Lemma 15.17 If

I — /”/2 (14 24 () (91 (7) — g1 (—7j + )
e 9()g(—i + )

cos ndn

satisfies Iy <0, then Jo 2 0.

Proof. We have

3n/2 143 /2 1439 3m/2 14 %
1= / 2y cosndn = / Akt cos ndn —l—/ 2y cos ndn.
—7/2 -9 —7/2 -9 /2 -9

Make the substitution x = —n + 7 in the second integral;

2145 (—x+7)

TS (X)) o
/m —g(—x+m) cos(—x +m)(~dx) = /_ﬂ/z —g(—x +m) cos(x)dx-
Thus,
1) 1S (it
= /—71'/2 ( —g@)  —g(-i+m) ) cos i =
_ /”/2 1+ % (=i +m)g(h) = A+ E:(@)g(=n+m) di
— 9(n)g(=n+ ) '
But
(L+ 24 (=7 +7)g(0) S (1+24(7))g(n),
by Lemma 15.15, so that
A4S @) g@) —g(—itm)
= /ﬂ/z g(M)g(—n+m) cos 7] (103)

Now,

9() = g(=n+7) = 91(7) = g1(=71 + 7) + 92(7) — g2 (=7 + 7),
but since 2zy = sin7 and the error committed in replacing £ with x and y with y
is negligible by (82), we have

92(1) = ga(=n + ) = —(1+ X4 (7)) sing] + (1 + Iy (=7 + 7)) sin(—1) + 7) =
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= (Z4 (=0 +m) = Ep(7)) sin 7.

The corresponding contribution to the integral may consequently be neglected; the
error in the integral will be of type (102) by (95). Consequently, if

I = /”/2 A+ 2 (D)) =g (a4 m) oo

/2 g(Mg(—n + )

satisfies I; < 0, then I < 0 by (103), so that the lemma follows by Lemma 15.16.

O
Let
ha (1) = g1(1) — g1 (=) + 7).
We estimate hy by estimating the derivative. We have hy(7/2) = 0.
Lemma 15.18 Let hy be as above. In the interval [—7 /2,7 /2], we have
dhy (1 “¥2) | 1- Ei(—ﬁJrﬂ)) .
— 23 T+ — sin 7. 104
dij —9(7) —g(=7+) 1oy
Proof. Compute
dhl N dgl ~ Clgl -
a7 () = 5 () + 5z (=0 +m).
But
dgl 3
— = ——((¢+251) (N2 + N3) + 2V3E_(Ny — N3)) =
dn 29
1 — >_(Ny — N
= §(q+22+)9 992 ~gypi=Me =) 29 3,

Observe that = and y are trigonometric expressions, and that
2z (7 + 2mm)y (7 + 2mn) = 2sin(7/2 + mn) cos(7/2 + mn) = sin7.

We have
V3E_(Ny — N3) ~ 2(1 — 22 )zy = (1 — £2)sinj,
so that

d 1 1
PGB -20+52 +22 +5) - 23y -2+ 52 + 52 +5,)-
dn 4 g 4
3(1—¥2)sin7
P .
The middle term and all terms involving 2 may be ignored. Estimate

SE@) + B2 () + 24 (7) + B2 (=7 + 1) + B2 (= + 71) + B (—7 + 7) &
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~ SR + (1~ S30) (s (/2 + mm) — 1/2) + (1~ S3(0) + 4 () +
+33 (=7 + 7) + (1= 33 (=i + 7)) (cos® (77/2 + mm) — 1/2) + %(1 — 3 (=i + 7))+
P (-4 m) = S+ S @) + (1 S (=i m)+

+(1 = Z2(7))(sin(7/2) — 1/2) + (1 = B3 (=7 + 7)) (cos™(17/2) — 1/2).

The first equality is a consequence of (80). Due to the fact that 7 € [—7/2,7/2],
we have cos?(7/2) — 1/2 > 0. Since —7j + 7 > 7 and ¥, increases with 7 up to
order of magnitude according to Lemma 15.15, we have

1= (= +m) 21 =33 (#).

Consequently,

SO S @)+ (14 D () + (1= S30)(sin(7/2) — 1/2)+

H= 52 (4 m) (cos?(3/2) — 1/2) 2 5 (4 B4 () + 51+ Sy (i + 7))+

+(1 = X3(7) (sin*(7/2) — 1/2) + (1 = T3 (7)) (cos*(17/2) — 1/2) = 0.

In other words, we have (104). Here the importance of the fact that ¥ is greater
in the good part than in the bad becomes apparent. O

Lemma 15.19 Let Iy be defined as above. Then I; < 0.

Proof. Let Nmax and 7min correspond to the max and min of —g in the interval
[—7/2,37/2], and let 7, and 7, correspond to the max and min of ¥, in the same
interval. Observe that for 7 € [—m/2,37/2], we have

1— %3 () > 1= %23(7) > 1 — 3% (7).

In order not to obtain too complicated expressions, let us introduce the following
terminology:

1-X2(5 1—X2(7 1—X2 (-7 1—-X2(5
a1 =6 ~-1-(771)) <3< -1:(77) +(~77+7T)) <6 ~+(77a) = a5 and
~9(Mmax) —9(7) —g(=7+) —9(7min)
1+3>.(7 1+>.(n 1+X,(n,
by — ‘; ~+(77b) < ~+ +~(77) < +2 ~+(77 ) — by,
9 (Mwax)  — 9(Mg(=i+7) = g*(lmin)
where 7 € [—7/2, 37 /2]. Observe that
. ay . by
lim — = lim — =1, (105)
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by Corollary 15.2 and Lemma 15.12. Consider the interval [0,7/2]. By (104), we
have

—L > gy sind, (106)

so that

By ™2 dhy
hi(n) = hi(m/2) — d—dn < —aq cosT)
7 n

in the interval [0,7/2]. Now consider the interval [—m/2,0]. We have

Consequently,

0
~ dh
ha(77) = h1(0) —/ dﬁl dn < —aq + ax(1 — cos 1)

7

in the interval [—7/2,0]. Estimate

[ R0 o vm)
0

/”/2 (1+2:(7)
o 9Mg(=i+m)
/2
< —albl/ cos? fjdi) = ———
0
We also estimate

/0 (1+ 4 (M) (g1(7) — g1 (=77 + 7))
—r/2 9(Mg(=n + )

:/0 (1+34 (7)) (1) cos fidii+

—ns2 9(Mg(=7 +7)
)

O 1+3,(7)
*“Q/W/m Do~ + )

N RN
cosiidi} <~ /ﬂ/z g(i)g(—ii + )
0

(1 — cos1j) cos fjdn < —albl/ cos ndin+
—7/2

0
+a2b2/ (1 — cos1)cosfdi < —arby + (1 — Z)ang.
—m/2

Adding up, we conclude that

arby

Il5—(1+7T/4)a1b1+(1—ﬂ'/4)a2b2 [ <1+ /4) daby +<1—7T/4)]a2b2,

which is negative for k large enough by (105). Thus I; < 0. o
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Theorem 15.1 The conditions of Lemma 15.2 are never met.

Proof. If the conditions are met, then Lemma 15.13 follows, and also that it is
false, by Lemmas 15.19, 15.17, 15.14 and (99). O
Let A be the set of vacuum type I and II points.

Corollary 15.3 Let 2/3 < v < 2. For every ¢ > 0 there is a 6 > 0 such that if x
constitutes Bianchi IX initial data for (9)-(11) and

inf ||z —yl| <6
ylgAIII yll <

then
inf ||® —qyll <
711161 [@(r, ) —yll <€

for all T <0, where @ is the flow of (9)-(11).
Proof. Assuming the contrary, there is an € > 0 and a sequence z; — A such that

inf ||® —y|| >
ylgAII (si,z) —yll = €

for some s; < 0. Let 7, = 0. Since d(7,x;) — 0 and we can assume € is small
enough that Proposition 14.1 is applicable, there must be an > 0 such that
h(si,x;) > n for [ large enough, contradicting Theorem 15.1. O

Corollary 15.4 Consider a generic Bianchi IX solution with 2/3 < v < 2. Then
lim (Q + NlNQ + N2N3 + NlNg) =0.

T——00
Proof. If h does not converge to zero, then the conditions of Lemma 15.2 are
met, since there for a generic solution is an a-limit point on the Kasner circle by
Proposition 13.1. Corollary 14.1 then yields the desired conclusion. O

Corollary 15.5 Let 2/3 <~ < 2. The closure of Fix and the closure of Prx do not
intersect A. Furthermore, the set of generic Bianchi IX points is open in the set
of Bianchi IX points.

Remark. The closure of the Taub type IX points does intersect A. Proof. Assume
there is a sequence x; € Frx such that z; — x € A. By Corollary 15.3 this is
impossible since F' has a positive 2-coordinate. The argument for Prx is similar,
since the (2-coordinate of P;"(II) is positive.

Consider now a generic point z in the set of Bianchi IX points. There is
a neighbourhood of z that does not intersect the Taub points. Let us prove the
similar statement for Frx and Prx. Assume there is a sequence x; € Frx such that
x; — x. For each € > 0 there is a T' < 0 such that d(T, z) < ¢/2, by Corollary 15.4.
By continuity of the flow and the function d, we conclude that for [ large enough
we have d(T, z;) < e. Since ®(T), z;) € Fix, we get a contradiction to the first part
of the lemma. Thus, there is an open neighbourhood of z that does not intersect
Fix. The argument for Prx is similar. O
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Corollary 15.6 Let 2/3 < v < 2. The closure of Fyi1, and the closure of Py, do
not intersect A. Furthermore, the generic Bianchi VIIy points are open in the set
of Bianchi VIl points.

Proof. The argument proving the first part is as in the Bianchi IX case, once one
has checked that analogues of Proposition 14.1 and Theorem 15.1 hold in the
Bianchi VIIj case. The second part then follows as in the Bianchi IX case, using
Proposition 10.2. O

16 Regularity of the set of non-generic points

Observe that the constraint (11) together with the additional assumption © > 0
defines a 5-dimensional submanifold of R® which has a 4-dimensional boundary
given by the vacuum points. We have the following.

Theorem 16.1 Let 2/3 < v < 2. The sets Fi1, Fyii,, Fix, Pvi, and Prx are C*
submanifolds of R® of dimensions 1, 2, 3, 1 and 2 respectively.

We prove this theorem at the end of this section. The idea is as follows. The
only obstruction to e. g. Fi; being a C'! submanifold, is if there is an open set O
containing F' and a sequence xj € Fi1 such that x; — F', but each xx has to leave
O before it can converge to F'. If there is such a sequence, we produce a sequence
yr € JF11 such that the distance from y, to A converges to zero, contradicting
Lemma 9.1. The argument is similar in the other cases.

We will need some results from [12]. The theorem stated below is a special
case of Theorem 6.2, p. 243.

Theorem 16.2 In the differential equation
¢ =E{+G(E) (107)

let G be of class C* and G(0) =0, 9¢G(0) = 0. Let E have e > 0 eigenvalues with
positive real parts, d > 0 eigenvalues with negative real parts and no eigenvalues
with zero real part. Let & = £(t,&o) be the solution of (107) satisfying £(0,&) = &o
and Tt the corresponding map T (&) = £(t,&). Then there exists a map R of a
neighbourhood of £ = 0 in &-space onto a neighbourhood of the origin in Euclidean
(u,v)-space, where dim(u) = d and dim(v) = e, such that R is C' with non-
vanishing Jacobian and RT*R™' has the form

tP
ur \ [ e ug+U(t, ug,vo)
< vy ) - ( eQuy + V(t,ug,v0) /) (108)
U, V and their partial derivatives with respect to ug, vo vanish at (ug,vo) = 0.

Furthermore V.= 0 if vo = 0 and U = 0 if ug = 0. Finally |e¥| < 1 and
le @ < 1.
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Let us begin by considering the local behaviour close to the fixed points.

Lemma 16.1 Consider the critical point F. There is an open neighbourhood O of
F in RS, and a 1-dimensional C' submanifold My C Fir of O NI, such that
for each x € O NIy, either x € My, or x will leave O as the flow of (9)-(11)
is applied to x in the negative time direction. Similarly, we get a 2-dimensional
C' submanifold My, of O NIy, and a 3-dimensional C*' submanifold Mix of
O N I1x with the same properties. Consider the critical point Pf'([[). We then
have a similar situation. Give the neighbourhood corresponding to O the name P,
and use the letter N instead of the letter M to denote the relevant submanifolds.
Then Ny, has dimension 1 and Nix has dimension 2.

Proof. Observe that when € > 0, we can consider (9)-(11) to be an unconstrained
system of equations in five variables. Using the constraint (11) to express €2 in
terms of the other variables, we can ignore € and consider the first five equations
of (9) as a set of equations on an open submanifold of R?, defined by the condition
Q > 0 (considering €2 as a function of the other variables). In the Bianchi VIIy
case, we can consider the system to be unconstrained in four variables.

Let us first deal with the Bianchi VIIj case. Consider the fixed point P;"(IT).
Considering the Bianchi VIIy points with N7, Ny > 0 and N3 = 0, the linearization
has one eigenvalue with positive real part and three with negative real part, cf.
[20]. By a suitable translation of the variables, reversal of time, and a suitable
definition of G and E in (107), we can consider a solution to (9)-(11) converging
to P"(II) as 7 — —oo as a solution & to (107) converging to 0 as t — oco. F
has one eigenvalue with negative real part and three with positive real part, so
that Theorem 16.2 yields a C' map R of a neighbourhood of 0 with non-vanishing
Jacobian to a neighbourhood of the origin in R*, such that the flow takes the form
(108) where v € R and v € R3.

Observe that since £ = 0 is a fixed point, there is a neighbourhood of that
point such that the flow is defined for |[¢| < 1. There is also an open bounded
ball B centered at the origin in (ug, vo)-space such that U and V are defined in a
neighbourhood N of [~1,1] x B. Let a = ||e”’|| and 1/c = ||e~%||. For any ¢ > 0, we
can choose B and then N small enough that the norms of U, V and their partial
derivatives with respect to u and v are smaller than € in N. Assume B and N are
such for some e satisfying

c—11-a
2 7 2 b
Consider a solution £ to (107) such that Ro &(t) € B for all t > T'. Let (u,vy) =

R(&(t)) for t > T. We wish to prove that v; = 0, and assume therefore that vy, # 0
for some tg > T. We have

€ < min{ (109)

[Vegtnll > 1€9Vtg1n—1 + V(1,010 11, Utgrn—1)|| >

+c

> cllvigrn—1ll — €llvegrn—all = [veg+n—1ll;
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where we have used (109), the fact that V is zero when vy = 0, and the fact that
(ut, v) remain in B for ¢ > T. Thus,

1+c\"
orginll = (F35) ol

which is irreconcilable with the fact that v; remains bounded.
If (uty,ve,) € B and vy, = 0, (108) yields vyy41 = 0 and

l1—a 1+a

luto 41l < (a+ M, || = 5 [t |-

Consequently, all points (u,v) € B with v = 0 converge to (0,0) as one applies the
flow.

We are now in a position to go backwards in order to obtain the conclusions
of the lemma. The set R~!(B) will, after suitable operations, including non-unique
extensions, turn into the set P and R~*({v = 0} N B) turns into Nyy,. One can
carry out a similar construction in the Bianchi IX case. Observe that one might
then get a different P, but by taking the intersection we can assume them to be
the same. The dimension of Nix follows from a computation of the eigenvalues.

The argument concerning the fixed point F' is similar. m|

Proof of Theorem 16.1. Let O, My and so on be as in the statement of Lemma 16.1,
and let ® be the flow of (9)-(10). Observe that if there is a neighbourhood O C O
of F such that F;NO = My ﬂé, then Fir is a C'! submanifold. The reason is that
given any € Fi, there is a T such that ®(7,z) € O for all 7 < T. By Lemma 16.1,
we conclude that ®(T',z) € My;. Then there is a neighbourhood O’ C O of ®(T, z)
such that O’ N Fr = O’ N My;. We thus get, for O’ suitably chosen, a C! map
Y O — RS with C?! inverse, sending i1 N O’ to a one dimensional hyperplane.
If O’ is small enough, we can apply ®(—T,-) to it, obtaining a neighbourhood of
z. By the invariance of Fi1, we have

CI)(—T, O/) NFi = (I’(—T7 o'n f]]).

In other words, ¢(®(T,-) defines coordinates on ®(—T,O’) straightening out Fij.
The arguments for the other cases are similar.

Let us now assume, in order to reach a contradiction, that there is a sequence
2k € Fir N O such that zp — F but xx ¢ My for all k. If we let O" C O be a
small enough ball containing F', we can assume that |N;|" > 0 for i = 1,2,3 in O/,
cf. the proof of Lemma 4.2. For k large enough, z; € O" and applying the flow
to them we obtain points yi € Fi1 N 00’. By choosing a suitable subsequence, we
can assume that y; converges to a type I point y which is not F. Given € > 0,
there is a T such that ®(—T,y) is at distance less than €/2 from A. For k large
enough, ®(—T,yx) € Fi1 will then be at distance less than e from A. We get a
contradiction to Lemma 9.1. The arguments for Fyr, and Fix are similar, due to
Corollaries 15.6 and 15.5.
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For Pyr, and Pix, we need to modify the argument. Assume there is a
sequence z € Py, N P such that z, — Pf(II), but z ¢ Ny, for all k.
By choosing P’ C P as a small enough ball, we can assume that |N;|" > 0 in
P’ for i = 2,3, cf. the proof of Lemma 4.1. For k large enough, z, € P’, and
applying the flow to them we obtain points yx € Py, N OP’. By choosing a
suitable subsequence, we can assume that y; converges to a type II point y which
is not P;"(II). If y ¢ Fi1, we can apply the same kind of reasoning as before,
using Proposition 9.1 to get a contradiction to the consequences of Corollary 15.6.
If y € Fir we get, by applying the flow to the points yi, a sequence zr € Py,
converging to F'. Applying the flow again, as before, we get a contradiction. The
Bianchi IX case is similar using Corollary 15.5. O

17 Uniform convergence to the attractor

If = constitutes initial data to (9)-(11) at 7 = 0, then we denote the corresponding
solution ¥ (7, z) and so on.

Proposition 17.1 Let 2/3 < v < 2 and let K be a compact set of Bianchi IX initial
data. Then N1 N3 N3 converges uniformly to zero on K. That is, for all e > 0 there
is a T such that

(N1N2N3>(T, {L‘) S €

forallt <T and all x € K.

Proof. Assume that N1 NoN3 does not converge to zero uniformly. Then there is
an € > 0, a sequence 7, — —o0 and z; € K such that

(N1N2N3)<Tk,l'k) > €.

We may assume, by choosing a convergent subsequence, that x; — x, as k — oo.
Because of the monotonicity of (N1 NaN3)(-, zx), we conclude that

(NlNQNg)(T7 l'k) Z €.
for 7 € [14,0]. Thus

(N1N2N3)(T,$*) = khm (NlNQN?,)(T, l‘k) Z €
—00

for all 7 < 0. We have a contradiction. O

Corollary 17.1 Let 2/3 < v < 2 and let K be a compact set of Bianchi IX initial
data. Then for every e > 0, there is a T such that

Q+32 +3%2 <1+e

forallr e K and T <T.
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Proof. As in the pointwise vacuum case, see [19]. a
Consider
d=Q+ N1 Ny + NaN3s + N3Nj.

Proposition 17.2 Let K be a compact set of generic Bianchi IX initial data with
2/3 <y < 2. Then d converges uniformly to zero on K.

Proof. Assume that d does not converge to zero uniformly. Then there is an n > 0,
a sequence T, — —oo and a sequence xj € K such that

d(Tk, ) = 1. (110)
We now prove that there is no sequence sy, such that 7, < s, <0 and
d(skn7xkn) — 0.

Assume there is. By Theorem 15.1, there is no 6 > 0 such that maximum of
h(-,xk, ) in [1%, , sk, ] exceeds é for all n. For § small enough, we can apply Propo-
sition 14.1 to the interval [ry, , sk, | to conclude that for some n, {2 cannot grow in
very much in that interval either. We obtain a contradiction to (110) for ¢ small
enough and n big enough.

Thus there is an € > 0 such that

d(t,zr) > €
for all 7 € [, 0] and all k. Assume xj, — x.. Then

d(t,z.) = lim d(r,25) > €>0

k—o0

for all 7 < 0. But x, constitutes generic initial data. a

18 Existence of non-special a-limit points on the Kasner circle

We know that there is an a-limit point on the Kasner circle, but in order to prove
curvature blow up we wish to prove the existence of a non-special a-limit point on
the Kasner circle.

Lemma 18.1 Consider a generic Bianchi IX solution with 2/3 < v < 2. If it has
a special point on the Kasner circle as an a-limit point then it has an infinite
number of a-limit points on the Kasner circle.

Proof. By applying the symmetries, we can assume that there is an a-limit point
on the Kasner circle with (¥4,X_) = (—1,0). Since the solution is not of Taub
type, (X4,%_) cannot converge to (—1,0) by Proposition 3.1. Thus there is an
1 > € > 0 such that for each T there is a 7 < T such that 1 + X, (7) > €. Let
T — —o0 be such that ¥ (1) — —1.
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Let n > 0 satisfy n < e. We wish to prove that there is a non-special a-limit
point on the Kasner circle with 1+ 3, < 7. There is a sequence t; < 7 such that
14+ ¥4 (tx) = n and ¥/, (tx) < 0 assuming k is large enough. The condition on
the derivative is possible to impose due to the fact that 1+ 3 eventually has to
become greater than e. Choosing a suitable subsequence of {t;}, we get an a-limit
point which has to be a vacuum type I or II point by Corollary 15.4. If it is of type
I, we get an a-limit point on the Kasner circle with 1 + ¥, = n and we are done.
The a-limit point cannot have N7 > 0, because of the condition on the derivative,
cf. the proof of Proposition 5.1. If it is of type II with Ny or N3 greater than zero,
we can apply the flow to get a type II solution, call it z, of a-limit points to the
original solution. Since a type II solution with Ny or N3 greater than zero satisfies
¥, < 0, the w-limit point y of x must have 1 + X, < 7. By Proposition 5.1,
y € Ko U K3, so that it is non-special.

Let 0 < 71 < €. As above, we can then construct a non-special a-limit point
x1 on the Kasner circle with ¥ coordinate ¥ ; such that 1+3 ; < ;. Assume
we have constructed non-special a-limit points x; on the Kasner circle, i = 1,...,m
with ¥ coordinates X, ; satisfying 3y ; < X1 ;1. Let 0 < mypq1 < 14+ X4 .
Then by the above we can construct a non-special a-limit point x,,4; on the
Kasner circle with 3 coordinate ¥, ,,41, satisfying ¥ ;11 < X4 ;. Thus the
solution has an infinite number of a-limit points on the Kasner circle. O

Corollary 18.1 A generic Bianchi IX solution with 2/3 < v < 2 has at least three
non-special a-limit points on the Kasner circle. Furthermore, no N; converges to
zero.

Proof. Assume first that the solution has a special a-limit point on the Kasner
circle. By Lemma 18.1, the first part of the lemma follows. By the proof of Lemma
18.1, there is a non-special a-limit point on the Kasner circle with ¥ coordinate
arbitrarily close to —1, say that it belongs to K5. Repeated application of Propo-
sition 6.1 then gives a-limit points first in 3, and after enough iterates, either an
a-limit point in Ky, or a special a-limit point on the Kasner circle with ¥, = 1/2.
If the latter case occurs, a similar argument to the proof of Lemma 18.1 yields an
a-limit point on ;. By Proposition 6.1, we conclude that there are a-limit points
with N7 > 0, with Ny > 0 and with N3 > 0.

Assume that there is no special a-limit point on the Kasner circle. Repeated
application of the Kasner map yields a-limit points in IC;, ¢ = 1,2,3, and the
conclusions of the lemma follow as in the previous situation. O

19 Conclusions

Let us first state the conclusions concerning the asymptotics of solutions to the
equations of Wainwright and Hsu. We begin with the stiff fluid case.
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Theorem 19.1 Consider a solution to (9)-(11) with v = 2 and Q > 0. Then the
solution converges to a type I point with Eﬁ_ +X2 < 1. For the Bianchi types other
than I, we have the following additional restrictions.

1. If the solution is of type II with N1 > 0, then ¥4 < 1/2.
2. For a type VIy or VIIy with Ny and N3 non-zero, then ¥4 +/3%_ > —1.

3. If the solution is of type VIII or IX, then ¥ ++/3%_ > —1 and ¥, < 1/2.

Remark. Figure 8 illustrates the restriction on the shear variables. The types
depicted are I, I, VIy and VIIy, and VIII and IX, counting from top left to bottom
right.

2 2
1 1
w0 w0
-1 -1
-2 -2
-2 -1 0 1 2 -2 -1 0 1 2
z z
+ +
2 2
1 1
w0 w0
-1 -1
-2 -2
-2 -1 0 1 2 -2 -1 0 1 2
z z
+ +

Figure 8: The points to which the shear variables may converge for a stiff fluid.

Proof. The theorem follows from Propositions 7.1 and 7.2. m|
Consider now the case 2/3 < v < 2. Let A be the closure of the type II
vacuum points.
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Theorem 19.2 Consider a generic Bianchi IX solution x with 2/3 < v < 2. Then
it converges to the closure of the set of vacuum type II points, that is
li inf —y||l=0
iminf fl(7) =y

where || - || is the Buclidean norm on R®. Furthermore, there are at least three
non-special a-limit points on the Kasner circle.

Remark. One can start out arbitrarily close to this set without converging to it,
cf. Proposition 11.1. Observe that the set of non-generic points is a union of C'-
submanifolds, and that the set of generic data is open in the set of Bianchi IX
initial data. Observe also that the convergence to the attractor is uniform, and
that Corollary 15.3 yields some interesting conclusions.
Proof. The first part follows from Corollary 15.4 and the second part follows from
Corollary 18.1. a
Next we turn to the precise statement concerning curvature blow up. Let us
make a division of the initial data according to their global behaviour.

Theorem 19.3 Consider a class A development with 1 < v < 2.

1. If the initial data are not of type IX, but satisfy tryk = 0, then po = 0 and the
development is causally geodesically complete. Only types I and VIIy permit
this possibility.

2. If the initial data are of type I, II, VIy, VIIy or VIII, and satisfy trgk <
0, then the development is future causally geodesically complete and past
causally geodesically incomplete. Such initial data we will refer to as expand-
mng.

8. Bianchi IX initial data yield developments that are past and future causally
geodesically incomplete. Such data are called recollapsing.

Observe that this theorem is not new. As far as class A developments are concerned,
we will restrict our attention to equations of state with 1 < ~ < 2. The reason
is that there is cause to doubt the well-posedness of the initial value problem for
2/3 <y < 1,cf. [11] p. 85 and p. 83. Furthermore, in the Bianchi IX case we use
results from [16] concerning recollapse, see Lemma 21.6. In order to be allowed to
do that, we need the above mentioned condition on .

We will use the Kretschmann scalar,

K = Rapys ROPY, (111)

as our main measure of whether curvature blows up or not, but in the non-vacuum
case it is natural to consider the Ricci tensor contracted with itself R,z R,
The next theorem states the main conclusion concerning developments.

Theorem 19.4 For class A developments with 1 < v < 2, we have the following.
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1. Consider expanding initial data of type I, II or VIIy with 1 < v < 2 which
are not of Taub vacuum type. Then the Kretschmann scalar is unbounded
along all inextendible causal geodesics in the incomplete direction.

2. Consider non-Taub recollapsing initial data with 1 < ~ < 2. Then the
Kretschmann scalar is unbounded along all inextendible causal geodesics in
both incomplete directions.

3. For expanding and recollapsing data with v = 2 and pg > 0, the Kretschmann
scalar is unbounded along all inextendible causal geodesics in all incomplete
directions.

4. Consider expanding and recollapsing data with pg > 0. Then RaﬂRO‘B 18
unbounded along all inextendible causal geodesics in all incomplete directions.

In all cases mentioned above the class A development is C?-inextendible.

Remark. Observe that the Bianchi VIIT vacuum case was handled in [19], and the
Bianchi VI vacuum case in [18]. The above theorem thus isolates the vacuum
Taub type solutions as the only ones among the Bianchi class A spacetimes that
do not exhibit curvature blow up, given our particular matter model.

Proof of Theorems 19.3 and 19.4. Let (M, g) be the Lorentz manifold obtained in
Lemma 21.2 with topology I x G. It is globally hyperbolic by Lemma 21.4.

If the initial data satisfy tryk = 0 for a development not of type IX, then it
is causally geodesically complete and satisfies u = 0 for the entire development,
by Lemma 21.5 and Lemma 21.8. The first part of Theorem 19.3 follows.

Consider initial data of type I, II, VIy, VIIy or VIII such that trgk # 0. By
Lemma 21.5 and Lemma 21.8, we may then time orient the development so that it
is future causally geodesically complete and past causally geodesically incomplete,
and the second part of Theorem 19.3 follows. The third part follows from Lemma
21.8.

Consider an inextendible future directed causal geodesic in the above devel-
opment. Since each hypersurface {v} x G is a Cauchy hypersurface by Lemma
21.4, the causal curve exhausts the interval I.

1. If the solution is not of type IX, then the solution to (131)-(136), which is
used in constructing the class A development, corresponds to a solution to (9)-(11),
because of Lemma 21.5. Furthermore, t — t_ corresponds to 7 — —oo, because of
Lemma 22.4.

a. In all the stiff fluid cases, the solution to (9)-(11) converges to a non-
vacuum type I point by Theorem 19.1, so that Lemma 22.1 and Lemma 22.3 yield
the desired conclusions in that case.

b. Type I, IT and VIIj with 1 < v < 2. That the Kretschmann scalar is un-
bounded in the cases stated in Theorem 19.4 follows from Proposition 8.1, Propo-
sition 9.1, Proposition 10.1, Proposition 10.2, Lemma 22.1 and and Lemma 22.2.

c. Non-vacuum solutions which are not of type IX. Then RaﬁRaﬁ is un-
bounded using Lemma 22.3.
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2. If the solution is of type IX, then half of a solution to (131)-(136) corre-
sponds to a Bianchi IX solution to (9)-(11), because of Lemma 21.6. By Lemma
22.5,t — t4 corresponds to T — —o0.

a. In the stiff fluid case, we get the desired statement as before.

b. If 1 < v < 2, we get the desired conclusions, concerning blow up of
the Kretschmann scalar, from Corollary 18.1, Proposition 11.1, Lemma 22.1 and
Lemma 22.2.

c. Non-vacuum solutions. Then Ra[;RO‘B is unbounded using Lemma 22.3.

Let us now prove that the development is inextendible in the relevant cases.
Assume there is a connected Lorentz manifold (M , §) of the same dimension, and a
map i : M — M which is an isometry onto its image, with i(M) # M. Then there
isap € M—i(M) and a timelike geodesic 7 : [a,b] — M such that ~([a, b)) C i(M)
and «(b) = p. Since v|(4) can be considered to be a future or past inextendible
timelike geodesic in M, either it has infinite length or a curvature invariant blows
up along it, by the above arguments. Both possibilities lead to a contradiction.
Theorem 19.4 follows. O

20 Asymptotically velocity term dominated behaviour
near the singularity

In this section, we consider the asymptotic behaviour of Bianchi VIII and IX stiff
fluid solutions from another point of view. We wish to compare our results with
[2], a paper which deals with analytic solutions of Einstein’s equations coupled to a
scalar field or a stiff fluid. In [2], Andersson and Rendall prove that given a certain
kind of solution to the so called velocity dominated system, there is a unique
solution of Einstein’s equations coupled to a stiff fluid approaching the velocity
dominated solution asymptotically. We will be more specific concerning the details
below. The question which arises is to what extent it is natural to assume that
a solution has the asymptotic behaviour they prescribe. We show here that all
Bianchi VIIT and IX stiff fluid solutions exhibit such asymptotic behaviour.

In order to speak about velocity term dominance, we need to have a foliation.
In our case, there is a natural foliation given by the spatial hypersurfaces of homo-
geneity. Relative to this foliation, we can express the metric as in (141) according
to Lemma 21.2. In what follows, we will use the frame e appearing in Lemma
21.2; and Latin indices will refer to this frame. Let g be the Riemannian metric,
and k the second fundamental form of the spatial hypersurfaces of homogeneity,
so that

9ij = g(e}, ¢f) = a; 285, (112)
where g is as in (141). The constraint equations in our situation are

R — kijk" + (trk)? = 2u (113)
Viki; — V;(trk) = 0, (114)
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which are the same as (135) and (132) respectively. The evolution equations are
0rgij = —2kij (115)
k', = R+ (trk)k';. (116)
The evolution equation for the matter is
O = 2(trk) . (117)

We wish to compare solutions to these equations with solutions to the so called
velocity dominated system. This system also consists of constraints and evolution
equations, and we will denote the velocity dominated solution with a left super-
script zero. The constraints are

Ok, %k 4 (%) = 2% (118)
OV (k) -V, (%) = o. (119)

The evolution equations are
9%gi; = —2%ki (120)

01  _ 07.\07.i

ok, = (trk)K', (121)

and the matter equation is
0% = 2(t2°%) . (122)

We raise and lower indices of the velocity dominated system with the velocity
dominated metric. In [2], Andersson and Rendall prove that given an analytic
solution to (118)-(122) on S x (0,00) such that ttr°& = —1, and such that the
eigenvalues of —tokij are positive, there is a unique analytic solution to (113)-
(117) asymptotic, in a suitable sense, to the solution of the velocity dominated
system. In fact, they prove this statement in a more general setting than the one
given above. We have specialized to our situation. Observe the condition on the
eigenvalues of ftokij. Our goal is to prove that this is a natural condition in the
Bianchi VIII and IX cases.

Theorem 20.1 Consider a Bianchi VIII or IX stiff fluid development, as con-
structed in Lemma 21.2, with po > 0. Choose time coordinate so that t_— = 0.
Then there is a solution to (118)-(122) such that tt1°k = —1, the eigenvalues of
—tokij are positive, and the following estimates hold

1. Ogitg; = 6" + o(t®'5)
2. k' =k 4ot )
3. p="p+o(t=2+0),

where o' ; and By are positive real numbers.
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Remark. In [2] two more estimates occur. They are not included here as they are
replaced by equalities in our situation. Observe that the difficulties encountered
in [2] concerning the non-diagonal terms of kij disappear in the present situation.
Proof. Below we will use the results of Lemma 21.2 and its proof implicitly. When
we speak of 0,5, 0,5, 0, n;; and p, we will refer to the solution of (131)-(136) and
the indices of these objects should not be understood in terms of evaluation on a
frame. Since 6;; and so on are all diagonal, we will sometimes write 6; etc instead,
denoting diagonal component i. There are two relevant frames: e} and e; = a;e}.
The latter frame yields n;; through (7). When we speak of k:ij, R;; and so on, we
will always refer to the frame e,. We have

(no summation on 7). The metric is given by (112) above. Let us choose

074 _ _ 0O i
K= 09,6, (123)

let 20 = 091 + 092 + 093 and
0g:; = %a;26;,

(no summation on ). Because of (123), equation (119) will be satisfied since it is
a statement concerning the commutation of %k’ ; and n;;. The existence interval
for the solution to Einstein’s equations is (0,¢1) by our conventions, and since
we wish to have ttr°k = —1 we need to define °0(t) = 1/t. Observe that °6,/°0
is constant in time, and that 6;/0 converges to a positive value as ¢ — 0; this is
a consequence of Theorem 19.1 and the definition (138) of the variables ¥4 and
¥_. Choose 9; so that °6;/°0 coincides with the limit of 6;/6. Similarly °p/%6? is
constant, /0% converges to a positive value, and we choose 11/°62 to be the limit.
Since R/6? is a polynomial in the N; and the N; converge to zero by Theorem
19.1, equation (118) will be fulfilled. By our choices, (121) and (122) will also be
fulfilled. We will specify the initial value of “a; later on, and then define %a; by
demanding that (120) holds.

It will be of interest to estimate terms of the form R i/ 2. These terms are
quadratic polynomials in the N;. By abuse of notation, we will write N;(7) when
we wish to evaluate N; in the Wainwright-Hsu time (137) and N;(t) when we wish
to evaluate in the time used in this theorem. By Theorem 19.1, there is an € > 0
and a 7y such that

INi(7)] < expler)

for all 7 < 79. We wish to rewrite this estimate in terms of ¢. Let us begin with
(139). Since we can assume that ¢ < 3 for 7 < 75 we get

0(1) < exp[—4(T — 70)]0(70),

so that for 11 <7 <7y we get, using (137),

t(r) —t(m) = /T %ds > %(exp[élﬁ' —70)] — expld(m1 — 70)])-
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Letting 7 go to —oo and observing that ¢(—o0) = 0, cf. Lemma 22.4 and Lemma
22.5, we get for some constant ¢

er < ct(r),

so that
N;(t) < exp(er(t)) < Ct"

for some positive number 7. Consequently, expressions such as R’ j /0% and R/6?
satisfy similar bounds.

Let us now prove the estimates formulated in the statement of the theorem.
Observe that for ¢ small enough, we have

—0 = trk(t) = —(/O [952 +1]ds) 1,

since the singularity is at ¢ = 0 and trk must become unbounded at the singularity,
cf. Lemma 22.4, 22.5 and (139). Thus we get

t t
609 — —/O gds{t/o [052 +1)ds)~t = ot 1+m) (124)

for some 7; > 0. In order to make the estimates concerning k%., we need only

consider §; and °6;. We have

YR

0; °6; 0; O0;R— R0

ol Yy _ gl i i
"5~ o) = %% 62

with no summation on the i in R?,. This computation, together with the estimates

above and the fact that 6;/6 — °0; /%6 converges to zero, yields the estimate

0; °0;
7 " Tg — o(t"™), (125)

for some 7, > 0. However,

6 %0 0, —°0; °6,°9—9¢

9 9 9 09 9

(126)

Combining (124), (125) and (126), we get estimate 2 of the theorem. Similarly, we
have 0
1% @ B 2pR
Mz~ o) =0 =g
Integrating, using the fact that /6% converges to %1/%0%, we get

0

p O \



Vol. 2, 2001 The Bianchi IX Attractor 485

where 73 > 0. Using

1 ON_M_ON OMOHQ_HQ
2 02 g2 o g2

(124) and (127), we get estimate 3 of the theorem. Finally, we need to specify the
initial value of a; and prove estimate 1. Since

Ora; = —0;a4,

(no summation on 4) and similarly for %a;, we get

a;

iy

a;
Byt =
%) 7

(°0; — 6;).

By our estimates on °0; — 6;, we see that this implies that a;/%a; converges as
t — 0. Choose the value of %a; at one point in time so that this limit is 1. We thus
get, using estimate 2 of the theorem,

Estimate 1 of the theorem now follows from this estimate and the fact that

0g:\ 2
0yl — (%) si
9 9gij (az) j

The theorem follows. O

21 Appendix

The goal of this appendix is to relate the asymptotic behaviour of solutions to the
ODE (9)-(11) to the behaviour of the spacetime in the incomplete directions of
inextendible causal curves. We proceed as follows.

1. First, we formulate Einstein’s equations as an ODE, assuming that the space-
time has a given structure (128). The first formulation presented is due to
Ellis and MacCallum. We also relate this formulation to the one by Wain-
wight and Hsu.

2. Given initial data as in Definition 1.1, we then show how to construct a
Lorentz manifold as in (128), satisfying Einstein’s equations and with initial
data as specified, using the equations of Ellis and MacCallum. We also prove
some properties of this development such as Global hyperbolicity and answer
some questions concerning causal geodesic completeness.

3. Finally, we relate the asymptotic behaviour of solutions to (9)-(11) to the
question of curvature blow up in the development obtained by the above
procedure.
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We consider a special class of spatially homogeneous four dimensional space-
times of the form

(M,g) = (I x G, —dt?* + xi5(1)€' @ ), (128)

where [ is an open interval, G is a Lie group of class A, x;; is a smooth positive
definite matrix and the &' are the duals of a left invariant basis on G. The stress
energy tensor is assumed to be given by

T = pdt* + p(g + dt?), (129)

where p = (7 — 1)u. Below, Latin indices will be raised and lowered by §;;.

Consider a four dimensional (M, g) as in (128) with G of class A. In order to
define the different variables, we specify a suitable orthonormal basis. Let e = 0;
and e; = a,” Z;, i=1,2,3, be an orthonormal basis, where a is a C° matrix valued
function of ¢t and the Z; are the duals of £°.

By the following argument, we can assume that < ?eoei, e; >= 0. Let the
matrix valued function A satisfy eg(4) + AB = 0, A(0) = Id where B;; =<
Veo€i,e; > and Id is the 3 x 3 identity matrix. Then A is smooth and SO(3)
valued and if ] = Aijej, then < Ve, e >=0.

Let

0(X,Y) =< Vxep, Y >, (130)
Oap = O(easep) and [eg,e,] = V5, eq where Greek indices run from 0 to 3. The

objects #,5 and 75, will be viewed as smooth functions from I to some suitable

R¥, and our variables will be defined in terms of them.

Observe that [Z;,e9] = 0. The e; span the tangent space of G, and <
leo, €;],e0 >= 0. We get Oyg = Op; = 0 and 6,3 symmetric. We also have ’y?j =
Y0; = 0 and 7§; = —6;;. We let n be defined as in (7) and

1
0ij = 05 — 595@',

where we by abuse of notation have written tr() as 6.
We express Einstein’s equations in terms of n, o and 6. The Jacobi identities
for e, yield

eo(nij) — an(icrjgc + %HRM =0. (131)

The 0i-components of the Einstein equations are equivalent to
oy —nFor; = 0. (132)
Letting b;; = 2n,"ny; — tr(n)n;; and s;; = b;; — 5tr(b)8;;, the trace free part of

the ij equations are
eo(oij) + HUij + 5, =0. (133)
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The 00-component yields the Raychaudhuri equation
o1
€0(6) + 010" + 5(37 — 2)u =0, (134)
and using this together with the trace of the ij-equations yields a constraint
ij iy 1 2 20
007 + (ngjn' — §tr(n) )+ 2u = 50 . (135)

Equations (131)-(135) are special cases of equations given in Ellis and MacCal-
lum [10]. At a point ¢y, we may diagonalize n and o simultaneously since they
commute (132). Rotating e, by the corresponding element of SO(3) yields upon
going through the definitions that the new n and ¢ are diagonal at ty. Collect the
off-diagonal terms of n and ¢ in one vector v. By (131) and (133), there is a time
dependent matrix C such that & = Cv so that v(t) = 0 for all ¢, since v(to) = 0.
Since the rotation was time independent, < V. e;,e; >= 0 holds in the new basis.
Since n and o are diagonal and (131) holds, the Bianchi type is preserved by the
evolution.
The fact that T is divergence free yields

eo(p) +~0p = 0. (136)

Introduce, as in Wainwright and Hsu [20],

Nij = 0ij /0
Nij = mi; /0
Q= 3u/6*

and define a new time coordinate 7, independent of time orientation, satisfying

a3
— = 137
dr 0 (137)
For Bianchi IX developments, we only consider the part of spacetime where 6 is
strictly positive or strictly negative. Let

3 V3
E+ = 5(222 —+ 233) and E_ = 7(222 — 233). (138)
If we let N; be the diagonal elements of N;;, equations (131) and (133) turn into
(9) with definitions as in (10), except for the expression for d2/dr. It can however
be derived from (136). The constraint (135) turns into (11). The Raychaudhuri

equation (134) takes the form

% = —(1+q)6. (139)



488 H. Ringstréom Ann. Henri Poincaré

The 7-time will not be used further in this appendix. Before using the equations
of Ellis and MacCallum to construct a development, it is convenient to know that
one can make some simplifying assumptions concerning the choice of basis. The
next lemma fulfills this objective, and also proves the classification of the class A
Lie algebras mentioned in the introduction.

Lemma 21.1 Table 1.1 constitutes a classification of the class A Lie algebras. Con-
sider an arbitrary basis {e;} of the Lie algebra. Then by applying an orthogonal
matriz to it, we can construct a basis {e;} such that the corresponding n' defined
by (7) is diagonal, with diagonal elements of one of the types given in Table 1.1.

Proof. Let e; be a basis for the Lie algebra and n be defined as in (7). If we change
the basis according to e, = (A7'),”e;, then n transforms to

n' = (det A)"'A'nA (140)

Since n is symmetric, we assume from here on that the basis is such that it is
diagonal. The matrix A = diag(1 1 — 1) changes the sign of n. A suitable orthog-
onal matrix performs even permutations of the diagonal. The number of non-zero
elements on the diagonal is invariant under transformations (140) taking one diag-
onal matrix to another. If A = (a;;) and the diagonal matrix n’ is constructed as
in (140), we have n}, = (det A)~' 327 a2 ny, so that if all the diagonal elements
of n have the same sign, the same is true for n’. The statements of the lemma
follow. |

We now prove that if we begin with initial data as in Definition 1.1, we get
a development as in Definition 1.3 of the form (128), with certain properties.

Lemma 21.2 Fiz 2/3 <~ <2. Let G, g, k and uo be initial data as in Definition
1.1. Then there is an orthonormal basis e; i = 1,2,3 of the Lie algebra such that
n;; defined by (7) and ki; = k(e}, e’;) are diagonal and nj; is of one of the forms
given in Table 1.1. Let

1
0(0) = —trgk, 0:;(0) = —k(e}, €}) + 50(0)61-]-, n;(0) = nj; and p(0) = po.

Solve (131), (133), (134) and (136) with these conditions as initial data to obtain
n, o, 0 and pu, and let I be the corresponding existence interval. Then there are
smooth functions a; : I — (0,00) i = 1,2, 3, with a;(0) = 1, such that

3
g=—d*+> a7 ()¢ @ ¢, (141)
i=1

where £ is the dual of €., satisfies Einstein’s equations (3) on M = I x G, with T
as in (1) with u = eg, p as above and p = (v — 1)u. Furthermore,

_ 1
< Veeo,¢j >= 03 + 3004,



Vol. 2, 2001 The Bianchi IX Attractor 489

where V is the Levi-Civita connection of g and e; = ael, if we consider the
left hand side to be a function of t. Consequently, the induced metric and second
fundamental form on {0} x G are g and k, and we have a development satisfying
the conditions of Definition 1.3.

Remark. At this point we cannot claim that the development is inextendible or
maximal. It is just a development.
Proof. Let €}, i = 1,2,3 be a left invariant orthonormal basis. We can assume
the corresponding n’ to be of one of the forms given in Table 1.1 by Lemma
21.1. The content of (5) is that k;; = k(e},e}) and n’ are to commute. We may
thus also assume k;; to be diagonal without changing the earlier conditions of
the construction. If we let n(0) = n/, 0(0) = —tryk, 0;;(0) = —k;; + 06,;;/3 and
1(0) = po, then (4) is the same as (135). Let n, o, 6 and p satisfy (131), (133),
(134) and (136) with initial values as specified above. By (131) the Bianchi type
is preserved by the flow. Since (135) is satisfied at 0, it is satisfied for all times.
For reasons given in connection with (135), n and o will remain diagonal so that
(132) will always hold. Let n; and o; denote the diagonal elements of n and o
respectively.

Let us define the a; in the statement of the lemma. The 72 obtained from
e; by (7) should coincide with n. This leads us to the following definitions. Let
fi(0) =1 and f;/fi = 20; — 0/3. Let a; = (Hj#fj)l/Q and define e; = a;e,. Then
7 associated to e; equals n. We complete the basis by letting ey = J;. Define
a metric < -,- > on M by demanding e, to be orthonormal with ey timelike
and e; spacelike, and let V be the associated Levi-Civita connection. Compute
< Veoez,ej >=0.1If H(X Y) =< Vxep, Y > and 0,“, = H(eu,e,,) then Gpg = 0,0 =
0o; = 0. Furthermore, .

a—jeo(aj)é}:j = —0i

(no summation over 5) so that 6;; is diagonal and trf = 6. Finally,

~ 1
=04 = —0;; + 59 = —0;.

The lemma follows by considering the derivation of the equations of Ellis and

MacCallum. a

Definition 21.1 A development as in Lemma 21.2 will be called a class A develop-
ment. We will also assign a type to such a development according to the type of
the initial data.

The next thing to prove is that each M, = {v} x G is a Cauchy surface, but
first we need a lemma.

Lemma 21.3 Let p be a left invariant Riemannian metric on a Lie group G. Then
p is geodesically complete.
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Proof. Assume ~ : (t_,t+) — G is a geodesic satistfying p(7',7') = 1, with t; < co.
There is a 6 > 0 such that every geodesic A satisfying A(0) = e, the identity
element of G, and X (0) = v with p(v,v) <1 is defined on (=6,8). If L, : G — G
is defined by Lp(h1) = hhy, then Ly is by definition an isometry. Let to € (t—,t4)
satisfy t4 —tg < /2. Let v € T.G be the vector corresponding to +'(tp) under the
isometry L,). Let A be a geodesic with A(0) = e and \'(0) = v. Then L., oA
is a geodesic extending . O
Let us be precise concerning the concept Cauchy surface.

Definition 21.2 Consider a time oriented Lorentz manifold (M,g). Let I be an
interval in R and v : I — M be a continuous map which is smooth except for a
finite number of points. We say that ~y is a future directed causal, timelike or null
curve if at each t € I where v is differentiable, v'(t) is a future oriented causal,
timelike or null vector respectively. We define past directed curves similarly. A
causal curve is a curve which is either a future directed causal curve or a past
directed causal curve and similarly for timelike and null curves. If there is a curve
A I — M such that v(I) is properly contained in A(I1), then v is said to be
extendible, otherwise it is called inextendible. A subset S C M s called a Cauchy
surface if it is intersected exactly once by every inextendible causal curve. A Lorentz
manifold as above which admits a Cauchy surface is said to be Globally hyperbolic.

Lemma 21.4 For a class A development, each M, = {v} x G is a Cauchy surface.

Proof. The metric is given by (141). A causal curve cannot intersect M, twice
since the t-component of such a curve must be strictly monotone. Assume that
v :(5_,84) — M is an inextendible causal curve that never intersects M,. Let
t: M — I be defined by £[(s, h)] = s. Let so € (5_,5) and assume that #(y(sg)) =
t; < v and that < 7/,0; >< 0 where it is defined. Thus #(7(s)) increases with s
and £(y([s0,5+))) C [t1,v]. Since we have uniform bounds on a; from below and

above on [t1,v] and the curve is causal, we get

3
O g2 <—C <o\ e > (142)

=1

on that interval, with C' > 0. Since

= “ d
/ —<’y’,eo>ds:/ Vs <v—ty, (143)
so so ds
the curve 7|45, ), projected to G, will have finite length in the metric p on G

defined by making e an orthonormal basis. Since p is a left invariant metric on
a Lie group, it is complete by Lemma 21.3, and sets closed and bounded in the
corresponding topological metric must be compact. Adding the above observations,
we conclude that v([sg, s+ )) is contained in a compact set, and thus there is a
sequence sy € [so,84+) with s, — s; such that 7(s;) converges. Since (7(s))
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is monotone and bounded it converges. Using (142) and an analogue of (143),
we conclude that v has to converge as s — si. Consequently, v is extendible
contradicting our assumption. By this and similar arguments covering the other
cases, we conclude that M, is a Cauchy surface for each v € (t_,t;). O

Before we turn to the questions concerning causal geodesic completeness, let
us consider the evolution of # for solutions to the equations of Ellis and MacCallum.
This is relevant also for the definition of the variables of Wainwright and Hsu, since
there one divides by 6. We first consider developments as in Lemma 21.2 which
are not of type IX.

Lemma 21.5 Consider class A developments which are not of type IX. Let the
existence interval be I = (t_,ty). Then there are two possibilities.

1. 0 # 0 for the entire development. We then time orient the manifold so that
0 > 0. With this time orientation, t4 = 00.

2.0=0, 04 =0 and p = 0 for the entire development. Furthermore, n;; s
constant and diagonal and two of the diagonal components are equal and the
third is zero. The only Bianchi types which admit this possibility are thus
type I and type VIIy. Furthermore I = (—00,00).

Proof. Since n;; is diagonal, see the proof of Lemma 21.2, we can formulate the
constraint (135) as

1 2
o0 + i[n% + (ng —n3)? = 2n1(ng +n3)] +2u = 592,

where the n; are the diagonal components of n;;. Considering Table 1.1, we see
that, excepting type IX, the expression in the n; is always non-negative. Thus we
deduce the inequality

. 2
O'ijO'” + 2/1 S §92 (144)

Combining it with (134), we get |eo(#)| < 62, using the fact that 2/3 < v < 2.
Consequently, if 0 is zero once, it is always zero. Time orient the developments
with 6 # 0 so that 6 > 0.

Consider the possibility § = 0. Equation (134) then implies 0;; = 0 and
pu =0, since v > 2/3. Equations (135) and (133) then imply b;; = 0, and (131)
implies n;; constant. All the statements except the the fact that {1 = oo in the
0 > 0 case follow from the above.

Observe that 6 decreases in magnitude with time, so that it is bounded to
the future. By the (144), the same is true of o;; and p. Using (131), we get control
of n;; and conclude that the solution may not blow up in finite time. We must
thus have ¢4 = oo. |

By a theorem of Lin and Wald [16], Bianchi IX developments recollapse.
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Lemma 21.6 Consider a Bianchi IX class A development with 1 < v < 2 and
I = (t_,ty). Then there is a to € I such that @ > 0 in (t_,tp) and 6 < 0 in

(t()a tJr)'

Proof. Let us begin by proving that 6 can be zero at most once. If 6(¢;) = 0,7 = 1,2
and t; < to, then = 0 in (¢1,t2) since it is monotone by (134). Thus (134) implies
oij = 0 = p in (t1,t2) as well. Combining this fact with (135) and (133), we get
bi; = 0, which is impossible for a Bianchi IX solution. Assume 6 is never zero.
By a suitable choice of time orientation, we can assume that 8 > 0 on I. Let us
prove that ¢4 = co. Since 6 is decreasing on I; = [0,¢;) and non-negative on [
it is bounded on I;. By (131), ninans decreases so that it is bounded on I;. By
an argument similar to the proof of Lemma 3.3, one can combine this bound with
(135) to conclude that o;; and p are bounded on I;. By (131), we conclude that n;;
cannot grow faster than exponentially. Consequently, the future existence interval
must be infinite, that is t; = oo, since I was the maximal existence interval and
solutions cannot blow up in finite time. In order to use the arguments of Lin and
Wald, we define

Bi(t) = / oi(s)ds + B, alt) = / $0(s)ds + o,

where 239 — g = In(n;(0)) and 3>_, 3 = 0. Then
n; = exp(26; — a).

Let p = p/8m and P, = p/8n = (v — 1)p/8m, i = 1,2,3. Equations (135) and
(134) then imply equations (1.4) and (1.5) of [16], and equations (1.6) and (1.7)
of [16] follow from (133). We have thus constructed a solution to (1.4)-(1.7) of
[16] on an interval [0, c0) with da/d¢ > 0. Lin and Wald prove in their paper [16]
that this assumption leads to a contradiction, if one assumes that |P;| < p and
P, + P, + P3 > 0. However, these conditions are fulfilled in our situation, assuming
1 < v < 2. In other words, there is a zero and since 6 is decreasing it must be
positive before the zero and negative after it. The lemma follows. o

The lemma concerning causal geodesic completeness will build on the follow-
ing estimate.

Lemma 21.7 Consider a class A development. Let v : (s_,s4) — M be a future
directed inextendible causal geodesic, and

fV(S) =< 7/(8)761/'7(5) > (145)
If 0 = 0 for the entire development, then fy is constant. Otherwise,

Loy > 2. (146)
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Remark. We consider functions of ¢ as functions of s by evaluating them at t(y(s)),
where t is the function defined in Lemma 21.4. Proof. Compute, using the proof
of Lemma 21.2,

3
- =< 7/(5)7 v’y/(s)eo >= Z 9kfl?>
k=1

where 0, are the diagonal elements of ;. If 6 = 0 for the entire development, then
0r = 0 for the entire development by Lemma 21.5 and Lemma 21.6, so that fy is
constant. Compute, using Raychaudhuri’s equation (134),

d Lox e\ 2 N~ o Lo 1 2
E(fog)zge ka+;90kfk+fo ;%4‘59 f0+§(3’7_2)ﬂf0

k=1 =
where o, are the diagonal elements of ;. Estimate

1/2 4

3 o\ /2 [ 3
Ssti= () (34) o
k=1 k=1 k=1

using the tracelessness of 0;;. By making a division into the three cases Zizl o2 <
62/3, 6%/3 < 22:1 02 < 20%/3 and 20?/3 < Zizl 0%, and using the causality of
~ we deduce (146). O

Lemma 21.8 Consider a class A development and let the existence interval be I =
(t—,t4). There are three possibilities.

1. 8 =0 for the entire development, in which case the development is causally
geodesically complete.

2. The development is not of type IX and 6 > 0. Then all inextendible causal
geodesics are future complete and past incomplete. Furthermore, t_ > —o0
and ty = oo.

3. If the development is of type IX with 1 <~y < 2, then all inextendible causal
geodesics are past and future incomplete. We also have t— > —oco and t4 <
0.

Proof. Let v : (s_,s4) — M be a future directed inextendible causal geodesic and
fu be defined as in (145). Let furthermore I = (t_,t,) be the existence interval
mentioned in Lemma 21.2. Since every M,, v € I is a Cauchy surface by Lemma
21.4, #(y(s)) must cover the interval I as s runs through (s_, s, ). Furthermore,
t(7y(s)) is monotone increasing so that

t(y(s)) =t as s — sq. (147)
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Let sg € (s—,sy+) and compute

/ " folw)du = F(y(s)) — {(x(s0))- (148)

Consider the case § = 0 for the entire development. By Lemma 21.7, fy
is then constant, and I = (—o00,00) by Lemma 21.5. Equations (148) and (147)
then prove that we must have (s_,s;) = (—o00,00). Thus, all inextendible causal
geodesics must be complete.

Assume that the development is not of type IX and that 8 > 0. Since fy6
is negative on [sg, $4 ), its absolute value is bounded on that interval by (146). If
s+ were finite, # would be bounded from below by a positive constant on [sg, $4 ),
since

Id—0| < —fob? < CO
ds

on that interval for some C' > 0, cf. (144) and the observations following that
equation. Since fpf is bounded, we then deduce that fy is bounded on [sg, 54 ).
But then (147) and (148) cannot both hold, since ¢4 = co by Lemma 21.5. Thus,
s; = oo and all inextendible causal geodesics must future complete. Since fo6
is negative on (s_, sy ), (146) proves that this expression must blow up in finite
s-time going backward, so that s_ > —oo. Since the curve v(s) = (s,e) is an
inextendible timelike geodesic, we conclude that ¢_ > —oo.

Consider the Bianchi IX case. By Lemma 21.4 and 21.6, we conclude the
existence of an sg € (s—, sy ) such that fy0 is negative on (s_, sg) and positive on
(s0,54). By (146), fof must blow up a finite s-time before sg, and a finite s-time
after sg. Every inextendible causal geodesic is thus future and past incomplete.
We conclude t_ > —oo and ¢4 < oo. |

22 Appendix

In this appendix, we consider the curvature expressions. According to [22], p. 40,
the Weyl tensor Cygys is defined by

_ _ L L 1.
Reogys = Copys + (Gapy Bs)s — G50 Rsja) — §Rga[795]5,
where the bar in g,s and so on indicates that we are dealing with spacetime objects
as opposed to objects on a spatial hypersurface. Using this relation and the fact
that our spacetime satisfies (3), where T is given by (1) and (2), one can derive

the following expression for the Kretschmann scalar

_ _ _ _ _ _ 1-
K= Raﬁnngaﬂ'yé = Cagwscaﬁ’yé + 2RaﬁRaﬂ — §R2 = (149)

_ _ 1
= CoprsCP8 + g[4 + (3y — 2)%)2.
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However, according to [21], p. 19, we have
CoprsCP = §(Eop E*P — HopgHP), (150)

where, relative to the frame e, appearing in Lemma 21.2, all components of E
and H involving eg are zero, and the ¢j components are given by

1 1

Eij = 590'1-3- — (Jikdk]‘ — gdklgkléij) + Sij
1
Hij = _3Jk(inj)k + o6 + Enkko'ij»

where s;; is the same expression that appears in (133), see p. 40 of [21]. Observe
that in our situation, F and H are diagonal, since we are interested in the de-
velopments obtained in Lemma 21.2. It is natural to normalize Eij = E;;/0* and
similarly for H. We will denote the diagonal components of Eij by E;. We want
to have expressions in >4, ¥_ and so on, and therefore we compute

o = N12++%(N2—N3)2_
H. LNo(Sy +VEEL) + SV - N)(Ey - =%
2 = —5N2(E4 + V3E) + 5 (N5 — N 77 -)
By— By = %E_(1—22+)+(N2—N3)(N2+N3—N1)
. 2 2., 2., 1 , 1
Es+ B3 = §E+(1—|—E+)—§E_—§ 1—|—§(N2—N3) —|—§N1(N2+N3).

Observe that all other components of E; and H; can be computed from this, as
E;; and H;; are both traceless.
It is convenient to define the normalized Kretschmann scalar

i = Rap,s R /0" (151)

The latter object can be expressed as a polynomial in the variables of Wainwright
and Hsu. By the above observations and the fact that = 31/62%, we have

3

L 1.~ - - . . 1
fo= 85 (Ba + By)? + 5 (Ez — E3)” = 2H} — 2H; — 2H Hp + o [4 + (37 — 2)*)0%,

27

We will associate a k and a R,z R to a solution to (9)-(11) in the following
way. Since k/6* can be expressed in terms of the variables of Wainwright and
Hsu, it is natural to define s by this expression multiplied by #*, where 6 obeys
(139). There is of course an ambiguity as to the initial value of 8, but we are
only interested in the asymptotics, and any non-zero value will yield the same
conclusion. We associate R,s R to a solution similarly.
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Lemma 22.1 The normalized Kretschmann scalar (151) is non-zero at the fized
points F, P;r (II), at the non-special points on the Kasner circle, and at the type
I stiff fluid points with Q > 0. Consequently

limsup |k(7)| = o0 (152)

for all solutions to (9)-(11) which have one such point as an a-limit point.

Proof. The statement concerning the normalized Kretschmann scalar is a compu-
tation. Equation (152) is a consequence of this computation, the fact that x = £6*
and the fact that § — co as 7 — —oo, cf. (139). a

For some non-vacuum Taub type solutions with 2/3 < v < 2, the following
lemma is needed.

Lemma 22.2 Consider a solution to (9)-(11) with & > 0 and 2/3 < v < 2 such
that

lim (34,2) = (=1,0). (153)
Then

lim k(1) = oc.
T——00

Proof. By Proposition 3.1, the solution must satisfy ¥_ = 0 and N, = N3. Observe
that because of (153), we have Q — 0, since Q decays exponentially for £2 large,
cf. the proof of Lemma 14.1. Consequently, ¢ — 2. One can then prove that for
any € > 0, there is a T such that

exp[(ay +€)7] < Q(7) < exp[(ay — €)7] (154)
exp[(6 + €)7] < N1(7) < exp[(6 — €)7] (155)
exp[(6 + €)7] < [N1(N2 + N3)|(7) < exp[(6 — €)7] (156)
exp[(—6 + €)7] < 6%(7) < exp[(—6 — €)7] (157)

for all 7 < T, where a, = 3(2 — 7). However, the constraint can be written

3 3
1-Z)(1+31) =0+ ZN% = 5NV + N).
By (154)-(156), Q will dominate the right hand side, since it is non-zero. Since
1 — X4 converges to 2, 1 4+ X will consequently have to be positive and of the
order of magnitude €2. In particular, for every € > 0 there is a T" such that

expl(ay +€)7] < (1+ %4)(7) < exp|(ay — €)7] (158)

Observe that since a., < 4, 0% and (14X )6? both diverge to infinity as 7 — —oo,
by (154), (157) and (158). Other expressions of interest are N;0? and Ni(Np +
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N3)60%. The estimates (154)-(157) do not yield any conclusions concerning whether
they are bounded or not. However, using (139), we have

0
Ny (7)62(7) = N1 (0)62(0) exp| / (24 g+ 4%, )ds] =

T

0

= N1(0)62(0) exp[/ 201 +34) + %(37 —2)Q + 25, (1 + 3,))ds],

T

which is bounded since all the terms appearing in the integral are integrable
by (154) and (158). A similar argument yields the same conclusion concerning
N1(N2 + N3)92.

Since the solution is of Taub type, we have H, = N1¥, and Hy = H; =
—fIl/Q. We also have Fy = F5 and

- 2 2 1

Consequently the E field blows up and the H field remains bounded, and the
lemma follows. o
Finally, we observe that RaﬁRab’ becomes unbounded in the matter case.

Lemma 22.3 Consider a solution to (9)-(11) with Q > 0. Then

lim RQBRCKB:OO.

T——00

Remark. How to associate R,gR*® to a solution of (9)-(11) is clarified in the
remarks preceding the statement of Lemma 22.1.
Proof. We have

_ 1
RopR? = 2 +3p® = [L+3(y = 1) = 5[1 4+ 3(y = 1)7)2%0",
But by (9) and (139), we have
0
Q2(1)0 (1) = Q%(0)8*(0) exp(/ (—4g+2(3y — 2) + 4+ 4q)ds) =
= 2(0)6"(0) exp(—377),
and the lemma follows. o
Lemma 22.4 Consider a class A development, not of type IX, with I = (t_,t4)

and @ > 0. Then the corresponding solution to the equations of Wainwright and
Hsu has existence interval R, and t — t+ corresponds to T — +oo.
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Proof. The function 6 has to converge to infinity as ¢ — t_ for the following reason.
Assume it does not. As 6 is monotone decreasing, we can assume it to be bounded

n (t_,0]. By the constraint (135), o;; and p are then bounded on (¢_, 0], so that
the same will be true of n;; by (131) and the fact that ¢{_ > —oco. But then one
can extend the solution beyond ¢_, contradicting the fact that I is the maximal
existence interval. By (134), 8 — 0 as t — oo = t4. Equation (137) defines a
diffeomorphism 7 : (t—,t+) — (7—,74), and we get a solution to the equations of
Wainwright and Hsu on (7_, 74 ). By (139), we conclude that the statement of the
lemma holds. a

Lemma 22.5 Consider a Bianchi IX class A development with I = (t_,t1) and
1 <~ < 2. According to Lemma 21.6, there is a tg € I such that @ > 0 in [_ =
(t—,to) and 8 < 0 in Iy = (to,t+). The solution to the equations of Wainwright
and Hsu corresponding to the interval I_ has existence interval (—oo,7_), and
t — t_ corresponds to T — —oo. Similarly, I, corresponds to (—oo,Ty) with
t — t4 corresponding to T — —o0.

Proof. Let us relate the different time coordinates on I_. According to equation
(137), T has to satisfy dt/dr = 3/6. Define 7(t) = fttl 0(s)/3ds, where t; € I_.
Then 7: I_ — 7(I_) is a diffeomorphism and strictly monotone on I_. Since 6 is
positive in I_, T increases with t.

Since 6 is continuous beyond tg, it is clear that 7(t) — 7— € R as t — to. To
prove that ¢ — ¢_ corresponds to 7 — —oo, we make the following observation.
One of the expressions 6 and df/dt is unbounded on (¢_,t1], since if both were
bounded the same would be true of o;;, t and n;; by (134) and (131) respectively.
Then we would be able to extend the solution beyond ¢_, contradicting the fact
that I is the maximal existence interval (observe that ¢_ > —oo by Lemma 21.8).
If 7 were bounded from below on I_, then 6 and 6’ would be bounded on 7((t_, t1])
by Lemma 3.2, and thus 6 and df/dt would be bounded on (¢_,¢;]. Thus t — ¢_
corresponds to 7 — —oo. Similar arguments yield the same conclusion concern-
ing 1. O
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